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Abstract. In this work, an inverse averaging finite element method (IAFEM) is devel-
oped for solving the size-modified Poisson-Nernst-Planck (SMPNP) equations. Com-
paring with the classical Poisson-Nernst-Planck (PNP) equations, the SMPNP equa-
tions add a nonlinear term to each of the Nernst-Planck (NP) fluxes to describe the
steric repulsion which can treat multiple nonuniform particle sizes in simulations.
Since the new terms include sums and gradients of ion concentrations, the nonlinear
coupling of SMPNP equations is much stronger than that of PNP equations. By in-
troducing a generalized Slotboom transform, each of the size-modified NP equation is
transformed into a self-adjoint equation with exponentially behaved coefficient, which
has similar simple form to the standard NP equation with the Slotboom transforma-
tion. This treatment enables employing our recently developed inverse averaging tech-
nique to deal with the exponential coefficients of the reformulated formulations, fea-
tured with advantages of numerical stability and flux conservation especially in strong
nonlinear and convection-dominated cases. Comparing with previous stabilization
methods, the IAFEM developed in this paper can still possess the numerical stability
when dealing with convection-dominated problems. And it is more concise and eas-
ier to be numerically implemented. Numerical experiments about a model problem
with analytic solutions are presented to verify the accuracy and order of IAFEM for
SMPNP equations. Studies about the size-effects of a sphere model and an ion channel
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system are presented to show that our IAFEM is more effective and robust than the tra-
ditional finite element method (FEM) when solving SMPNP equations in simulations
of biological systems.
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1 Introduction

“The effects of finite particle size on electrostatics, density profiles, and diffusion have
been a long-existing topic in the study of ionic solution.” [30] As a continuous elec-
trodiffusion model, the classical Poisson-Nernst-Planck (PNP) equations play an im-
portant role in the electrodiffusion reaction process and have been widely used to de-
scribe the electrodiffusion of ions and charge transport in applications including the
solvated biomolecular system [29, 31], semiconductors [21, 33, 37], electrochemical sys-
tems [4, 10, 32] and ion channels [7, 11, 39]. Although the PNP equations have achieved
a lot of success in various applications, it still has some limitations due to the neglected
steric effects of ions in its mean-field derivation, for example, the PNP model leads to un-
physical crowding of ions near charged surfaces and incorrect dynamics of ion transport,
and the difference between two cations with the same charge cannot be distinguished
when simulating the concentration distribution of ions. To incorporate the effects of fi-
nite particle sizes in the study of ionic solutions, many improvements are made through
introducing exclusion terms from the liquid-state theory or the density functional theory
(DFT), e.g. see [15,16,34,36] and references therein. In addition, based on the framework
of the PNP model, several versions of the modified PNP theory have been developed
in the literature to account for steric effects [20, 22, 23, 25, 35, 38]. Among these theories,
the Borukhov model [5] attracts people’s attention because it captures basic size effects
only with a simplified model. The Borukhov model modifies the free energy functional
of the ionic system (mean-field approximation) by adding an ideal-gas-like solvent en-
tropy term, which represents the unfavorable energy used to model the over-packing or
crowding of the ions and solvent molecules. Thus the steric effects are taken into account
in the model. Lu and Zhou by generalizing the Borukhov model get a class of size-
modified Poisson-Nernst-Planck (SMPNP) equations via the inclusion of the entropy of
solvent molecules in the electrostatic free-energy functional [30]. Different from many
other works, the SMPNP model is able to treat multiple nonuniform particle sizes in sim-
ulations.

Comparing with the classical PNP equations [29], the SMPNP model adds a nonlinear
term to each of Nernst-Planck (NP) equations aiming at describing the steric repulsion
(see Eq. (2.2)). Since the new term includes sums and gradients of ion concentrations,
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