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Abstract. This article describes developing and improving sixth-order characteristic-
wise Weighted Essentially Non-Oscillatory (WENO) finite difference schemes. These
schemes are specially designed to solve scalar and system hyperbolic conservation
laws with high accuracy/resolution and robustness. The schemes have been enhanced
by using a new reference global smoothness indicator, which ensures the optimal or-
der of accuracy for smooth solutions. The schemes also incorporate affine-invariant
nonlinear Ai-weights that are independent of the scaling of solution and the choice of
sensitivity parameter. The improved nonlinear weights enhance the essentially non-
oscillatory (ENO) capturing of discontinuities and minimize the numerical dissipa-
tion, especially for long-time simulations. The study also introduces the positivity-
preserving limiter to ensure that the numerical solution of Euler equations is physically
valid. The effectiveness of improved schemes is demonstrated through one- and two-
dimensional benchmark shock-tube problems, such as the Sod, Lax, and Woodward-
Colella problems. The improved schemes are compared with other WENO schemes in
terms of accuracy, resolution, ENO, and robustness.
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1 Introduction

Hyperbolic conservation laws are commonly solved numerically using the characteristic-
wise weighted essential non-oscillatory (WENO) finite difference schemes. These schemes
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are favored for their ability to capture shocks in a non-oscillatory manner and efficiently
resolve smooth, small, weak structures. The first WENO scheme was proposed by Liu et
al. [23], which achieved (r+1) order of accuracy using a convex combination of rth ENO
reconstructions. Jiang and Shu [17] later improved the WENO scheme by proposing a
general framework for designing smoothness indicators and nonlinear weights. Despite
its advantages, the fifth-order WENO-JS5 scheme only achieved third-order accuracy at
first-order critical points. To address this, Henrick et al. [14] derived the necessary con-
ditions for the nonlinear weights to achieve optimal order convergence and designed
a mapping function for the nonlinear weights. This resulted in the WENO-M scheme,
which achieved a fifth-order convergence rate at critical points. Borges et al. [5] further
improved this by designing an optimal order global smoothness measurement to build
new nonlinear Z-type weights, resulting in the WENO-Z scheme. The WENO-Z scheme
has been widely recognized for its accuracy, resolution, shock-capturing, and overall ef-
ficiency [5,16].

The WENO schemes mentioned above use an upwind-biased global stencil. To re-
duce the excessive dissipation of the classical WENO-JS5 scheme, a central global sten-
cil is adopted to develop low-dissipation WENO schemes. Martin et al. [26] developed
global stencil-symmetric WENO-SYMOO and WENO-SYMBO schemes by adding an ex-
tra downwind candidate stencil. Hu et al. [12] proposed the adaptive central-upwind
sixth-order WENO-CU®6 scheme, which adapts smoothly between the sixth-order central
scheme in smooth regions and the fifth-order upwind WENO scheme near discontinu-
ities. The WENO-CU6 scheme generates numerical oscillations near discontinuities with
increasing grid numbers and a larger CFL number. To mitigate this, Hu et al. [12] replaced
the three-point downwind substencil with a four-point one to include upwind informa-
tion and increase stability. They developed the WENO-M6 and WENO-Z6 schemes using
the ideas of mapping in the WENO-M [14] and the Z-type weights in the WENO-Z [4]
schemes, respectively. The WENO-Z6 scheme achieves fifth-order accuracy at critical
points and is more robust and efficient overall than the WENO-CU®6 scheme.

In the WENO polynomial reconstruction (WPR) procedure, a convex combination of
several low-order polynomial reconstructions is used to obtain an optimal high-order re-
construction of a function. The linear weights for this combination are determined based
on a relationship between the local low-order and global high-order reconstructions.
Huang and Chen [15] introduced a new adaptive central-upwind sixth-order WENO6-S
(or WENO-56) scheme that uses a convex combination of a global sixth-order and three
local third-order reconstructions. The linear weights are chosen arbitrarily under cer-
tain constraints. This scheme can accurately reconstruct smooth functions but not those
with high-order critical points. Numerical tests have shown it to be more efficient than
other schemes, such as WENO-JS5 and WENO-CU6, with the same CFL number. Zhao et
al. [37] developed the WENO-CZ6 scheme, which uses a convex combination of a global
sixth-order and four local low-order reconstructions. Numerical tests have shown that
this scheme has a higher resolution than the WENO-Z6 scheme and is more efficient than
the WENO-56 scheme. However, classical WENO operators such as WENO-56/CZ6 can-



