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Abstract. We present a new type of universal series, termed J-universal series, for
which the sum of squared coefficients satisfies
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for an arbitrarily small 5 > 0. We establish a version of Seleznev’s theorem within this
framework. To construct such J-universal series, we develop a variation of Mergelyan’s
theorem.
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1 Introduction

Universality, which was named by Marcinkiewicz in 1935, is a generic phenomenon in
analysis. As pointed in [4], “... not every limiting process, of course, converges, but examples
have been found where processes diverge in a maximal way. Such an extreme behaviour is of-
ten linked with the phenomenon of universality.” The first example with universal flavor is
Riemann rearrangement theorem, which states that if an infinite series of real numbers
is conditionally convergent, then its terms can be arranged in such a way that the new
series converges to any real number.

In 1914, Fekete observed that there exists a real power series Y 3 ; axx* on [—1,1] such
that for every continuous function / on [—1,1] with 1(0) = 0 there exists an increasing

*Corresponding author. Email addresses: quwei2math@qq.com (W. Qu), wangshilin2@yahoo.com (S. Wang),
tqian@must.edu.mo (T. Qian)

www.global-sci.com/ata 1 (©2026 Global-Science Press



2 W. Qu, S. Wang and T. Qian / Anal. Theory Appl., 42 (2026), pp. 1-14

sequence (A,) of positive integers such that y" ; axx* convergence to 1 (x) uniformly as

n — oo. This is the first example of universal series. In 1951, Seleznev [8] constructed
the first universal complex power series, which has radius of convergence 0. For every
function /1 continuous on K and holomorphic in the interior of K, where K C C\ {0}
is compact with connected complement, there exists a subsequence of its partial sums
converging uniformly to # on K. In 1971, Chui and Parnes [3] constructed universal
complex power series with radius of convergence one. In 1996, Nestoridis [7] proved
that the set of such universal complex power series is huge in the sense of Baire category.
For a recent generalization, please refer to K. Maronikolakis and V. Nestoridis [5]. Over
100 years mathematician have published much literature on universality, a classical yet
still flourishing field. Interested readers are referred to the good comprehensive survey
articles [4,9] and [2].

To demonstrate our d-universal series is a TRUE enhancement of Seleznev’s theorem,
we restate it in a form that is easy to make the comparison. For Theorem 1.1, please refer
to [4, Theorem 18], [7, Theorem 2.6], and [1, Proposition 2].

Theorem 1.1 (Seleznev, Luh, Chui, Parnes, et al.). Let u be an infinite subset of IN. There
exists a power series f(z) = Yoo axz* such that

(i). The radius of convergence of the series is one.

(ii). For every compact set K C {z € C : |z| > 1} with connected complement and any
function h continuous on K and holomorphic in the interior of K there exists an increasing
sequence {Ay fnew C  such that the partial sums Sy, (f)(z) = 2220 mz,n=1,2,---
satisfy

lim sup [Sy, (f)(z) = h(z)| = 0.

K

n—00 =

As (i), Y52 axzF is the Taylor development of f(z), and Y5>, axz* is a universal Taylor series.

Denote U by the set of power series satisfying (i) and (ii) in Theorem 1.1. V. Nestoridis
proved [7, Theorem 2.6] proved the following.

Theorem 1.2 (V. Nestoridis). U is a Gs-dense subset of the space H(ID) of holomorphic func-
tions in the open unit disk ID in complex plan C endowed with the topology of uniform conver-
gerce on compacta.

The goal of this study is to develop a new type of restricted universal series, called
J-universal series. The paper is organized as follows.

In Section 2, we define the set Hs; where d-universal series reside, and state our main
results. In Section 3, First, we establish a J-restricted Seleznev’s Theorem (Lemma 3.1,
beside the approximation property, the magnitude of coefficients ) ;- ; |ax|? is bounded
by an arbitrarily small § > 0. Next, we prove two theorems. In Section 4, we make some
comments, point out some differences between é-universal series and results in [1].
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2 Main results

In this paper, we are interested in restricted universal series. That is, the coefficients
{ar}2, in the series satisfy certain constrain condition.

A famous result is due to Menshov [6] and Talalyan [10]. They proved [4, Theorem
13] that for every complete orthogonal system { @, }7° , in L?[0, 1], there exists a universal
series ) - ax @y such that a — 0 as k — oo.

To author’s knowledge, all constrains on restricted universal series are added on sin-
gle coefficient. In contrast, we will enforce a much more stronger overall constrain

oo
Z ’ak’2 < 4.
k=1

Bayart, Grosse-Erdmann, Nestoridis and Papadimitropoulos [1] develop an abstract the-
ory of restricted universal series. Our J-universal series is inspired by their great work,
but not been covered in their abstract settings. The main difference will be discussed in
the final section.

We present two theorems corresponding to Theorems 1.1 and 1.2, respectively.

Theorem 2.1 (J-Restricted Seleznev’s theorem). Let 0 < § < 1and y be an infinite subset of
IN. There exists a power series f(z) = Y po; ayz* such that

(i). The radius of convergence of the series is one.

(ii). For every compact set K C {z € C : |z| > 1} with connected complement and any
function h continuous on K and holomorphic in the interior of K there exists an increasing
sequence { Ay }neN C p such that

lim sup Sy, (f) () — h(z)] = 0.

n—o0 zeK

(iii). Ypoq |ak|* < 6. The series is called a 5-universal series . Denote U the set of 6-universal
series in this theorem.

Comparing with Theorem 1.1, (iii) is a new restriction, thus Theorem 2.1 is a TRUE
refinement of Theorem 1.1.

To demonstrate the G5 density, we introduce a subset of Hardy space Hz(ID), where
d-universal series resides. Define

Hs;(D) = {f € HX(D): f(z) = koéﬂkzk/ £l = ( il!aklz)l/z < 5}

Theorem 2.2. Let 0 < § < 1 and y be an infinite subset of N. The set U} is a G, dense subset
Of H5 (]D)
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Remark 2.1. We emphasize that Hs(ID) is an open ball of Hardy space, not a linear space,
and G; density is established in the topology induced from H?(ID), not the topology of
H(D).

Remark 2.2. In [7], V. Nestoridis enlarged the residence region of compact set K from
{ze€ C:|z| >1}to{z € C: |z| > 1} in Theorem A,and solved many boundary value
problems. In theorem 2.1 (theorem 2.2 too), instead of K C {z € C : |z| > 1}, can we use
the condition K C {z € C : |z| > 1}? The answer is NO.

Note that theorem 2.2 shows that every d-universal series is a function in H?(ID). On
the other side, V. Nestoridis has proved that [7, Proposition 3.5] if a series } ;- , satisfying
(i) and (ii) in Theorem A for every compact K C {z € C : |z| > 1}, then ) 32, does not
belong to the space H?(ID). Hence K C {z € C : |z| > 1} is a reasonable requirement for
J-universal series .

3 Proof of main results

We first give a variant of Mergelyan’s theorem, then prove Theorems 2.1 and 2.2. In this
section, all coefficients of polynomial or series are complex.

Lemma 3.1 (J-Restricted Mergelyan’s theorem). Suppose that K C {z € C : |z| > 1} isa
non-empty compact set having connected complement and f is a function continuous on K and
holomorphic in the interior of K. Let 0 < 6 < 1. Then for any € > 0 and integer N > 1, there
exists a polynomial p(z) = Y }_o arnZ5TN satisfying:

(D). sup|f(z) —p(z)] <e

zeK

.o G 2

(ii). kz | n|* < 0.
—0

Proof. By the assumption of K, the set K U D is compact having connected complement.
Define a function

N .
P(Z):{g(z)/z , izGK,
, if zeD.

Then F is continuous on K U ID and holomorphic in the interior of K U D.

Let M = sup{|z| : z € K}, then M < oo, and choose ¢; > 0 such that &1 <
min{e/MN,5'/2}. Apply Mergelyan’s theorem, there exits a polynomial q(z) = ¥j_, axz*
such that forallz € KUD

[F(z) —q(2)| <.
Setting

n
p(z) =q(2)z" = ) a2,
k=0
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we have

sup |f(z) — p(z)| = sup [z"||f(2) /2" —q(z)| < esM" <& (3.1)

zeK zeK

Thus p(z) satisfies the requirement (i).
Next we estimate Y}, |ax|*. By the orthogonality of {z*}}_ on the unit circle,

L /ZH |q(e?)[2d6 = L /27r iakeike iﬁke’ike 6 = i |ag)?.
27 Jo 2o\ k=0 k=0

The facts F(z) = 0 and |F(z) — q(z)| < &1 on D imply |(z)| < &1 on D. Thus

Y |a |2—1/2”| (V240 < & < & (32)
& Tk ! L '
So p(z) satisfies the requirement (ii), and the proof of Lemma 3.1 is completed. ]

Proof of Theorem 2.1. By [7, Lemma 2.1], there exist countable compact sets K, C {z €
C:|z| > 1}, m = 1,2,--- with connected complements, such that every non-empty
compact set K C {z € C : |z| > 1} having connected complement is contained in some
K,,. Let f]-, j =1,2,---,be an enumeration of all polynomials having coefficients with
rational coordinates. The Mergelyan’s theorem asserts that { f; i~ is dense in the space
of functions that are continuous on K, and holomorphic in the interior of K,, for all
m=1,2,---.

Construct a list £ of all the pairs (f;;Ku),j =1,2,---,m =1,2,-- -, such that every
pair occurs infinitely often in £. Write the list by £ = {(g1; L1), (g2; L2), - - - }, where g; is
in {fj} and L;isin {Ky,} ,j=1,2,--- ,m=1,2,---.

The construction is performed by induction on (gy; L,) in three steps.

Step 1. n = 1. By Lemma 3.1, there exists a polynomial g (z) = ;| a;z" such thats

my 52
Z la|> < > and suplqi(z) —g1(z)| < 1.
k=1 z€lq

We assume a,,, # 0, and add all missing items ZK, 1 < k < my, with zero coefficients in

q1(2)-
Set 9 = 0. Let
o =inf{n € p:n> po+mp} < oo.

Set a = 0 for m; < k < pj, and define

© Lk ! k
pu(z) =Y "+ ) a2
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Then and
M1 1 52
Z > =Y ;> +0< =,
k=1 2
sup 1P (2) — g1(2)| = sup |q1(z) — g1(2)| < 1.
z€lq z€lq

Step 2. n = 2. Apply Lemma 3.1, there exists a polynomial 45(z) = Y, 141 a;z* such
thats

my 52
> | < and  suplaa(z) = (g2(2) — pu(2)] < 1/2
k:y1+1 ZELZ

We assume a,,, # 0, and add all missing items z*, u1 +1 <k < my, with zero coefficients

in ga(2).
Let up =inf{n € p:n > pu3 + my} < oo. Set ay = 0 for mp < k < yp, and define

#2
Pu (2 Z azk + ) azk.
k=p1+1 j=my+1
Then

W2 my (52

Y lalf= Y lmlP+0< I
k_y1+1 k=]l1+1
sup!r’m( z) — (82(2) — pu (2))| —suplpm( )+ P (z) — g2(2)| < 1/2.
z€Ly z€Ly

Step 3. Repetition. Repeat above processes, we obtain an increasing sequences {1, }5_;
. . N k
in y and a polynomial sequence of {p,,(z), pu,(z),- - - }, where p,, (z) = il 41 2
satisfying

Hn 5

Y <o (3.3a)
k=pn_1+1
sup | Y p(z) - gu(2)| < 1/n. (3.3b)
z€L, ' i=1

Define - .
2) =Y pulz) = ) a,
i=1 k=1

then f(z) satisfies the requirement (i)—(iii).
First,

%) 0 Hn [eS) 5
Z ’“k’2 = Z Z ’“k’z Z o S,
k=1 n=1

n=1lk=p,_1+1
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so (iii) is satisfied.

Secondly, let K C {z € C : |z| > 1} be a compact set having connected comple-
ment and & be a function continuous on K and holomorphic in the interior of K. Select a
compact set K,, in the sequence {Ky, }%_; such that K C K.

Lete, ™\, 0. Choose a polynomial f; having coefficients with rational coordinates such
that

sup |h(z) — fi(z)| < e1/2. (3.4)

zeKy,

By the construction of £, the pair (f;;Ky;) appears infinitely often, say appeared at
(8m15 Luny)s (§nps Liny), - - - Let j1 = inf{j : 1/n; < e1/2}. By (3.3b)

"y

sup | Y pui(z) — gn;, (Z)\ <1/nj <e1/2. (3.5)

z€ELy,. i=1
il

Note that the count of total items in Zﬁjl pu(z) is

1) i jy
Yo X 1=) (i~ pica) = puy-
i—lk=p,+1  i=1

Set A1 = py; . Then the Ay-th partial sum of f(z) is

nj

Su(f)(2) = Su, (F)(2) = kE P (2).
=1
Combining (3.4) and (3.5), we have

sup [Sy, (f)(2) = k()| <sup Sy, (f)(2) = fi(z)] + sup 1fj(z) = h(2)]

zeK zeK
< sup Sy, (f)(2) = 8w, (2)| + sup |fj(z) —h(z)]
zeLn].1 zeth

<e1/2+¢€1/2=¢.

Repeating the same procedure with the sequence (gu; ,,; Ln; .,), (§n; i Ln; »), -+ and
g2 > 0, we can get Ay € u, A, > Aq such that

sup |5y, (f)(2) = h(z)] < €2

zeK

Keep going we obtain a sequence {A,}° ; C y and

lim sup Sy, (f) () — h(z)] = 0.

n—00 zeK
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That is, the requirement (ii) is satisfied.
Thirdly, we show (i). The constrain inequality Y 5 ; |ax|? < § < 1 guarantees |a;| < 1
fork=1,2,---. Thus for every |z| < 1,

[e0]
Z akzk
k=1

For any zp € C with |zp| > 1. The singleton set K,, = {zo} C {z € C : |z| > 1} is compact
with connected complement. Define function fi(z9) = 1 and f2(zo) = —1. Obviously, f
and f; are continuous on K, and holomorphic in the interior of K;,. Apply the conclusion
(ii) at f1 on K3, and f, on K, respectively, there exist two increasing sequences {A,, };‘;:1
and {An, }; _; in p such that

lim Sy, (f)(z0) = fi(z0) =1 and  lim S, (f)(z0) = fa(20) = —

11 —00 1y —00

< Y a2 < ) l2f* =
k=1

1— ]

Thus the series f(z) = Y5, axzF is divergent at zg whenever |zo| > 1. Hence the radius
of convergence of Y5 ; a;z* is exactly equal to 1. O

With the notations of {Kj; },,>1 and {fj};>1 as above, for 0 < § < 1 and any integers
m,j,s,nwithm >1,j7>1,5s > 1and n > 0, we denote by Es(m, j,s, n) the set

Es(m,j,5:m) = {3 € Hi(D): sup [5,(9)2) ~ f(2)| < § }

z€Kyy,

Lemma 3.2. Let 0 < & < 1and y C N be the infinite subset given in Theorem 2.1, then U} can
be written as follows:

u = N NN U Es(m,j,s,n).

m=1 j:] s=1 YIGH

Proof. The inclusion

o0 00

LIZ; C ﬂ m ﬂ U Es(m,j,s,n)

m=1j=1s=1nepu
follows clearly from the definition of Ugl and Es(m,j,s,n). Let

o o0

Zanz e NN U Es(m,j,s,n),

m=1j=1s=1necpu

we will show that f € Uj. The definition of Es(m, j,s,n) guarantees Yo |a,|*> < 6, so
(iii) in Theorem 2.1 is satisfied automatically.

Let K C {z € C: |z| > 1} be a non-empty compact set having connected complement
and i : K — C be a function continuous on K and holomorphic in the interior of K. To
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prove (ii), it is sufficient to prove that for any ¢ > 0 and integer Ny > 1 there exists integer
N > Ny such that

sup |Sn ()(2) — h(z)]| < . (3.6)

zeK

The remaining of the proof is similar to the proof of [7, Lemma 2.2] except the argument
on . Select a compact subset K, in the sequence {Ky, },,>1 such that K C K,,, choose a
positive integer s such that 1/s < ¢/2, and a function f; in the sequence { f;};>1 such that

1
sup |h(z) — fi(z)| < = <e/2. (3.7)
zeKy, s
As f € U Es(m,j,s,n), we choose the smallest n; € p, ns > 1, such that
nepu

1
sup [Sn, (f)(2) = fi(2)] < 5 <e/2.
zeKy,
If ns > Ny, set N = ng, and the job is done. If n5; < Nj, let

1
e1 = = sup [Su,(f)(z) — fi(z)| > 0.

z€Kyy,

Take an integer s’ > s such that sl, < €. As f € U Es(m,j,s',n), we can choose the
neu

smallest ny € u, such that

1
sup [Sn, (f)(z) = fi(z)] < 5 < e
zeK,y,

The selection ensure that ny > n,. If ngy < Np again, repeat the procedure at most Ny
times, finally we obtain a ng+ > N, ng+ € p such that

sup |55, (/)(2) — fi(2)] < § <e/2 69
z€Ky,

and we let N = ng € .
Combine (3.7), (3.8) and the fact that K C K, for the N € pand N > Ny, we have

sup [Sn(f)(2) — h(z)| <sup |Sn(f)(2) - fj(2)] + sup [h(z2) = £j(2)]

zeK zeK
< sup |Sn(f)(2) — fj(z)| + sup |h(z) — fj(2)]
zeKyy, z€Ky
Erioe
2 2 7

That is (3.6), and (ii) in Theorem 2.1 is satisfied. By similar technique as in the proof of
Lemma 2.2 in [7], we can prove that the convergent radius of the Taylor development of
f is one, and (i) in Theorem 2.1 is verified. The proof of Lemma 3.2 is completed. O
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Note that our G5 density is researched under the topology induced from Hardy space,
and Mergelyan’s Theorem deal with the supremum norm only. Lemma 3.3 will build a
bridge from supremum norm topology to Hardy space topology.

Lemma 3.3. Let f € H*(ID). Let 0 < r < 1. For every e > 0,

{ge H2:||f — gl <e(1—n} € {g € H? i sup [f(z) —g(z)| < e}.

|z|<r

Proof. Suppose that g satisfies ||f — g||z < €(1 — r). By Cauchy integral formula and
Cauchy inequality,

f(ret) — g(rei)| = ’ 1 /EEB]D f(%) _g(é)d(f'

27i & —rett
27T is\ __ is ) 27 isy __ is
| I SO | LTI sl
27t Jo els — relt 27 Jo 1—r

1 1
< ||f - —r)==¢
< lf — gl < ;—e(1-1) =
Apply the Maximum modulus principle,

sup [f(z) —g(z)| <e.

|z[<r
Thus g is on the right side. O

Lemma 3.4. Let 0 < 6 < 1, then for every integer m > 1,j > 1,s > 1,and n > 0, the set
Es(m,j,s,n) is open in Hs(D).

Proof. Let f(z) = Y5> o axz" € Es(m, j,s,n). Then

sup [5,(F)(2) ~ i < | andfle = (L) <o

zeKy,

It’s sufficient to find a number 0 < & < 1/2, such that the condition g(z) = Y 3°, byz* €
H?(D) and || f — g||g2 < a will imply ¢ € Es(m, j,s,n), i.e.,

© 1/2
gl = (L 0?) " <0
k=0
and

sup [54(3)(z) — fi(2)] < <. 39)

ze€Ky,
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Leta; =6 — (520 |ax|*)1/? > 0. Then ||g — f||2 < @1 implies

181lr2 < [ fllp2 4+ a1 = 6.

Let M = sup |z|, then1 < M < co. Set
z€Ky

w= (- swp 15,006 - f@N) (L2m) >0

zeKy,

Applying the same reasoning argument as in the proof of Lemma 2.3 in [7], we can prove

{g € H(D): sup [g(z) - f(2)] < a2}

lzI<}
{5 € HD): sup[5,(9)(2) — f(2)] < ;) (3.10)

Taker =1/2and e = B > 0in Lemma 3.3, we have

s |f~gle <wm/2} C {ge B sup [f(2) ~g(a)| <w}. (1)

|z|<1/2

Let « = min{ay, a2/2}. Combining (3.10) and (3.11) together, we have

g€ H £ ~ gl < 0} g € Hi(D) : sup S,()(z) ~ ()] <  }

z€Kyy,

=Es(m,j,s,n).
That is, (3.9) holds true. The proof of Lemma 3.4 is completed. O

Lemma 3.5. Let 0 < 6 < 1and yu C IN be the infinite set. Then for every integer m >1,j > 1,

and s > 1, the set |J Es(m,j,s,n) is open and dense in Hs(ID).
ney

Proof. By Lemma 3.4, the sets Es(m,j,s,n),n = 0,1,2,-- - are open in Hs(ID). Therefore

the same is true for the union |J Es(m,j,s,n). We will prove that this set is dense, i.e.,
nep

for every f(z) = Yoo 1,2’ € Hs(DD) and every € > 0, there exists ¢ € U Eps(m,j,s,n)
neu

such that || f — ¢|| 2 < &
Since f € Hs(ID), we can choose integer m > 0 such that

( i !ﬂn|2)1/2<£/2.

n=m+1
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Apply Lemma 3.1 to the function

_ganz”, e=1/s and 51:min{8/2< Z ] )1/2}

there exists a polynomial h(z) = Y}_, cxz* such that

( Zr: |Ck|2>1/2 <01,

k=0
sup |h(z) — (f](z) — Zanz”> = sup chz - (f] Zakz ) <1/s.
z€Ky, n=0 2K

Without loss of generality, assume r > m. Choose n € yu large enough such that n > r.
Define {b;}o<j<u, by

Cj, m<j<r,

aj+c, 0<j<m,
0, r<j<n,

and define g(z) = Yp_ bxz*. Then

sup |g(z) — fj(z)| = sup

chz —<f] Zakz>‘<l/s.

zeKy, z€Ky | k=0
And
Hn 1/2 1/2 r 1/2
(zw) s(DakF) +<Zrck12>
k=0 k=0 k=0
00 1/2 r 1/2
g(z |ak12) n (2 |ckrz)
k=0 k=0
<<z |a,42) oo (z W) _s
k=0 k=0
Thus ¢ € Es(m, j,s,n). We also have
m m
l9(2) — F(2) e ng<z> Yad| | e
n=0 H? n=0 H?

s(DckF) +( 5 |an|2)
k=0

n=m+1
<g/2+¢e/2 =€

This completes the proof. O
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Now we prove Theorem 2.2.

Proof of Theorem 2.2. For every 0 < 6 < 1 and infinite subset p of IN, by Lemma 3.2,

oo o0 o0

uy = N NN U Es(m,j,s,n).

m=1j=1s=1nepu

By Lemmas 3.4 and 3.5, |J Es(m,j,s,n) is open and dense in Hs(D). As an open subset
neu

of the complete metric space H?(ID), Hs(ID) is a Baire space. Hence Ug 5 is a non-empty
Gs dense subset in Hs(ID). The proof of Theorem 2.2 is completed. O

4 Conclusions

Bayart, Grosse-Erdmann, Nestoridis and Papadimitropoulos [1] built abstract models for
restricted universal series. From these models, they deduced many existing results as
well as new statements in a unified way.

Although our d—universal series could have overlap with abstract models in [1], it
deserve a special attention and further research as the following reasons.

First, it seems that no one in the research of restricted universal series has considered
the overall constraints of the coefficients. Think about what we proved. A series Y5> ; a;z¢
with very small Y¢° ; |ax|? can approximate functions with huge modular. What a sur-
prise! Secondly, the G5 density does not hold in the entire space, but is confined to an
open ball with an arbitrarily small radius, which is completely different from the result
in [1]. Thirdly, the existence of universal series is essentially the existence of a good form
(starting index greater then arbitrary integer) of approximation theorem [4, Proposition
7, Page 353]; and the existence of /-universal series is essentially the existence of a strong
form (starting index greater then arbitrary integer and Y ¢ ; |ax|*> < &) of approximation
theorem. Finding a strong form for existed approximation theorems has interest in its
own right.
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