Analysis in Theory and Applications DOI: 10.4208 /ata.2026.deng90.06
Anal. Theory Appl., Vol. 42, No. 1 (2026), pp. 32-61 March 2026

Bilinear Fractional Integral Operators

Ting Chen* and Wenchang Sun

School of Mathematical Sciences and LPMC, Nankai University, Tianjin 300071,
China

Received 18 May 2022; Accepted (in revised version) 21 March 2025
Dedicated to the memory of Prof. Donggao Deng on the occasion of his 90th birthday

Abstract. We study the bilinear fractional integral considered by Kenig and Stein,
where linear combinations of variables with matrix coefficients are involved. Un-
der more general settings, we give a complete characterization of the correspond-
ing parameters for which the bilinear fractional integral is bounded from LF1(IR™) x
LP2(R™) to L1(R™).
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1 Introduction and the main result

The multilinear singular integral operators have been widely studied since Coifman and
Meyer’s pioneer work [8]. Christ and Journé [7], Grafakos and Torres [15] developed the
theory of multilinear Calderén-Zygmund operators. Lacey and Thiele [20,21] proved the
boundedness of the bilinear Hilbert transform.

In this paper, we focus on the bilinear fractional integral studied by Kenig and
Stein [17], Grafakos and Kalton [10, 13], Grafakos and Lynch [14]. Recall that for
0 <A<2n f1 € LI(R") and f, € LP2(R"), the bilinear fractional integral of (f1, f2)
is defined by

/ f1(y1) fo(y2)dyrdys

R (|x = 1]+ [x =y )

It was shown in [17, Lemma 7] that the bilinear fractional integral is bounded from LF! x

LP2 to L7 when the indices satisfy certain conditions. We refer to [1-4,9, 16, 19,22-24] for

some recent advances on the study of bilinear fractional integrals and their applications

in PDE. See also [5, 6] for a generalization to mixed-norm Lebesgue spaces.
Komori-Furuya [18] gave a complete characterization of the indices for which the

multilinear fractional integral is bounded. Here we cite a bilinear version.
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Proposition 1.1 ([18]). Suppose that 1 < p1,p2 < 00,0 < A < 2nand 1/p1+1/p2 =
1/q+ (2n — A)/n. Then the norm estimate

(a) either1 < p; < ooorl < py < oo,

/ fi(y1) f2(y2)dyrdya
R (|x —y1] + [x —y2|)*

S Al 2l

Ll

is true if and only if

(b) the index q satisfies

max{py, pa} <q <oo, if min{py,p2} =1,
min{py, pa} < g <o,  if max{py, p2} = oo,
0<1/g<1/p1+1/p2, if 1<pi,p2<ocoandl/p1+1/p2<1,
0<1/g<1/pr+1/p2, if1<pi,pp<ocandl/pi+1/py>1.

Kenig and Stein [17, Remark 10] studied the multi-linear fractional integral of the
following type,

_ o All) - fiell)dya - - - dy
W fOC) = fes™ (T -+ el

7

where

k
=1y, v x) = Y Aijyj + AijgaX
=1
are linear combinations of yy,- - - , yx, x € R”, Ajjare n X n matrices such that
1. Foreach1 <i <k, A+ is invertible,

2. The nk x nk matrix (A;;)1<; <k is invertible.

They showed that when 1 < p; < 00,0 < g < 00,0 < A < kn and

1 1 1 kn—-A
— + e — = — + ,
p1 P 4 n
I(f1,- -, fx) isbounded from LPt x - - x LPk to L1.
In this paper, we focus on the bilinear case. Denote

An Anp y1>
A= d = .
<A21 A22> and ¥ <y2
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Asin [17], we suppose that A is invertible. By a change of variable of the formy — A~'y,
we get

fi(Anyi+Anyr+Asx) fo(Anyr+Axnys+Axx)dyidy:

I(f1, f2)(x) = o EL
~ [ S+ Apx)fo(ys + Axx)dydys

R?" (lyal + ly2))?

_ fi(ya) f2(v2)dyadyz

IR (JAzx —y1| + |[Apx — y2|)N

where the notation X ~ Y means that there exist positive constants C;, C; such that C;Y <
X < QY. It follows from [17, Remark 10] that I(f1, f2) is bounded from LFt x LF2 to L7
when both Aq3 and A3 are invertible and the indices satisfy certain conditions.

We show that for I(f1, f2) to be bounded, A3 or Ay; might be singular. Moreover, we
study the bilinear fractional integral in more general settings.

Let n1, np and m be positive integers, D; be n; X m matrix, i = 1,2, 0 < py,p2,9 <
and 0 < A < ny +ny. For f; € LFi(R"),i = 1,2 and x € R"™, consider the bilinear
fractional integral

_ fi(y1) fa(y2)dyadya
Lo )0 = [ (Do o e (L1)

We give necessary and sufficient conditions on the matrices D1 and D; and the indices
p1, P2, q and A such that I p is bounded from LP1(R") x LP2(IR"2) to L7(IR™). Our result
generalizes Proposition 1.1.

Theorem 1.1. Suppose that ny1,ny and m are positive integers, that 0 < A < ny + np, that
0 < p1, p2,9 < oo, and that D; are n; x m matrices, i = 1,2. Denote r; = rank(D;). Then I) p
is bounded from LP1(R™) x LP2(IR"2) to L1(R™) if and only if

(a) The rank of the (ny + na) X m matrix (g;) is m;

(b) The indices meet the homogeneity condition A = ny/p| + na/ph+m/q;

(c) The index vector p = (p1, p2) satisfies p1,p2 > 1, #{i: 1 < p; < oo} > 1, p1 < co when
ry < m, and py < oo when r1 < m;

(d) The index q is finite when #{i : 1 < p; < c0o} = 1or1/p;+1/p2 < 1. Moreover, q
satisfies one of the following conditions,

(i) whenri =1, =m,

| —

< )
irp;i>1

where the equality is accessible only if (1) min{p1, p2} =1, 0r (2) 1 < p1,p2 < o,
ny,ny >mand1/p1+1/p2 > 1,

7
1

= | =
=
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(ii) when r1 = 0and ry = m (the case ri = m and ro = 0 is similar),

q 2 P1, lf p2 = 1/
g > p2, if 1 < py < oo, where the equality is accessible only if
np >m and 1< p; < ph,

(iii) when 0 <ri <rm=mor0<ry<ri=m,

q > max{py, p2}, if min{py, p2} =1,
q > min{p1, p2}, if (p1,7r2) = (00,m) or (p2,11) = (00, m),
q > Ap,p,, if 1<py,p2<oo,
where ay, p, = p1 when vy = m, and a,, p, = p> when ry = m,
(iv) when 0 <71y, <m,

q = max{py, pa},
where the equality is accessible only if one of the following conditions is satisfied,
(1) pi = 1forsomeiwithry+1ry > morrs_; < nz_j,
(2) 1< p1#p2<oo
@) pr=poandri+ro >m,
4 1<pr=p2<2,r1+ro=mny >ryandny > ro.
The paper is organized as follows. In Section 2, we give a generalized version of the

(linear) fractional integral. In Sections 3 and 4, we give the proof of the necessity and
sufficiency of Theorem 1.1, respectively.

2 Preliminary results

In this section, we collect some preliminary results which are used in the proof of Theo-
rem 1.1.

2.1 Operators that commute with translations

It is well known that if a linear operator commutes with translations and is bounded from
LP(R") to L7(IR") for some 0 < p,q < oo, then p < g. For our purpose, we need a sightly
general version, which can be proved similarly to [11, Theorem 2.5.6].

Proposition 2.1. Suppose that T is a non-zero linear operator which is bounded from L (R") to
L1(R™) for some 0 < p,q < oo. Fora € Rand 1 <i < n, define f,(y) = f(y1, - ,Yi-1,Yi —
a,Yit1, -+ ,Yn). Suppose that for some 1 < j < m,

T(fll)(x) = (Tf)(xlf X1, X T A, X1, /xn)~

Then we have p < gq.
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Proof. For any f € L and a € R, we have
lim [|Tf, + Tfl|Ls
= lim () (- %1% — @30, 20) — (TF) ()
=2"4||Tf]|1s.
On the other hand,
lim (|Tfo 4+ Tf s < Tim [1T]) - Lfo + oo
=2P|[T|| - |Ifllee-

Hence
2Vl < 2YPIIT| - [If o

Therefore, 1/q < 1/p. Thatis, g > p. O

2.2 Generalized fractional integrals

For f € LP(R") and 0 < A < n, the fractional integral, also known as the Reisz potential,
of f is defined by

IAf(x):=.A; f(y)dy

v lx =yt

It was shown that I, is bounded from L to L7 whenever 1 < p < g < co. We refer to [12,
Theorem 1.2.3] or [25, Chapter 5.1] for a proof. In this paper, we consider a generalized
version.

Theorem 2.1. Let n,m be positive integers, 0 < A < n,0 < p,q < coand D bean n X m
matrix. Then the norm estimate

is true if and only if rank(D) =m, 1 < p < g < ooand A =n/p' +m/q.

Sl (2.1)
Ll

/‘ f(y)dy
R" |[Dx —y[*

Proof. Sulfficiency. Since rank(D) = m, we have n > m. There are two cases.
(i) n=m.

In this case, D is invertible. The conclusion follows by the boundedness of the Riesz
potential.

(i) n > m.
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In this case, there exist an n X n invertible matrix P and an m X m invertible matrix Q
such that D = P(¥). Since |Dx — y| ~ |[P~'Dx — P~'y|, By replacing f with f(P~"-) in
(2.1), we get that (2.1) is equivalent to

/ f(y)dy
R

A btV <
; |P_1Dx_y|/\ NHfHU"

L}

Denote y = (y1,y2), where y; € R™ and y, € R""™. By a change of variable of the form
x — Q7 'x, we see that the above inequality is equivalent to

/ f(y1,y2)dy1dy,
R

<
e PR

Lt

By Holder’s inequality, we have

/ f(y1,y2)dy1dya < / 1f(y1,-) Hngdyl
R ([x —y1] + [y2 )t~ Jre |x — yg [P == /p
Now we get the conclusion as desired by the boundedness of the Riesz potential.

Necessity. First, we show that rank(D) = m. Assume on the contrary that rank(D) < m.
Then there is some invertible m x m matrix Q such that the last column of DQ is zero. By
a change of variable of the form x — Qx, we get

/ f(y)dy :/ f(y)dy
Rt [Dx—y[* g | /re [DQx —y|?

= Ha function of (x(1), ..., x(m=1)

L}

Lt
which is a contradiction.

By replacing f with f(-/a), we get the homogeneity condition A = n/p’ +m/q. It
remains to show that 1 < p < g < co.

As in the sufficiency part, we have

/ f(y1,y2)dy1dy2
R ([x —y1| + [y2))?

S Nl (22)
LY

where y; € R™ and y, € R"™". If n = m, then we delete the variable y,.
First, we show that g < co. If g = oo, then we see from (2.2) that for any / € L,

|f (1, y2)h(x)|dxdy1dy, <
hll;1.
/IR”"’ ([x —y1l + [y2)? S el

Seth = (1 /5m))({‘x‘<5} and let & — 0. We see from Fatou’s lemma that

£ (1) ldy
Jo o S Wl @3
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which is impossible since 1/|y|* ¢ L¥ when p > 1 and (L?)* = {0} when 0 < p < 1.
Hence g < co.
Next we show that 1 < p < 0. If p < 1, then A = n/p' +m/q < m/q. By setting

f X{\y1\+|yz|<1} in (2-2); we get
# < 0
(1 —+ |x|)/\ y

L

which is impossible since Ag < m.
If p = oo, by setting f = 1, we get

/ [y y2)dyrdy,
R (|x —y1| + [y2])?

Hencel < p < co.
Finally, we show that g > p. Denote

B f(y1,y2)dy1dy>
TF) = fou T+ el

Forz=(0,---,0,a) € R™, we have

_ [ [ =z y2)dydys
(TFC =2 D) = fo T =il + gD

—(Tf)(x ~2).

By Proposition 2.1, we have p < gq.
If p=g,then A = (n—m)/p’ + m. Since A < n, we have m < n. It follows from (2.2)

that for any h € L7,
/ h(x)dx
R ([x =yl + |y2])*

Set It = X{|4/<1y- For 6 > 0 small enough and ly1l, ly2] < 3, we have

, S By (2.4)

p
Ly

/ h(x)dx >/ h(x)dx
R ([x —y1l + [y2D)r = Jix—yil<lyal (Ix = ya| + [y2])*
1
™y A

Since A —m = (n —m)/p’, we have

/ h(x)dx
R (|x =] + [y2)

which is a contradiction. This completes the proof. O

/
Ly
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Next we show that when |x — y| is replaced by |x| 4 |y| in the definition of I,, then
even for p = g, the operator is bounded from L? to L.

Lemma 2.1. Suppose that 0 < p,q < coand A > 0. Then the inequality

/ f(y)dy

re (|x[+ [yt

is true ifand only if A = n/p' + m/qand 1 < p < g < co.
As aresult, for 1 < py, p2 < oo with (p1,p2) # (1,1),

S, f e LPIRY), (2.5)
LI(R™)

/ fi(y1) f2(y2)dyadyz
R™M+12 (

’yl‘ i ‘y2|)”1/Pi+"2/P'z 5 Hlem(anl)Hszm(an) (2.6)

ifand only if 1 < p1,pr < ocoand1/py+1/p2 > 1.
Proof. Denote

_ f(y)dy
T = Lo T T

Necessity. As in the proof of Theorem 2.1, by replacing f with f(-/a), we get the homo-
geneity condition A = n/p’ + m/q. It remains to show that 1 < p < g < co.
If g = oo, thenforany f € L’ and h € L (R™),

Fh()ldxdy
fo TS S 1A

By setting h = (1/0™)x {|x|<6} and letting 6 — 0, we get (2.3), which is impossible. Hence
Ifp<1,thenA=n/p'+m/qg<m/q. Setf = X{y|<1}- We have

1

ITAf(x)| > Ax =)

Hence T) f ¢ L9, which is a contradiction.
It remains to show that p < g. Set

fy) = X{y<1/2y W)
ly|"/?(log 1/|y|)(1+e)/p/

where ¢ > 0 is a constant. We have f € L. For § > 0 small enough and |x| < J, we have

/ f(y)dy >/ dy
R ([x[ + [yDY = Sixp<iyi<ia) (x| + [y[)/P+m/aly[n/P(log 1/ |y])(+e)/p
1
> .
~ [l (log 1/[x]) 1977
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If g < p, we can choose € > 0 small enough such that g(1+¢)/p < 1. Consequently,

‘ /]R (I?g(z)ldyyw

which contradicts the assumption. Hence p < g.
Sufficiency. Define the operator S by

_ f(y)dy "
510 = Jo Gty FER"

L

Let1 < r,s < co be such that n/7' +m/s = A. For any f € L', it follows from Holder’s
inequality that

|Sf(x)| < HfHU

s

Hence
[SfllLse S N fllLr

By the interpolation theorem, S is bounded from L? to L7 whenever n/p’ +m/q = A and
g > p. Hence (2.5) is true. This completes the proof. O

3 Proof of Theorem 1.1: the necessity

In this section, we give a proof of the necessity part in Theorem 1.1. We prove the conclu-
sion in several steps.

(S1) We show that rank(g;) = m.
Since D; are n; X m matrices, i = 1,2, we have rank(gi) < m. Assume that rank(g;) <

m. Then there is some m x m invertible matrix P such that the last column of (g;)P is
zero. By a change of variable of the form x — Px, we get

f1(y1) f2(y2)dyady»
oCfu )l = [
|| )\,D(fl fZ)HLfI RM+72 (|D1X—y1| n |D2x—y2|)/‘

/ f1(y1) f2(y2)dy1dy»
R™M "2 (|D1Px —y1| + |D2Px —y2|))‘

L4

Q

L1

= || a function of (x), .-, x|l = oo

L1

4

which is a contradiction.

(52) We show that the indices py, p2, g and A satisfy the homogeneity condition.
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Fora > 0, set fi, = fi(-/a),i =1,2. We have

Ip(fra f2a)(x) = /II{’11+”2 (|J;1)§]}/C1£ay)lf|ziy T[/)Zidzljjé)\
_ a2 1 (y1) fo (y2)diyrdys
R+ (|D1x — ayi| + |Dax — ayp|)*
_/ a" A f (1) 2 (y2)dyadys
Rtz (|Dix/a —yi| + |Dax/a — y2|)?
=a" T b (1, fa) (x/a).

Since I, p is bounded, we have

a2 b (fr, o) (x/0) |10 S Cllfrallin || foalliee,

where C = ||I) p||rr1 x 12— 1. Hence

a" A L (f, )| S @ PRI fi o || fo | e

Since a > 0 is arbitrary, we have ny +n, — A +m/q =ny/p1 +ny/pr. Thus A = n1/p) +
ny/ph+m/q.
(S3) We show thatp; > 1,i=1,2.

Without loss of generality, assume that p; < 1. Then A < ny —ny/p2 +m/q. Hence
there is some & > n,/pp such that A +a —ny < m/q. Set

1

A1) = Xy, <1y (y1)  and fZ(yZ):W'

Then we have f; € LFi. However,
dy1d
Ivo(fi,f2)(x f1(1) f2(y2)dyrdyz

- R™+m2 ‘D1x—y1‘+‘D2x_y2‘)

f2(y2)dy2
~ IR (T4 |x| + [y2])?

V

v

oo RIS

Rz (14 |x[ + [ya] )1+
B 1

(L [

which is not in LY when g < co.
When g = oo and py < oo, the above choices of f; and f; lead to

ol W2 [ 2 ~

T [x] + [y )2+
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When p; = g = oo, we have A < ny. Set f; = X{ly <1} and f, = 1. We get

I\p(f1, f2)(x) :/wwz : (1) fa(y2)dyrdy,

|D1x — y1| + |Dax — ya|)?

dyz
> = 0.
N/IR"Z (T4 [x] + [y2])*

Again, we get a contradiction. Hence py, p2 > 1.

(54) We show that either 1 < p; < c0or1 < py < co.
Assume on the contrary that p; = 1 or the infinity. There are three cases.

(i) p1 = p2 = 1. In this case, A = m/q. Hence q < 0. Set f; = Xiy<1yp i = 1,2 We
have B

f1y1) f2(y2)dy1dy»
|D1x — y1| + |Dax — y2|)A

holf @ = [, 7

> 1
(14X

Therefore, I p(f1, f2) ¢ L9, which is a contradiction.

(ii) p1 = pp = oo. Inthis case, A = ny/p} +na/ph+m/q > nq + ny, which contradicts
the hypothesis.

(iii) One of p; and p; equals 1, and the other equals co. Without loss of generality,
assume that p; = 1 and p, = co. Then we have A = ny +m/q. Set f» = 1.

If g = oo, then

f1(y1)dy1dya
|D1x — y1| + [Dax — y2|)

holf W= [ ¢

= 0Q.
na
If g < oo, we have

_ fi(y1)dyrdy»
B0 RO = o B+ [Dox 2l

~ f1(y1)dy:
R™ |D1x — y1|m/q )

Hence,

/ fily1)d
R

m |Dyx —yp ™/

which is impossible, thanks to Theorem 2.1.
In both cases, we get contradictions. Hence there is some i such that 1 < p; < co.

S [l
La

(S5) We show that p; < co whenr, < m, and p, < co whenr; < m.
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Assume that rp < m and p; = co. Set f; = 1. We see from

10 (s f2) [ S (L fallee | fal e

which contradicts Theorem 2.1 since r, = rank(D;) < m.
Similarly we get that pp < co whenry < m.

that

1y ‘Dx — y2’”2/P§+m/‘l y

)
e Y T 1

(S6) We show that g < co when one of the three conditions is satisfied, min{p, p»} =1,
max{py, p2} =oorl/p1+1/p, < 1.
Assume on the contrary that g = co. Then A = ny/p + nz/p5. Forany h € L!,

1) oy () ety
[ e i RS VA MY VA P

By setting h = (1/6™) x|, <4 and letting § — 0, we get

/}an <|f1(y1)fz(yz)\dy1dy2 < fillon [ o lle.

[yal + [y )/ piemlpe ™
By Lemma 2.1, 1 < pq,p2 < o0 and 1/p; +1/p> > 1, which contradicts the assumption.
Hence g < c.
In the following subsections, we prove the rest part in several cases.

31 Thecaser; =r,=m

Since rank(D;) = m and D; are n; X m matrices, we have ny,n, > m. There are n; X n;
invertible matrices P;, i = 1,2, such that

P1D1 = (0 Im ) and P2D2 = <0 Im ),
(ny—m)xm (npg—m)xm

where I, stands for the m x m identity matrix. Note that

|D1x —y1| —+ |D2x —y2| ~ ]P1D1x — Py1| + |P2D2x — P2y2|.

We have
/ f1(y1) f2(y2)dyrdy2
R+ (|D1x —y1| + [Dax — y2|)?
/ f1(y1) f2(y2)dyrdy2
ny+np |P1D1x — Plyﬂ + ’PQsz — szz‘)
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By replacing f1(P;-) and fo(P,-) for f1 and f,, respectively, we get that the boundedness
of I) p is equivalent to

’ / fi(y1) f2(y2)dyady2
R

ny+ny (]PlDlx — y1’ + ’Pzsz — ]/2’))‘
Denote y; = (yi1,Yi2), where yj; € R™ and y;, = R"~"™, i = 1,2. The above inequality
becomes

In the followings we prove the conclusion in several steps.

5 Hlem Hf2||LP2-
La

S Allee 11 f2ll - (3.1)
L1

/ f1(y11, y12) f2(y21, Y22 )dyady:
Rt (| =y |+ [x —ya1| + [yaz] + [y22])?

(i) We show that ¢ > max{p1, p»} when min{py, p2} = 1.

Without loss of generality, we assume that py = 1. In this case, 1 < p, < oo and
A =ny/p5+m/q.

Setting f1 = (1/6™)x (lys] <o} @nd letting & — 0in (3.1), we see from Fatou’s lemma
that

By Lemma 2.1, g > p».

S el V2 € LP2 (3.2)
L1

/ fa(y2)dy2
R (|x] + [y2])?

(ii)) We show that g > min{p1, p»} when max{p;, p2} = 0.
Without loss of generality, assume that p; = co. Then1 < p, < coand A = n; +
ny/phy +m/q. Setting f; = 1in (3.1), we have

Now we see from Theorem 2.1 that p» < g < . In the followings we assume that
1 <p1,p2 < oo

(iii) We prove that1/g9 < 1/p1 +1/p>.

Let

S ifalle,  Vf2 € LP2
L1

/ f2(y21,y22)dy2
R ([ Y| + Iyl

filyi) = X{jyi<1/2y W)
il 7 (log 1/ ly )17

where ¢ > 0is a constant. We have f; € L¥i,i = 1,2. When |x| is small enough, we have

/ f1(y11,y12) f2 (Y21, y22)dy1dya

R+ (‘x — yH’ + ]x — y21! + ’]/12| + |y22|)/\
>/ 2 f1(vi1, y12) f2(y1, y22 ) dy1dy

= JIx| é@;\x\ (Jx = yul + |x = ya1| + [y1a] + [y22])?
S 1

~[x|"/9(log 1/[x)+IA7p17m]"
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If 1/q > 1/p1 + 1/p2, then there is some ¢ > 0 such that (1+¢)(1/p1+1/p2)g < 1.
Consequently,

= 0
Lq

7

/ f1(y11, y12) f2 (Y21, y22 ) dy1dy
Rt (| =y |+ [x —ya | + [y2] + [y22])?

which contradicts (3.1). Hence 1/q < 1/p1 +1/p>.
(iv) We prove that1/q < 1/p1 +1/p, when min{ny,ny} =mor1l/p1+1/p2 < 1.
Assume on the contrary that 1/q = 1/p1 + 1/ p». There are three cases.
(@) ny=ny=m.
In this case, A = ny1/p} + na/py + m/q = ny + ny, which contradicts the hypothesis.
(b) min{ny, n,} = m and max{ny, ny} > m.
Without loss of generality, we assume that n; = m and ny > m. Denote y» = (Y21, ¥22),
where 171 € R" and y2; € R"™7™. Let

_ _ Xlal<1/23(92)
A1) = X<y (1) and folya) = |y22| (2 /P2 (log 1/ [yaa|) TF0) /P2

where ¢ > 0 is a constant such that (1+¢)/p2 < 1.
For 6 > 0 small enough and |x| < §, we have

/ fiy1) fa(y2)dy1dy2
R (1x = y1] + |x — yar| + [y22])?

Zﬁ —x|<|y2| Ay
<l (X = y1| + 2 = y2u| + [y22])*
[y22| <6
o Ay
|y22| (2= /P2 (log (1/ [ya|)) 1F8)/ P2

>/ dy2 _
™ Syl [y2| M (log(1/[y22])) 1 He)/ P2

Hence ||I p(f1, f2)||Ls = oo, which is a contradiction.

(c) min{ny,ny} >mand 1/p1+1/p2 < 1.
In this case, g > 1. we see from (3.1) that for any I € L7,

, , h(x)dxdy,d
/]R fi(v11,v12) f2(Y21, y22 ) B (x)dxdy 1 dy < Wfallns L falla Rl

ny+ny+m (|x —y11| —+ |x —y21| + |y12’ + ’y22|))\

Hence

, S Il ] - (33)

P2
Ly

/ f1(y11, ya2) h(x)dxdy,
rRmm (|x — y11| +|x— y21| + |y12‘ + |y22’))\
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Take

X172 (V1)
|y12|(m =/ 1 (log 1/ |yra|) 1 H)/ P

h(x) = X{jxj<y(x) and fi(y1) =

For § > 0 small enough and |y2| < 6, we have

/ fi(ya1, yaz) h(x)dxdy,
R™+m (|x —]/11‘ + ‘x —y21‘ + ‘y12’ + ’]/22|)A
dxdy1

(Jx = yu| + [x = y2u| + [y12] + [y22])?

[x—y21|<|y22|
[y11—y21|<|y2|
Y22 [P <|y12| <|y22|

1
\yu! m=m/p1(log(1/ |y12]))1+e)/ P
> 1
™ |y22| 2=/ P2 (log (1/ [ya2l)) 1+ /11

Since 1/p; < 1/p}, we can choose ¢ > 0 small enough such that p5(1 +¢)/p1 < 1. Thus

X{lya1<oy (¥2)
|y22| 2/ P2 (log (1/ |y22|)) (1+e)/ 11

= OO,
i)
y2
which contradicts (3.3).
3.2 Thecaser; =0andr =m
In this case, I p is bounded if and only if
1) f2(y2)dyady, <
) . 3.4
/IR"1+”2 (|y1|+|x_y21|+|y22|)/\ LZNHf1HL“Hf2HLP2 (3.4)

First, we show that g > p,. Forz = (0,---,0,a) € R™, where only the last coordinate
is nonzero, set f2.(y21,Y22) = f2(y21 — 2, y22). We have

Inp(f1, f22)(x) = I\ p(f1, f2)(x — 2).

By Proposition 2.1, g > p».
Now we see from (3.4) that I p is bounded if and only if for any f; € L1, f, € LP2
and h € L7,

f1(y1) f2(y2)h(x)dxdy,dys | _
hil, g 3.5
I et e e R U T A A LT ©5)

There are three cases.
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(i) p2 = 1.
In this case, 1 < p1 < oo. Set f2 = (1/5”2)X{|y2‘g(5}. By letting 6 — 0, we see from (3.5)
that

fly)h(x)dxdy, | _
k..
Jeowen P T T | Wl Wl

By Lemma 2.1, g > p;.
(ii) pp=1or p; = co.

In this case, 1 < pp < o0. If p; = 1, by setting f; = (1/5”1)X{‘y]|§5} and letting 6 — 0,
we see from (3.5) that

A L Mdys | < 1o o] (36)

2 (= |+ [yl 2P

Now we see from Theorem 2.1 that g > p».

If p1 = oo, by setting f; = 1, we also have (3.6). Hence g > p».
(iii) 1 < p1, p2 < oo.

First, we prove that g > p, when n; = m. Assume on the contrary that g = p,. Then
A = n1/p} + m. In this case, (3.4) turns out to be

/ fi(v1) f2(y2)dyady»
R+ ([ya] +[x —y2|)A

Sl ol 67)
L

X

Set

X{yr|<1/2y (V1)

A = T (log 1/ @7 4 2= Xiiy

where ¢ > 0 satisfies 1 +¢ < p;. We have f; € LP1. For § > 0 small enough and
|x[, ly2| <6, we have

/ f1y1) f2(y2)dyrdy2
Rt (Jy| 4 [x —y2[)?
dy1dys

>
- /x—yzlzjzygjlx—yz (lya] + |x — yz\)nl/pi+m|y1,n1/m (log 1/ |y1|)(A+e)/m

>/ dy> _
~ <o |x — ya|"(log 1/ |x — yo|)(Fe)/ 1

7

which contradicts (3.7). Hence g > p».
Next we prove that g > po whenny, >mand 1/p1 +1/p2 < 1.



48 T. Chen and W. Sun / Anal. Theory Appl., 42 (2026), pp. 32-61

Again, assume that g = p;. Set

Xz ()
N = 7 (og /a7

- Xii<1/23 W)
falyz) = |y22| (2mm) /P2 (log 1/ |yaa ) (1) /P2

where ¢ > 0 satisfying (1 +¢)/p1 + (1 +¢€)/p2 < 1. Then we have f; € LVi. Moreover,
for 6 small enough,

/ f1y1) f2(y2)dyady2

R+ ([ya] + |x =y | + [y2|)?

S dyidyn

= Sl el (il + [x = ya | + [y])®

|x—y21]<|y22]
22| <6

dyn
X
|y1’n1/lﬂ1(log 1/|y1|)(1+s)/P1 |y22|(n2_m)/p2(log1/|y22|)(1+g)/p2
>/ d]/zz _
™ Jlyml<é ’yzz‘”rm(log]/]y22|)(1+€)(1/p1+1/p2)

Again, we get a contradiction.

33 Thecase0<ri<m=mor0<ry,<ri=m

We consider only the case 0 < r; < r, = m. The other case can be proved similarly.
Since rank(D7) = r1 < m, there exist invertible matrices P; and Q such that

(L, O
Pl DlQ - ( O O) 7
where I, is the r x r identity matrix. Since rank(D;Q) = rank(D;) = m, there exists an
1o X 1y invertible matrix P, such that

— Im
PZDZQ - < 0 > 7
where [, is the m x m identity matrix.
Note that

|D1x —y1| -+ |D2X —y2| o~ |P1D1x — P1y1| + |P2D2x — P2y2|.

By a change of variable of the form x — Qux and replacing f1(P;-) and f>(P,-) for f; and
f2 respectively, we know that

/ f1(y1) f2(y2)dy1dy2
R (|D1x — y1| + [Dax — ya|)?

o S frllee 1 f2ller
!
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is equivalent to

/ fi(y1) fa(y2)dyrdy2
R ([ — yu| + [yie] + |x — ya1| + [y22])?

S Al ol @8)
Ll

where x = (x1,x2), x1 € R, x e R"™,yy € Riand y;, € R% 7. If ny =ry or np = ry,
then we delete the variable y15 or y22 accordingly.

The same arguments as in the case (r1,72) = (0,m) show that ¢ > p,. It remains to
show that g > p; when p, =1, and q > p, when p; = .

Note that (3.8) is equivalent to

/ f1(y1) fa(y2) h(x)dxdydy,
R (g — yan| + [y] + |x = yar| + |y22])?

S U Alleell f2llzes (1] - (3.9)

There are two cases.
(i) P2 = 1.

In this case, 1 < p; < 0. Set f, = (1/5”2))({|y2‘<5}. By letting 6 — 0, we see from (3.9)
that

S L Allee [l -

/ f1(y1)h(x)dxdy,
R+ (|x1 — yan| + [yae] + |x[)?

Note that |x1 — y11| + [y12| + |x| = |x| + |y1]. The above inequality is equivalent to
/ fr(y)h(x)dxdy,
Rt ([ya] + [x])?

By Lemma 2.1, p; <g4.

(i) p1 = oo.
In this case, 1 < py < co. by setting f; = 1, we see from (3.9) that

SAllllfl e, YA eLr, helf.

h
Rz (|x = yor| + |yao| )2/ P2 /4
By Theorem 2.1, we have p; < g.
34 Thecase0 <ry,rmn<m
Since I, p is bounded, we have
f1(1) f2(y2)dyady, <
. 3.11
‘ /wﬁnz (|D1x = y1| + [Dax — y2|)? S 7l ollee G4

Denote D = (g;) Since r; = rank(D;) < m, there is some m x m invertible matrix Q
such that the last m — r; columns of D1(Q; are zero vectors. On the other hand, since
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rank(D) = m, the last m — r; columns of D,Q; must be linearly independent. Hence
there exist1 < j; < -+ < jy4r—m < 11 such that the ji-th, - - -, the j, 4/,—m-th columns
and the last m — rq columns of D,(Q; are linearly independent. Consequently, there is
some m X m invertible matrix Q, such that the first m — r, columns of D,(Q1Q> are zero
vectors and the last m — r; columns of D1 Q1 Q> are zero vectors. That is,

Dq . * * 0n1><(m—7’1)>
<D2> Q102 = <0n2><(mr2) . . )

Since rank(D;Q1Q,) = rank(D;), there exist n; X ny invertible matrix P; and ny X n
invertible matrix P, such that

L. 0 0 I
P1D10Q1Q2 = (61 O> and P,D;Q1Q; = (0 62>

Note that
|D1x — y1| + |D2x —y2| ~ |P1D1x — P1y1| + |P2D2x — P2y2|.

By replacing f1(P;-) and f>(P,-) for f1 and f, respectively and a change of variables of
the form (x,y1,y2) — (Q1Q2x, P; 'y1, Py 'y2), (3.11) turns out to be

/ fiy1) f2(y2)dyady»
R"1+"2 K(x,y1,y2)*

, < Illnllfallez, (3.12)
Ll

where
K(x,y1,¥2) = |x1 —yu1| + [x2 — yaz| + [y13] + |x2 — ya1| + |23 — y2o| + |y23],

x = (x1,%2,%3), ¥i = (Yir, Yiz, ¥i3), X1, Y11 € R™ 772, X0, Y12, Y21 € R1T27" x5, 10 € R" 1,
y13 € R and yp3 € R™772,

Since r1, 1 < m, similar arguments as that in Subsection 3.2 show thatg > p;,i =1,2.
Hence g > max{pj, p2}.

We prove the rest in two cases.
(i) min{p1, p2} =1.

We show that g > p, when p; = 1, rp = np and r1 + 1, = m. In this case, K(x, y1,12) =
|x1 — y11| + |yas| + |x3 — y2| and (3.12) becomes

‘ / fi(v1) f2(y2)dyady2
R (|21

—ynl +[yis| + v — y2|)?
Setting f1 = (1 /5”1)7({'%'9} and letting 6 — 0, we get

S flleel f2llr-
Ll

/ fo(v2)dy2
R"2 (

|x1| + x5 — yao|)2/Patm/a

S N f2llere,
Ll
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which is equivalent to

By Theorem 2.1, we have p5 > gq’. Hence g > po.

/ h(xq, x3)dx dxs
R (|21] + |x3 — ya| )72/ Ptm/a

S bl
1

Similarly we can prove that g > py whenpo =1, =nyand ry + 1, = m.
(ii)) 1 < p1,p2 < 0.
First we show that g4 > p; when p; = po, 11 + 12 = m and n; = r; for some i.
Assume on the contrary that g = p; = pp. Since A < nj + ny, we have (n1,ny) #

(r1,72). Hence ny > r1 or np > rp. Without loss of generality, we assume that 77 = r; and
1y > 1. In this case, A = r1 + 1, + (n2 — r2) / p. We see from (3.12) that

/ h(x) f1(y1)dxdy
R (|x1 —y1| 4 [x3 — ya2| + |ya3])?

, S fallee 1l - (3.13)

P2
Ly

Seth = X(jy<1y and f1 = X{},|<1y- For 6 > 0 small enough and ly2| <9,

/ h(x) f1(y1)dxdy:
R1T™ (|x1 — y1’ + |X3 - y22| + |y23|)/\

h(x) f1(y1)dxdy:
(|x1 = y1| + [x3 — yao| + [y23])?

= / |0
lx1—v1|<|y23]
|3 —y22| <|y23]

>—(571
™ yas| (2P

which contradicts (3.13).
Next we show that g > py when py = p2 > 2, m =r1 +1rp,n; > ryand np > 1.
Again, assume that g = p; = p» > 2. We have

o S Il Bl
Ly2

/ h(x) f1(y1)dxdy,
R (1 =yl [yasl + x5 = yz2l + [y )}

Set

_ _ Xl |<1/23 W)
hx) = X(men () and AW = o log 1/ [y 77
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For 6 > 0 small enough and |y»| <4,

/ h(x) f1(y1)dxdy;

Jreem (|xg =y | + [yas| + [x3 — ya2| + |y23])?
S h(x) f1(y1)dxdy:

= ly11|<o

(|21 = yua| + lyas| + [x3 — y22| + |y23])?

lx1—y11| < |y23]
|y23[* <|y13] <|yas]
|3 —y22| <|y23]

1
% ‘y13’(”1—71)/r71 (log 1/ ’yBD(H‘S)/Pl
> on
™ Jyas| ) P2 (log 1/ [yas] ) e/

Since p1 = pp > 2, then there is some ¢ > 0 such that p5(1+¢)/p1 < 1. Hence

This completes the proof of the necessity.

= 0OQ.

/ h(x) f1(y1)dxdy
R ([ =y + [yas] + [~y + yas])?

!
P2
Ly

4 Proof of Theorem 1.1: the sufficiency

In this section, we give the proof of the sufficiency part in Theorem 1.1.
First, we consider the case ¢ = o. In this case, 1 < p1,p2 < ocand1/p1 +1/p2 > 1.
Note that

_ f1y1) f2(y2)dyady»
o f2)(x) = /IR'H*"Z (ID1x = 1| + |Da2x — y2[)*
fi(y1 + D1x) fo(y2 + Dax)dy1dy,
R 12 (lyal + ly2D)* .

By Lemma 2.1, we have

[ (f1, 2 S Al I f2llen,  Vx e R™.

Hence I, p is bounded from LFt x LF2 to L1. For the case g < oo, we split the proof in
several subsections.

41 Thecaser;=r=m

As in Subsection 3.1, we only need to prove that for f; € L and f, € L2,

S Wllee 11 f2ll e, (41)
La

/ f1(y11, y12) f2(y21, Y22 )dyady2
Rt (| =y |+ [x — ya1| + [yaz] + [y22])?
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where y; = (vi1, yi2), X, ya € R", ypp € R"™",i =1,2. There are two subcases.

(A1) 1 < pq, p2 < c0. We prove the conclusion in two subcases.
P, p p
(Ala) 0<1/q9 <1/p1+1/ps. Choose g1, g2 such that

1.1 Yp 11 UUp
1 g 1/pi+1/p2 @2 g 1/pi+1/p2

Thenl/qg=1/q1+1/g2and 1 < p; < q; < co. Let

A= o2,
pi 4

Wehave A = A1 + Ay and 0 < A; < n;. By Theorem 2.1,

/ filyi)dyi
R ([x =y | + |yi|)N

S M filler

LI
Hence

/ f1(y1) fa(y2)dy1dy2

R (6 =y | + [yaz| 4+ [x =y | + [y22|)?
< / f1(y1)dy / f2(y2)dy>
U ([x =y | + lyi)M Jre (Jx — yar| + |y2|)*2
SlAlnllf2llee-

Ll

Ll

(Alb) 1/9 =1/p1+1/p2. Inthis case, n1,n, > mand 1/p; +1/pr > 1. Let us prove
(4.1).

Forany f; € LP* and f, € LP?, we have

/ Lf1(v11,y12) f2 (Y21, y22) [dyady2
R+ ([x =yl + [x — yar| + [yi2] + [y22|)?
</ My f1(x, y12) My fo (%, y22)dy12dy 2
IR (Y| 4 [y ) ()Pt mmm) fp

where

1
M. f1(x,y12) = sup 71/ | f1(y11,y12) [dyn
r>0 I Jlyn—x|<r

is the partially maximal function of fi, and M, f2(x,y22) is defined similarly. It follows
from Lemma 2.1 that

f1(y11, y12) fo(yor, yoo ) ldyady,
M X, - M X, .
/1Rn1+nz(|x—y11|+|x—y21|+|y12\+|y22!))"”” 10w 1M folx
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Since 1/q = 1/p1 + 1/ p2, by Holder’s inequality, we get

/ f1(y11, y12) f2 (Y21, y22)dy1dy
Rt (| =y |+ [x =y | + [y2] + [y22])?

S fllee 112l -
Ly

(A2) #{i: 1 < p; < oo} = 1. Without loss of generality, assume that 1 < p, < oo. There
are two subcases.

(A2a) p; = 1. Inthiscase, 1 < py < g < oo. (4.1) is equivalent to

S 2l k. 42)
L

/ f2(y21, y22 )i (x)dxdy,
Rt (|x - ]/11| + |x — y21| —+ |y12| + |y22’)ﬂz/p’2+m/q

Note that for any 1; € R™,

/ | f2(y21, y22) h(x) |[dxdy,
R (|x —yp1| + [x — you | + |y12] + |yaz|)2/Patm/a
< I f2(y21, ) || B () |dxdyoy
IR (x —yn| 4 |x — you )/ Pt/
If2(y21, ) l|er2 |h(x) [dxdyan
R (|x = y11| + [y1n — yar|)"/ Pt/
f2(y21 + ya1, ) || ez [ (x 4 ya1) |[dxdyn
R2m (|x| 4 |y21’)m/p/2+m/q

Sy ) e [h(C+yu) e

where we use Lemma 2.1 in the last step. Hence (4.2) is true.
(A2b) p; = co. Inthis case, p» < g < c0oand A = ny + na/p’ + m/q. We have

~
~

/ |f1(y11, y12) f2(y21, y22) [dy1dya
R (|6 —yin| + [x = yar| + |y12| + [y22])?
SHleL""/ ‘fZ(]/Zl/yﬂ)‘d]ﬁ

R (|x =y | 4 |yao|)m2/Pm/a

Now the conclusion follows from Theorem 2.1.

42 Thecaser; =0andr, =m

In this case, we need to show that

’ / fi(v1) f2(y2)dyadyz
R

meny ([ya| + [x — yar| + [y22])?
where o = (y21,¥2), y21 € R™ and y»n € R"™ ™. We prove the conclusion in three
subcases.

q S L fallee [l £21lee2, (4.3)
L]
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(B1) po = 1. In this case, 1 < p1 < g < oo. It suffices to show that

f1(y1)h(x)dxdy, <
il .. 4.4
A{”l"”" (’y1’+‘x_y21’+ ’y22|))\ L;Z ~ ||f1HLV1H ”Lq ( )
Observe that
/ f1(y1)h(x)|dxdy, :/ f1(y1)h(x + yo1) |dxdy,
R (1] 4 X =yl + ly2D)t SR ([ya| + x|+ [yae])/Prem/a

</ |f1(y1)h(x + ya1)|dxdys
= Jrmm (|y1|+|x\)”3/pl+m/q ’

By Lemma 2.1, we have

fily)h(x)ldxdys
hll,s, Vyp € R™.
Joroe T P < Uil il Ve

Hence (4.4) is true.

(B2) p2 > 1and p» < g < co. By Holder’s inequality, we have

/ f1(y1) f2(y2) ldy1dy> </ fillr [fo(y2)ldy>
R ([ya] + 1% —yarl + [yt ™ R (|x = ya | + [yaa| )2/ Petm/a

Now we see from Theorem 2.1 that (4.3) is true.

(B3) p» > 1and g = py. Inthiscase, n; > m, 1 < p1,po < c0and 1/p; +1/p> > 1. By
Minkowski’s and Young's inequalities, we have

/ fi(v1) f2(y2)dyadyz
R ([ya] + [x = yar| + [y22))* [l
</ [y If2(0 y22) [ dy1dyn
~ R+ —m (|y1| + ’y22|)”1/Pi+(”2*m)/Pé '

Now it follows from Lemma 2.1 that

/ f1y1) f2(y2)dy1dy2
Rt (|yi] =+ |x = yoar| + [y22])?

, < Al faller-
Ly

43 Thecase0<ri<m=mor0<rn<r=m

We consider only the case 0 < r; < ro = m. As in the necessity part, it suffices to show
that

/ fily1) fo(y2)dy1dya
R ([ = yun| + [yi2] + |x = ya1| + [y22[)?

q S flleel f2llr, (4.5)
Ll

where x = (x1,x2),x1 € R, xp € R,y € Riand yp € R%7,i=1,2.
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We prove the conclusion in four subcases.
(C1) p2 = 1. Inthis case, 1 < p; < g < o0. (4.5) is equivalent to

f1(y1)h(x)dxdy, <
k.. 4.6
‘ /R"ﬁm (Jx1 = yur| + lyazl + |x — yar| + [y22])? Ly, S Maller el (*6)
Observe that
/ f1(y1)h(x)|dxdy
Rt (g = yn | + |ye| + [x — ya1| + |y22[)*
LA O Y80, 0k + yan) ldxdy,
RUHY (Ix1 = yuul + [yaz] + [x] + |yza] )/ Prm/a
- A+ 8y, 0, 0))h(x + yon ) |dxdy
S She (lya| + [x|)ra/prtm/a '
By Lemma 2.1, we have
f1(y1)h(x)|dxdy: < n
hll, ., Yy € R™.
/IR”l*"’ (Jx1 —yu| + [yl + [x —y21| + [y2[)* ~ fillus el 92

Hence (4.6) is true.
(C2) p1 = 1. Inthis case, 1 < pp < g < oo. It suffices to show that for any f, € L2 and
helf,
/ f2(y2)h(x)dxdy>

Rz (|21 = yuu| + |yl + [x = yor [ + [y22])*

Denote y21 = (Y211, Y212), Where y211 € R"™, 21, € R™ 1. We rewrite the above inequality
as

Sl Ml e, Yy € R™ (47)

fo(y2)h(x)dxdy, < I
= — - x| S fallw M1 -
Rzt (|21 =y [z | +x = yan |+ [x2 = yaia | +|y2)
Using Young’s inequality when computing the integration with respect to dx,dy12, we
get

/ f2(y2)h(x)dxdy,
Rzt (|21 — yar |+ |yaz]+ %1 — yar| +|x2 — vorz |+ |y |)?

12(y211, - y22) |z ([H(x1, )]y dxadyondyz
< Y212 XD
~ IRzt (|xy — yig | yie| |21 — yorr| F|ya|) (2t patn/a
| f2(y211 + v11, -, y22) HL%Z |h(x1 + y11,-) HLq’ dx1dya11dy2
1 po)

R2r1+1p—m (|x1] + [ya2] + %1 — you1| + |y22’)(nz+rrm)/pg+r1/q

1 f2(y21 +y11, - y22) |2 B (xr 4y, )| ¢ dxadyzindyz
< V212 1
~ R271+np—m (’JC1| + |y211| + |y22‘)(n2+r17m)/p§+rl/q

Sl 17
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where we use Lemma 2.1 in the last step. Hence (4.7) is true.
(C3) p1 = co. Inthiscase, 1 < p» < g < co. We have

/ A1) fa(y2)dyidys

R+ (|x1 = yun| + [yaa] + [x — yar| + [y22])?
</ [ f1ll=f2(y2)dy>

~ IR (lx = yar| + [y A

Now the conclusion follows from Theroem 2.1.

(C4) 1 < p1,p2 < c0and pp < g < oo. Using Holder’s inequality when computing the
integration with respect to y12 and vy, we get

/ f1(y1) f2(y2)dyady

Rt (|x1 = yun| + [yaa| + [x — yar| + [y22])?
</ 11, ) e L f2 (v, )2 dyndya
IR (g — yn| 4 [x =y )/ v/

Denote y21 = (Y211, Y212), Where 1211 € R™ and y1, € R™ . By Young’s inequality, we
/ filya) f (y2)dyrdy2
R

get
’ ny -ty (|x1 —y1]| + |y12’ + ’X - y21| + ’y22|)A

< / L1 (a1, ) [ [ f (vann, <)l dy1adyon
IR (|21 — yn| 4 v — yan )/ Pt/ pn /e

L,

Now the conclusion follows from Proposition 1.1.

44 Thecase(0 <ry,rmn<m

As in the necessity part, we only need to show that

/ f1(y1) f2(y2)dy1dy»
R+ K(x,y1,12)0

q S il f2llre,
L]

where
K(x,y1,¥2) = |x1 —y11| + |x2 — y1z| + [yas| + |22 — yo1| + |x3 — y22| + |y23],

x = (x1,%2,%3), ¥i = (Yir, Yiz, ¥iz), X1, Y11 € R™ 72, xp, Y12, y21 € RT27™ x5, 100 € R™ 71,
y13 € R and yp3 € R™772,
There are five subcases.

(D1) p1 = 1and rp < ny. In this case, p» < g < co. Observe that

K(x,y1,y2) > |x1 — ya1| + [x2 — ya1| + |x3 — y22| + |y23|.
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We have

/ fo(y2)dy2
R

" K(X, Y1, yZ)/\ L?Xz )

< / fo(y2)dy>
~Jrm (|21 = yua| + |x2 — yar| + |x3 — y22| + |y23])* .
X2,X3
</ [f2(,y23) lLr2dyos
R"™2-"2 (‘xl _]/11‘ + ‘y23’)(”2*r2)/P§+(m*r2)/ql

where we use Young’s inequality in the last step. Hence

<

/ f2(y2)dya
r2 K(x, y1,y2)M || 19

/ I f2(-, y23) || L2 dyos
R™2-7"2 (|X1

— y11|+|yas|) (2 T2) Pt (m=r2) /q

Lil

By Lemma 2.1,

d
/]R _fa(y2)dy2 <foll, Vi € R™.

m K(x,y1,y2)*

It follows from Minkowski’s inequality that

/ f1y1) f2(y2)dy1dy»
R™M 12 K(x,y1,y2)*

S Al f2lleee
L}

(D2) p1 =1, =nyand rq + rp > m. In this case, po < g < co and

K(x,y1,y2) =|x1 — yu1| + [x2 — yao| + |y13] + [x2 — y21| + |x3 — y22|
>lx1 —yu| + [x2 — yiz| + [x2 — ya1| + |x3 — y22|
~|x1 — yul + [x2 = y2| + [y12 — y2| + |x3 — y22l.

Hence

/ f2(y2)dya
R K(x,y1,y2)* || 12

< / fo(v2)dy2
R ([ = yaal + |22 = yaa| + x5 — y22| + [y12 — ya )
/ 1 f2(y21, )| L2y
R ([ = ya1| + |x2 = y1o| + [y12 — yar |) 2o/ ot /g
/ |’f2(y21 +y121‘)||vady21
e (|xg —yp1| + |x2 — yia| + |yar|) 2ot /a

(4.8)
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It follows from Lemma 2.1 that

/ f2(y2)dy2
R K(x,y1,y2)*

\ Sl Yy € R™M.
Ly
Thus (4.8) is true.

(D3) p1 =1, 72 = np and r1 + r = m. In this case, p» < g < co0 and

K(x,y1,y2) = [x1 —yn| + [yl + |x3 — y2| > |x1 — yu1| + [x3 — ya2l.

Hence

/ | f2(y2)|dya </ | f2(y2)|dya .
R"2 K(x,y1,yz)A ~ Jr2 (|x1 =y + |x3 —yz\)A

It follows from Minkowski’s inequality that

By Theorem 2.1, we get

2(y2)dy2
R K(x,y1,y2)* || 1

< / f2(y2)|dy2

R™ |X3 — yzlrz/;?frrz/q'

S |2l

/ | f2(y2) |dy2
]RHZ | x3

/
_ y2|1’2/P2+7’2/q 1

X3

Hence

fa(y2)dya

/ f(y2)dya dyz
R lR"z K(x,y1,y2)*

n K(x y1,¥2)"

L] H‘
Therefore, (4.8) is true.
(D4) p> = 1. Similarly to Cases (D1)~(D3) we get the conclusion.
(D5) 1 < p1,p2 < o0 and max{pj, p2} < g < oo. There are two subcases.
(D5a) rq + rp > m. Recall that

S fallwe, - VY € R™.
Lq

Yl

K(x,y1,y2) = |x1—y11| + [x2—y12| + |vis| + |x2—vy21| + |x3—y22| + |y23]-

Using Holder’s inequality when computing the integrations dy3 and dy,3, we get

/ f1(1) f2(y2)dyrdy»

R™M+12 K(x,y1,y2)*

</ | f1 (1, vz, ) llee | f2 (21, y22, <) [ Ay dyr2dyai dy ‘ (4.9)
R (|x1—yn| + [x2—yio| + [x2—y2| + [xa—y| )1/ Pt/ Ptm/g
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We see from Young’s inequality that
L1

’ (x1,%3)

< LA Gy, ) [l f2(yar, )l dyrodyz
~ JR2(ry +ry—m) (|2 — y12| + |x2 — yzl|)(1’1+r27m)(1/r7’1+1/;7’2+1/q).

/ f1y1) f2(y2)dy1dy2
RM+12 K(x,y1,y2)*

By Proposition 1.1, we get the conclusion as desired.

(D5b) r1 + rp = m. In this case, the variables x3, y12, y21 do not exist. If p; < po, we
see from Holder’s and Young's inequalities that

By Theorem 2.1, we get

/ fiy1) f2(y2)dy1dya
IRVI1+712

< / L1y - Ifollrady
K(x, y1,42)* R"

TR (o =y + lyas /e

L,

/ fiy1) f2(y2)dyady»
R"1+"2 K(x,y1,y2)*

, < Ifillen [ fallre.
Ly

If p» < p1 or p1 = p2 < g, with similar arguments we get the conclusion.
If g = p1 = p2, then we have g < 2, n; > r1 and n, > r,. By Young’s inequality, we
/ f1(y1) f2(y2)dyadyz
]Rn1+;12

get
’ K(x,y1,y2)* s

</ 11 (o y3) oo L f2(r y23) | L2 dyazdyos
N rmtnenen (Jygg| 4 |ys|) )/t () /gy

Now the conclusion follows from Lemma 2.1. This completes the proof. U
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