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Abstract. This paper proposes a direct Eulerian generalized Riemann problem (GRP)
scheme for two-layer shallow water equations. The model takes into account the dis-
tinctions between different densities and velocities, and is obtained by taking the ver-
tical averaging across the layer depth. The source terms generated from the mass and
momentum exchange prevent us from solving the Riemann problem analytically. We
consider an equivalent conservative two-layer model which describes the horizontal
velocity with two degrees of freedom. The rarefaction wave and the shock wave are
analytically resolved by using the Riemann invariants and Rankine-Hugoniot condi-
tion, respectively. Numerical simulations are also given on some typical problems in
order to verify the good performance of the GRP method.
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1 Introduction

The study on the multilayer shallow water equations has been of particular interest from
both theoretical and numerical points of view, mainly due to its effectively in describing
the laminar shallow water models. The two layers have different densities and velocities,
and can be obtained by taking the vertical averaging of the layer depth. In this work, we
are interested in the following shallow water equations in one-dimensional space with
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the horizontal velocity described by two variables, which reads [2]
ht+(hū)x =0,

(hū)t+
(

h(ū2+û2)+
g
2

h2
)

x
=0,

ût+(ûū)x =0,

(1.1)

where h(x,t) denotes the depth of the water, ū and û represent the average and the ori-
ented standard deviation of the velocities, respectively. System (1.1) introduces two de-
grees of velocity and was derived in [2] from a general two-layer shallow water flow. For
completeness and convenience to read, we post the bilayer shallow water model with flat
topography as follows [3, 33]

(h1)t+(h1u1)x =me,

(h1u1)t+

(
h1u2

1+g
h2

1
2
+gh1h2

)
x
= gh2(h1)x+uinme,

(h2)t+(h2u2)x =−me,

(h2u2)t+

(
h2u2

2+g
h2

2
2

)
x
=−gh2(h1)x−uinme.

(1.2)

where hi and ui (i=1,2) represent the approximation of the layer depth and the horizontal
velocity of the ith layer. me denotes the mass exchange from the second layer to the first
layer, uin is the interface velocity between two layers. Actually, (1.1) can be derived from
(1.2) by assuming each layer has the same depth h1=h2, and by defining

uin = ū=
u1+u2

2
, û=

u2−u1

2
, (1.3)

one can find more details in [2] and references therein. System (1.1) also belongs to the
well-known Benney equations [10]. Other systems describing shallow water equations
and related problems can be found in [21, 29, 30, 40].

As is well known, (1.2) is conditionally hyperbolic [3, 4], which bring difficulties to
solve the Riemann problem. Recently, a full set of conservation laws is studied in [5, 32],
the local well-posedness of the two-layer shallow water equations is obtained in [31].
Numerical treatments for the two-layer shallow water equations are also available. A
relaxation approach system for (1.2) is proposed and investigated by [1]. More recently,
a second order central-upwind scheme was derived in [23] which is proved to be well-
balanced. A novel Q-scheme is applied to the two-layer shallow water equations in [15].
More works can be found in [11, 13, 21, 23, 43] and references cited therein. Compared to
the original laminar model (1.1), (1.2) has a conservative type and the source terms gener-
ated from the mass exchange and momentum exchange are cancelled out by appropriate
calculations. However, (1.1) is still interesting and quite useful when we are concerned
about the saturate flows. Since (1.2) is conditionally hyperbolic and the coupling between
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the layers prevent the access to the system eigenstructure, the potential to design numer-
ical schemes based on the Riemann solver is thus quite limited. In comparison, (1.1) has
a quite clear eigenstructure, as one can see in [2], which allows us to apply some typ-
ical numerical treatments such as the Godunov scheme and the GRP scheme. Besides,
one can generalize the method for (1.2) to other similar systems, such as the hydrostatic
Navier-Stokes equations [14] and shear flows [19]. Moreover, the recover from (1.1) to
(1.2) is also clear, once the state variables (h,ū,û) are solved numerically, one can retrieve
(1.2) under the inverse transformation of (1.3).

The generalized Riemann problem (GRP) is a typical second-order method [6–9]. Ba-
sically, the GRP assumes a polynomial initial data at each time step, and a local GRP at
each interface is solved in order to obtain the numerical fluxes. On the one hand, the
GRP is a temporal-spatial coupling method [24] since it provides the time derivatives of
the state variables near the origin. On the other hand, the GRP takes full use of the gen-
eralized Riemann invariants and Rankine-Hugoniot condition, which ensures that the
method can capture both continuous and discontinuous solutions accurately. Due to its
robustness, the GRP method has been widely applied in the hyperbolic systems, such as
the shallow water system [25], and the radially flows [27]. Later on, a novel two-stage
fourth order scheme based on the GRP method had been proposed in [26] and was used
as the building block for numerical boundary conditions [20], which verified the great
potential of extending the GRP method to higher order numerical schemes.

In this work, we mainly derive the GRP scheme for the laminar shallow water system
(1.1). In order to obtain the second order scheme, we use the Riemann invariants to re-
solve the rarefaction wave under the characteristic coordinates. For the shock wave, the
Rankine-Hugoniot conditions are derived and resolved along the discontinuity trajecto-
ries. Together with the two ingredients, one can obtain the cell interface fluxes by solving
a pair of linear algebraic equations. The application of the GRP scheme to the shallow
water equations with two velocities will enrich the research on the multilayer shallow
water system. In addition, once we obtain the generalized Riemann problem for system
(1.1), it is naturally to extend the GRP method to higher order numerical scheme for the
original system (1.2) by using the inverse transformation of (1.3), which is forthcoming.

This paper is organized as follows. Section 2 gives some preliminaries and notations
for (1.1). The characteristic form for (1.1) is also written in terms of the Riemann invari-
ants. In Section 3, the GRP scheme for (1.1) is derived explicitly by resolving the time
derivatives of the state variables at the interface. We conclude the acoustic case in Sec-
tion 4, and the implementation of the GRP is outlined in Section 5. Finally, numerical
simulations are presented in Section 6 to verify the effectiveness of the presented scheme.

2 Preliminaries

2.1 Characteristics form and notation
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For notation convenience, we use the variables (h, p̂,S) instead of the original variables
(h,ū,û) to express the system, where

p̂=
g
2

h2+hû2, S= û/h. (2.1)

As is pointed out in [2], system (2.2) is analogous to the full Euler equations at least for
smooth solutions under the transformation (2.1). One can write (1.1) as follows

Ut+F(U)x =0 (2.2)

with

U=

 h
hū
û

, F(U)=


hū

h(ū2+û2)+
gh2

2
ūû

. (2.3)

System (2.2) has three eigenvalues, namely

λ1= ū−c, λ2= ū, λ3= ū+c, (2.4)

where c is the celerity given by

c=
√

gh+3S2h2. (2.5)

The corresponding right eigenvectors are

−→r 1=(h,−c,û)T , −→r 2=
(
2hû,0,−(gh+û2)

)T
, −→r 3=(h,c,û)T . (2.6)

Eq. (1.1) takes the following equivalent form for smooth flows:

Dū
Dt

+
p̂x

h
=0,

Dp̂
Dt

+hc2ūx =0,
DS
Dt

=0, (2.7)

where D/Dt = ∂/∂t+ū∂/∂x is the total derivative in the direction of the particle tra-
jectory. In order to resolve the rarefaction wave, we look for the Riemann invariant ωi
corresponding to λi, which should satisfy

∇ωi ·−→r i =0, i=1,3. (2.8)

By solving (2.8), we obtain that the Riemann invariants along the λ1 characteristic field
are

φ= ū−
∫ h c

h
dh and S= û/h, (2.9)
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the Riemann invariants along the λ3 characteristic field are

ψ= ū+
∫ h c

h
dh and S= û/h. (2.10)

By using the notations p̂ and S in (2.1), the Riemann invariants can be expressed into the
explicit form

φ= ū−
√

gh+3h2S2− g√
3S

log
(√

1+3S2h/g+
√

3S2h/g
)

,

ψ= ū+
√

gh+3h2S2+
g√
3S

log
(√

1+3S2h/g+
√

3S2h/g
)

.
(2.11)

Furthermore, one can use the Riemann invariants φ and ψ to rewrite system (1.1) as the
following characteristic form ( [8]){

φt+(ū−c)φx = sr,
ψt+(ū+c)ψx = sr,

(2.12)

where

sr =

[
gh
S
+Sh2− gc√

3S2
log
(√

1+3S2h/g+
√

3S2h/g
)]

Sx. (2.13)

In general, the GRP assumes piecewise polynomial initial data for the state variables,
namely, we solve the GRP for (1.1) subject to the initial data

U(x,0)=

{
UL+xU′L, x<0,
UR+xU′R, x>0,

(2.14)

where UL, UR and the slope U′L and U′R are all constant. In order to determine the initial
structure of the GRP solution UGRP(x,t), we need to solve the classical Riemann problem
to get UA(x/t;UL,UR) with the initial data

U(x,0)=

{
UL, x<0,
UR, x>0,

(2.15)

and

lim
t→0+

UGRP(x,t)=UA(x/t;UL,UR). (2.16)

After we obtain the classical Riemann solution, we have to obtain the time derivatives
of state variables near the singularity (x,t) = (0,0) by solving the generalized Riemann
problem, which is the main part of the GRP scheme. The local wave solution consists of
rarefaction wave, shock wave and contact discontinuity, respectively. Here we consider
the wave configuration as: a rarefaction wave moves to the left and a shock wave moves
to the right, with the intermediate state separated by a contact discontinuity, see Fig. 1.
The intermediate states are denoted by U1 and U2, respectively.
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Figure 1: Typical wave patterns for the GRP (a) and the associated Riemann problem (b).

3 The generalized Riemann problem for (1.1)

In this section, we develop the GRP scheme for two-layer shallow water equations (1.1).
We will resolve the rarefaction wave by using the generalized Riemann invariants under
the characteristic coordinates, and resolve the shock wave by deriving the generalized
Rankine-Hugoniot conditions.

3.1 Resolution of the rarefaction wave

In this subsection, we commence on resolving the rarefaction wave by using the charac-
teristic form (2.12). To this end, we follow [9] and introduce the characteristic coordinates
β(x,t) and α(x,t), which are determined as follows,

dx
dt

= ū−c,
dx
dt

= ū+c. (3.1)

The region of the rarefaction wave can be expressed by the set {(α(x,t),β(x,t))|β∈[βL,β∗],
−∞≤α≤0}, where α and β are denoted as follows: β is the initial slope λ1 at the singu-
larity (x,t) = (0,0) and α is the transversal characteristic curve through the intersection
point with the βL− curve. Consequently, the coordinates (x,t) are expressed as

x= x(α,β), t= t(α,β), (3.2)

which satisfy

∂x
∂α

=λ1
∂t
∂α

,
∂x
∂β

=λ3
∂t
∂β

. (3.3)
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Eq. (3.3) further indicates that

∂

∂α
=

∂t
∂α

D−
Dt

,
∂

∂β
=

∂t
∂β

D+

Dt
, (3.4)

where

D−
Dt

=
∂

∂t
+λ1

∂

∂x
,

D+

Dt
=

∂

∂t
+λ3

∂

∂x
. (3.5)

From (3.3), we differentiate the first equation with respect to β and the second equation
with respect to α, which yields

∂2t
∂α∂β

=
1

λ3−λ1

(
∂λ1

∂β

∂t
∂α
− ∂λ3

∂α

∂t
∂β

)
. (3.6)

Particularly, at α=0, we have

∂λ1

∂β
(0,β)=1,

∂t
∂β

(0,β)=0 for β∈ [βL,β∗]. (3.7)

Set α=0 in (3.6), we have

∂2t
∂α∂β

(0,β)=
1

λ3(0,β)−λ1(0,β)
∂t
∂α

(0,β), (3.8)

which is an ordinary differential equation for the variable (∂t/∂α)(0,β). The key point
to resolve the rarefaction wave is to obtain the values (Dū/Dt)∗ and (Dp̂/Dt)∗, which is
defined by (

Dū
Dt

)
∗
=

Dū
Dt

(0,β∗),
(

Dp̂
Dt

)
∗
=

Dp̂
Dt

(0,β∗). (3.9)

Our main result is given in the following lemma.

Lemma 3.1. Assume that a backward rarefaction wave moves to the left; see Fig. 1. The limiting
values (Dū/Dt)∗ and (Dp̂/Dt)∗, βL≤β≤β∗, satisfy the following relation:

aL

(
Dū
Dt

)
∗
+bL

(
Dp̂
Dt

)
∗
=dL, (3.10)

where

(aL,bL)=

(
2,

2
h∗c∗

)
, dL =

D−ψ

Dt
(0,β∗)+sr(0,β∗), (3.11)
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and

D−ψ

Dt
(0,β∗)=

(
D−ψ

Dt

)
L

exp
(
−
∫ β∗

βL

1
2c(0,β)

dβ

)
+exp

(
−
∫ β∗

βL

1
2c(0,β)

dβ

)∫ β∗

βL

sr(0, β̃)
2c(0, β̃)

exp

(∫ β̃

βL

dω

2c(0,ω)

)
dβ̃, (3.12)

with (∂S/∂x)∗ evaluated by(
∂S
∂x

)
∗
=S′L

cL

c∗
exp

(∫ β∗

βL

− 1
c(0,β)

dβ

)
. (3.13)

Here h∗=h(0,β∗), c∗= c(0,β∗).

Proof. By using (3.4), we have

∂2ψ

∂α∂β
=

∂

∂α

(
D+ψ

Dt
∂t
∂β

)
=

∂2t
∂α∂β

D+ψ

Dt
+

∂t
∂β

∂

∂α

(
D+ψ

Dt

)
. (3.14)

Similarly, from (3.4), it yields

∂2ψ

∂α∂β
=

∂

∂β

(
D−ψ

Dt
∂t
∂α

)
=

∂2t
∂α∂β

D−ψ

Dt
+

∂t
∂α

∂

∂β

(
D−ψ

Dt

)
. (3.15)

Combining (3.14) and (3.15), we obtain

∂2t
∂α∂β

(
D+ψ

Dt
−D−ψ

Dt

)
=

∂t
∂α

∂

∂β

(
D−ψ

Dt

)
− ∂t

∂β

∂

∂α

(
D+ψ

Dt

)
. (3.16)

Setting α=0 in (3.16) and using (3.8), we get

1
2c(0,β)

(
sr(0,β)−D−ψ

Dt
(0,β)

)
∂t
∂α

(0,β)=
∂t
∂α

(0,β)
d

dβ

[
D−ψ

Dt
(0,β)

]
, (3.17)

which is actually an ordinary differential equation for D−ψ
Dt (0,β) at α=0, i.e.,

d
dβ

[
D−ψ

Dt
(0,β)

]
=− 1

2c(0,β)
D−ψ

Dt
(0,β)+

sr(0,β)
2c(0,β)

, β∈ [βL,β∗]. (3.18)

By solving (3.18) and setting β=β∗, we finally obtain

D−ψ

Dt
(0,β∗)=

(
D−ψ

Dt

)
L

exp
(
−
∫ β∗

βL

1
2c(0,β)

dβ

)
+exp

(
−
∫ β∗

βL

1
2c(0,β)

dβ

)∫ β∗

βL

sr(0, β̃)
2c(0, β̃)

exp

(∫ β̃

βL

dω

2c(0,ω)

)
dβ̃. (3.19)
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We now turn to the variation of ψ in terms of the physical variables (x,t). From (2.11)
and (2.12), we have

D−ψ

Dt
(0,β)= sr(0,β)−2c

∂ψ

∂x
(0,β)=−2c2

h
∂h
∂x

(0,β)+
2
hc

Dp̂
Dt

(0,β)−sr(0,β), (3.20)

where (2.7) is used. Meanwhile, from (2.1), we continue express ∂h/∂x at (0,β)

∂h
∂x

=− h
c2

Dū
Dt
− 2Sh3

c2 Sx. (3.21)

We use (3.21) to replace ∂h/∂x in (3.20) and finally have that

D−ψ

Dt
(0,β)=2

Dū
Dt

(0,β)+
2
hc

Dp̂
Dt

(0,β)−sr(0,β). (3.22)

Hence, by setting β=β∗ in (3.22), and combing (3.19), we derive (3.10).
For the evaluation of the value (∂S/∂x)∗, we replace ψ by S in (3.14) and (3.15), and

then use (3.16) to get

d
dβ

(cSx)=−Sx, (3.23)

where DS/Dt=0 is used. By integrating (3.23) and setting α=0, β=β∗, we finally obtain
(3.13).

We can resolve the forward rarefaction wave in a similar way, and the explicit formu-
lae is given in the Appendix A.

3.2 Resolution of the shock wave

In this subsection, we begin to resolve the forward shock wave as shown in Fig. 1. We will
use the Rankine-Hugoniot condition to derive another relation for the values (Dū/Dt)∗
and (Dp̂/Dt)∗ along the shock trajectory.

Denote the speed of the shock wave x = x(t) as σ = dx/dt, and the states on two
sides of the shock wave as Q(t) = Q(x(t)−0,t), Qr(t) = Q(x(t)+0,t). Along this shock
trajectory, the Rankine-Hugoniot condition can be written in the following form,

σ[h]= [hū],

σ[hū]=
[

h(ū2+û2)+
g
2

h2
]
,

σ[û]= [ūû],

(3.24)

where “[ f ]” is the jump of the function f . By eliminating σ in (3.24) and using (2.1), (3.24)
is equivalent to

ū= ūr+Φ(h;hr,Sr), (3.25)
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where

Φ(h;hr,Sr)=(h−hr)

√
1

hhr

[
(Sr)2(h2+hhr+(hr)2)+

g
2
(h+hr)

]
. (3.26)

The shock speed is

σ=
hū−hrūr

h−hr . (3.27)

We take the directional derivative of (3.25) along the shock wave trajectory x= x(t) and
have

Dœ

Dt
Γ=0, (3.28)

where Dσ/Dt=∂/∂t+σ∂/∂x, and Γ= ū−ūr−Φ(h;hr,Sr). It can be concluded that Dū/Dt
and Dp̂/Dt are continuous in the intermediate region between the rarefaction wave and
the shock wave. Thus by taking the limit t→0+, we have

Dū
Dt
→
(

Dū
Dt

)
∗
,

Dp̂
Dt
→
(

Dp̂
Dt

)
∗
, (3.29)

and

(h,ū, p̂) → (h2∗,ū∗, p̂∗), (hr,ūr, p̂r) → (hR,ūR, p̂R). (3.30)

Note that h undergoes a jump across the contact discontinuity, we use h2∗ to denote the
limiting value of the height function between the shock wave and the contact discontinu-
ity. The same thing would be applied to the limiting value of c2∗.

Lemma 3.2. Assume that a forward shock wave moves to the right; see Fig. 1. The limiting values
(Dū/Dt)∗ and (Dp̂/Dt)∗ satisfy the following relation:

aR

(
Dū
Dt

)
∗
+bR

(
Dp̂
Dt

)
∗
=dR, (3.31)

where aR, bR and dR are given explicitly by

aR =1+Φ1
h2∗(σR−ū∗)

c2
2∗

, bR =−
σR−ū∗
h2∗c2

2∗
−Φ1

c2
2∗

, (3.32)

and

dR =
[
−g−S2

RhR+(σR−ūR)Φ2−2S2
RhR

]
(hR)x+[σR−ūR−hRΦ2](ūR)x

+

[
Φ3(σR−ūR)−

2Φ1(σR−ū∗)SRh3
2∗

c2
2∗

−2SRh2
R

]
(SR)x. (3.33)
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Φ1, Φ2 and Φ3 are defined by

Φ1=
∂Φ
∂h

(h2∗;hR,SR), Φ2=
∂Φ
∂hR

(h2∗;hR,SR), Φ3=
∂Φ
∂SR

(h2∗;hR,SR). (3.34)

Proof. We follow (3.28) and take the derivative Dσ/Dt of Γ= ū−ūr−Φ(h;hr,Sr), which
gives

ūt+σūx =(ūr)t+σ(ūr)x+Φh [ht+σhx]+Φhr [(hr
t+σ(hr)x)]+ΦSr [(Sr)t+σ(Sr

x)]. (3.35)

By using (2.7), we have

ūt+σūx =
Dū
Dt
− σ−ū

hc2
Dp̂
Dt

, (3.36)

where we have used the fact

Dp̂
Dt

= c2 Dh
Dt

(3.37)

from (2.1). Similarly, we have

ht+σhx =
Dh
Dt

+(σ−ū)hx =
1
c2

Dp̂
Dt
− h(σ−ū)

c2
Dū
Dt
− 2Sh3

c2 Sx, (3.38)

where (3.21) is applied here.
Therefore, we substitute (3.36), (3.38) into (3.35) and replace the time derivatives of hr,

ūr and Sr by their space derivatives. After that, we take the limit t→0+ for the resulting
equation to yield (3.31).

Remark 3.1. For completeness, we also put the expressions of (3.34) directly here

Φ1=
1

Φ(h2∗;hR,SR)

h2∗−hR

2h2
2∗hR

[
3S2

Rh3
2∗+S2

R

(
h2∗h2

R+h2
2∗hR+h3

R

)
+gh2

2∗+
g
2

h2∗hR+
g
2

h2
R

]
, (3.39a)

Φ2=−
1

Φ(h2∗;hR,SR)

h2∗−hR

2h2∗h2
R

[
3S2

Rh3
R+S2

R

(
h2∗h2

R+h2
2∗hR+h3

R

)
+gh2

R+
g
2

h2∗hR+
g
2

h2
2∗

]
, (3.39b)

Φ3=
1

Φ(h2∗;hR,SR)

h2∗−hR
h2∗hR

SR(h3
2∗−h3

R), (3.39c)

where Φ(h2∗;hR,SR) is defined in (3.26).

3.3 Time derivatives of solutions at the singularity

In this section, we are ready to compute the time derivatives of (∂U/∂t)∗ in order to
derive the GRP scheme. The wave structure we considered is shown in Fig. 1. Our main
results are summarized in the following theorem.
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Theorem 3.1 (Nonsonic case). Assume that the t-axis is out of the rarefaction region; then the
limiting values (Dū/Dt)∗ and (Dp̂/Dt)∗ are obtained by solving the following linear equations:

aL

(
Dū
Dt

)
∗
+bL

(
Dp̂
Dt

)
∗
=dL,

aR

(
Dū
Dt

)
∗
+bR

(
Dp̂
Dt

)
∗
=dR,

(3.40)

where aL, bL, dL, aR, bR and dR are given in Lemmas 3.1 and 3.2, respectively. The coefficients of
other wave configurations is given in Appendix A.

Once we have obtained the limiting values (Dū/Dt)∗ and (Dp̂/Dt)∗, we are left to
calculate the limiting values of (∂ū/∂t)∗ and (∂ p̂/∂t)∗. From (2.1), (2.7) and (3.21), they
can be evaluated as follows(

∂ū
∂t

)
∗
=−ū∗

(
∂ū
∂x

)
∗
− 1

h∗

(
∂ p̂
∂x

)
∗
=

ū∗
h∗c2
∗

(
Dp̂
Dt

)
∗
+

(
Dū
Dt

)
∗
, (3.41a)(

∂ p̂
∂t

)
∗
=

(
Dp̂
Dt

)
∗
−ū∗

(
∂ p̂
∂x

)
∗
=

(
Dp̂
Dt

)
∗
−ū∗

[
c2
∗

(
∂h
∂x

)
∗
+2S∗h3

∗(Sx)∗

]
=

(
Dp̂
Dt

)
∗
+h∗ū∗

(
Dū
Dt

)
∗
. (3.41b)

When the t-axis (x= 0) is located inside the rarefaction wave fan, then we have a sonic
case; the result is given in the following theorem.

Theorem 3.2 (Sonic case). Assume that the t-axis is in the backward rarefaction wave fan. Then
we have that (

∂ū
∂t

)
∗
=

1
2

(
D−ψ

Dt
(0,β∗)+sr(0,β∗)

)
,

(
∂ p̂
∂t

)
∗
=h∗c∗

∂ū
∂t

, (3.42)

with β∗=0, and D−ψ
Dt (0,β∗) is defined in Lemma 3.1.

Proof. On the one hand, from (2.11), we have that

D−ψ

Dt
=ψt+(u−c)ψx

=
∂ū
∂t

+
c
h

∂h
∂t

+
c
S

St−
g√
3S2

log
(√

1+3S2h/g+
√

3S2h/g
)

St. (3.43)

By using α=0, β∗=0, and the fact DS/Dt=0, we proceed to have that

D−ψ

Dt
(0,β∗)

=

(
∂ū
∂t

)
∗
+

c∗
h∗

(
∂h
∂t

)
∗
−
[

c2
∗

SL
− gc∗√

3S2
L

log
(√

1+3S2
Lh∗/g+

√
3S2

Lh∗/g
)](

∂S
∂x

)
∗
. (3.44)
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We continue to use (2.1) to replace (∂h/∂t)∗ by (∂ p̂/∂t)∗ and have(
∂h
∂t

)
∗
=

1
c2
∗

(
∂ p̂
∂t

)
∗
+2

SLh3
∗

c∗

(
∂S
∂x

)
∗
. (3.45)

Insert (3.45) into (3.44), we consequently have

D−ψ

Dt
(0,β∗)=

(
∂ū
∂t

)
∗
+

1
h∗c∗

(
∂ p̂
∂t

)
∗
−sr(0,β∗). (3.46)

One the other hand, in the sonic case, the t-axis is tangential to the characteristic curve
at (0,0), thus(

∂φ

∂t

)
∗
=

(
∂φ

∂t

)
∗
+(u∗−c∗)

(
∂φ

∂x

)
∗

=

(
∂ū
∂t

)
∗
− c∗

h∗

(
∂h
∂t

)
∗
+

[
c2
∗

SL
− gc∗√

3S2
L

log
(√

1+3S2
Lh∗/g+

√
3S2

Lh∗/g
)](

∂S
∂x

)
∗

=sr(0,β∗), (3.47)

from which we have (
∂ū
∂t

)
∗
− 1

h∗c∗

(
∂ p̂
∂t

)
∗
=0. (3.48)

Combining (3.44) and (3.48), we finally yield (3.42).

Once we obtain (∂ū/∂t)∗ and (∂ p̂/∂t)∗, we need to compute (∂h/∂t)∗. It depends on
whether the contact discontinuity propagates to the left or the right. The result is given
in the following theorem.

Theorem 3.3 (The computation of (∂h/∂t)∗).

(i) If ū∗>0, we compute the value (∂h/∂t)∗ on the left side(
∂h
∂t

)
∗
=

1
c2
∗

(
∂ p̂
∂t

)
∗
+2

SLh3
∗ū∗

c2
∗

(
∂S
∂x

)
∗
. (3.49)

(ii) If ū∗<0, we compute the value (∂h/∂t)∗ on the right side(
∂h
∂t

)
∗
=

h∗ū∗
c2
∗

(
Dū
Dt

)
∗
+

1
c2
∗

(
Dp̂
Dt

)
∗
+

2SRh3
∗ū∗

c2
∗

σR−ūR

σR−ū∗
S
′
R. (3.50)

Proof. For the first case that ū∗> 0, it can be derived directly from (2.1). For the second
case ū∗<0, we first take the directional derivative with p̂ and have that(

Dp̂
Dt

)
∗
+(σ−ū∗)

(
∂ p̂
∂x

)
∗
= c2
∗

[(
Dh
Dt

)
∗
+(σ−ū∗)

(
∂h
∂x

)
∗

]
+2SRh3

∗(σ−ūR)S
′
R. (3.51)
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From (2.7), we substitute ( p̂x)∗=−h∗(Dū/Dt)∗ into (3.51) and have that(
∂h
∂x

)
∗
=−h∗

c2
∗

(
Dū
Dt

)
∗
− 2sRh3

∗
c2
∗

σR−ūR

σR−ū∗
S
′
R. (3.52)

Finally, from the fact that (
Dh
Dt

)
∗
=

1
c2
∗

(
Dp̂
Dt

)
∗
,

we have (3.50).

4 Acoustic case

Acoustic case appears when UL=UR and U′L 6=U′R. In this case, only linear waves emanate
from the origin. The GRP scheme is simple which is stated in the following theorem.

m

t

O

U

U
L x

U
R

Figure 2: The schematic description for the GRP scheme in acoustic case.

Theorem 4.1 (Acoustic case). For the acoustic case, if u∗−c∗<0 and u∗+c∗>0, then (∂ū/∂t)∗
and (∂ p̂/∂t)∗ is given by(

∂ū
∂t

)
∗
=

ū∗−c∗
2

(
p̂′R

c∗hR
−ū′R

)
− ū∗+c∗

2

(
p̂′L

c∗hL
+u′L

)
, (4.1a)(

∂ p̂
∂t

)
∗
=

h∗(ū∗−c∗)
2

(
− p̂′R

hR
+c∗ū′R

)
− h∗(ū∗+c∗)

2

(
p̂′L
hL

+c∗u′L

)
. (4.1b)

The computation of (∂h/∂t)∗ is given by

(
∂h
∂t

)
∗
=


1
c2
∗

(
∂ p̂
∂t

)
∗
+2

SLh3
∗ū∗

c2
∗

S′L, if ūL = ūR = ū∗>0,

1
c2
∗

(
∂ p̂
∂t

)
∗
+2

SRh3
∗ū∗

c2
∗

S′R, if ūL = ūR = ū∗<0.
(4.2)
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Proof. Denote the intermediate state Um(x,t) which is separated by U−(x,t) and U+(x,t).
First, we differentiate ū along characteristic curve u−c and have that

∂ū−
∂t

+(ū−c)
∂ū−
∂x

=
∂ūm

∂t
+(ū−c)

∂ūm

∂x
, (4.3)

which gives

Dū−
Dt
−c

∂ū−
∂x

=
Dūm

Dt
+

1
hc

Dp̂m

Dt
(4.4)

by using (2.7). Thus, by taking the limit t→0+, we have(
Dūm

Dt

)
∗
+

1
h∗c∗

(
Dp̂m

Dt

)
∗
=− p̂′L

hL
−c∗u′L. (4.5)

Similarly, consider the acoustic wave moving to the right, we have

∂ū+

∂t
+(ū+c)

∂ū+

∂x
=

∂ūm

∂t
+(ū+c)

∂ūm

∂x
, (4.6)

which leads to (
Dūm

Dt

)
∗
− 1

h∗c∗

(
Dp̂m

Dt

)
∗
=− p̂′R

hR
+c∗u′R. (4.7)

From (4.5) and (4.7), we obtain that
(

Dūm

Dt

)
∗
=

1
2

[
− p̂′L

hL
− p̂′R

hR
+c∗

(
u′R−u′L

)]
,(

Dp̂m

Dt

)
∗
=

h∗c∗
2

[
− p̂′L

hL
+

p̂′R
hR
−c∗

(
u′R+u′L

)]
.

(4.8)

Substitute (4.8) into (3.41), we finally get (4.1).
The computation of (∂h/∂t)∗ can be obtained by taking the partial derivative with

respect to t of p̂ in (2.1), which yields (4.2).

5 Implementation of the GRP scheme

We will summarize the main steps to implement the GRP scheme for (1.1). Assume that
the grid points are equally discretized with xj = j∆x, j ∈Z, the interface is denoted as
xj+1/2=(xj+xj+1)/2. Denote Un

j as the averaged value of U over the cell Ij=[xj−1/2,xj+1/2]

at tn =n∆t. The GRP scheme is implemented through the following four steps.
Step I. Given the piecewise polynomial initial data

Un(x)=Un
j +σn

j (x−xj), x∈ (xj−1/2,xj+1/2), (5.1)
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where σn
j is the initial slope over cell Ij. We solve the classical Riemann problem to get

Un
j+1/2

Un
j+1/2=R

(
0 :Un

j +
∆x
2

σn
j ,Un

j+1−
∆x
2

σn
j+1

)
. (5.2)

Step II. Compute the time derivative (∂U/∂t)n
j+1/2 from a linear equations as in Theorem

3.1. One can find more details in [9]. The mid-point values Un+1/2
j+1/2 can be approximated

by

Un+1/2
j+1/2 =Un

j+1/2+
∆t
2

(
∂U
∂t

)n

j+1/2
. (5.3)

Step III. Update the values Un+1
j at the next time step by

Un+1
j =Un

j −
∆t
∆x

(
F(Un+1/2

j+1/2 )−F(Un+1/2
j−1/2 )

)
. (5.4)

Step IV. Finally, update the slope as follows,

Un+1,−
j+1/2 =Un

j+1/2+∆t
(

∂U
∂t

)n

j+1/2
, (5.5a)

σn+1,−
j =

1
∆x

(Un+1,−
j+1/2 −Un+1,−

j−1/2 ). (5.5b)

Here a minmod limiter is used,

σn+1
j =minmod

(
α

Un+1
j −Un+1

j−1

∆x
,σn+1,−

j ,α
Un+1

j+1 −Un+1
j

∆x

)
, (5.6)

where the parameter α∈ [0,2). For more details, we refer to [6].

Remark 5.1. We can check that the GRP scheme satisfies the well-balancing property, i.e.,
it can keep the exact solution to the lake-at-rest problem [12]. Consider the flat bottom,
and assume that ūn

j =0, ûn
j =0, hn

j ≡const., then from (5.6), we have σn
j =0. With the results

obtained in Section 3, we get(
∂h
∂t

)n

j+1/2
=0,

(
∂ū
∂t

)n

j+1/2
=0,

(
∂û
∂t

)n

j+1/2
=0. (5.7)

Thus, from (5.3), we have

hn+1/2
j+1/2 =hn

j+1/2, (hū)n+1/2
j+1/2 =(hū)n

j+1/2=0, ûn+1/2
j+1/2 = ûn

j+1/2=0. (5.8)
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Therefore,

hn+1
j =hn

j −
∆t
∆x

(
(hū)n+1/2

j+1/2 −(hū)n+1/2
j−1/2

)
=hn

j , (5.9)

and

(hū)n+1
j =(hū)n

j −
∆t
∆x

((
hū2+hû2+

1
2

gh2
)n+1/2

j+1/2
−
(

hū2+hû2+
1
2

gh2
)n+1/2

j−1/2

)
=0, (5.10a)

ûn+1
j = ûn

j −
∆t
∆x

(
(ûū)n+1/2

j+1/2 −(ûū)n+1/2
j−1/2

)
= ûn

j . (5.10b)

This implies that hn+1
j = hn

j , ūn+1
j = ūn

j , ûn+1
j = ûn

j . Thus, we proved the well-balancing
property of the scheme. We note that the well-balancing property can also be extended
to the non-flat bottom topography, see [25] for more details. It is also very important to
consider other kinds of well-balancing properties for a numerical scheme, such as pre-
serving all the equilibria, or reconstruct the wet-dry front [17,18,36–39,41,42], which will
be discussed later for the GRP scheme.

Remark 5.2. The GRP scheme can also be generalized to hyperbolic system with source
terms and multidimensional fluid dynamics. Recently, the GRP solver is taken as a
representative of L-W type schemes for the construction of a two-stage fourth order
scheme [26], which shows a great potential to extend the GRP scheme to higher order
numerical methods.

6 Numerical tests

In this section, we present some numerical simulations to verify the expected accuracy
and effectiveness of the GRP scheme for (1.1). In the following examples, we take g=9.81
and CFL=0.5 unless specified.

Example 6.1 (Smooth initial value problem). This example is used to verify the order of
accuracy of the GRP method. Similar with [23, 36], we take the initial data as

h(x,0)=5+esin(2πx), u1(x,0)=sin(cos(2πx)), u2(x,0)=sin(cos(2πx))+1.0, (6.1)

with 0≤ x≤ 1.0. Periodic boundary conditions are used on both sides. We compute the
solution up to t=0.1 and the CFL = 0.1 in order to reach the expected order. The numerical
solutions are compared with the reference solution computed with 10000 cells. The L1
errors and L∞ errors of the height function h(x,t) are shown in Table 1, from which one
can observe the convergence of second order is almost reached.

Example 6.2 (Interface propagation). This example is taken from [1] with a slight modifi-
cation. The goal is to test the ability of the method capturing interface propagation. The
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Table 1: The L1, L∞ errors of the height and numerical order of the GRP for the smooth initial value problem
in Example 6.1.

Number of zones L1 error Order L∞ error Order
25 1.127e-1 – 2.573e-1 –
50 3.591e-2 1.65 8.667e-2 1.57

100 1.193e-2 1.59 3.001e-2 1.53
200 3.402e-3 1.81 8.860e-3 1.76
400 8.928e-4 1.93 2.458e-3 1.85

initial data is set as

(h(x,0),u1(x,0),u2(x,0))=

{
(2.56,2.5,4.5), 0≤ x≤50,
(3.25,0.871,3.409), 50< x≤100.

(6.2)

The solution involves a hydraulic jump which is initially located at x = 50. The output
time is t= 2.0. The results are computed by using 100 meshes, see Fig. 3. One can find
that the GRP solution captures the hydraulic jump sharply with few grids.

Example 6.3 (Riemann problem). We test the typical Riemann problem in this case for
(1.1). The initial data is set as

(h(x,0),u1(x,0),u2(x,0))=

{
(4.0,0.25,1.25), 0≤ x≤50,
(1.0,1.0,3.0), 50< x≤100.

(6.3)

The output time is t=3.0. The Riemann solution involves a backward rarefaction wave,
followed by a contact discontinuity and a forward shock wave. We use 200 meshes (100
grids are shown), and compare the results obtained by the GRP method with the second-
order central-upwind method [22, 23] in Fig. 4, which indicates that the GRP method
gives a sharp resolution for both smooth wave and also discontinuity solutions.

Example 6.4 (Large water height ratio problem). The large water height ratio problem is
modified from the large pressure ratio problem in [35], which is used to test the ability of
the scheme to capture the location of strong rarefaction. Here we apply this example to
the two-layer shallow water equations (1.1). The initial data is set as

(h(x,0),u1(x,0),u2(x,0))=

{
(50.0,1.5,5.0), 0≤ x≤50,
(1.0,0.5,1.5), 50< x≤100,

(6.4)

in order to produce a high water jump initially. The boundary condition is dealt the
same with that in the standard Riemann problem. The output time is t=3.0. We test the
example with 150 meshes (left) and 400 meshes (right). respectively. In Fig. 5, compared
to the central-upwind solution, the GRP solution resolve the strong rarefaction wave and
the shock wave quite well with small number of grids.
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Figure 3: The hydraulic jump in Example 6.2.
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Figure 4: Comparison of the Riemann solution obtained by the GRP solver with that obtained by the central-
upwind method in Example 6.3.

Example 6.5 (Periodic boundary problem). In this example, we aim to test model (1.1)
with periodic numerical conditions. The initial data is given by

(h(x,0),u1(x,0),u2(x,0))=(1.0,sin(0.3πx)+2.0,sin(0.3πx)+1.0). (6.5)

The periodic boundary conditions are used here. A very challenging problem is to cap-
ture both the water peaks and valleys during the waves propagation. Both smooth so-
lutions and discontinuous solutions are tested here. In the first case, the output time is
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Figure 5: Comparison of numerical results of the water depth h obtained by the GRP scheme and the central-
upwind scheme with 150 meshes (left) and 400 meshes (right).
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Figure 6: Numerical results for water waves problem in Example 6.5.

t=0.4, the smooth GRP solution is tested with 200 meshes, see Fig. 6(left). The solution
then develops a shock wave at the output time t=6.0, see Fig. 6(right). We compare the
numerical results with the reference solution, which is obtained by using 2000 grids. In
both cases, the GRP scheme shows stable results and matches well with the amplitude
variations of the reference solution from peaks to valleys.

Example 6.6 (Moving boundary problem). The moving boundary problem is used to
test the scheme’s ability to capture complex reflected wave structures. It is the one-
dimensional version from [16], see also in [34]. Initially, there is a rigid body located
at x=50 traveling with constant speed v=1.0, the two-layer water depth and velocities
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Figure 7: Numerical results for moving boundary problem in Example 6.6.

are given by

(h(x,0),u1(x,0),u2(x,0))=

{
(5.0,0.25,1.75), 0≤ x≤50,
(4.0,−0.5,2.5), 50< x≤100.

(6.6)

When the water interacts with the rigid body, the following reflected boundary condi-
tions is imposed

hn
M+1=hn

M, (u1)
n
M+1=2.0−(u1)

n
M, (u2)

n
M+1=2.0−(u2)

n
M, (6.7)

where the cell M is on the right hand side of the boundary. By implementing the GRP
scheme on the problem with the output time t=13.5, we compare the GRP solutions with
the Godunov solution in Fig. 7, from which one can obviously observe that the GRP has
potential in capturing the complex reflected waves.

7 Discussions

This paper proposes and implements a generalized Riemann problem (GRP) for two-
layer shallow water equations with two velocities. By resolving the Riemann invariants
associated with the two-layer model and the Rankine-Hugoniot conditions, we deter-
mine the time derivatives of the state variables which is the main theme of the scheme.
Numerical simulations are also presented to validate the performance of the GRP. Of
course, some issues remain for the future study, such as the applications of the GRP in
the framework of two-stage fourth order time stepping [26], and also use the GRP as the
building block for the numerical treatment of boundary conditions [20, 28].
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Appendix

A The useful GRP coefficients

The coefficients of the GRP scheme are collected here. In Table 2, the 1-shock (3-shock,
resp.) refers to the forward shock corresponding with the ū−c characteristic family (ū+c,
resp.). The same for the 1-rarefaction wave and 3-rarefaction wave.

Table 2: The coefficients in Theorem 3.1 for all possible cases.

1-rarefaction wave (aL,bL)=(arare
L , brare

L ),dL =drare
L

1-shock wave (aL,bL)=(ashock
L , bshock

L ),dL =dshock
L

3-rarefaction wave (aR,bR)=(arare
R , brare

R ),dR =drare
R

3-shock wave (aR,bR)=(ashock
R , bshock

R ),dR =dshock
R

A.1 Nonsonic case

The coefficients for rarefaction waves are given by

(arare
L ,brare

L )=

(
2,

2
h1∗c1∗

)
, (arare

R ,brare
R )=

(
2,− 2

h2∗c2∗

)
, (A.1a)

drare
L =

D−ψ

Dt
(0,β∗)+sr(0,β∗), drare

R =
D+φ

Dt
(α∗,0)+sr(α∗,0), (A.1b)

where D−ψ/Dt(0,β∗) is given in Lemma 3.1, and D+φ/Dt(α∗,0) is denoted by

D+φ

Dt
(α∗,0)=

(
D+φ

Dt

)
R

exp
(∫ αR

α∗

1
2c(α,0)

dα

)
+exp

(∫ αR

α∗

1
2c(α,0)

dα

)∫ αR

α∗

−sr(α̃,0)
2c(α̃,0)

exp
(∫ α̃

α∗

−dω

2c(0,ω)

)
dα̃, (A.2)

with (∂S/∂x)2∗ evaluated by(
∂S
∂x

)
2∗
=S′R

cR

c2∗
exp

(∫ αR

α∗

1
c(α,0)

dα

)
. (A.3)

The coefficients for shocks are given by

aL =1−Φ1(h1∗;hL,SL)
h1∗(σL−ū1∗)

c2
1∗

, bL =−
σL−ū∗
h1∗c2

1∗
+

Φ1(h1∗;hL,SL)

c2
1∗

, (A.4a)
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dL =
[
g+S2

LhL+(σL−ūL)Φ2(h1∗;hL,SL)+2S2
LhL
]
(hL)x−[σL−ūL+hLΦ2(h1∗;hL,SL)](ūL)x

+

[
Φ3(h1∗;hL,SL)(σL−ūL)+

2Φ1(h1∗;hL,SL)(σL−ū∗)SLh3
1∗

c2
1∗

+2SLh2
L

]
(SL)x, (A.4b)

aR =1+Φ1(h2∗;hR,SR)
h2∗(σR−ū∗)

c2
2∗

, bR =−
σR−ū∗
h2∗c2

2∗
−Φ1(h2∗;hR,SR)

c2
2∗

, (A.4c)

dR =
[
−g−S2

RhR+(σR−ūR)Φ2(h2∗;hR,SR)−2S2
RhR

]
(hR)x

+[σR−ūR−hRΦ2(h2∗;hR,SR)](ūR)x+
[
Φ3(h2∗;hR,SR)(σR−ūR)

− 2Φ1(h2∗;hR,SR)(h2∗;hR,SR)(σR−ū∗)SRh3
2∗

c2
2∗

−2SRh2
R

]
(SR)x, (A.4d)

where

Φ1(h;ĥ,Ŝ)=
1

Φ(h;ĥ,Ŝ)
h− ĥ
2h2ĥ

[
3Ŝ2h3+Ŝ2

(
hĥ2+h2ĥ+ ĥ3

)
+gh2+

g
2

hĥ+
g
2

ĥ2
]

, (A.5a)

Φ2(h;ĥ,Ŝ)=− 1
Φ(h;ĥ,Ŝ)

h− ĥ
2hĥ2

[
3Ŝ2ĥ3+Ŝ2

(
hĥ2+h2ĥ+ ĥ3

)
+gĥ2+

g
2

hĥ+
g
2

h2
]

, (A.5b)

Φ3(h;ĥ,Ŝ)=
1

Φ(h;ĥ,Ŝ)
h− ĥ
hĥ

Ŝ(h3− ĥ3), (A.5c)

and Φ(h;ĥ,Ŝ) is defined in (3.26).

A.2 Sonic case

When the t-axis is located inside the right rarefaction fan, we have(
∂ū
∂t

)
∗
=

1
2

(
D+φ

Dt
(α∗,0)+sr(α∗,0)

)
,

(
∂ p̂
∂t

)
∗
=−h∗c∗

∂ū
∂t

, (A.6)

where α∗=0, and D+φ
Dt (α∗,0) is defined in Lemma (A.2).
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