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Abstract. In this paper, an exponential transformation based lattice Boltzmann (LB)
model for solving the n-dimensional (nD) convection-diffusion equation(CDE) is de-
veloped. Firstly, a class of exponential transformation is proposed to convert the nD
CDE into a diffusion equation. Then, the converted diffusion equation is solved by the
LB model. So, compared to the available LB models for CDE, the present LB model
can eliminate the difficulty in treating the convection term. With the direct Taylor ex-
pansion method, it is shown that the CDE can be exactly derived from the exponential
transformation based LB model. Finally, a variety of numerical tests have been con-
ducted to validate the present LB model. It can be found that the numerical results
agree well with the analytical solutions. Moreover, we also find that the present LB
model has second-order convergence rate in space, and it is more effective and more
stable than the previous LB model for the CDE.
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1 Introduction

As an important kind of partial differential equations (PDEs), the convection-diffusion
equation (CDE) has gained much attention in the study of complex phenomena in many
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fields. However, it is usually difficult to obtain the analytical solutions of most of the
CDEs. With the development of computing technique, some numerical approaches have
been developed to solve the CDE, including the explicit and implicit finite-difference
method, finite-element method, finite-volume method, meshless method, and so on [1–8].

The mesoscopic lattice Boltzmann method (LBM) originated from kinetic theory [9–
13], has gained much attention in solving nonlinear systems. As an alternative to the
traditional numerical methods, the LBM has many advantages for its distinct features,
such as the simplicity of programming, locality of computation, and ease in dealing with
complex boundaries. In recent years, the LBM has also been successfully applied to solve
the Poisson equation, Laplace equation, Burgers’ equation, reaction-diffusion equation,
CDE, and so on [14–25].

Although many LB models have been proposed for the CDE, there are still some prob-
lems. The first is that when the simple linear equilibrium distribution function is used,
we need to add an additional source term in the evolution equation to eliminate the ef-
fect of the convection term. The second is that if a more complex equilibrium distribution
with the quadratic form is applied, a numerical diffusion would be induced. The third is
that the convection term usually causes a numerical instability problem in the LBM, and
it should be treated properly. Thus, if the convection term in the CDE can be eliminated,
the problems inherited in these LB models for the CDE will be overcome.

As early as 1962, Brenner et al. [26] first adopted a transformation to reduce the CDE
to a heat conduction equation. In the year of 2013, Zhang et al. [27] introduced a sim-
ilar exponential transformation to eliminate the convection term in the nonlinear de-
lay convection-reaction-diffusion equations. However, only one-dimensional CDEs were
solved in their works. In this paper, the exponential transformation is extended to con-
vert the n-dimensional (nD) CDE into a nD diffusion equation, then a LB method is de-
veloped to solve the converted nD diffusion equation. In the exponential transformation
based LBM, we can use the simple linear equilibrium distribution function and discrete
velocity lattice model, and thus the computation efficiency and stability of the LBM for
CDE can be improved.

The rest of the paper is organized as follows. In Section 2, an exponential transforma-
tion based LB model for nD CDE is proposed. In Section 3, some numerical simulations
are performed to test the present LB model, and finally some conclusions are given in
Section 4.

2 Lattice Boltzmann model for convection-diffusion equation

In this section, the nD CDE is first converted into a diffusion equation by the exponential
transformation, and then a LB model for the converted diffusion equation is developed.

In this paper, the following nD CDE with a source term is considered,

∂tρ+u·∇ρ=∇·(α∇ρ)+F(x,t), (2.1)
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where u·∇ρ is a convection term, ρ is a scalar variable at time t and space x, u =

(u1,u2,··· ,un)
T is a constant vector, ∇ is a gradient operator, α is a diffusion coefficient

and F(x,t) is a source term.
The initial condition associated with Eq. (2.1) is given by

ρ(x,0)=ρ0(x), x∈Ω, (2.2)

where Ω is the domain of x.
The boundary conditions corresponding to Eq. (2.1) are given by

ρ(x̃,t)= g(x̃,t), 0≤ t≤T, x̃∈∂Ω, (2.3)

where ∂Ω is the boundary of Ω.
Employing the following exponential transformation to Eq. (2.1),

ρ(x,t)=φ(x,t)exp(P·x+qt), (2.4)

where P=(p1,p2,··· ,pn)
T is a constant vector and q is a constant scalar variable. We have

exp(P·x+qt)(∂tφ+qφ)+u·exp(P·x+qt)(∇φ+Pφ)

=∇·αexp(P·x+qt)(∇φ+Pφ)+F(x,t),

or, equivalently,

∂tφ+(q+u·P−αP·P)φ+(u−2αP)·∇φ=∇·(α∇φ)+exp(−P·x−qt)F(x,t).

To eliminate the convection term, we let P= u
2α . For simplicity, we take

q=αP·P−u·P=−u·u
4α

.

Then, the nD CDE (2.1) is converted into the following nD diffusion equation,

∂tφ=∇·(α∇φ)+G(x,t), (2.5)

where
G(x,t)=exp(−P·x−qt)F(x,t).

Additionally, the initial condition (2.2) and the boundary conditions (2.3) can be written
as

φ(x,0)=exp(−P·x)ρ0(x), x∈Ω, (2.6a)
φ(x̃,t)=exp(−P·x̃−qt)g(x̃,t), 0≤ t≤T, x̃∈∂Ω. (2.6b)

Now, we propose a LB model for the diffusion equation (2.5). The evolution equation
of the distribution function in the model is

f j(x+cj∆t,t+∆t)= f j(x,t)− 1
τ

[
f j(x,t)− f j

eq(x,t)
]
+∆t

[
Gj(x,t)+

∆t
2

D̄jGj(x,t)
]

, (2.7)



T. Zhang, S. Cui, N. Hong and B. Shi / Adv. Appl. Math. Mech., 17 (2025), pp. 224-239 227

where f j(x,t) is the distribution function associated with the discrete velocity cj at po-
sition x and time t, ∆t is the time step, τ is the dimensionless relaxation time, and
D̄j = ∂t+γcj ·∇ with free parameters γ∈ {0,1}. D̄jGj(x,t) can be computed by the fol-
lowing difference schemes [19]:

D̄jGj(x,t)=(Gj(x,t)−Gj(x,t−∆t))/∆t for γ=0,

D̄jGj(x,t)=(Gj(x,t)−Gj(x−cj∆t,t−∆t))/∆t for γ=1.

The local equilibrium distribution function f j
eq(x,t) is defined by

f j
eq(x,t)=ωjφ, (2.8)

where ωj is the weight coefficient and depends on the lattice model used. Here the
DnQ(2n+1) lattice model can be used. For the DnQ(2n+1) lattice model, ωj can be given
as follows:

ω1∼ω2n = a in
(

0,
1

2n

]
, ω0=1−2na.

Then the so-called sound speed cs, which satisfies

∑
j

ωjcjcj = c2
s I,

can be determined by cs =
√

2ac, where c= ∆x
∆t and ∆x is the lattice spacing. f j(x,t) and

f j
eq(x,t) satisfy the following equations:

∑
j

f j(x,t)=∑
j

f j
eq(x,t)=φ, ∑

j
cj f j

eq(x,t)=0, ∑
j

cjcj f j
eq(x,t)= c2

s φI. (2.9)

It is worth mentioning that, the popular LBM for CDE usually needs the use of the
quadratic equilibrium distribution function, or linear equilibrium distribution function
and auxiliary source term which is related to the time derivative of the convection term.
Besides that, the convection term may cause a numerical instability problem in the LBM.
However, the advantages of the LB model for DE are as follows: the equilibrium function
is simple, fewer discrete velocities can be adopted (at least 2n discrete velocities can be
used when a= 1

2n ), and the weight coefficients are flexible.
The source distribution function Gj(x,t) is given by

Gj(x,t)=ωjG, (2.10)

which satisfies
∑

j
Gj(x,t)=G, ∑

j
cjGj(x,t)=0.

We now apply the direct Taylor expansion method to derive the converted diffusion
equation (2.5). Taking the Taylor series expansion to Eq. (2.7), we can obtain

k

∑
i=1

∆ti

i!
Di

j f j+O(∆tk+1)=− 1
τ

f ne
j +∆t

(
Gj+

∆t
2

D̄jGj

)
, (2.11)
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where
Dj =∂t+cj ·∇ and f j

ne = f j− f j
eq.

From Eq. (2.11), it is easy to get
f j

ne =O(∆t). (2.12)

With the relation f j = f j
eq+ f j

ne and Eq. (2.12), we can rewrite Eq. (2.11) as

k−1

∑
i=1

∆ti

i!
Di

j
(

f j
eq+ f j

ne)+∆tk

k!
Dk

j f j
eq+O(∆tk+1)=− 1

τ
f ne
j +∆t

(
Gj+

∆t
2

D̄jGj

)
. (2.13)

From Eq. (2.13), the equations at the second and third-orders of ∆t can be derived,

∆tDj f j
eq =− 1

τ
f ne
j +∆tGj+O(∆t2), (2.14a)

∆tDj
(

f j
eq+ f j

ne)+∆t2

2!
D2

j f j
eq =− 1

τ
f ne
j +∆t

(
Gj+

∆t
2

D̄jGj

)
+O(∆t3), (2.14b)

which are equivalent to

Dj f j
eq =− 1

τ∆t
f ne
j +Gj+O(∆t), (2.15a)

Dj
(

f j
eq+ f j

ne)+∆t
2!

D2
j f j

eq =− 1
τ∆t

f ne
j +Gj+

∆t
2

D̄jGj+O(∆t2). (2.15b)

Multiplying the operator Dj on both sides of Eq. (2.15a), and substituting the result into
Eq. (2.15b), we have

Dj f j
eq+

(
1− 1

2τ

)
Dj f j

ne+
∆t
2

DjGj =−
1

τ∆t
f ne
j +Gj+

∆t
2

D̄jGj+O(∆t2). (2.16)

Summing Eqs. (2.15a) and (2.16) over j and using Eqs. (2.9), the following equations are
obtained,

∂tφ=G+O(∆t), (2.17a)

∂tφ+

(
1− 1

2τ

)
∇·
(

∑
j

cj f j
ne

)
=G+O(∆t2). (2.17b)

Based on Eq. (2.15a), we have

∑
j

cj f j
ne =−τ∆t

(
∑

j
cjDj f j

eq−∑
j

cjGj+O(∆t)
)

. (2.18)

Then substituting Eqs. (2.9) into Eq. (2.18), we can obtain

∑
j

cj f j
ne =−τ∆t

(
∂t

(
∑

j
cj f j

eq

)
+∇·∑

j
cjcj f j

eq

)
+O(∆t2)

=−τ∆tc2
s∇φ+O(∆t2). (2.19)
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With the aid of Eq. (2.19) and taking α=
(
τ− 1

2

)
c2

s ∆t, Eqs. (2.17b) can be rewritten as

∂tφ=∇·(α∇φ)+G+O(∆t2).

From the above discussion, it is clear that the diffusion equation (2.5) can be recovered
with second-order accuracy in the time step.

3 Numerical simulation

In this section, some numerical experiments are carried out to test our model. In all sim-
ulations, γ=0 in our LB model, and the non-equilibrium extrapolation scheme proposed
by Guo et al. [28] is used to treat the boundary conditions unless otherwise stated. The
global relative error (GRE) used in this paper is as follows,

GRE=
∑j
∣∣ρ(xj,t)−ρ∗

(
xj,t
)∣∣

∑j
∣∣ρ∗(xj,t)

∣∣ , (3.1)

where ρ(xj,t) and ρ∗
(
xj,t
)

are the numerical and analytical solutions, respectively. The
summation is taken over all grid points.

3.1 Example 1

We first consider the following one-dimensional CDE

∂ρ

∂t
+u

∂ρ

∂x
=α

∂2ρ

∂x2 , x∈ [0,2]. (3.2)

The initial and boundary conditions are determined by the following analytical solution,

ρ= e−π2αt[cos(πx)cos(πut)+sin(πx)sin(πut)]. (3.3)

From the discussion in Section 2, the exponential transformation

ρ(x,t)=φ(x,t)exp
(

u
2α

x− u2

4α
t
)

can be used to convert Eq. (3.2) into the following diffusion equation,

∂φ

∂t
=α

∂2φ

∂x2 . (3.4)

Then, the initial and boundary conditions of Eq. (3.3) can be given by

φ(x,t)=exp(−ux
2α

+
u2

4α
t)e−π2αt[cos(πx)cos(πut)+sin(πx)sin(πut)]. (3.5)
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Figure 1: Numerical and analytical solutions at different times for Example 1 ((a) u=0.1, α=0.1, (b) u=1.0,
α=0.1; solid lines: analytical results, symbols: numerical results).
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Figure 2: GREs of the present LB model for Example 1 at t=1.0, the slope of the inserted line is 2.0, which
indicates the present LB model has second-order convergence rate.

In our simulations, ∆x=2/32, ∆t=0.001, the D1Q3 lattice model is used, and the free pa-
rameter of the equilibrium distribution function is a= 1

6 . Fig. 1 shows the numerical and
analytical solutions at different times for u=0.1, α=0.1 and u=1.0, α=0.1. From this fig-
ure, we can find that the numerical results are in good agreement with the corresponding
analytical solutions.

To test the convergence rate of the present model, we carry out some simulations
under different ∆x: 2/32, 2/64, 2/128, and 2/256, corresponding to ∆t= 0.01, 0.0025,
0.000625 and 0.00015625. Fig. 2 shows the GREs for u= 0.1, α= 0.01 and u= 0.1, α= 0.1
at t=1.0. It can be seen from Fig.2 that the slopes of the fitting lines for different results
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are very close to 2, which indicates that the present model has second-order convergence
rate in space.

3.2 Example 2

In this example, we will consider the following two-dimensional CDE

∂ρ

∂t
+u
(

∂ρ

∂x
+

∂ρ

∂y

)
=α

(
∂2ρ

∂x2 +
∂2ρ

∂y2

)
, (x,y)∈ [0,lx]×[0,ly], (3.6)

with the initial condition

ρ(x,y,0)=ρ0e
u
2α (x+y)sin

(
πx
lx

)
sin
(

πy
ly

)
, (3.7)

and the boundary conditions

ρ(x,0,t)=ρ(x,ly,t)=ρ(0,y,t)=ρ(lx,y,t)=0. (3.8)

The analytical solution of the problem can be given as

ρ(x,y,t)=ρ0e−(bx+by)t+ u
2α (x+y)sin

(
πx
lx

)
sin
(

πy
ly

)
, (3.9)

where

bx =

[
4
(

π

lx

)2

+
(u

α

)2
]
· α
4

, by =

[
4
(

π

ly

)2

+
(u

α

)2
]
· α
4

.

In our simulations, lx = ly =1.0, ρ0=1.0.
Here we compare the present LB model with the other two LB models (model 1 and

model 2), which are proposed by Shi et al. [19] and Chopard et al. [29], respectively. In our
LB model the free parameter is a= 1

6 , which means that, the D2Q5 LB model is adopted.
The quadratic equilibrium distribution function is applied in model 1, and we use the
D2Q9 lattice model to solve the CDE. However, the linear equilibrium distribution func-
tion and auxiliary source term are applied in model 2, and the D2Q5 lattice model is used
to solve the CDE. It should be mentioned that, the term ∂t(ρu) in the auxiliary source
term of model 2 is calculated by the analytical solution. If we use the first-order explicit
difference scheme to compute the term ∂t(ρu), it will take a longer computational time.

The global relative errors and computational times Tc of the three models at 1000 time
steps are presented in Table 1, where the lattice size is 256×256, ∆t= 0.001. From Table
1, we can find that the GREs of the present LB model are smaller than those of the other
two models, especially as the velocity u is large.

In Table 1, the parameter η1 represents the computational time ratio of the present LB
model to the model 1, and η2 represents the computational time ratio of the present LB
model to the model 2. It can be found that η1 and η2 are about 36% and 14% respectively.
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Table 1: GREs and computational times Tc of the three LB models for Example 2 (t=1.0).

u α
present model 1 model 2

GRE Tc GRE Tc η1 GRE Tc η2
0.001 0.001 2.131×10−5 5.9 2.482×10−5 16.1 37% 2.442×10−5 40.9 14%

0.01 3.246×10−4 5.9 4.286×10−4 16.2 36% 3.248×10−4 42.4 14%
0.1 6.773×10−4 5.9 9.801×10−2 16.3 36% 6.772×10−4 42.0 14%

0.01 0.001 2.142×10−5 6.0 1.566×10−4 16.1 37% 1.517×10−4 42.3 14%
0.01 3.246×10−4 5.9 4.484×10−4 16.1 37% 3.450×10−4 42.3 14%
0.1 6.773×10−4 5.9 9.795×10−2 16.3 36% 6.687×10−4 42.4 14%

0.1 0.001 2.594×10−5 5.9 1.569×10−2 16.3 36% 1.443×10−2 41.0 14%
0.01 3.242×10−4 5.9 1.476×10−3 16.1 37% 1.518×10−3 41.3 14%
0.1 6.765×10−4 5.8 9.178×10−2 16.6 35% 9.736×10−4 40.7 14%

1 0.01 3.140×10−4 5.7 6.797×10+1 16.2 35% 4.178×10−1 41.8 14%
0.1 6.445×10−4 6.0 3.536×10−1 16.3 37% 1.109×10−1 41.1 15%

Table 2: GREs of the three LB models for Example 2 (u> c).

∆t c u α present model 1 model 2
0.001 2.5 3 0.1 3.6429×10−3 — —

0.01 6.6937×10−4 — —
0.01 0.25 0.5 0.01 8.1544×10−2 — —

0.001 6.8510e×10−4 — —

It shows that our LB model is more effective than the other two models. This result is
expected because our model uses a simpler equilibrium distribution function.

According to the study of Ginzburg [30], the LBM for CDE is stable only under the
condition of |u/cs|2 ≤ 1. While such condition is always satisfied in the LBM for DE,
because of the absence of the convection term. To show the advantage of the present LB
model, some simulations are conducted with u> c in which the lattice size is 400×400,
∆t=0.001 to 0.1, and c is correspondingly changed from 2.5 to 0.25. As shown in Table 2,
it can be found that the present LB model also works well even as u> c, while the other
two LB models are unstable.

3.3 Example 3

To further test the present LB model, another two-dimensional CDE with a source term
is studied

∂ρ

∂t
+u1

∂ρ

∂x
+u2

∂ρ

∂y
=

1
Pe

(
∂2ρ

∂x2 +
∂2ρ

∂y2

)
+F(x,t), x=(x,y)∈ [0,2]×[0,2], (3.10)

where

F(x,y;t)=exp
((

1− 2π2

Pe

)
t
)
(π(u1+u2)cos(π(x+y))+sin(π(x+y))). (3.11)
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Table 3: GREs of the three LB models for Example 3 (t=1.0).

u Pe present model 1 model 2
0.01 10 2.678×10−3 1.431×10−2 2.691×10−3

100 6.459×10−5 5.790×10−5 6.311×10−5

1000 3.946×10−4 1.134×10−4 1.121×10−4

0.1 10 2.777×10−3 1.415×10−2 3.874×10−3

100 1.033×10−3 2.923×10−4 1.402×10−4

1.0 10 1.828×10−2 9.149×10−3 3.158×10−2

100 9.729×10−2 9.877×10−5 2.961×10−3

The problem has the following analytical solution

ρ(x,y;t)=exp
((

1− 2π2

Pe

)
t
)

sin(π(x+y)). (3.12)

The initial and boundary conditions are determined by the analytical solution.
In the simulations, ∆x=2/256, ∆t=0.001, u1=u2=u. Similar to Example 2, the GREs

at t=1.0 for the three different LB models are also calculated and shown in Table 3. From
this table, we can observe that the GREs of the three models are not very different.

To test the convergence rate of the present LB model, we carry out some simulations
under different lattice sizes: 32×32, 64×64, 128×128, and 256×256, corresponding to
∆t = 0.01, 0.0025, 0.000625 and 0.00015625. The GREs of the cases with u1 = u2 = 0.01,
Pe=10, 100 and 1000 are calculated and presented in Fig. 3. From this figure, we can find
that the present LB model has second-order accuracy in space.

3.4 Example 4

Then, the following three-dimensional CDE with a source term

∂ρ

∂t
+u1

∂ρ

∂x
+u2

∂ρ

∂y
+u3

∂ρ

∂z

=
1

Pe

(
∂2ρ

∂x2 +
∂2ρ

∂y2 +
∂2ρ

∂z2

)
+F(x,t), x=(x,y,z)∈ [0,2]×[0,2]×[0,2], (3.13)

is also studied to test the present LB model, where

F(x,y,z;t)

=exp
((

1− 3π2

Pe

)
t
)
(π(u1+u2+u3)cos(π(x+y+z))+sin(π(x+y+z))). (3.14)

The analytical solution of the problem is as follow

ρ(x,y,z;t)=exp
((

1− 3π2

Pe

)
t
)

sin(π(x+y+z)). (3.15)
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Figure 3: GREs of the present LB model for Example 3 at t=1.0, the slope of the inserted line is 2.0, which
indicates the present LB model has second-order convergence rate.

The initial and boundary conditions are determined by the analytical solution.
Similar to Example 2 and Example 3, we also compare the present LB model with the

other two LB models (model 1 and model 2). In our LB model, the free parameter of the
equilibrium distribution function is a= 1

6 , and the D3Q7 lattice model is used. In model
1, we use the D3Q15 lattice model to solve the 3D CDE. However, the D3Q7 lattice model
is used in model 2. In the simulations, the lattice size is 100×100×100, and ∆t= 0.001,
u1=u2=u3=u.

The GREs at t = 1.0 for the three different LB models are calculated and shown in
Table 4. From this table, we can observe that the GREs of the three models are not very
different except the case with u = 1.0 and Pe = 100, in which the transformation of our
model reaches up to e150 and leads to an instability problem.

To test the convergence rate of the present LB model, we carry out some simulations
under different lattice sizes: 20×20×20, 40×40×40, 80×80×80, and 100×100×100, cor-
responding to ∆t=0.01, 0.0025, 0.000625 and 0.0004. The GREs of the cases with u=0.01,
Pe=10 and 100 are calculated and presented in Fig. 4. From this figure, we can find that
the present LB model has second-order accuracy in space.

3.5 Example 5

Finally, to demonstrate the applicability of the present LB model for problems in irregular
domains, a convection-diffusion problem in an isosceles trapezoidal region is studied.
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Figure 4: GREs of the present LB model for Example 4 at t=1.0, the slope of the inserted line is 2.0, which
indicates the present LB model has second-order convergence rate.

The CDE for this problem can be written as

∂ρ

∂t
+u
(

∂ρ

∂x
+

∂ρ

∂y

)
=α

(
∂2ρ

∂x2 +
∂2ρ

∂y2

)
, (x,y)∈Ω, (3.16)

where Ω is the isosceles trapezoidal region as shown in Fig. 5. The skewed angle between
the top and right boundaries is set to be θ=60. L is the length of the top boundary of the
isosceles trapezoidal region, H is the height of the region.

The initial and boundary conditions are determined by the following analytical solu-
tion of the problem

ρ=
1

π(10+4αt)
exp

(
− (x−ut)2+(y−ut)2

10+4αt

)
. (3.17)

In our simulations, L and H are set to be 1 and
√

3/3, and a 444×256 lattice is used.
The non-equilibrium extrapolation scheme proposed by Guo et al. [28] is used to treat the

Table 4: GREs of the three LB models for Example 4 (t=1.0).

u Pe present model 1 model 2
0.01 10 1.932×10−3 1.804×10−3 1.933×10−3

100 1.106×10−3 1.269×10−3 1.077×10−3

1000 3.545×10−3 1.024×10−3 9.891×10−4

0.1 10 2.095×10−3 1.763×10−3 2.109×10−3

100 4.089×10−3 1.270×10−3 9.994×10−4

1.0 10 9.695×10−3 1.040×10−3 7.482×10−3

100 — 1.125×10−3 8.219×10−4
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Figure 5: Coordinate of the isosceles trapezoidal region.
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Figure 6: GREs of the present LB model for Example 5 at t=1.0, the slope of the inserted line is 2.0, which
indicates the present LB model has second-order convergence rate.

top and bottom boundaries. While the single-node scheme proposed by Zhang et al. [31]
is used to treat the curved boundaries, i.e., the left and right boundaries.

Similar to Example 2, as t= 1.0, the GREs at different velocities and diffusion coeffi-
cients for the three different LB models are calculated and shown in Table 5. From this
table, we can find that the GREs of the three models are not very different.
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Table 5: GREs of the three LB models for Example 5 (t=1.0).

u α present model 1 model 2
0.001 0.001 1.137×10−7 1.117×10−7 8.400×10−8

0.01 1.413×10−5 1.824×10−5 1.478×10−5

0.1 5.004×10−4 7.789×10−4 5.006×10−4

0.01 0.001 1.661×10−5 7.584×10−6 2.924×10−7

0.01 1.196×10−5 1.728×10−5 1.247×10−5

0.1 4.761×10−4 7.436×10−4 4.874×10−4

0.1 0.001 7.323×10−3 1.923×10−3 2.502×10−6

0.01 2.402×10−3 2.538×10−3 1.532×10−5

0.1 3.444×10−4 1.331×10−3 3.670×10−4

1.0 0.001 9.551×10−1 2.738×10−1 2.363×10−4

0.01 6.545×10−1 2.782×10−1 2.128×10+2

To test the convergence rate of the present LB model, we carry out some simulations
under different lattice sizes: 111×64, 222×128, 444×256 and 555×320, corresponding to
∆t= 0.01, 0.0025, 0.000625 and 0.0004. The GREs of the cases with u= 0.01, α= 0.1, 0.01
and 0.001 are calculated and presented in Fig. 6. From this figure, we can find that the
present LB model also has second-order accuracy in space for the convection-diffusion
problem in irregular domain.

4 Conclusions

In this paper, an exponential transformation based LB model is proposed for the nD CDE.
In order to eliminate the convection term, an exponential transformation is introduced to
convert the nD CDE into a DE. Then, when we use the LB model to solve the converted
DE, the simpler linear equilibrium distribution function and fewer discrete velocities can
be chosen. Because of that, compared to the existing LBMs for CDE, the computation
efficiency and stability of the present LB model for CDE are improved.

To confirm the accuracy and effectiveness of the present LB model, five numerical
examples are carried out. The results show that the present LB model has second-order
convergence rate in space. Besides that, compared to the LB models for CDE in [19, 29],
the present LB model is more efficient and the accuracy is also competitive to some extent.
Furthermore, we can find that the present LB model is also more stable and works well
even when u> c.

In the future, we will attempt to eliminate the instability caused by the overlarge
transformation coefficient. In addition, the exponential transformation based LB model
will be extended to solve the nonlinear CDE.
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