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Abstract. A positive semi-definite problem of three-dimensional incompressible con-
tamination treatment from nuclear waste in porous media is discussed in this paper.
The mathematical model is defined by a nonlinear initial-boundary system consisting
of partial differential equations. Four important equations (an elliptic equation, two
convection-diffusion equations and a heat conductor equation) determine the physical
features. Considering the physical natures and computational efficiency, the authors
introduce the conservative mixed finite volume element, upwind approximation and
multistep difference to solve this system. The pressure and Darcy velocity are com-
puted by a mixed finite volume element. The concentrations and temperature are
solved by a combination of upwind approximation, multistep difference and mixed
finite volume element. A multistep difference is used for approximating the partial
derivative with respect to time. Mixed finite volume element and upwind differences
are given for solving the convection-diffusions equations. Numerical dispersion and
nonphysical oscillations could be eliminated, and the computational efficiency is im-
proved by using a large time step. Furthermore, a conservative law is preserved and
error estimates in L2-norm is obtained. Finally, two numerical experiments are given
to show the efficiency and possible applications.
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1 Introduction

An upwind multistep difference with mixed finite volume element (UMDMFVE) is pro-
posed for a nuclear waste contamination disposal problem with positive semi-definite
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diffusion in porous media, and numerical analysis is shown in this paper. At present,
nuclear waste is usually deposited in underground deep space. A challenging prob-
lem is how the diffusion is controlled and destructive disaster is avoided once natural
calamities, such as earthquake or rock fracture, take place. Numerical methods are intro-
duced for possibly simulating the true physical natures. Then, some positive suggestions
possibly are put forward for contamination treatment. An incompressible positive semi-
definite mathematical model is discussed [1–5]. The physical features are included as fol-
lows: the movement of flow (the pressure p(X, t)), the convection-diffusion displacement
of brine (the concentration ĉ), the displacement of ith radionuclide trace contamination
(the concentration {ci}), and the heat conduction migration (the temperature T(X, t)).

Fluid:

∇ · u = −q + R′s, X = (x, y, z)T ∈ Ω, t ∈ J = (0, T̄], (1.1a)

u = − κ

µ
∇p, X ∈ Ω, t ∈ J, (1.1b)

where p(X, t) and u = u(X, t) are the fluid pressure and Darcy velocity, respectively.
q = q(X, t) is the production. R′s = R′s(ĉ) is a salt dissolution term of main contamination,
and κ(X) is the permeability of rock. µ(ĉ) is the viscosity.

The concentration of brine (main contamination):

φ
∂ĉ
∂t

+ u · ∇ĉ−∇ · (Ec(u)∇ĉ) = f (ĉ), X ∈ Ω, t ∈ J, (1.2)

where φ is the porosity. Ec(u) is the diffusion tensor including the molecular diffusion
and mechanical diffusion,

Ec(u) =φdmI + dl |u|β
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
=DmI + D(u). (1.3)

dm is molecular diffusion and Dm = φdm. I ia a 3× 3 identity matrix. dl and dt the lon-
gitudinal diffusion and transverse coefficient, respectively. ûx, ûy, ûz are three direction
cosines of Darcy velocity. Generally, take β ≥ 2, and let

f (ĉ) = −ĉ{[csφKs fs/(1 + cs)](1− ĉ)} − qc − Rs.

The concentrations of radionuclide (trace contamination factors):

φKi
∂ci

∂t
+ u · ∇ci −∇ · (Ec(u)∇ci)

= fi(ĉ, c1, c2, · · · , cN̂), X ∈ Ω, t ∈ J, i = 1, 2, · · · , N̂. (1.4)


