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Abstract. We study the bilinear fractional integral considered by Kenig and Stein,
where linear combinations of variables with matrix coefficients are involved. Un-
der more general settings, we give a complete characterization of the correspond-
ing parameters for which the bilinear fractional integral is bounded from LF1(IR™) x
LP2(R™) to L1(R™).
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1 Introduction and the main result

The multilinear singular integral operators have been widely studied since Coifman and
Meyer’s pioneer work [8]. Christ and Journé [7], Grafakos and Torres [15] developed the
theory of multilinear Calderén-Zygmund operators. Lacey and Thiele [20,21] proved the
boundedness of the bilinear Hilbert transform.

In this paper, we focus on the bilinear fractional integral studied by Kenig and
Stein [17], Grafakos and Kalton [10, 13], Grafakos and Lynch [14]. Recall that for
0 <A<2n f1 € LI(R") and f, € LP2(R"), the bilinear fractional integral of (f1, f2)
is defined by

/ f1(y1) fo(y2)dyrdys

R (|x = 1]+ [x =y )

It was shown in [17, Lemma 7] that the bilinear fractional integral is bounded from LF! x

LP2 to L7 when the indices satisfy certain conditions. We refer to [1-4,9, 16, 19,22-24] for

some recent advances on the study of bilinear fractional integrals and their applications

in PDE. See also [5, 6] for a generalization to mixed-norm Lebesgue spaces.
Komori-Furuya [18] gave a complete characterization of the indices for which the

multilinear fractional integral is bounded. Here we cite a bilinear version.
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Proposition 1.1 ([18]). Suppose that 1 < p1,p2 < 00,0 < A < 2nand 1/p1+1/p2 =
1/q+ (2n — A)/n. Then the norm estimate

(a) either1 < p; < ooorl < py < oo,

/ fi(y1) f2(y2)dyrdya
R (|x —y1] + [x —y2|)*

S Al 2l

Ll

is true if and only if

(b) the index q satisfies

max{py, pa} <q <oo, if min{py,p2} =1,
min{py, pa} < g <o,  if max{py, p2} = oo,
0<1/g<1/p1+1/p2, if 1<pi,p2<ocoandl/p1+1/p2<1,
0<1/g<1/pr+1/p2, if1<pi,pp<ocandl/pi+1/py>1.

Kenig and Stein [17, Remark 10] studied the multi-linear fractional integral of the
following type,

_ o All) - fiell)dya - - - dy
W fOC) = fes™ (T -+ el

7

where

k
=1y, v x) = Y Aijyj + AijgaX
=1
are linear combinations of yy,- - - , yx, x € R”, Ajjare n X n matrices such that
1. Foreach1 <i <k, A+ is invertible,

2. The nk x nk matrix (A;;)1<; <k is invertible.

They showed that when 1 < p; < 00,0 < g < 00,0 < A < kn and

1 1 1 kn—-A
— + e — = — + ,
p1 P 4 n
I(f1,- -, fx) isbounded from LPt x - - x LPk to L1.
In this paper, we focus on the bilinear case. Denote

An Anp y1>
A= d = .
<A21 A22> and ¥ <y2



