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Abstract. Traditionally, classical numerical schemes have been employed to solve
partial differential equations (PDEs) using computational methods. Recently, neural
network-based methods have emerged. Despite these advancements, neural network-
based methods, such as physics-informed neural networks (PINNs) and neural op-
erators, exhibit deficiencies in robustness and generalization. To address these is-
sues, numerous studies have integrated classical numerical frameworks with machine
learning techniques, incorporating neural networks into parts of traditional numerical
methods. In this study, we focus on hyperbolic conservation laws by replacing tradi-
tional numerical fluxes with neural operators. To this end, we developed loss func-
tions inspired by established numerical schemes related to conservation laws and ap-
proximated numerical fluxes using Fourier neural operators (FNOs). Our experiments
demonstrated that our approach combines the strengths of both traditional numer-
ical schemes and FNOs, outperforming standard FNO methods in several respects.
For instance, we demonstrate that our method is robust, has resolution invariance,
and is feasible as a data-driven method. In particular, our method can make con-
tinuous predictions over time and exhibits superior generalization capabilities with
out-of-distribution (OOD) samples, which are challenges that existing neural operator
methods encounter.
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1 Introduction

1.1 Numerical schemes

Throughout the 20th century, with advancements in computer technology, methods of
solving numerical problems requiring massive computation have been developed. A
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primary focus of this domain is the derivation of numerical solutions for partial dif-
ferential equations (PDEs). Hence, various methodologies such as the finite difference
method (FDM), finite volume method (FVM), and finite element method (FEM) have
been formulated. Notably, the FDM and FVM are primarily used to solve computational
fluid dynamics (CFD) problems. These include diverse schemes such as the upwind
scheme, which calculates derivatives along the flow direction [35]; the Godunov scheme,
which resolves the Riemann problem at each time step for time marching [24]; and the
Lax—Friedrich scheme, which is essentially a forward-in-time, centered-in-space scheme
with an artificial dissipation term [36]. An important mathematical theorem in numerical
schemes, Godunov’s theorem, states that monotonic schemes cannot exceed the first-
order accuracy [24]. Consequently, higher-order schemes exhibit spurious oscillations.
To mitigate this, various schemes employing slope/flux limiters [3,4] and methods, such
as ENO [5], weighted essentially non-oscillating (WENO) [6], and TENO [11], have been
developed.

1.2 Physics-inspired machine learning

In addition to classical numerical approaches, efforts have been made to employ artificial
neural networks as surrogate models for PDE solvers. The two main topics in these fields
are PINN-type and neural operator-type methods. Remarkable advances in parallel com-
puting, especially in graphical processing units (GPUs), have catalyzed the feasibility of
deep learning technologies, thereby drawing substantial attention toward deep learning
research. In this context, research on PINNs has attracted increasing interest. PINN-
type research has considered [13], [21]], [22], and many of their variations. Despite their
numerous variations and advancements, Physics-Informed Neural Networks (PINNs)
have several limitations. These include the nonconvexity of loss surfaces, as highlighted
by [8]], the eigenvalue imbalance of losses analyzed via the Neural Tangent Kernel (NTK)
approach [12], and challenges in training highlighted by the decay of singular values of
solutions, an indicator derived from the Kolmogorov n-width, which suggests difficulties
in training PINNs [23]. Moreover, the neural operator domain features methodologies
such as DeepONet [14], the Fourier neural operator (FNO) [17], and the graph neural op-
erator (GNO) [16], among other variations [15] [34]. DeepONet is structured through the
nonlinear expansion of basis functions, whereas the FNO and GNO approximate the op-
erator’s kernel function nonlinearly. FNOs are trained by tuning the weight function in
the frequency space, and GNOs are trained by learning the graph kernel matrix. Studies
by [14] and [18] have demonstrated the universal approximation properties of DeepONet
and FNO. In terms of generalization error, analyses focused on Rademacher complexity
have been conducted by [19], [37], and [38]. However, neural operators still face general-
ization challenges, particularly when inferring OOD samples and repeated inferences.
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1.3 Various approaches of combining numerical schemes and neural networks

Efforts to harness the merits of both physics-inspired machine learning methods and clas-
sical numerical schemes have led to various innovative methodologies. For instance,
differentiable physics [7] integrates numerical solvers and neural networks to enhance
the robustness against input variability. [10] combined reinforcement learning and the
WENO scheme. Moreover, strategies have been proposed to replace or supplement the
numerical limiters or weights of the WENO scheme using neural networks [9,39]. Stud-
ies similar to ours include [2]] and [40], which endeavored to construct a Riemann solver
via neural networks; and [1], which replaced the numerical flux of the hyperbolic conser-
vation law with a neural network whose input was a stencil.

1.4 Ouwur contribution

This study introduces the flux Fourier neural operator (Flux FNO), a neural operator
model designed to predict subsequent states from given initial conditions based on an
approximated flux. Unlike previous models, such as that of [1], our model not only
encompasses the loss pertaining to time marching, but also incorporates consistency
loss, thereby enhancing consistency of approximated flux. Unlike the stencil-based in-
put in [1], our model processes the entire state at each time step. Moreover, because our
model is based on FNO, it has the property of resolution invariance, meaning it functions
effectively even at resolutions different from those of the training data. The Flux FNO
model exhibited notable improvements over existing FNO models, including enhanced
generalization capabilities, superior performance with OOD samples, and continuous
and long-term prediction capabilities. It retains the advantages of the existing FNO, such
as the capacity to learn from experimental values, and achieves computational efficiency
through a constant inference time irrespective of the complexity of the approximated
numerical flux, thus ensuring computational efficiency compared with more complex
numerical schemes. We present algorithms for Flux FNO and have validated their per-
formance through experiments with one-dimensional (1D) inviscid Burgers” equations,
1D linear advection equations, and other types of conservation laws, demonstrating their
superior performance and generalization capabilities compared to existing models. Our
method integrates seamlessly with complex numerical schemes, including higher-order
Runge-Kutta (RK) methods. Additionally, we validated the effectiveness of our loss func-
tion using an ablation study.

2 Preliminaries
In this section, we introduce the concepts fundamental and necessary for understanding

the method we have designed. First, we explain what hyperbolic conservation laws are,
which are the subject we aim to solve, and introduce several representative equations
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used in the experiments. Additionally, we discuss the numerical schemes that have mo-
tivated our methodology and have been used to generate data. Lastly, we introduce the
neural network model, FNO, which serves as a component of our designed methodology.

2.1 Hyperbolic conservation laws

Conservation laws are systems of partial differential equations written in the following
form (for 1D case):

U+ F(U),=0,

where U=[uy,-,u,]" is a vector of conserved variables, and F(U)=[f1, -, fm]" a vector
of fluxes, with the input of each f; being U. We can write in quasi-linear form as
follows:

oF(U)oU

If the Jacobian % has m real eigenvalues and is diagonalizable, we say that (2.1) is

hyperbolic. Moreover, if the dimension of the conserved variables is 1 (m =1), then we
say is a scalar conservation law. With appropriate initial and boundary conditions,
composes a hyperbolic conservation law problem. An important problem is the Rie-
mann problem, which involves an initial condition with a single discontinuity. Because
the solution of the hyperbolic conservation law can form a discontinuity (shock), a naive
finite-difference scheme does not work, and careful treatment of these shocks is required.
This class of hyperbolic conservation laws addresses several scientific and engineering
problems, particularly with types of gas dynamics. Here, we present some of these prob-
lems.
One of the simplest type of conservation laws is a linear advection equation:

us+au, =0,

where a is a constant. For initial condition #(x,0) =u¢(x), the solution to the linear advec-
tion equation is simply a translation of initial condition u(x,t) = uy(x—at). For a multi-
dimensional linear advection equation, similar to the 1D case, the solutions are simply
translations in which the velocity is the coefficient.

Next, the inviscid Burgers” equation is a basic conservation law problem. This prob-
lem permits the formation of complex waves at discontinuities, such as shock and rar-
efaction waves. Therefore, its behavior has often been studied to analyze conservation
laws. The governing equation is as follows:

ur+uu, =0.

Additionally, to verify that our methodology works well with vector-valued problems,
we will also consider the 1D shallow water equation. The 1D shallow water equation is
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written as follows:
H;+(UH), =0,

(UH),+ (u2H+;gH2)x —0.

Here, H represents the height, U corresponds to the velocity, and UH physically rep-
resents the mass velocity. ¢ is the acceleration due to gravity. This equation is used to
describe the flow of fluid beneath the pressure surface.

2.2 Numerical schemes

We may use the finite difference method to solve PDEs in the form of (2.1). However, if
we use arbitrary FDMs, the numerical result may converge to an incorrect solution when
discontinuity exists, and the method may be unstable. Therefore, we must restrict our
schemes, which result in correct and stable solutions. A theorem exists regarding cer-
tain types of numerical methods that guarantee good quality. These methods are called
”conservative methods” and have the following form:
k .
u;lH:U?_E[P(U}Z—p'”" frg) —EULpa o Uiy )l

where F is a function of p+g+1 arguments. F denotes the numerical flux function. The
notation (LI]”) refers to a discretized function where the superscript indicates the tempo-
ral index and the subscript indicates the positional index. h and k represent the space
step and time step, respectively. We define the numerical flux as consistent when the
following conditions are satisfied:

E(u,---,u)=F(u), VucR,
|F(Uj—p, Ujrq) = F(u))| §K_I;1§>§q’uj+i—”|r

where K is the Lipschitz constant of £. We employ Egs. and as loss functions
in our model to approximate a consistent numerical flux using the FNO model. Many
issues must be solved in numerical schemes, such as obtaining a higher accuracy in time
while maintaining the total variation diminishing (TVD) property (Appendix A), han-
dling shocks via a limiter or weighted essentially non-oscillating (WENO) schemes [4,/6].
We briefly introduce some of these methods and discuss the combination of our method
and these methods, showing the flexibility of our model’s implementation.

First, to obtain a higher accuracy in time, we use the following multi-step method,
which is called the RK method.
Atpix

e o
Ax [Fu.” ,---,u

U=z (“iku(k) + j—p i+

- k
)_F<UJQP*1""’u1§+)q*1)])’

1= 1,---,m,
u(O) — ulfl’ ul’l+1 — u(m)
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Under suitable conditions for the coefficients aj, and B (see CFL conditions in Section
[A), the RK method is known to exhibit the TVD property [41]. In Sections 3 and 4, we al-
gorithmically demonstrate that our methodology can be integrated with the RK method,
and we prove experimentally that it produces better results. By doing so, we show that
it can synergize and be compatible with classical methodologies.

Moreover, higher-order linear schemes exhibit oscillations at discontinuities (Go-
dunov’s theorem [24]). Thus, limiting methods exist that combine high and low-order
fluxes by manipulating the flux coefficient using a function known as a limiter [26]. The
formula for a flux function manipulated by a limiter is as follows:

F(U;j) = FL(U;j) +@(U;f) [Fu (U;f) — FL(U;f)],

where ®(U;j) is a limiter function, Fy is a high-order numerical flux, and F; is a low-
order numerical flux function. The notation for the flux mentioned implies F(U;j) =
F(U;_p,--,Uj4), and similarly for Fg(U;j) and F(U;j). The dataset for the Burgers’
equation is generated using a numerical scheme with the minmod limiter, which is de-

fined as follows: Ul
N . i—Uj1
®(U;j) =max <O,m1n <1'uj+1 0, )) )

Since we approximate numerical fluxes using a non-linear neural network function in

our methodology, we will be able to approximate the entire flux function with a limiter
applied.

2.3 Fourier neural operator

Although various types of neural network models can be used in our designed method-
ology, we have chosen the Fourier Neural Operator (FNO) as a component of our model.
The FNO efficiently handles global processing of functions through the use of Fourier
transform convolutions with kernels, and additionally, it can computationally manage
both global and local features of operators efficiently by processing local data through
an auxiliary network, typically a Convolutional Neural Network (CNN). Our model ap-
proaches temporal dimension locally but can address spatial dimensions globally, mak-
ing the FNO suitable due to its features mentioned. Especially since the global character-
istics of solutions are pronounced in analytical solutions or physical observations rather
than numerical solvers, we chose the FNO as our foundational model, keeping this in
mind. The FNO is a neural network model that can handle functional data. Unlike
traditional neural network models that process fixed-size vectors, the FNO can handle
arbitrarily vectorized functional data, regardless of its predetermined architecture. As
shown in Fig. [1} the FNO consists of a lifting layer, Fourier layers with convolutional
neural network (CNN) layers, and a projection layer. The following definitions describe
the detailed mathematical formulae of an FNO.

Definition (General FNO). Let D CR¥ represent the domain for both input and output
functions within our problem scope. To analyze these functions computationally, we
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Figure 1: Schematic of 1D FNO.

discretize their respective spaces into RN*% for input functions and RN*“« for output
functions. Here, N denotes the number of grid points within the discretized domain D,
while d, and d,, represent the dimensions of the codomains for input and output func-
tions, respectively. Subsequently, FNO G(a;0) : RN*% — RN*% j5 defined as follows:

G(+0) =NgoALoAL 1-+-0A10Np,

where Np and N, are neural networks used for lifting and projection. Moreover, each A;
is a Fourier layer, L represents the depth of the Fourier layers. We assume that N and Np
are fully connected networks. Each Fourier layer is a composition of activation functions
with a sum of convolutions by a function parametrized by a tensor and other neural
networks. Moreover, in the Fourier layers, only a subset of the frequencies is utilized.
The frequencies employed in the model are represented by index set K= {(ky,---,k;) €
74 |k]-| <kmaxj, j=1,--,d }. The detailed formula for the FNO is as follows:

vo:=Np(alx) = (Np(ax)j)xex, j=1,dur
(%] Z:At+1 (Ut) :O—(AtJrlvt_'_.F_l (Rt+1 . (.F(?JO)) > ’ tZO,' i ,L—l,
G(a;0):=Ng(v1) = (Ng(v1x)j)xex, j=1, - du,

where a|x is the discretized functional data of a and the lifting and projection layers (NVp
and N) act on the vector value of the discretized functional data and not on the entire
vector. ¢ is an activation function that acts on the output of each neuron. Each d,,,i=
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0,---,L represents the dimensionality of the function value at the respective layer. 7 and
F 1 are discrete Fourier and inverse Fourier transform, respectively. R; are high-rank
tensors representing kernel functions, each with a size of d; X dy X kmax,1 X =+ X kypax 4. At
can be any neural network as long as it has a resolution invariance property. We select A;
as the CNN layer because a CNN layer with suitable hyperparameters (stride, padding,
kernel size, etc.) can handle arbitrary resolutions. We use the CNN layer as a layer for
processing local information, but since a kernel size larger than 1 may exhibit different
behavior depending on the resolution, we set the kernel size to 1. For this purpose, we
describe the CNN layers as follows.

CNN layer. A kernel tensor of a certain size sweeps across the input tensors such that for
each index of the output, an inner product with the kernel and local components of the
input tensor centered on that index are produced. For example, for a d-rank input tensor
of size Nj X --- x Ny, we consider a d-rank tensor kernel K of size ¢y x --- X cs. We denote
this CNN layer by kernel C(cj X --- X ¢z); the tensor that passes through the CNN layer
with kernel K is defined as follows:

c1—1  ¢;—1

C(Clr’ "/Cd)(xxl xd Z1Zg Z Z 1 jaXz e zatae

nh=0 ja=0
Because the positional dimensions of the tensors must be maintained, the CNN layers
in our study are restricted to kernels with odd sizes. To fit the dimensions, we added
padding to the input tensor of the CNN layer. For example, for Ny x - >< Ny-dimensional
tensors, Xy,...r,, and CNN layer C(cy,---,c4), we added padding of CI ! elements to the
each sides of input tensor of the CNN layer, denoted as &. Then, C(cl, ,€4)(Xx,..x,) has
the same dimensions as the input tensor. Because we fixed the number of channels in the
Fourier layers, for a CNN layer with multiple channels, without confusion, we used the
same notation C(cy,--,¢4), and the detailed formula for such a multi-channel CNN layer
can be written as follows:

dy c1—1  ¢;—1

C(Clr"'rcd)(xx1 xd z1-29f = Z Z Z 1 jakj Xz Lz ke

1]1

Definition (FNO with CNN layer). Consider the same settings and notations as in the
previously defined general FNO; the only difference is that the Fourier layer now consists
of CNN layer and convolution with a parameterized function

ovssi= A (0 =0 Cealer0) 00+ (Rea- (F(w) )

du Cc1— 1 Cqg— 1

_U<Z 2 E Kt+1,]k,]1, /]dvt X141, Xatak

1]1

+ ) kaRt+1,k,jkazvt,zk>~
z,keK k



428 T. Kim and M. Kang / Commun. Comput. Phys., 37 (2025), pp. 420-456

Dy, represents the components of the discrete Fourier transform. For a detailed descrip-
tion of the FNO model, see [16], and to understand the CNN layer, [42].

3 Algorithms for Flux Fourier Neural Operator

In this section, we propose a novel loss function for the Flux FNO, which is pivotal to
our study. Subsequently, we describe the algorithms used for training and inference. For
different numerical schemes that adapt the Flux FNO, slight modifications to our loss
function or algorithms are necessary, which we also discuss. For ease of implementation,
we assumed periodic boundary conditions.

Definition (Loss function). Motivated by (2.2), we constructed the following loss func-
tion for the one-step time-marching method

tn
k

Here, G(Vl,--~,Vp+q+1 ;0) represents an FNO model with parameter 6, and each
l,l”,ll”“,ul?1 denotes vectorized functional data. U denotes all functional data over the
time interval. U indicates that the vector components have been shifted by i. t, rep-
resents the discretization spacing of the time variable for each step. Furthermore, we
consider another loss inspired by

Lon(U) =X)L |[U™ —U"+ Z[GUT - UL;:0) = G(U”, -, U, 3;0)] 5.

_p/'

N
Leonsi(U)=Y_|G(U",---,Uu™;0)—F(U")|5.
n=0

Here, F denotes a physical flux in the conservation law, which is different from the nu-
merical flux function F from (22). The physical flux function is used when defining
Eq. 2.1). By combining Ly, and L,,s;, we train our model based on the subsequent loss
for a given dataset of functions {U; }i—1,... "

LH{U;},G(+0)) =21 (Lim(U;) +ALonsi(U;)), 0<A.

We now describe the training and inference algorithms as indicated in Algorithms
and 2| Fig.|2| shows the inference pipeline. Initially, we introduce an algorithm for a
scalar conservation law within a 1D periodic domain using a first-order time step. For
multidimensional cases, add the flux for each spatial axis. Here, the functional data are
structured as [batch size, N;, Ny, 1], where N; and N, represent the number of grid points
in time and space, respectively. Notably, each batch contains the continuous evolution
of function, rather than randomly chosen function snapshots. Next, we explain the algo-
rithms now integrated with the RK method in Algorithms [3and[d] Although not shown
in the algorithm, designing the input dimension of the FNO model’s lifting layer to con-
sider the concatenated vector dimensions (in this case, p+g4-+1 dimensions. The addi-
tional 1 is for the positional embedding of the domain.) is necessary. For vector-valued
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time step
calculator

Figure 2: Schematic of the inference structure for flux Fourier neural operator (Flux FNO).

cases, the algorithm remains identical, except that for an N-dimensional vector-valued
function, the concatenated function would have dimensions N(p+4). It's important to
note that neural networks can approximate nonlinear functions, so numerical fluxes that
incorporate nonlinear schemes like Flux limiters or WENO can also be approximated
end-to-end. Certainly, combining methods such as flux-limiters and WENO with our
approach is also conceivable.

Furthermore, we present the following theorem to estimate the inference of the Flux
FNO. This theorem combines the statistical attributes of the neural network model and
properties of classical numerical theory. Notably, the actual experimental results demon-
strate a better performance than the following theorem (e.g., robustness to OOD samples,
stability, and faster convergence rate). For future work, it is possible to consider research
on the estimation of out-of-distribution (OOD) samples or stability analysis of approxi-
mated flux. In the theorem, we clarify assumptions about the dataset. Suppose D| _pisa
dataset composed of m functions generated from the distribution D. Then, let D| ,_jbea
dataset composed of m functions which are solutions at time t =7 to the initial conditions
for each corresponding data pointin D| i_o- Since each data point in D | ,_;isindependent,
we can treat them as i.i.d. samples from a hypothetical distribution.

Theorem 3.1 (Error Estimation for Inference of Flux FNO). Assume that an FNO model
G(+;0) is trained on the dataset D = UiT:oD’t:t,/tO =0. where D}t:O consists of m functions
generated using the distribution D. Furthermore, the support of each hypothetical distribution
for D‘ bty is a compact ball with a radius of B under the norm ||-|| p«. The approximation errors,
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b t ) ; 2
€y, for loss Ly and € . for Leopsi on D‘ =g, AT evaluated (note that these are not relative L

losses but L2 losses, and the approximation errors considered only for D| it ). For the vectorized

function set {U°,---,UT}, whose initial conditions are generated from the distribution D, the
following estimation error is probable at a minimum of 1—6, where U represents data from the
distribution, U*+1 is inferred by the Flux FNO, and h is the time-step interval.

||uk+1_l”lk+1H%

ZZog(%)

fx
€y, B

N

<min <C3’y +el2(14 ),

5 nsiB 2log(4
h(cwec\"}%wgisi(u Oi(‘s))%—Cze(h))).

Here, v = 7vp,;(G(+;0)) represents the capacity of the model G(-;0), as defined by Kim (2024).
This theorem implies that the convergence of the scheme with an increasing dataset size and a
decreasing time-step interval h. It can be inferred from the proof of the theorem, if the solution
exhibits good reqularity, e(h), which depends on the solution, decreases rapidly as h decreases.
The Appendix provides a detailed explanation of this theorem and its associated definitions.

Algorithm 1 An algorithm for training (Basic case)
Input: Dataset U = ((Uy,i;1),(Aty,;))
Output: trained FNO model G(+;0)
for epoch=1,---,E do
for Batch € Train loader do
le}x— roll Uy, , .1 by jin the third index for j=—gq,--,p+1

U'! + concatenate (Clﬁp,- --,Ug) along fourth index

U’ < concatenate (0" po1r ,U];_1) along fourth index > Thus, the
concatenated function is now a (p+q)-dimensional vector-valued function

Lim(Batch) Y2 YN Uy i1, — Uy + 222 [G(UL0) —G(U0) |, |3 >
N is the number of grid points along time axis and B is batch size.

VP« concatenate U p+q times.

Leonsi(Batch) e Xy L' | G(VY, 7 :6) = F(Up,,, )3

Calculate backpropagation for L (U) +ALepusi(U) > A is a weight for the loss.

Take an optimization step.

end for

end for
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Algorithm 2 An algorithm for inference (Basic case)

Input: FNO model G(+;0), initial condition Uy, and target time T
Output: u(x,T)|x
t<0
U+ U
while t <T do
Calculate At according to based numerical scheme.
if t+At>T then
At<T—t
end if
U+ U—2G(U'0)—G(U";0)] > U' and U" are constructed in the same manner as
in Algorithm 1
t—t4At
end while

Algorithm 3 An algorithm for training (Combined with TVD-RK)
Input: Dataset U = ((ub,i,j,l)/(Atb,i))
Output: trained FNO model G(-;0)
for epoch=1,--- ,E do
forBatch € Train loader do
flﬁjﬁ— roll Uy, .1 by jin the third index for j=—gq,--,p+1

U! < concatenate (U" g ,fl,;l) along fourth index
U’ «+ concatenate (ljlﬁp_l,- . ,Cl;_l) along fourth index > Thus, the
concatenated function is now a p+q dimension vector-valued
ul«—u
f0r1~c~:1,~-,ld0~ i
Uk L[G(UM;0)—G(UM;0)]
Uk 21 U + Aty B, 0%) > Each a and B are selected to satisfy the
CFL condition
end for
Lon(Batch) ¢ 5y 0" | U, — U, 3
VP19 + concatenate U p+q times.
Leonsi(Batch) < LY 5,15 |GV, 56) = F(Up,, )13
Calculate backpropagation for Ly, (U)+ALonsi(U)
Take an optimization step.
end for
end for
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Algorithm 4 An algorithm for inference (Combined with TVD-RK)

Input: FNO model G(+;0), initial condition Uy, and target time T
Output: u(x,T)|x
t<0
U+ Uy
while t <T do
Calculate At according to based numerical scheme.
if t4+-At>T then
At T—t
end if
forl~<~:1,--~,l do )
Uk« 2 [G(UM;60) —G(U*;0)]
Uk« Z’;;é (ag U +AtB; U*)  >Each a and B are selected to satisfy the CFL
condition
end for
U«u'
t<t+At
end while

4 Experiments

We conducted experiments based on 1D linear advection and inviscid Burgers’ equations,
which are fundamental hyperbolic conservation laws. First, to demonstrate the robust-
ness of our method compared with existing neural operator methods, we compared the
results of our method with those of existing FNO models for long-term prediction tasks
and inferences on out-of-distribution (OOD) samples. Second, to demonstrate the com-
patibility of our method with classical schemes, we combined our method with a more
complex scheme and obtained positive results. Additionally, we conducted experiments
on the 1D shallow water equations, which are vector-valued problems extending beyond
scalar conservation laws, and we also conducted experiments on the 2D linear advection
equation to demonstrate the effectiveness of our methodology in higher dimensions. Fi-
nally, we conducted an ablation study on the loss function, omitting the consistency loss,
to verify its significance in performance enhancement. As explained in Section 3, for 1D
problems, the data is in the form of [batch size,N;,Ny,1], where N; and N, represent the
number of grid points along the time and spatial axes, respectively. For vector-valued
shallow water equation, the data takes the form of [batch size,N;,N,,2], where the last in-
dex is now 2, corresponding to the number of physical states. In the case of the 2D-linear
advection problem, the data is in the form of [batch size,N;,Ny,Ny,1], with the problem
becoming two-dimensional and N, being added as an index representing the number of
grid points along the y-axis.
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4.1 Long-term continuous inference

Dataset Specification. For our experiments, we generated two types of training datasets
governed by 1D linear advection and 1D Burgers” equations. The governing equations
are as follows:

ou oJu
g"—Ca —0,
ou ou
gﬁ‘ﬂa =0.

The first equation represents the 1D linear advection equation. We selected ¢ =1; there-
fore, the solution translates to the right with equal time and position scales. The second
equation is the 1D Burgers” equation. We used the same Gaussian random field (GRF)
generator as the initial condition for both problems. Input functions, which are the ini-
tial conditions of the problems, were generated using the GRF with covariance function
k(x,y) = e~ 10(:—)* and discretized into a 256-dimensional vector. The exact solutions
to the linear advection equations are simple translations. Therefore, we constructed a
solution for linear advection from time 0 to 1 with At = Ax. We employed a second-
order Godunov-type scheme with a second-order RK method for time marching and
a minmod limiter for generating the solutions of Burgers’ equation. Typically, a time-
adaptive method is used for the numerical scheme of conservation laws owing to shocks.
However, because the original FNO results are merely snapshots of functions, we used
constant time intervals for the comparison with our method, provided that the charac-
teristic lines did not collide. The training dataset of the linear advection case comprised
100 functions in C%([0,1] x [0,1]) and that of the Burgers’ equation case comprised 10
functions in L2([0,0.3] x [0,1]). For the test dataset, each dataset comprised 10 functions
drawn from the same distribution, and each function belonged to C*([0,5] x [0,1]) and
L%([0,0.6] x [0,1]), respectively. Table l{summarizes the dimensions of the datasets.

Table 1: Specifications of training and testing datasets.

B0 iens  fumction ofdateset

i @2 0 01x01) (0025256
e @271 0x01 (0120256
Trafi)r;irl;i %aetrsasset (1022-82-8) 10 [0,0.3] x[0,1]  [760,100,256,1]
’frsfthiar:;est (10-22-82-8) 10 [0,0.6] x[0,1]  [10,1520,256,1]
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Table 2: Specification of architectures and hyperparameters.

. depth of Number of Batch size
width Fourier layers modes (Advection, Burgers)
Flux FNO 64 1 5 (1, 1)
1D FNO 64 1 5 (1,1)
1D FNO(heavy) 32 3 20 (1, 1)
2D FNO 64 3 (10, 10) (10, 10)

Architecture and Hyperparameters of FNOs. For the Flux FNO, we used a basic FNO
combined with CNN layers. The architecture of the model included a maximum fre-
quency of 5, width of 64, and depth of 1. All architectures of FNOs we used had fixed
common points: the lifting layer, which is a one-layer FCN; projection layer, which is a
two-layer FCN; GELU activation function; and a CNN with a kernel size of 1. The train-
ing environments were identical. We used the Adam optimizer with a learning rate of
le-1 and weight decay of 1e-3, and the scheduler was StepLR with a step size of 50 and
gamma of 0.5. The total number of epochs was 1000, and the A for the loss was selected
to be 0.01 throughout all experiments. We compared our method with existing 1D and
2D FNO models. In the 1D FNO case, we trained two architectures. One model was the
same as the one used in Flux FNO, while the other was a heavier model. The 1D FNO
is designed to receive an input function and locally output the solution for the next At
immediately. Because 2D FNOs use 2D functional data as input, the training dataset for
the 2D FNO was slightly modified. We adjusted the training dataset for linear advection
to [99,256,256,1] for each input and target function (with the target function shifted by 1
in the first index), and for Burgers to [759,100,256,1]. Thus, the 2D FNO takes a function
over a fixed time interval and outputs a snapshot of the function for the next time interval
of the same length, advancing progressively. Table 2| summarizes the architectures and
hyperparameters.

Comparison of Results. Figs. and [p| and Tables 3| and 4] qualitatively and quan-
titatively show the performance of each model. Although all models were trained on
the same datasets, the regular 1D and 2D FNO showed significantly poor performances
compared to Flux FNO, even within the time interval (0 <t <0.3 for Burgers, 0 <t <1 for
advection) of the training samples. By contrast, for Flux FNO, we proposed an inference
well over the entire time interval (0 <t <0.6 for Burgers, 0 <t <5 for advection) of the test
samples. Note that Flux FNO performed well despite the light architecture of the neural
networks. The performance of the 2D FNO is somewhat better than that of the 1D FNO,
primarily because the vanilla FNO is well-suited for approximating distributions across
a broad function space. In our experiments, the 1D FNO must contend with distributions
of functions that dynamically change at each time step. This variability leads to poor
training convergence and an inability to effectively learn specific distributions.
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Figure 3: Output of Flux FNO (dashed line with triangle markers) compared with the exact solutions (solid

line) for the 1D linear advection problem.
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Figure 4: Comparison of Flux FNO output with exact solutions and other FNO models at t=0.4 (top left),
t=0.8 (top right), t=2.5 (bottom left), and +=>5.0 (bottom right) for the 1D linear advection problem.
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Figure 5: Output of Flux FNO (dashed line with triangle

markers) compared with the exact solutions (solid
line) for the 1D Burgers' equation problem.
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Figure 6: Comparison of Flux FNO output with the exact solutions and other FNO models at £=0.15 (top left),
£=0.30 (top right), t=0.45 (bottom left), and t=0.60 (bottom right) for the 1D Burgers’ equation problem.
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4.2 Generalization ability

In this section, we describe the experiment with OOD samples. Throughout this section,
we use the model trained in Section 4.1 and an additional 1D FNO model trained with
different datasets for a fair comparison with our method. First, we solve for the initial
condition function, which is simple but has a cusp or discontinuity. We solve the initial
OOD condition of the function generated using the GRF with more fluctuations. We
then demonstrate the resolution invariance of our method using initial conditions with
different grid points.

Inferences from OOD samples. We made inferences on OOD samples to show that our
model has a generalization ability. For the linear advection cases, two types of initial

Figure 7: Inference of Flux FNO on out-of-distribution samples for the 1D linear advection problem: triangular
pulse (top) and GRF with different covariance (bottom).
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...................

Figure 8: Inference of Flux FNO on out-of-distribution samples for the 1D Burgers equation problem: square
wave (top) and GRF with different covariance (bottom).

conditions exist. One is a triangular pulse, and the other is a function generated using

the GRF with more fluctuations (the covariance function is e(%)z). We compared this
with the 2D FNO model, which showed the best performance among all the comparison
groups. We also considered two types of initial conditions for the Burgers’ equation case.
One is a square wave, in which the exact solution can be solved, and the GRF, similar to
the advection case, is used to generate the other. For comparison, we did not consider
models from the comparison group in Section 4.1, because of the poor performances of all
models. Because the FNO may perform poorly on continuous and repeated inferences,
particularly for nonlinear cases, we trained an additional FNO model. We constructed
a dataset such that the input functions are similarly generated, but the target functions
were fixed on time as a solution function at time t=0.3 for the Burgers case. After training
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Figure 9: Inference of Flux FNO on different resolution samples for the 1D linear advection problem: resolution
of 128 (top) and resolution of 512 (bottom).

a regular FNO (FNO(snap)) on this dataset, we infer twice using this FNO (snap). As

shown in Figs. [/]and [} the generalization ability of our method for OOD samples is
much better than that of existing models.

Inferences at different resolutions. We show that our model can handle different resolu-
tions, essentially inheriting the original FNO’s property. We sampled the initial condition
with the GRF of the same covariance as the training distribution. However, the numbers
of nodes were 128 and 512, respectively. Figs.[9|and[I0]show that our method is consistent
across different resolutions. Therefore, our method is superior to those that approximate

the function from a stencil to the flux value, which require the training of another net-
work for different resolutions.
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Figure 10: Inference of Flux FNO on different resolution samples for the 1D Burgers' equation problem: reso-
lution 128 (top) and resolution 512 (bottom).

4.3 Combined with 2nd order Runge-Kutta (RK2) method

We conducted experiments to show that our method can be combined with more complex
numerical schemes. We selected RK2, which improves the order in the time dimension.
We trained our model following Algorithm 3| The architecture and training environment
settings were the same as those of the Burgers equation settings in Section 4.1. The train-
ing converged well, and Table 5| presents the performance of the model. As shown in
Table |5, Flux FNO with RK2 exhibited a better performance. We anticipate that more

high-order RK methods will be compatible with our methods, and that methods such as
the limiter and WENO can be combined compatibly.
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Table 5: Results of baseline and Flux FNO combined with the RK2 method. Each value represents the mean
over the test dataset.

relative L2 =015 =030 (=045 (=060  Onentre
time interval
Flux FNO 0.048 0.049 0.051 0.052 0.040

Flux FNO with RK2  0.046 0.043 0.042 0.041 0.037

4.4 Results on other conservation problems

In this section, we experimentally verify the effectiveness of our methodology for vector-
valued, multi-dimensional cases. Experiments were conducted for the 1D shallow water
equation and the 2D linear advection equation, testing performance quantitatively and
qualitatively in each scenario.

4.4.1 1D shallow water equation

As mentioned in Section 2.1, the 1D shallow water equation is described by:

0H 9(UH)
§+ ox =0,
d(UH) o(U*H+1igH?)
+ =0.
ot dx

We have generated the training dataset assuming periodic boundary conditions for this
equation. The initial conditions are set as Hy=0.5+0.02ag, (UH)o=0.1a;, where ag,a;
are sampled from the same Gaussian random field as the training datasets in Section
4.1. The numerical solution was obtained using a combination of the Lax-Friedrichs and
Lax—Wendroff schemes with a minmod limiter, and the function’s domain is [0,0.1] x [0,1].
The spatial domain is discretized at Ax = 2-8 and the temporal domain is discretized at
At =0.1Ax. The various hyperparameters and architecture are almost identical to those
described in Section 4.1, with the only difference being that the output of the FNO model
is now 2-dimensional vector value. the shape of the training dataset is [1000,256,256,2]
and for training, we choose a batch size of 1. The result of the Flux FNO for a test sample
(which was sampled from the same distribution as the training dataset) is demonstrated
in Figs. |11] and As you can see, our model not only accurately predicts over the
learned functions’ time domain [0,0.1], but also performs well in longer time predictions
[0,0.2]. For comparison purposes, as we did in Sections 4.1 and 4.2, we trained 2D FNO
as comparison group. the model adheres to the specifications outlined in Sections 4.1 and
4.2. And the batch size is 10. The shapes of the input and target for the training dataset
is [7000,32,256,2] for 2D FNO. For 2D FNO, the model takes a function defined up to a
time domain of At =0.0125 and outputs the progressed function over a temporal length
of At. We measured performance at t =0.05,0.1,0.15,0.2, thus to reach these times, the
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Figure 11: Output (H) of Flux FNO (dashed line with triangle markers) compared with the exact solutions
(solid line) for the 1D Shallow water equation problem.

Table 6: Quantitative results of each model for the 1D Shallow water equation problem. Each value represents
the mean over the test dataset.

(relative L2, L) t=0.05 t=0.1 t=0.15 t=02
Flux FNO (3.58e-3,4.57e-3)  (5.63e-3,5.51e-3) (9.56e-3, 6.26e-3) (1.54e-2, 7.34e-3)
2D FNO (7.74e-3,9.80e-3) (1.21e-2,1.58e-2) (1.59%-2, 1.55e-2) (1.88e-2, 1.57e-2)

Flux FNO iterated 128 times between each time interval, while 2D FNO iterated 4 times.
The test samples used for comparison were generated from the same distribution as the
training dataset, and averages were taken over a total of 10 samples. The results of the
comparison can be found in Table [fl We have also conducted experiments in the same
manner as in Section 4.2 to demonstrate the generalization capability of our model for
this problem. The results are included in Although there is no remarkable
difference in the test performance for samples from the same distribution as shown in
the Table [} as can be seen in Fig. [14} our model demonstrates remarkable generalization
capabilities on out-of-distribution samples.
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4.4.2 2D linear advection equation

We apply our methodology to one of the simplest multi-dimensional problems, the 2D
linear advection equation. The governing equation is set as follows:

ou 1lou 1du 0
of Taax Ty "

The solution to this equation involves the function u translating at a speed of 1 along each
axis. We have assumed periodic boundary conditions and created the training dataset
using a 2D Gaussian random field that follows a power spectrum of P(k)«k=2° for the
initial conditions. Since the solution over time is merely a translation, we generated it by
rolling the sampled initial conditions. The function’s domain is [0,1] x [0,1] x [0,1] with
each axis discretized at 2. With this setting, we generated 500 training samples. For this
problem, we set the maximal frequency mode of FNOs to 4 and the width to 32. Since
there are two axes, we created one model for the flux corresponding to each axis, assign-
ing two FNOs within one Flux FNO unit. The learning rate is set at 1e-4, the A for loss
at 0.25, weight decay at 2e-4, and the scheduler is CosineAnnealingWarmRestarts with
a step of 100 and eta_min at le-5. The shape of the training dataset is [500,64,64,64,1]
and for training, we choose a batch size of 4. The result of the Flux FNO for a test sam-
ple (which was sampled from the same distribution as the training dataset) is demon-
strated in Fig. Similar to the 1D shallow water equation, we conducted comparison
experiments and tested the generalization ability of our models using a 3D FNO for this
application. The shape of the training dataset for the 3D FNO is [1500,16,64,64,1], with
both input and target configured in this format. And the batch size is 25. The 3D FNO
processes a time domain length of 0.25. Performance was measured at ¢t =0.5,1.0,1.5,2.0,
which required the Flux FNO to iterate 32 times between each time interval, whereas the
3D FNO iterated only 2 times for each interval. The test samples used for comparison
were generated from the same distribution as the training dataset, and averages were
taken over a total of 10 samples. The results of the comparison can be found in Table 7}
Additionally, we have conducted experiments to demonstrate the generalization capa-
bility of our model for this problem. The results are included in As can be
seen in Figs. [12|and [15] the results from the Flux FNO exhibit some blurring, but overall,
the model is able to infer the general shape of the solution. Upon comparing Figs. [15and
it is evident that Flux FNO better preserves the form of the solution.

Table 7: Quantitative results of each model for the 2D Linear advection equation problem. Each value represents
the mean over the test dataset.

(relative L2, L®) t=0.5 t=1.0 t=15 t=2.0
Flux FNO (0.0365, 0.126)  (0.0574,0.191) (0.0746, 0.239) (0.0891, 0.277)
3D FNO (0.110,0.345)  (0.189,0.580)  (0.287,0.899)  (0.399, 1.315)




T. Kim and M. Kang / Commun. Comput. Phys., 37 (2025), pp. 420-456 445

Prodiction u (Flux NO} Reference _l.___i:_!mL,ticJ

Figure 12: Output of Flux FNO (left) compared with the exact solutions (right) for the 2D linear advection
problem.

4.5 Ablation study

The difference between Flux FNO and existing methods that approximate the numeri-
cal flux via neural network is that the numerical flux approximated by the FNO model
obtains consistency through consistency loss. To verify whether this consistency posi-
tively influences the model performance, we conducted an ablation study by removing
the consistency loss term from our original loss. We compared the performance with a
baseline on various datasets; the governing equation was the Burgers’ equation, and the
architecture and training settings were the same as those in Section 4.1. Table [§| presents
the results. As shown in Table [6] the performance of the baseline model improves by a
large margin for relative L?.
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Table 8: Results of baseline and Flux FNO without consistency loss. Each value represents the mean over the
test dataset.

relative L2 infg:ﬁgce GRF(c=0.1) GRF(c=0.03) Square wave
resolution 128 256 512 256 256
t=0.3 0.065 0.026 0.033 0.13 0.081
Flux FNO
t=0.6 0.046 0.11 0.043 0.14 0.15
w/o t=0.3 0.13 026 019 0.095 0.38
consistency loss  t=0.6 013 024 015 0.21 0.71

5 Conclusion

In this study, we replace the numerical flux with a neural operator model to solve hy-
perbolic conservative laws. Through experiments, we demonstrated that our method
possesses a superior generalization ability compared with existing FNO models, partic-
ularly in terms of long-term prediction and inferences on OOD samples. By combining
the RK2 method with our proposed method, we showed that our method is compatible
with classical schemes, thereby improving the performance. In the results with linear ad-
vection samples, we did not rely on data from numerical schemes but on exact solutions.
This implies that when the physical flux is known, exact solutions or experimental data
can be used to approximate unknown numerical fluxes. One limitation of our method is
its iterative nature, which makes it slower than the original FNO, which produces results
in the form of snapshots. However, we anticipate that when we approximate high-order
and complex numerical schemes, our method will offer a superior time complexity com-
pared with classical schemes. In future studies, we aim to extend the experiments to
more complex hyperbolic conservation systems (such as Euler equations) and conduct a
theoretical analysis to guarantee the stability of our method.
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Appendices

A Courant-Friedrichs-Lewy Condition (CFL Condition) and
Total Variation Diminishing (TVD) Property

The Courant-Friedrichs-Lewy (CFL) condition is a necessary criterion for the stability of
numerical solutions. When a solution progresses over time, the physical propagation of
the wave should be less than the numerical propagation speed to ensure its stability. The
CFL condition for the 1D case is commonly written as follows:
ar< E8%
|t4]co

where u represents the wave speed, and C is a Courant number, which is typically less
than one. This ensures that the numerical method can adequately capture the physical
phenomena within the time-step and spatial resolution constraints. A multi-dimensional
case can be formulated similarly, considering the propagation speeds and spatial resolu-
tions in all relevant dimensions. The total variation is defined as the sum of all differences
across the spatial dimensions of a discretized function, and it is mathematically expressed

as follows:
TV (u):=) |uji1—uj.
j

We say that numerical scheme has TVD property if the total variation of numerical solu-
tion does not increase:
TV (u") <TV (u™).

As mentioned in the text, it is known that high-order linear numerical schemes in spa-
tial dimensions can lead to spurious oscillations at discontinuities and shocks, thereby
increasing the total variation [24]. However, it is also known that even if high-order
schemes are maintained in the time dimension, they can possess the TVD (Total Varia-
tion Diminishing) property under specific conditions [43]], which are as follows:

Lemma A.1. The Runge-Kutta method is TVD under the CFL condition (A)) where C is as
follows:

. ik
C=min—-=,
ik Bik
provided that a >0, B > 0.

B Detailed definition of capacity and Proof of Theorem 3.1
In this section, we present a detailed definition of capacity and provide the proof of The-

orem 3.1. For simplicity, we consider an FNO with CNN layers. We require the following
definition and lemma from [37]].
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Definition (Weight Norms and Capacity). For the multi-rank tensor M;, .., i .
define the following weight norm:

“/]’k’ we

q
Mil"”’im’j]"”’jkp:{ill'"/im}fq:{jlfl"']’k}:j Z (p 2 Mil/"'riﬂlrjll""jkp> .

i NV i

For p =0 or 4= o0, we consider the sup-norm instead of the aforementioned definition.
Now, considering an FNO with a Fourier layer of depth D, we denote Q and P as the
projection and lifting weight matrices, respectively. We then define ||-||,,4, where p is the
index for positions, frequencies, and inputs, and g is the output index. We define the
following norms for the weights and capacities of the entire neural network: In the |- ||, 4
norm for the kernel tensor of the CNN layer, p is the index of the kernels and input, and
q is the output index.

1 (Ke Ro)llpg = 1Kllpg 2T+ y/kmaxa Kmaxa | Rllpa,

D
Tpa (1) = Pllpal Qllpa I T T (KiRi)lpg-
i=1

Lemma B.1 (Posterior Estimation of Generalization Error and Expected Error in the ReLU
Activation Case). Consider FNO with CNN layers with fixed architecture and training samples
{(ai,u;) Yiz1,... m with ||a;|| p« < B for all i. Suppose h(-;0) is a trained FNO such that ||h(a;6) —
ul|2 < € for all training samples, and 1 <p <2, 1< g < px. Then, with a confidence level of at
least 1—0, we obtain the following estimates, where Lp represents the loss over the distribution,
and Lg represents the loss over training dataset S:

Lp(h(-;0))—Ls(h(-;0)) SeC'yp,q(h(-;e))min{p*’f}%g(Zd”)}B _’_62\/2105174/5/

— Lo((56)) < eCryg((50) L BEWIE 2 (1+\/210§1i4/5>,

where C is constant dependent on model architecture.

Now, we present the proof of Theorem 3.1.

Proof. We begin with two equations derived from the conservation law and numerical
scheme. We assume that the initial condition (t =k) is the same, and for simplicity, we
assume G takes two pairs of inputs

xj+l X].+l tet1 1
/ Zu(x,tkﬂ)dx:/ 2u(x, t)dx— (u(x; 1,t))dt+ flu(x;_1,t))dt, (B.1)
x];% x]',% tk ] 2 tk ] 2
=0 (G ) - G, ) (B2)
i = (G Uiy i-1:Up) ). :
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Let us denote Uk := kfx 4 (x,t1)dx and UF:= k x’ 17 u(x,t;)dx. Based on our as-
2

sumption, we have Uk = Uk let F be a consistent numerlcal flux approximation. We can

then express the physical flux as a numerical flux. By subtracting (B.I) from (B.2), we
obtain the following equation:

Uk gkt

tret

_ (ﬁ(u(x]._%,t),u(x. L t))— G(uk 1,uk)>dt

tg

te+1 / P
_/ <F(u(xj+%,t),u(xj+%,t))—G(Uj,uj+1))dt

tr
tev1 /4

= (F(u(x;

ty

tt1 N N
_/ <F(u(xj+%/t)'u(xj+1f ))— F<uk U]H)—f—F(U]k,U]'-‘H)—G(LI]].‘,U]'-‘H))dt,
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1) = F(UE L U+ F(US U~ G(US L, Uf) )t

— ’uj{(+1_ﬂj{(+1,2
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L1)u
+h|F(UE,, UN) -G Uy, Uk)|2+h\F(U]"ij+) G(us,ur )P

By applying the consistency property and Lemma B.1, and summing over the positional
index, we obtain the following inequality, with a probability of over 1—¢:

— ||uk+1 _uk-H H%

C01’lSl

e* B 2log(%)
<C ]’l’)/ €consi +he £2 (1+ ) )
Vm m

+Cohsupjre i,y 1) (max(|u(xj+%,t) — u]l:l ‘2,

(x4, 0) = U2 Ju(x, 0 —UP, a0 = U ).

where C; is a coefficient derived from Lemma B.1, and C; is dependent on the Lipschitz
constant of numerical flux F. As time step h approaches zero, the second term in the
inequality above approaches zero. Let us abbreviate it as Cohe(h). We also obtain the

following inequality from the time-marching loss and Lemma B.1, with a probability of
over 1—-9

||Uk+1—Hk+1\]§

B 2log(2
cﬁ\fmﬁ+tk2(1+ 0;51(5))
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Here, 4 represents the capacity when the output structure of the Flux FNO is consid-
ered. Without losing generality, we can incorporate the effect of this structure into the
constant C3 and simply denote it as C3. Finally, we derive the following inequality, with
a probability of over 1—4

Huk“—Clkﬂﬂﬁ

b 2log (% ' B 2log (2
<min (Cg’yet’”B +elk? (1—|— Og(‘s)>,h <C17€“”m+et"2 (1+ 08(5) > +C7_e(h)> )
m m m

\/ﬁ tm \/“ consi

This completes the proof. O

C Additional figures for Section 4.4
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Figure 13: Output (UH) of Flux FNO (dashed line with triangle markers) compared with the exact solutions
(solid line) for the 1D Shallow water equation problem.
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Figure 14: Inference of Flux FNO on out-of-distribution samples for the 1D Shallow water equation problem
with initial condition is square pulse: U (top), UH (bottom).
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Figure 15: Inference of Flux FNO on Out-of-Distribution Samples for the 2D Linear Advection Problem: Com-
parison of Output from Flux FNO (left) with Exact Solutions (right) for Square Pulse Initial Condition.
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Figure 16: Inference of 3D FNO on Out-of-Distribution Samples for the 2D Linear Advection Problem: Com-
parison of Output from 3D FNO (left) with Exact Solutions (right) for Square Pulse Initial Condition.

D Experimental details

All experiments were conducted using Pytorch 2.0.1, with Python 3.9.6. The specifica-
tions of the hardware environment are provided in Table 9}

Table 9: Specifications of computer hardware.

CPU GPU RAM
Intel i9-10900 | Nvidia RTX3080 | 64GB
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