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Abstract. In this paper, a pointwise goal-oriented residual-based a posteriori error
estimator is proposed for linear elliptic equations with restricted source terms. The
pointwise error is directly estimated by introducing the dual problem with a Dirac
delta source term instead of using classical mollification technique. The goal-oriented
error estimator is proved to be the upper bound of the pointwise error. Numerical ex-
periments show the advantage of the adaptive finite element method (AFEM) based
on this error estimator, which can preserve the monotonicity of the pointwise error,
compared with the goal-oriented AFEM using the mollification technique.
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1 Introduction

Goal-oriented a posteriori error estimates have been widely attentioned in the past of
more than two decades, and have been applied in many fields, such as elasticity [24,
30], hydromechanics [10, 16, 20], and electromagnetism [8, 21]. In contrast to a posteriori
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error estimates [1, 31] that normally assess errors in the global energy norm, the goal-
oriented a posteriori error estimates [5, 23, 26, 27, 32] evaluate errors of the specific goals,
which are quantified as functional values of the solution of the problem. The functional
values generally represent physical quantities of practical interest [4,6,15], and therefore,
the goal-oriented a posteriori error estimate is usually more important in practice than
the normal a posteriori error estimate. This paper focuses on the pointwise quantity of
interest, i.e., the value of the solution at a point of interest in the physical domain, e.g., the
temperature at a critical point, one can see [27–29] for the related work on this quantity
of interest.

The quantity of interest is generally treated as an integral type of quantity of interest,
which is an averaging of the solution over a small neighborhood of the point of interest,
since the point value of the solution being a function in Sobolev spaces may not be well
defined, i.e., the solution is discontinuous at the point of interest. This treatment is called
mollification technique [27,28]. However, if the pointwise quantity of interest can be well
defined, the goal-oriented a posteriori error estimate using the mollification technique
does not assess the pointwise error but the error in another integral-averaging quantity of
interest. Numerical experiments show that, for some model problems, this error estimate
leads to that the pointwise error is not monotone-decreasing on the generating adaptive
mesh sequence, which is unexpected (see Figs. 5 and 8 in Section 4).

The pointwise error estimation in this paper is different from the one using the mol-
lification technique, and introduces a dual problem with the Dirac delta source term to
directly estimate the pointwise error. We construct a theoretically reliable pointwise goal-
oriented a posteriori error estimator, and numerical experiments indicate the advantage
of the adaptive finite element method (AFEM) based on this error estimator that, for some
model problems, it can preserve the monotone-decreasing behavior of the pointwise er-
ror, while the pointwise goal-oriented AFEM using the mollification technique cannot.

The structure of this paper is as follows: In Section 2, we present the primal model
problem and the dual problem involved in their continuous, variational and discretiza-
tion forms, and derive the error estimate in the pointwise quantity of interest. In Section
3, we define the primal, the dual, and the goal-oriented a posteriori error estimators, and
prove their reliability. Section 3 ends up with formulating the adaptive finite element
algorithm based on the pointwise goal-oriented error estimator. In Section 4, numerical
experiments show the validity and advantage of the proposed algorithm.

2 Preliminaries

First, we introduce some notations with respect to spaces and norms. Given D⊂R2, let

Lr(D) :={v∈L1(D) : ‖v‖0,r,D <∞}, 1≤ r≤∞,
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where L1(D) denotes the standard Lebesgue space on D, and the associated norm

‖v‖0,r,D =


(∫

D
|v|rdx

) 1
r
, 1≤ r<∞,

esssupx∈D|v(x)|, r=∞.

The Sobolev space W1,r(D) consists of functions belonging to Lr(D) whose first-order dis-
tributional derivative also belongs to Lr(D), and it is equipped with the norm ‖v‖1,r,D =
‖v‖0,r,D+|v|1,r,D for v∈W1,r(D), where |v|1,r,D = ‖∇v‖0,r,D signifies the W1,r-seminorm.
Especially, W1,2(D)=: H1(D). Note that we simplify the norm ‖·‖0,2,D =‖·‖0,D, and if D
is the domain where the model problem is defined, the subscript of domain in norms is
omitted. In addition, C(D) denotes the continuous function space on D.

We consider the following linear elliptic problem

−div(a∇u)= f in Ω, (2.1a)
u= g on ∂Ω, (2.1b)

where Ω∈R2 is a bounded Lipschitz domain with boundary ∂Ω, the matrix a : Ω→R2×2

is Lipschitz continuous, symmetric and positive-definite such that

inf
x∈Ω

λmin(a(x))=µ0>0, sup
x∈Ω

λmax(a(x))=µ1<∞, (2.2)

in which λmin and λmax denote the minimum and maximum eigenvalues of a(x), the
source term f is restricted in Lq(Ω) with 2< q<∞, which implies that u∈W1,q(Ω) from
elliptic regularity theory [11], and the Dirichlet boundary condition g∈ Lq(∂Ω). By the
homogeneous principle, we can obtain the homogeneous Dirichlet boundary condition.
For ease of presentation, assume g=0.

Let W1,q
0 (Ω) :={v∈W1,q(Ω) : v|∂Ω=0}. The variational formulation of problem (2.1a)–

(2.1b) reads: Find u∈W1,q
0 (Ω) such that

(a∇u,∇v)=( f ,v), ∀v∈W1,p
0 (Ω), (2.3)

where 2 < q < ∞ and 1 < p < 2 such that 1
p +

1
q = 1, and (v,w)D =

∫
D vwdx, especially,

(v,w)=(v,w)Ω.
Throughout this paper, we are interested in the value of the solution u of problem

(2.1a)–(2.1b) at a given point x1 ∈Ω, i.e., consider the following pointwise quantity of
interest

Qx1(u)=u(x1). (2.4)

Thank to the solution u∈W1,q(Ω)⊂C(Ω), 2<q<∞ from the inclusion relation of Sobolev
spaces [7, 13], the quantity of interest Qx1(u) is well defined.

By means of the property of the Dirac delta function, we obtain

Qx1(u)=u(x1)=
∫

Ω
δx1(x)u(x)dx, (2.5)
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where δx1 =δ(x−x1). To estimate the error in the quantity of interest Qx1(u), based on the
identity (2.5), we define a continuous dual problem with the Dirac delta source term:

−div(a∇z)=δx1 in Ω, (2.6a)
z=0 on ∂Ω, (2.6b)

whose corresponding variational formulation reads: Find z∈W1,p
0 (Ω) such that

(a∇w,∇z)=Qx1(w), ∀w∈W1,q
0 (Ω). (2.7)

Remark 2.1. For the case that a is the identity matrix in (2.1a), from [3], we know the
fundamental solution

G=− 1
2π

log|x−x1| satisfies −∆G=δx1 ,

where G∈W1,p(Ω) with arbitrary 1< p<2. According to the superposition principle, the
solution of (2.6a)–(2.6b), z=G+ z̃, where z̃ is determined by

−∆z̃=0 in Ω,
z̃=−G on ∂Ω.

Note that x1∈Ω, then G is continuous on ∂Ω and z̃∈H1(Ω). Therefore, z=G+z̃∈W1,p
0 (Ω)

for arbitrary 1< p<2.
For more work with respect to finite element methods of elliptic problems with the

Dirac delta source terms, one can refer to [2, 3, 19, 22].

Let Th be an admissible and shape-regular triangulation of Ω. For simplicity, assume
that the point of interest x1 is a vertex of Th. We denote by hT and he the sizes of any
triangle element T∈Th and any edge e∈E i

h, respectively, where E i
h is the set of all interior

edges in triangulation Th. The shape regularity of the triangulation implies hT' he. Let
h :=maxT∈Th hT. Define the continuous piecewise linear finite element space associated
with triangulation Th as follows:

Vh :={vh∈C(Ω) : vh|T∈P1(T), T∈Th},

where P1(T) consists of all linear polynomials on T. Let V0
h :={vh∈Vh : vh|∂Ω=0}. Note

that V0
h⊂W1,q

0 (Ω)⊂W1,p
0 (Ω) with 1< p<2 and 2<q<∞ satisfying 1

p +
1
q =1.

The finite element discretization of the primal problem (2.1a)–(2.1b) reads: Find uh∈
V0

h such that
(a∇uh,∇vh)=( f ,vh), ∀vh∈V0

h, (2.8)

and the finite element discretization of the dual problem (2.6a)–(2.6b) reads: Find zh∈V0
h

such that
(a∇wh,∇zh)=Qx1(wh), ∀wh∈V0

h. (2.9)
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Taking w=u−uh∈W1,q
0 (Ω) in the variational dual problem (2.7), and using the following

orthogonality relation for the primal problem

(a∇(u−uh),∇vh)=0, ∀vh∈V0
h, (2.10)

yield the error representation and estimate for the pointwise quantity of interest

Qx1(u)−Qx1(uh)=Qx1(u−uh)=(a∇(u−uh),∇z)
=(a∇(u−uh),∇(z−zh))

≤‖a
1
q∇(u−uh)‖0,q‖a

1
p∇(z−zh)‖0,p. (2.11)

Remark 2.2. The estimation for the pointwise error usually utilizes the mollification tech-
nique [28], which can deal with the case that the point value of the primal solution in
Sobolev spaces may not be well defined, i.e., is discontinuous at the point of interest.
For the pointwise quantity of interest u(x1), the mollification technique considers it as an
averaging of u over a small neighborhood centered at x1. Introduce another quantity of
interest

Qx1,ε(u) :=
∫

Ω
kε(x−x1)u(x)dx, (2.12)

where kε is called the mollifier, whose normal expression is

kε(x)=

Cε exp
(
− ε2

ε2−|x|2
)

, |x|<ε,

0, |x|≥ε,
(2.13)

here, the constant Cε is determined by∫
Ω

kε(x−x1)dx=1.

Obviously, the mollifier kε(x) is infinitely continuously differentiable. For Qx1,ε(u), we
define the continuous dual problem

−div(a∇z̄)= kε(x−x1) in Ω, (2.14a)
z̄=0 on ∂Ω. (2.14b)

Its variational formulation and the finite element discretization read: Find z̄∈H1
0(Ω) such

that
(a∇w,∇z̄)=Qx1,ε(w), ∀w∈H1

0(Ω),

and find z̄h∈V0
h such that

(a∇wh,∇z̄h)=Qx1,ε(wh), ∀wh∈V0
h,
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respectively. We readily derive the error representation and estimate for Qx1,ε(u):

Qx1,ε(u)−Qx1,ε(uh)=Qx1,ε(u−uh)

=(a∇(u−uh),∇z̄)
=(a∇(u−uh),∇(z̄− z̄h))

≤‖a 1
2∇(u−uh)‖0‖a

1
2∇(z̄− z̄h)‖0. (2.15)

The corresponding a posteriori error estimator can be constructed by the product of
the standard residual-based a posteriori error estimator for errors ‖a 1

2∇(u−uh)‖0 and
‖a 1

2∇(z̄− z̄h)‖0.
The solution u∈H1

0(Ω), namely, the source term f ∈ L2(Ω) suffices for the above er-
ror estimation based on the mollification technique, this is the general case. However,
for the special case that u is continuous at the point of interest x1, namely, the quantity
of interest Qx1(u) = u(x1) is well defined, the error estimation based on the mollifica-
tion technique indeed estimates the error |Qx1,ε(u)−Qx1,ε(uh)| rather than the point error
|u(x1)−uh(x1)|. Numerical experiments reflect that the adaptive algorithm based on this
error estimate leads to that the pointwise error exhibits the unexpected nonmonotonic
reduction (see Figs. 5 and 8 in Section 4).

Remark 2.3. Although we restrict the primal source term f ∈Lq(Ω), q>2, while the mol-
lification technique only requires f ∈ L2(Ω), note that our method can directly estimate
the point error, whereas the mollification technique evaluates the error of (2.12). Fur-
thermore, we numerically compare the proposed method, Algorithm 3.1 below, and the
goal-oriented adaptive method based on the mollification technique in Example 4.2 of
Section 4. This comparison highlights that the point error of the proposed algorithm can
maintain monotone-decreasing but the classical one cannot.

Suppose that the support of the mollifier kε(x−x1) is always inside Ω for any ε> 0.
From [28] we know two cases with respect to the asymptotics between the averaging
quantity of interest Qx1,ε(u) and the pointwise one Qx1(u)=u(x1): one is that Qx1,ε(u)=
Qx1(u) holds for each value of ε whenever the primal solution u is constant or linear in Ω;
the other is that Qx1,ε(u) converges to Qx1(u) as ε tends to zero provided that the primal
solution u is continuous in the neighborhood of x1.

3 A posteriori error estimate and adaptive algorithm

In this section, we first define the residual-type a posteriori estimators of ‖a
1
q∇(u−uh)‖0,q

and ‖a
1
p∇(z−zh)‖0,p, and prove their reliability. Then, based on the error estimate (2.11),

we use the product of the primal and dual error estimators as the goal-oriented a posteri-
ori error estimator being the upper bound of |Qx1(u)−Qx1(uh)|. Finally, for goal-oriented
adaptivity, we discuss the marking strategy and formulate the goal-oriented adaptive fi-
nite element algorithm.
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For any element T∈Th and any edge e∈E i
h, define the residuals and the interior edge

jump

RT(uh) := f +div(a∇uh),
R∗T(zh) :=div(a∇zh),

Je(v) :=[a∇v]e =
(
a∇v|∂T1∩e−a∇v|∂T2∩e

)
·n12,

where T1,T2∈Th are two neighboring elements sharing with a common edge e∈E i
h, and

n12 represents the unit normal vector pointing from T1 to T2.
By means of those notations, define the local primal and dual a posteriori error esti-

mators as follows:

ηq,h(T) :=
(

hq
T‖RT(uh)‖

q
0,q,T+ ∑

e⊂∂T\∂Ω
he‖Je(uh)‖

q
0,q,e

)1/q
, (3.1a)

ζp,h(T) :=
(

hp
T‖R

∗
T(zh)‖

p
0,p,T+ ∑

e⊂∂T\∂Ω
he‖Je(zh)‖

p
0,p,e

)1/p
, (3.1b)

with 2<q<∞ and 1< p<2 satisfying 1
p +

1
q =1. The global analogs are denoted by

ηq,h =
(

∑
T∈Th

η
q
q,h(T)

)1/q
, ζp,h =

(
∑

T∈Th

ζ
p
p,h(T)

)1/p
. (3.2)

Before proving the reliability of the primal and dual error estimators ηq,h and ζp,h, we
introduce some essential interpolants and auxiliary problems.

Lemma 3.1 ([3, 31]). There exists a quasi-interpolation operator Ih : W1,r(Ω)→Vh, 1< r<∞,
such that for any function v ∈W1,r(Ω), any element T ∈ Th and any edge e ∈ E i

h, these local
approximation properties hold

‖v−Ihv‖0,r,T .hT‖∇v‖0,r,ω̃T , (3.3a)

‖v−Ihv‖0,r,e.h1−1/r
e ‖∇v‖0,r,ω̃e , (3.3b)

where. denotes≤ up to a generic multiplicative constant C>0 which may be different in different
place, but independent of the mesh size h, and

ω̃T :={T′∈Th : T′∩T 6=∅}, ω̃e :={T′∈Th : T′∩e 6=∅}.

Furthermore, for the Lagrange interpolation operator Lh : C(Ω)→Vh, the following approxima-
tion properties hold

‖v−Lhv‖0,r,T .hT‖∇v‖0,r,T, (3.4)

‖v−Lhv‖0,r,e.h1−1/r
e ‖∇v‖0,r,ωe , (3.5)

for any v∈W1,r(Ω), 2< r<∞, where ωe :={T∈Th : ∂T⊃ e}.
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As in [3], for given Φ∈ Lr(Ω)2 with 1< r<∞, we can define the following auxiliary
problem: Find φ∈W1,r

0 (Ω) such that

(a∇φ,∇ψ)=(Φ,a
1
t∇ψ), ∀ψ∈W1,t

0 (Ω), (3.6)

where t satisfies 1
r +

1
t =1. The well-posedness of (3.6) and the regularity estimate

‖a 1
r∇φ‖0,r.‖Φ‖0,r (3.7)

hold for 1< r<∞, namely, 1< t<∞, if Ω is convex, or

1< r<
2

1− π
ϑ

, namely,
2

1+ π
ϑ

< t<∞,

if Ω is nonconvex, where ϑ is the largest inner angle of a polygonal domain Ω.

Theorem 3.1 (Reliability of ηq,h and ζp,h). For 2<q<qΩ and pΩ < p<2 such that 1
p +

1
q =1,

where

pΩ :=max
{

1,
2

1+ π
ϑ

}
, qΩ :=


∞, Ω is convex,

2
1− π

ϑ

, Ω is nonconvex,

there hold

‖a
1
q∇(u−uh)‖0,q.ηq,h, (3.8a)

‖a
1
p∇(z−zh)‖0,p.ζp,h. (3.8b)

Proof. Given Φ∈ Lq′(Ω)2 with 1< q′< 2, then take r= q′ ∈ (1,2)⊂ (1,4)⊂ (1,qΩ) in (3.6),
namely, t=q∈(2,∞) satisfying 1

q′+
1
q =1, and φ∈W1,q′

0 (Ω) is the solution of (3.6). Noticing

u−uh∈W1,q
0 (Ω), taking the test function ψ=u−uh in (3.6), and applying the orthogonality

relation (2.10) for the primal problem with vh =Ihφ and the integration by parts, we see
that

(a
1
q∇(u−uh),Φ)=(a∇(u−uh),∇φ)

=(a∇(u−uh),∇(φ−Ihφ))=( f ,φ−Ihφ)−(a∇uh,∇(φ−Ihφ))

= ∑
T∈Th

∫
T

RT(uh)(φ−Ihφ)dx− ∑
e∈E i

h

∫
e
Je(uh)(φ−Ihφ)ds. (3.9)

Using the Hölder inequality, the local approximation properties (3.3a) and (3.3b) of oper-
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ator Ih and the Cauchy-Schwarz inequality yields

(a
1
q∇(u−uh),Φ)≤ ∑

T∈Th

‖RT(uh)‖0,q,T‖φ−Ihφ‖0,q′,T+ ∑
e∈E i

h

‖Je(uh)‖0,q,e‖φ−Ihφ‖0,q′,e

. ∑
T∈Th

‖RT(uh)‖0,q,T hT‖∇φ‖0,q′,ω̃T + ∑
e∈E i

h

‖Je(uh)‖0,q,e h
1− 1

q′
e ‖∇φ‖0,q′,ω̃e

.
(

∑
T∈Th

hq
T‖RT(uh)‖

q
0,q,T+ ∑

e∈E i
h

he‖Je(uh)‖
q
0,q,e

)1/q

·
(

∑
T∈Th

‖∇φ‖q′

0,q′,ω̃T
+ ∑

e∈E i
h

‖∇φ‖q′

0,q′,ω̃e

)1/q′

.ηq,h‖Φ‖0,q′ , (3.10)

where the shape regularity of triangulation Th, the condition (2.2) on the matrix a and the
regularity estimate (3.7) with r=q′ imply that(

∑
T∈Th

‖∇φ‖q′

0,q′,ω̃T
+ ∑

e∈E i
h

‖∇φ‖q′

0,q′,ω̃e

)1/q′

.‖∇φ‖0,q′.‖a
1
q′∇φ‖0,q′.‖Φ‖0,q′ .

Therefore, we conclude that

‖a
1
q∇(u−uh)‖0,q = sup

Φ∈Lq′ (Ω)2\{0}

(a
1
q∇(u−uh),Φ)

‖Φ‖0,q′
.ηq,h.

Reset Φ∈ Lp′(Ω)2 with 1< p′< qΩ, then take r= p′ in (3.6), namely, p∈ (pΩ,∞)∩(1,2)=
(pΩ,2) satisfying 1

p′+
1
p=1, hence the relation 1

q+
1
p=1 implies that q∈(2,qΩ). At this time,

(3.6) admits the solution φ∈W1,p′
0 (Ω)⊂C(Ω) due to p′=q, and note that z−zh∈W1,p

0 (Ω).
Analogously, we obtain

(a
1
p∇(z−zh),Φ)=(a∇(z−zh),∇φ)

=(a∇(z−zh),∇(φ−Lhφ))

=(δx1 ,φ−Lhφ)−(a∇zh,∇(φ−Lhφ)) (3.11)

= ∑
T∈Th

∫
T

R∗T(zh)(φ−Lhφ)dx− ∑
e∈E i

h

∫
e
Je(zh)(φ−Lhφ)ds, (3.12)

where (δx1 ,φ−Lhφ) = (φ−Lhφ)(x1) = 0 since Lh is a Lagrange interpolation operator.
Furthermore, similar to the derivation of the result (3.10), we show that

(a
1
p∇(z−zh),Φ).ζp,h‖Φ‖0,p′ .
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We also conclude that

‖a
1
p∇(z−zh)‖0,p = sup

Φ∈Lp′ (Ω)2\{0}

(a
1
p∇(z−zh),Φ)

‖Φ‖0,p′
.ζp,h.

This completes the proof.

Remark 3.1. If the point of interest x1 is not a vertex for a given mesh, i.e., x1 belongs
to an element T̂, then the local dual error estimator only associated with the element T̂
needs to be redefined by

ζp,h(T̂) :=
(

h2−p
T̂

+hp
T̂
‖R∗T̂(zh)‖

p
0,p,T̂

+ ∑
e⊂∂T̂\∂Ω

he‖Je(zh)‖
p
0,p,e

)1/p
.

Note that the term (δx1 ,φ−Lhφ)= (φ−Lhφ)(x1) 6= 0 in (3.11). By means of the standard
interpolation error estimate (e.g., [9]) and 1

p +
1
p′ =1, it follows that

(δx1 ,φ−Lhφ)≤‖φ−Lhφ‖0,∞,T̂≤h1−2/p′

T̂
‖∇φ‖0,p′,T̂ =h(2−p)/p

T̂
‖∇φ‖0,p′,T̂.

Consider the estimator product ηq,hζp,h as the a posteriori error estimator for the
pointwise quantity of interest Qx1(u)=u(x1). Applying results (3.8a) and (3.8b) of Theo-
rem 3.1 to (2.11) immediately yields the following corollary.

Corollary 3.1 (Reliability of goal-oriented a posteriori error estimator). Under the condi-
tions of Theorem 3.1, it holds

|Qx1(u)−Qx1(uh)|= |u(x1)−uh(x1)|.ηq,hζp,h. (3.13)

Remark 3.2. As mentioned in Section 1.11 of [31], for a general linear functional, one can-
not expect the efficiency of the goal-oriented a posteriori error estimator since u−uh may
be in the kernel of the goal functional. In some references [12, 25] in which the enriched
finite element approximations and a related saturation assumption on the quantity of in-
terest are used, the efficiency of the goal-oriented error estimator can be proved. In our
numerical results, particularly, Fig. 8a shows a perfect match between the goal-oriented
error estimator and the real point error. The efficiency could be a good interpretation for
this phenomenon, but its proof is an open problem.

In the following, we discuss the marking strategy for goal-oriented adaptivity. Adap-
tive finite element methods normally use the Dörfler marking in sense of the `2-norm.
The goal-oriented adaptive finite element methods proposed by [17,18] apply the Dörfler
marking in sense of the `2-norm to primal and dual error estimators, respectively, and
take the union of their marking sets as the final marking set. This can largely capture the
singularities on the primal and dual solutions simultaneously.
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However, for error estimators ηq,h and ζp,h defined in (3.2), it is worth emphasizing
that we adopt the Dörfler marking in sense of the `q-norm for ηq,h and the `p-norm for
ζp,h, i.e., find two setsM1 andM2 of the minimal cardinality such that

∑
T∈M1

η
q
q,h(T)≥ θη

q
q,h, ∑

T∈M2

ζ
p
p,h(T)≥ θζ

p
p,h, (3.14)

and takeMh =M1∪M2, where θ∈ (0,1) is the marking threshold.

Remark 3.3. Note that the error in the quantity of interest is the product of errors of the
primal and dual problems, hence it is influenced by singularities on the primal and dual
solutions. Obviously, it is not suitable to select M1 or M2 as the overall marking set.
Except the used overall marking setMh =M1∪M2 (Strategy A), the reference [14] pro-
posed another marking strategy (Strategy B). This strategy picks M̃h to be the minimal
set ofM1 andM2, and enlarge M̃h by adding the largest #M̃h elements of the other set,
as the overall marking set (see Remark 2 of [14]).

From [14,17] one theoretically knows that goal-oriented adaptivity based on Strategy
B has higher convergence rate than that based on Strategy A. However, the spaces which
the primal and dual solutioins belong to are the same Sobolev spaces (i.e., p= q= 2) in
their works, while in our work, the corresponding spaces are different (i.e., p 6= q). Thus,
the related convergence proof in our work is an open problem. Note that, in numerical
experiments, Fig. 8a suggests that the point error of Algorithm 3.1 (based on Strategy A)
stays monotone-decreasing whereas the one of goal-oriented adaptivity based on Strat-
egy B does not. Therefore, we choose Strategy A to design Algorithm 3.1.

We propose adaptive finite element algorithms for the pointwise quantity of interest
Qx1(u)=u(x1) as follows:

4 Numerical experiment

In this section, we use several numerical tests to illustrate the effectiveness of Algorithm
3.1, and show comparisons between Algorithm 3.1 and the goal-oriented adaptive finite
element method based on the mollification technique (see Remark 2.2), to highlight the
advantage of Algorithm 3.1.

In the first two examples, we consider the Poisson problem (the matrix a in (2.1a) is
the identity matrix) and the analytical solution

u1(x)=u1(x,y)=10e−1000((x−0.5)2+(y−0.5)2), (4.1)

defined in a unit square domain Ω=(0,1)×(0,1), or

u2(ρ,ξ)=ρ
2
3 sin

2
3

ξ, ρ=
√

x2+y2, ξ=arctan
y
x

, (4.2)
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Algorithm 3.1: Adaptive finite element algorithm for pointwise quantity.

Input: An initial triangulation Th, the values of p and q, the relative error
tolerance TOL for the pointwise quantity of interest, the marking
threshold θ∈ (0,1) and the increment n←1.

Output: The final triangulation, and the approximation and error estimator of
the pointwise quantity of interest.

while n 6=0 do
Solve the discrete primal problem (2.8) and the discrete dual problem (2.9) on
Th to obtain the solutions uh and zh. Compute the approximation of the
quantity of interest Qx1(uh);

For each element T∈Th, compute the local primal and dual a posteriori error
estimators ηq,h(T) and ζp,h(T) by (3.1a) and (3.1b), and then calculate the
global analogs ηq,h and ζp,h by (3.2). The estimator product ηq,hζp,h is viewed
as the goal-oriented error estimator;

if ηq,hζp,h
|Qx1 (uh)|

≤TOL then
Return the final triangulatioin Th, the approximation Qx1(uh) and the
corresponding error estimator ηq,hζp,h;

The algorithm terminates;
else

Find two setsM1 andM2 of the minimal cardinality satisfying the
condition (3.14), and let the marking setMh =M1∪M2;

Use the newest vertex bisection to refineMh and generate a new
triangulation which is still notated by Th. The increment n←n+1;

end
end

defined in a L-shaped domain Ω=(−1,1)×(−1,1)\[0,1)×(−1,0]. For the solution u1, we
select the point of interest x1 =(0.5,0.5), and for the solution u2, we choose the point of
interest x1=(−0.25,0.25). In addition, the marking threshold θ=0.3 uniformly.

Example 4.1. This example aims to investigate the behavior of the following effectivity
index of the goal-oriented a posteriori error estimator

λh,q,p :=
ηq,hζp,h

|u(x1)−uh(x1)|
, (4.3)

with different values of p∈ (1,2) (the value q is determined as soon as p is determined).
For the analytical solution u1, select p=1.1,1.2,··· ,1.9, and for u2, select p=1.3,1.4,··· ,1.9
since u2∈W1,6−ε(Ω) for sufficiently small ε>0, namely, p∈ (1.2,2).
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Figs. 1 and 2 plot the effectivity index λh,q,p versus the number of mesh vertices N with
different values of p for the quantities of interest Qx1(u1) and Qx1(u2), respectively. From
Fig. 1 we see that when p=1.1,1.2,··· ,1.7, the effectivity index λh,q,p is convergent, while
λh,q,p with p=1.8,1.9 is divergent. From Fig. 2 we observe that the effectivity index λh,q,p
only with p=1.5 converges, while other values of p make λh,q,p divergent. In conclusion,
p=1.5 is the optimal choice for both analytical solutions and points of interest.

Figure 1: For the pointwise quantity of interest Qx1 (u1), with different values of p, effectivity index λh,q,p versus
the number of mesh vertices N.

Figure 2: For the pointwise quantity of interest Qx1 (u2), with different values of p, effectivity index λh,q,p versus
the number of mesh vertices N.
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(a) Algorithm 3.1 (b) GOAFEM-MOLL

Figure 3: For the point value u1((0.5,0.5)), adaptive meshes of Algorithm 3.1 and GOAFEM-MOLL.

Example 4.2. We intend to compare Algorithm 3.1 and the goal-oriented adaptive finite
element method based on the mollification technique (abbreviated as GOAFEM-MOLL).
From Remark 2.2, the goal-oriented a posteriori error estimator of GOAFEM-MOLL can
be denoted by the estimator product ηhζh, where the primal energy-norm error estimator
ηh :=η2,h and the dual energy-norm error estimator ζh is defined as

ζh :=
(

∑
T∈Th

(
h2

T‖kε(x−x1)+R∗(z̄h)‖2
0,T+ ∑

e⊂∂T\∂Ω
he‖Je(z̄h)‖2

0,e

))1/2

.

In addition, GOAFEM-MOLL uses the marking strategy proposed in [17]. We choose
p=1.5 for Algorithm 3.1 and ε=1/32 in the quantity of interest Qx1,ε(u) for GOAFEM-
MOLL. For all algorithms, the numerical integration is performed with 7 Gaussian points
and the initial mesh size h0=1/8.

Figs. 3 and 4 show daptive meshes and the corresponding discrete dual solutions of
Algorithm 3.1 and GOAFEM-MOLL for the point value u1((0.5,0.5)). From these results
we observe that the mesh refinement for Algorithm 3.1 is more centralized at the point
of interest x1 =(0.5,0.5) than that of GOAFEM-MOLL, and the discrete dual solutions of
Algorithm 3.1 is a steep peak, while the one of GOAFEM-MOLL is smoother since the
source term δx1 in (2.6a) is less regular than the mollifier kε(x−x1) in (2.14a).

Fig. 5 reports errors and the error estimator versus the number of mesh vertices of
Algorithm 3.1 and GOAFEM-MOLL for the point value u1((0.5,0.5)). We see that, for
Algorithm 3.1, the pointwise error |u(x1)−uh(x1)| and its error estimator ηq,hζp,h are
both monotone-decreasing at the optimal rate, however, for GOAFEM-MOLL, the er-
ror |u(x1)−uh(x1)| suggests a nonmonotonic sawtooth reduction, although the quan-
tity of interest based on the mollification |Qx1,ε(u)−Qx1,ε(uh)| and its estimator ηhζh are
monotone-decreasing.
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(a) Algorithm 3.1 (b) GOAFEM-MOLL

Figure 4: For the point value u1((0.5,0.5)), discrete dual solutions of Algorithm 3.1 and GOAFEM-MOLL.

(a) Algorithm 3.1 (b) GOAFEM-MOLL

Figure 5: For point value u1((0.5,0.5)), errors and error estimator versus the number of mesh vertices for
Algorithm 3.1 and GOAFEM-MOLL.

Figs. 6 and 7 plot adaptive meshes and the corresponding discrete dual solutions of
these two algorithms for u2((−0.25,0.25)). From Fig. 6 we observe that, for Algorithm
3.1, mesh vertices are mainly located in the point of interest, while for GOAFEM-MOLL,
mesh vertices are mainly placed in the reentrant corner. This maybe results from the
dual solution z of Algorithm 3.1 has stronger singularity than the primal solution u2,
and u2 has stronger singularity than the dual solution z̄ of GOAFEM-MOLL. This leads
to that, for Algorithm 3.1, the dual marking setM2 consists of more elements than the
primal marking setM1, while for GOAFEM-MOLL, it is just the reverse. Moreover, Fig. 7
reflects the similar phenomenon as Fig. 4.

Fig. 8 shows errors and the error estimator versus the number of mesh vertics of Al-
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(a) Algorithm 3.1 (b) GOAFEM-MOLL

Figure 6: For the point value u2((−0.25,0.25)), adaptive meshes of Algorithm 3.1 (#Th=321164) and GOAFEM-
MOLL (#Th =30461).

(a) Algorithm 3.1 (b) GOAFEM-MOLL

Figure 7: For the point value u2((−0.25,0.25)), discrete dual solutions of Algorithm 3.1 and GOAFEM-MOLL.

gorithm 3.1 and GOAFEM-MOLL for the point value u2((−0.25,0.25)), where the second
subscript of their quantities is A. We see that, for Algorithm 3.1, the error and the error
estimator both exhibit the monotonic reduction at the expected rate, but for GOAFEM-
MOLL, the errors |Qx1,ε(u)−Qx1,ε(uh,1)| and |u(x1)−uh,1(x1)| are identical and nonmono-
tonically decreasing.

Fig. 8 also plots the corresponding results of two algorithms whose marking strategies
are both replaced by Strategy B (see Remark 3.3) and whose quantities are with the second
subscript B. We observe that the point error of Algorithm 3.1 no longer stays monotone-
decreasing and the one of GOAFEM-MOLL is still a nonmonotonic sawtooth reduction.

The above results indicate that, in this numerical example, Algorithm 3.1 can preserve
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(a) Algorithm 3.1 (b) GOAFEM-MOLL

Figure 8: For point value u2((−0.25,0.25)), errors and error estimator versus the number of mesh vertices for
Algorithm 3.1 and GOAFEM-MOLL based on Strategy A and B.

the monotonicity of the error reduction in the pointwise quantity of interest, which is
important in adaptivity, but GOAFEM-MOLL cannot.

Example 4.3. In this example, we test Algorithm 3.1 for two points of interest. Select
the domain Ω=(0,1)×(0,1) and the matrix a=

(
x+y 0

0 x+y

)
in (2.1a). The corresponding

analytical solution is

u=100e−10000((x−0.25)2+(y−0.25)2)+10e−1000((x−0.75)2+(y−0.75)2),

which is a double peak with the centers x1 = (0.25,0.25) and x2 = (0.75,0.75), and the
associated strengths 10000 and 1000, respectively. We consider the following quantity of
interest

Qx1,x2(u)=
1
2
(u(x1)+u(x2)),

which is the mean-value of the solution u at two points x1 and x2. Choose also p=1.5 for
Algorithm 3.1.

The adaptive mesh and the corresponding discrete dual solution as well as errors and
the error estimator of Algorithm 3.1 for the quantity of interest Qx1,x2(u) are shown in
Fig. 9, from which we observe that the discrete dual solution is also a double peak, and
that not only the mean-value error |Qx1,x2(u)−Qx1,x2(uh)| as well as its error estimator
ηq,hζp,h, but also the pointwise errors |u(x1)−uh(x1)| and |u(x2)−uh(x2)| exhibit mono-
tonic reductions at the expected rate O(N−1). This illustrates that Algorithm 3.1 is valid
in the example.
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(a) Adaptive mesh (b) Discrete dual soluion

(c) Error and error estimator

Figure 9: Numerical results of Example 4.3.
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