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Abstract. In this article we consider a modification of the Stein’s spherical maximal

operator of complex order & on R":

r(la) /‘y|§1 (1- Iylz)Hf(x - ty)tiy‘-

We show that when n > 2, suppose Him‘["m] £l pmrny < Clfllr(rny holds for some
«x € C, p,q > 1, then we must have that g > p and

1 n n+1 nl(l ) n }
Rea > 04(p,gq) ;= max{ — — —, — -4+1),——n+1;.
w(pq) {P q 2p 2 \g p

Em‘[xl,z]f(x) = sup
te(1,2]

Conversely, we show that sz[xl 5 1 bounded from LP(RR") to L1(R") provided that

g > pand Rea > 0»(p,q) for n = 2; and
Rew > max{o,(p,q), 1/(2p) — (n —2)/(29) — (n —1)/4}

for n > 2. The range of &, p and g is almost optimal in the case when either n = 2, or

a =0, or (p,q) lies in certain regions for n > 2.
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1 Introduction

In 1976, Stein [22] introduced the spherical maximal means " f(x) = sup,., M} f(x)|
of (complex) order & on R”, where

W) =i fs (L WD) = )y .y

These means are initially defined only for Re & > 0, but the definition can be extended to
all complex a by analytic continuation. In the case & = 1, 9* corresponds to the Hardy-
Littlewood maximal operator and in the case « = 0, 9" corresponds to the spherical
maximal operator 9f(x) = sup,. , |9 f(x)| in which

Mf(x) =cu [ flx—ty)do(y), xR, (1.2)
where 5"~ denotes the standard unit sphere in R”. In [22] Stein obtained the inequality

190 fl| Lrrry < CILfllzp(re) (1.3)

forRea >1—n+n/pwhenl < p <2,0orRea > (2—n)/pwhen2 < p < co. From
it, we see that when « = 0 and n > 3, the maximal operator 9t is bounded on L*(IR")
for the range p > n/(n — 1). This range of p is sharp, as has been pointed out in [22,24],
no such result can hold for p < n/(n — 1) if n > 2. The extension of this result in [22] to
the case n = 2 was established about a decade later by Bourgain [2], see also the account
in [23, Chapter XIJ.

In addition to Stein and Bourgain, other authors have studied the spherical maximal
means; for instance see [10-13, 15-18, 20, 21, 28] and the references therein. All these
refinements can be stated altogether as follows: When n > 2, suppose (1.3) holds for
some « and p > 2, then we must have that Rea > max{1/p—(n—1)/2, —(n—1)/p}.
Further, the estimate (1.3) holds whenever p > 2 and

1 1 1—n
max E_E' ” , n=2,
Rea > lon 3—n 1—n (1.4)
max + ’ , n>3.
4 2p p

1.1 Main results

In this article we modify the definition of the Stein’s spherical maximal operator 9* so
that the supremum is taken over, say, 1 <t < 2,1i.e,

M, (x) = sup M (x)
te[1,2]

7

then the resulting maximal function is actually bounded from L?(R") to L7(IR") for some
g > p. More precisely, we have the following results.
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Theorem 1.1. Let n > 2 and p,q € [1, c0]. Suppose

Hfmlf(l,z]fum(w) < Cllfll e ey (1.5)

holds for some « € C. Then we must have g > p and

Theorem 1.2. Assume q > p.
(i) Letn =2.If Rea > 0»(p,q), then the estimate (1.5) holds.
(ii) Letn > 2. If

Rea > d,(p,q) := max {(Tn(PICI)/ 7 9,

then the estimate (1.5) holds.

From Theorem 1.1 and (i) of Theorem 1.2, we see that when n = 2, the range of « is
sharp except for the boundary case Re « = 0»(p,q) when g > p.

Note that if (1/p,1/q) belongs to the set AODE\AABC (see Fig. 1 below), then
ou(p,q) = 55 — 57 — "1+, and so du(p, q) = ou(p, q).

It then follows from Theorem 1.1 and (ii) of Theorem 1.2 that if n > 2, the range of a
is sharp when (1/p,1/q) belongs to the set AODE\ A ABC except for the boundary case

Rea = 0,(p,q).

1
i D(1,1)
C(3/3)
A =l ’ - n— n — n
AT b, k)

1
0(0,0) E(1,0) *

Figure 1: The range of (1/p,1/q) in (ii) of Theorem 1.2.
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When n > 2 and &« = 0, (ii) of Theorem 1.2 implies that the result of Schlag and
Sogge [18], which is optimal except the boundaries. Indeed, in the case « = 0 al-
most sharp results about the spherical maximal operators 91 5 have been obtained in
Schlag [17] for n = 2, and Schlag and Sogge [18] for n > 2. Recall that from [17,18], a nec-
essary condition for LP(IR") — L7(R") boundedness of 90 | is that (1/p,1/4q) belongs
to the closed quadrangle Q with corners P; = (0,0), P, = (=1, n=ly py = (221 Ly and

n’ n n’n

Py = (”7(1?;11 ), :z_ll) (when n = 2, the quadrangle Q becomes a triangle as the points P,

and Ps coincide); further, if (1/p,1/q) belongs to the interior of Q, then DMy ) is bounded
from L?(R") to L1(R").

1.2 About our method

Let us outline the proof of Theorems 1.1 and 1.2. To show Theorem 1.1, we employ the
asymptotic expansion of the Fourier multiplier associated with the operator M} to see

_n-1_

that 9 are essentially the linear combination of half-wave operators ¢V ~4(D)~ "2 %

and e*”\/TA<D> —it e, Consequently, the complexity of the operator 2} arises from the

interference between the operators e™V=4 and e~"V=A To show the necessity of L — L1
boundedness of M} in Theorem 1.1, we construct three special examples such that there
is no interference between ¢'V=2 f and ¢~V -Af,

The proof Theorem 1.2 is shown by combining L¥ — L1 local smoothing estimates for
wave operators, and the techniques previously used in [13] and [12]. To obtain L” — L1
local smoothing estimates for wave operators, we will apply L? — L? local smoothing
estimates for wave operators and interpolation. We mention that local smoothing con-
jecture was originally formulated by Sogge [21]: for n > 2 and p > 2n/(n — 1), one
has

. n—1 n
el Lo o1,y < C (HfHWW(IR") + HgHWW—l'V(IR")) ;o if oy > 2

where
u(x,t) = cos(tv/—A) f(x) + —~——g(x

The local smoothing conjecture has been studied in numerous papers, see for in-
stance [3,6,8,9,12,13,20,27] and the references therein. When n = 2, sharp results
were established by Guth, Wang and Zhang [8]. When n > 3, the conjecture holds
forall p > 2(n+1)/(n — 1) by the Bourgain-Demeter decoupling theorem [3] and the
method of [27]. Up to now, the conjecture is still open in the case 2n/(n —1) < p <
2(n+1)/(n—1)and n > 2.

The paper is organized as follows. In Section 2, we give some basic results including
the properties of the Fourier multiplier associated to the spherical operators It} by using
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asymptotic expansions of Bessel functions. The proof of Theorem 1.1 will be given in Sec-
tion 3 by constructing three examples to obtain the necessarity of LF — L7 boundedness
for the maximal operator Sﬁ‘[‘l 2 The proof of Theorem 1.2 will be given in Section 4.

2 Preliminary results

LetI'(«) be the Gamma function and (r); = max{r,0} for r € R. Recall that the spherical
function is defined by 9% f(x) = f * m,;(x), where my (x) = t "m,(tx) and

ma(x) =T(a) "1 (1 [x2)% 7",

Define the Fourier transform of f by f f]R” e27ing f(x) dx. It follows by [25, p.171]
that the Fourier transform of m, is given by

e (&) = g2, o (27[E)). (2.1)

Here ] denotes the Bessel function of order . For any complex number , we can obtain
the complete asymptotic expansion

Jo(r) ~1/2,ir Z byl 4 p1/2p—ir ;d].ff, r>1, (2.2)

for suitable coefficients b; and d; with by, do # 0. More precisely, there exists error terms
{En1}n>1 and {En2}n>1 such that for any given N > 1 and r > 1, there holds

- /N-1 ‘ - /N-1 ‘
],g(r) = /2,01 (Z bjr’] + EN,1(7)> 4+ V20 < Z djr*] + Ele(r)> (2.3)
j=0 j=0

and

< Gr N, (2.4)

() e + () et

for all k € Z. Note that when p is a positive integer, the above results are given in [23,
(15), p.338]. For a general §, we refer to [26, Chapter 7.2].
We rewrite (2.1) as

(&) =12 (@) + (1 - p(12])) (£
= (e (@) + |2 Elen (|g]) + el En o Je]) |
+ Jg|- 072 2y () + e 2mielay (Jg)) (2.5)
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where
Ene(r) = e, @) En o (27r) (1 = @(r))r~ 1270 0 =12, (2.6a)
on0) = () X b5 (20) (1 = 9(0), 260
L
alr) = c(,0) If_: 4,7 (1 - 9(r)), 260
L

with ¢(7r,a) = 271/27~%+1/2 Here ¢ € CF°(R) is an even function, identically equals 1
on B(0, M) and supported on B(0,2M), where M = M(N)) is large enough such that

inf inf |a;(r)| > cipp > 0 2.7
ot Jof Jai(r)] 2 ciow 2.7)

and there exist {6;};—1, C [0,277) such that

sup sup |arga;(r) — ;] < 1072 (2.8)
i=12r|>M

Then we can split the Fourier multiplier of the operator 9} into three parts as in (2.5)
above.

Lemma 2.1. Forq > p > 1, we have

sup |71, (tD)g(t|D|)f]
te[1,2]

< Cll fllwr ro)- (2.9)
L9(R")

Proof. For all T > 1and t € [1,2], we note that ¢(t||)m(t)(¢)T € CZ(R"). Then by
Young's inequality and Sobolev embedding, we have

sup |, (tD)¢(t[D])f] <CII¢) " (D)) gy

te[12] L1(R")
<CI(D)" " fllrarny < Cllfllp(mn),
ifwechooser>n(%—%). O
Define
Enf(xt) = /]Rn 2 EHitl g ) (#2]) £(2) dE + /]Rn A et gy (1)) £(2) dé.

Then we have the following lemma.
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Lemma 2.2. Let g > p > 1. There exists a constant C > 0 such that

sup [Enf (- t)]
te(1,2]

< Cllfller ey (2.10)
L9(R)

N>max{2 (1—Rezx),2n <1—1)}.
q P q

Proof. We fix a function ¢ as in (2.5). Let (r) = ¢(r) — ¢(2r) and 9;(r) = p(27/r), for
j > 1. So we have

when

r)+ Y yi(r), r>0. 2.11)
j>1

For j > 1, define

Enif(x,1) = /n <62ni(x~€+f|§\)gN,1(t’m) +eZni(x-C—H@DgN,z(t‘CD) ¥i(tE)f(&)de

To prove (2.10), it suffices to show that there exists a constant § > 0 such that forall j > 1,

sup |&n;f (- 1)]

1<t<2

< C27|fll oo (ro)- (2.12)
L1(R")

First, for each fixed t € [1,2], f — &y,;(D)N/2f(-,t) is the sum of two Fourier integral
operators of order —(n — 1)/2 — Rea — N /2 with phase x - { & t|¢|. By [23, Theorem 2,
Chapter IX] and the fact that ¢itV=2 is local at scale t, we have

1s<u5>2 HgN]f HLW ®) <C2—((n—l)/2+Rea+N/2)j2(n—1)\1/2—1/17\]'H<D>—N/2fHLq(]Rn)

<C2~ RN £ o, (2.13)

p q
Next, we write 0;6y;f (x, t) as the sum of following terms,

if we choose N > 2n <7 — l)_
iznitfl/eZni(x~Cit\§|)t|C|gN,1(t‘€| pi(tE)f
£2mit™! [ AT Eya (1) 9y (121)f
=1 /€2ﬂi(x'§it|§|)t|§|(5N,1¢j)/(t‘€|)f(g)d€,
t*l/eZni(x-é'it|§|)t|€’(gNIlej)/(t‘éDf(é)dé.

)
)
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By (2.4), we see that for each fixed t € [1,2], f — 9:8;f (-, t) is the sum of Fourier integral
operators of order no more than —(n —1)/2 — Rea — N + 1. By [23, Theorem 2, Chapter
IX] again,

sup. 198, (o D)l oy < €27 RENZDI £y . (2.14)
<i<

With (2.13) and (2.14) at our disposal, we can apply [20, Lemma 2.4.2] to obtain

L9(IR")

sup [En,if(-,t)]

1<t<2

Choosing N > max{2(1/q — Re 0(),211(% — %)} and setting 6 = Rea + N/2 —1/g, we
obtain the desired estimate (2.12). The proof of Lemma 2.2 is complete. O

At the end of this section, we define

Af(x) = |

From (2.5), Lemmas 2.1 and 2.2, we see that the L7 — L7 boundedness of the operator
9M* reduces to the boundedness of the operator .4 on Sobolev spaces, which will be
investigated in Section 3 below.

(220 (1) + 27Dy 1)) @)z (215)

n

3 Proof of Theorem 1.1

To prove Theorem 1.1, we need to show the following Lemmas 3.1, 3.2 and 3.3.

Lemma 3.1. Letn > 2and 1 < p,q < co. Suppose
Hfmi‘me(]Rn) < Cll fller(rmy (3.1)
holds for some o € C. Then, we have q > p and

1
Reazf—ﬁ.

q

Proof. Fix N > max{Z(% —Re zx),Zn(% - %)} Let <7 be an operator given in (2.15). From
(2.5), Lemma 2.1 and Lemma 2.2, we see that the proof of Lemma 3.1 reduces to showing
the following result: Suppose

A fllLarry < Cllf llwsrrey (3.2)
holds for some s € R. Then we have g4 > p and

J1l_n
-2 P q
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Since &7 is translation-invariant, an application of [7, Proposition 2.5.6] immediately
yields g > p. Consider a nonnegative bump function ¢ € C°((0,00)) satisfying ¢ = 1 on
[1,2]. For j > 1, define
fi(@) = e Elp 27 e)).
From [28, Lemma 2.1], we deduce the estimate
n+1

_1ys
Ifill gy < C27 7901,

Then we have

n+1 1)]

1 fill Lagrry < Cllfjllwer ey < C27 || fjll ooy < C26+ 7 i,

If j is large enough, we may apply (2.7) and (2.8) to obtain that

(3.3)

[ e e de| =c [ [mleheeD] de
>C e [ 027121 d

ZcilClowznj.

Then by selecting e > 0 sufficiently small, we use (2.11) to obtain that for all |x| < 27/,
™ Say(Df(0)] = | [ a(Eho@ ee 2 iag
—| [ (Do Tehde + [ m(EDo@ el (e - 1) g

v

[ miEho@-iichaz| - ce [ |meno e de
>20)" [|m(ehe@ 7Ie))] & > 2" 34
for some ¢ > 0. We can write

e Bar(|Dfx) = [ e (gl p(2e])

e
R"

Note that the phase function —27tx - ¢ — 47t|¢| has no critical points when |x| < e and ¢ is
small enough. So, by integration by parts, we have

sup [e 2™V 2ay(|D))fi(x)| < C,

|x|<e2-i
which, combined with (3.4), implies

14 fillLagrny = 194 fill oo <ea-ry = Ce2 /). (3.5)
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An application of both (3.3) and (3.5) yields

n+l

C2t/ni < col ),

==

Letting j — +o00, we conclude thats > "1 + % -0 O
Lemma 3.2. Letn > 2,1 < p,q < 0. Suppose
sup |90 f| < Cllfllepwn) (36)
1<t<2 L9(R")

holds for some o € C. Then, we have g > p and

n+1_n—1_n—1

Rea >
en= 29 2

Proof. Fix N > max{Z(% —Re w),Zn(% - %)} as in Lemma 2.2. From (2.5), Lemma 2.1

and Lemma 2.2, we see that the proof of Lemma 3.2 reduces to showing the following:
Suppose

sup | f| < Cllf llwsr (rey (3.7)
1<#<2 LI(R")
holds for some s € R. Then we have g > p and s > ”2—;1 — ”2;6/1
Note that (3.7) implies that ||/ f||, ®) SC | fllwsr(re)- This fact, together with the

translation-invariant property of .7, yields that ¢ > p. We now prove thats > ”2—;1 — "Z—_ql.

Denote & = (&,&) € R™. For j > 1and § > 0, we let f > 0 be a smooth cut-off function
of the set

{(gllgl) = R" : ’gl _2]‘ S 52]'71, ‘C/’ S 52]/2}
such that - |
05£(2)] < Csp27/1F1/22771P
forany g = (p1,p') € Z1.
It follows from (3.22) of [11] that, if j is large enough and ¢ is small enough, we have
o

sup |#f] > C16"2

1<t<2

(3.8)
forall1 < x; <2, |x/| < 27//2, Then we have

sup |4 f]

1<t<2

|| sup "Q{tﬂHL'i(lgxlgz,\x’\gz*J'/Z)
L1(R") 1<t<2
n—1.

>C-lgn i, (3.9)
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By (3.7) and the definition of f, we have

< Cllfllwsr < ;252" 15 (3.10)
L9(Rn)

sup ||

1<t<2

Combining (3.9) and (3.10), we obtain

n+l n+1

Cclsmtin "] < 5"t

n+1

-1 n+1 n+1 n+1
Passing to the limit j — +oo yields 5 2— S5+ - , which means s > 2

n—1
W. D

Lemma 3.3. Letn > 2,1 < p,q < co. Suppose

sup [0 f|

1<t<2

< Cllflorrey (3.11)
L(R")

holds for some a € C. Then, we have g > p and

RezxZZ—n—i—l.

Proof. Fix N > max{Z(% —Re 0(),271(% - %)} as in Lemma 2.2. By employing (2.5) to-
gether with Lemmas 2.1 and 2.2, Lemma 3.3 reduces to showing the following result:
If

sup | f]| < Cll fllwsrwrr) (3.12)
1<t<2 L(R")
holds for some s € R, then we have g > p and s ? — L

Since .¢7 is translation-invariant, we have that g > p. We now establish the necessary
condition s > % — 221, Assume that x(¢) € C*(R"\{0}) is homogeneous of order 0

satisfying x(¢) = 1 if £ v1| < 1072 and vanishes if £ v1| > 972, where v; :=
ymng ] €]

(1,0,---,0). Let ;(¢) := ¢(277|¢]) x(&), where ¢ € C2((0,00)), ¢ = 1on [1,2] and ¢ > 0.
Note that

By (1D]) fi(x) = [ T Elay (113 g(27112)c(€) g

If |‘x7| — 1] < 1072, the phase function of the above integral has no critical points and
thus

s?p] |2V =8, (D) fi(x)| < C27. (3.13)
te|l1,2
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It is known from [23, p. 360] that for |x| > 1 and ||%| — v1| <972, there holds

xdo(—x) = & p(—x) + e(—x),
where e belongs to S~ and & € S~("~1)/2 can be splited into two terms:
h(x) = colx| "V 2y (—x/|x]) +e(x), ee s,

for all |[x| > 1. Here, for each m € R, we denote by S" the standard symbol class as
defined in [23, Chapter VI, Section 1.3], and we set S~ = N,,crS™. Then for all |x| > 1,
||—j§‘ —v1] <972and j > 1, we have

e " ay (1 D) (%)
= [ exmee2nildlay tle))p(2 T2 (@) de
= [ o) (=rope 2 an(er) g2 iy dr
=colx|7*7 /O "y (x [xaa () (2 Tr)r 2 dr + R(x, ),
where
R;(x,t) i=c; / (K= 5( _px)ay (tr) (2T r)r" L dr
+o / 2T o(_pxVay (1) (21 ) " dr

and ¢g, ¢1,¢2 > 0. Let j be large enough. Then if |ﬁ — 1] <1072 and Hx| — t} < 6277 for
some sufficiently small 6 € (0,1), by (2.7) and (2.8), we have
— 2" > @'

e 2 Bay (1D fi(x)| = ¢| [ g2 TryrT ar

for some positive constants ¢ and é. Then if |x| € [1,2] and \ﬁ — 01| <1072,
. n+1 ;
51[1p] e 2TV Aa, (¢D)) fi(x)| > &2 =,
te(1,2

which, combined with (3.13), yields

sup | f;| > sup |e 2V =By (¢|DI)f;| — sup |27V =0, (D)) fi| > 2%.

te(1,2] te[1,2] te[1,2]
Hence,
1 n+]
sup |4 fjl > || sup |£{tff|HLq(\XIe[l,z},val\smf 2y 2 C 22 (3.14)
tef1,2] L9(IR"™) te1,2] [x]
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On the other hand, choose ¢ € CZ((0,00)) satisfying ¢ = 1 on supp¢, then f;(&) =
(277&)(277|&|) x (€). Since $(277|D|) x(D) is bounded on LP(IR"), we have

< Cllfillwsrrr) < C2%2mi2 v, (3.15)
L9(R")

By (3.14) and (3.15), we conclude that

sup | fj
te(1,2]

c-15073% < cosignip =,
> <
Letting j — +oc0, we obtain s > % - ”2;1 O

We finally present the endgame in the proof of Theorem 1.1.

Proof of Theorem 1.1. This is a consequence of Lemmas 3.1, 3.2 and 3.3. O

4 Proof of Theorem 1.2

To prove Theorem 1.2, we will first give the LF — L1 local smoothing estimates for the
wave operator eit\/TA, i.e., Theorem 4.1 for n = 2 and Theorem 4.2 for n > 2 below.

Theorem 4.1. Let 1 < p < g < oo. Define sy(p, q) as follows:

;%—;—3 for q >3y,
3 3
2pa) =32, "2 frr=1<3 (4.1)
2_ 1.1 for q<yp
p 2 q p’
where p’ :=p/(p—1). If s > s2(p, q), then we have
1/q
([ 12 Uy t) < Cll e 42)

Proof. Let € be any positive number. By the local smoothing estimate of Guth,Wang and
Zhang [8], we have the following (4,4) estimate:

1/4
(e 2 ey ) < Cll e “

It is also known that the fixed-time estimate of Seeger, Sogge and Stein [19] implies the
following (1,1) and (oo, %) estimates:

1e™Y =2 £l gz < CellfIl (4.4)

water (R2)
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where p = 1 or co. Moreover, it follows from [23, Chapter IX, 6.16] that the following
(1, 00) estimate holds

sup [|e"Y =2 f| gy < CellfIl 2
te(1,2]

(4.5)

2+£1 IRZ)

Theorem 4.1 follows by interpolating between the key estimates (4.3)—(4.5). More
precisely, in the case ¢ > 3p/, (4.2) follows from the interpolation between (oo, 00), (4,4)
and (1,00) estimates. In the case p’ < g < 3p/, (4.2) follows from the interpolation
between (4,4), (2,2) and (1,00) estimates. In the case 4 < p’, (4.2) follows from the
interpolation between (2,2), (1,1) and (1, o) estimates. O

The following estimate is proven in [4, Proposition 2.1].

n2 — 1’12 n— n— n
Lemma 4.1. Let n > 3 and suppose py = W, qJo = %, So = % Then

1/q0
(/ "eltrf”qu RH) > < CZSQkaHLm(]Rn)

holds for allk > 1and f € S’ withsupp f C {¢ € R" : 2k-1 < |&| < 2k+1},
Recall that O, A, B,C, D, E are given in Fig. 1 in Section 1.

Theorem 4.2. Suppose n > 3. Let 1 < p < q < oo. Define s, (p, q) as follows:

1_7121-1+n;1 for (; %)QAAOEUAABE,
n+1,/,1 1 1
5 (p_q> for (p q)EABCE
sn(p,q) = i_£+n—1 for (ll)eAABC
O P
\5_6_ 5 for (P q)EACDE

If s > s,(p,q), we have

1/q
(15 gt ) < Gl “6)

Proof. Let e be any positive number. By applying the decoupling inequality of Bourgain
and Demeter [3], we have that for all p > 242,

2 /=K 1/p
</1 ||V~ f”m(]m)) < C€|‘f||w%4*%+€/ﬂ(Rn)'
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The fixed-time estimate established by Seeger, Sogge, and Stein [19] yields

1™ =2 f |l oy < CellfIL

izhrer (Rn)’

where p = 1 or co. By [23, Chapter IX, 6.16], we have the following (1, c0) estimate:

sup [l "0 f oy < Cell Il

+¢,1 *
te[1,2) 7 (R

Combining Lemma 4.1 with a frequency decomposition argument, we obtain the follow-
ing (po, q0) estimate:

2 e 1/490
(e 2 gdt) < Cllllwsone

With these estimates at our disposal, Theorem 4.2 can be proved by interpolation.
More precisely, in the case (%, %) € AAOE UAABE, (4.6) follows from the interpolation

between (o0, 00), (242, 2142 ' (p g0) and (1,00) estimates. In the case (%,%) € ABCE,

(4.6) follows from the interpolation between (po,qo), (2,2) and (1, 0) estimates. In the
case (%,%) € AABC, (4.6) follows from the interpolation between (2,2), (po,qo0) and

(2142 242 ogtimates. In the case (%, %) € ACDE, (4.6) follows from the interpolation

n—17 n—1

between (2,2), (1,1) and (1, o) estimates. O

Lemma 4.2. Suppose that ¢(x,-) € C'([1,2]) for a.e. x € R". Then, the following estimates
hold:

(i) For1l < g < oo,

sup |g(-,1)]

1-1 1
P < Cliglumexiaz + I8l g egoz 1268 oo i
tel,2

L1(R")

(ii) Forg =1,

< Cllgller w2y + CllOeg Il L e pr,2)-
LI(R")

sup [g(-, )]
te[1,2]

Proof. For 1 < q < oo, the proof is a slight variant of [20, Lemma 2.4.2]. For a.e. x € R"
and each ty € [1,2], we have

2
sup [g(x, H)|T < |g(x, to)l“rq/l 18(x, )77 [958 (x, 5)| ds.

te(1,2)
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Integrating with respect to x and applying Holder’s inequality yields

1—1 1
sup |g(-/1)] <C inf [lg(-,#)llcawn) + ClIglparexr,2 1968 | Lo e
te[lg] § LRy teL2] § L(R") Eleawen.2) 198w 1.2)
1-1 1
<Cliglliao 1) + ClIEl oo 20 181 -
The case g = 1 follows by an analogous argument, which we omit here. O

Proposition 4.1. Let n > 2and 1 < p < q < oo. If the local smoothing estimate

Hff’it‘/jAme(Rnx[l,Z]) < CH,M/SHfHWS’”(R") 47

holds for some s € R, then we have

sup | f]|

< Cupaallfll LP(R") (4.8)
te(1,2]

L9(R")

whenever Rea > s — ”T’l + %.

Proof. Let ¢ and {4;};>1 be functions as in (2.11). We write

MIF(E) =p(tE)ma (1) F(€) + Y (1) ma (1) £(€)

j=1
=1, F(2) + Y M F (D). (4.9)

=1

By applying (4.9) and Lemma 2.1, the proof of (4.8) reduces to showing that there exists
0 > 0 such that for all j > 1, there holds

sup [, f|
te(1,2)

< C27| fllp(mry (4.10)
L1(Rn)

whenever Rea > s — ”T_l + %
By (2.5), together with Lemma 2.2, we reduce (4.10) to

1y;
< 2| fll ooy, (4.11)
L9(IR")

sup | f|
te1,2]

—

where @(C) = Y;(t|¢]) e f(C) and # f is defined as in (2.15). By (2.6), we can write

N-1 ‘ ‘
JZ{j,tf(x) —-C Z / (beeZm(x.é”rtlﬂ) _‘_déeZm(xéftm)) |lf|7£l/1](t|§|)fA(€) d,
(=0 /R"
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which is a linear combination of
Tyif (xt) i= [ SCSHD|tyy (He) (@) g, € =01, N1
RH

Hence, the proof of (4.11) reduces to showing that

s+1)f .
< 2! +q)]||fHLP(IR”)/ j>1 (4.12)
L1(R)

sup |To;f(-,1)]
te(1,2]

We observe that

sup sup |95 (y;(t|e]))| < Cp1+ )7,
=1 te[1,2]

where f is any multi-index. Consequently, ¢;(t| - |) € S° uniformly forall 1 < t < 2 and
j > 1, which implies the existence of a constant C > 0, independent of both t and j, such

that

<C
Rn

P
dx

[ ety e f() dg

p

/n eZni(x~§it\§|)¢j(g)f(€) de| dx. (4.13)

Here §;(&) equals to 1if |&| € [272M, 2" M] and vanishes if |¢| ¢ [2773M, 22 M], so that
j equals to 1 on the support of ¢;(t| - |) when 1 < t < 2. By applying the assumption
(4.7) to (4.13), we have

I To,if Lo x1/22) < C27 |l (ro)- (4.14)

By the same token, the operator

I Toif (x,t) = / RN (£ 272i| ]y (H(E]) + 121 () (4161)) £ (2) d&

n

satisfies

19 To i fllaqro 1 /221y < C2 £l ooy (4.15)
With (4.14) and (4.15) at our disposal, (4.12) follows from Lemma 4.2 when g < oo, while
the case g = oo is immediate from (4.14). O

Proof of Theorem 1.2. By noting that 02(p,q) = s2(p,q) — 3 + % and d,(p,q) = su(p,q) —

el % for n > 2, Theorem 1.2 is a direct consequence of Proposition 4.1 and Theorems
41,42 O
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Remark 4.1. In the dimension n > 3 Gao et al. [5] obtained improved local smoothing
estimates for the wave equation, that is,

Heit‘/jAfHLP(Rnx[l,Z]) < Coupllfllwsr we)

holds withs = (n —1)(1/2—1/p) —c forallo < 2/p —1/2 when

p> 3n+1
2(3n+6)
— 7 for neven.
3n+2

Applying Proposition 4.1, we can improve (ii) of Theorem 1.2. However, the range of « is
not optimal. What happens when n > 3 remains open.
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