
Commun. Comput. Phys.
doi: 10.4208/cicp.OA-2024-0016

Vol. 38, No. 4, pp. 1210-1236
October 2025

A Class of Second-Order Energy-Stable Schemes for

the Cahn-Hilliard Equation and Their Linear

Iteration Algorithm

Xiaohan Zhu1, Yuezheng Gong2 and Yushun Wang3,*

1 Ministry of Education Key Laboratory for NSLSCS, Jiangsu Collaborative
Innovation Center of Biomedical Functional Materials, School of Mathematical
Sciences, Nanjing Normal University, Nanjing, 210023, China.
2 School of Mathematics, Nanjing University of Aeronautics and Astronautics, Key
Laboratory of Mathematical Modelling and High Performance Computing of Air
Vehicles (NUAA), MIIT, Nanjing, 211106, China.
3 Ministry of Education Key Laboratory for NSLSCS, State Key Lab of Climate
System Prediction and Risk Management, School of Mathematical Sciences,
Nanjing Normal University, Nanjing, 210023, China.

Received 22 January 2024; Accepted (in revised version) 24 June 2024

Abstract. In this paper, we study a class of second-order accurate and energy-stable
numerical schemes for the Cahn-Hilliard model. These schemes are constructed by
combining the Crank-Nicolson approximation with three stabilization terms in time
and employing the Fourier pseudo-spectral method in space. This class of schemes
includes the second-order schemes presented in previous works while providing new
schemes by introducing stabilization terms. To solve these schemes with strong nonlin-
earity efficiently, we propose a linear iteration algorithm and prove that the algorithm
satisfies a contraction mapping property in the discrete l4 norm. Furthermore, we
establish a comprehensive theoretical analysis, including unique solvability, mass con-
servation, energy stability, and convergence based on a uniform-in-time l∞ bound of
the numerical solution for the proposed second-order scheme. Some numerical sim-
ulation results with many different sets of stabilization parameters are presented to
conclude the paper.
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1 Introduction

In this paper, we consider the Cahn-Hilliard (CH) equation
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∂tΦ=∆µ with µ :=
δE[Φ]

δΦ
, (1.1)

where E[Φ] is the free energy functional of Ginzburg-Landau type,

E[Φ]=
∫

Ω

(

ǫ2

2
|∇Φ|2+F(Φ)

)

dx with F(Φ) :=
1

4
(Φ2−1)2. (1.2)

Here, the real-valued function Φ represents the concentration difference in a binary sys-
tem, where the spatial domain is denoted as x ∈ Ω ⊆R

d(d = 2 or d = 3) and ǫ > 0 is an
interface width parameter. The CH equation (1.1) is a model for continuously describing
the phase separation process of binary mixtures [4] and has been widely used in many
fields such as the physical and materials sciences [1,26], multi-phase fluid dynamics [20],
biology simulations [30] and image inpainting processing [3].

Throughout this paper, we adopt periodic boundary conditions for both Φ and chem-
ical potential µ, along with the initial condition Φ(x,0)=Φ0(x), x∈Ω. In particular, due
to the gradient structure of (1.1), two most important properties of the CH model (1.1)
are the mass conservation law

d

dt
(Φ,1)=0,

and the energy dissipation law

d

dt
E[Φ]=

(

δE

δΦ
,∂tΦ

)

=(µ,∆µ)=−‖∇µ‖2≤0,

where (·,·) and ‖ ·‖ denote the L2(Ω) inner product and the associated norm, respec-
tively.

Along the numerical front of structure-preserving algorithms, many researchers have
focused on developing energy-stable schemes, including the convex splitting methods
[15, 16], the stabilizing term techniques [22, 24, 35], the fully implicit structure-preserving
schemes [14, 17], the exponential time difference method [21] and the energy quadrati-
zation approaches such as IEQ, SAV and their variants [28, 32, 33]. It is worth noting
that the convex splitting method is relatively perfected in theoretical analysis due to its
natural preservation of unique solvability and energy stability. The basic idea is to split
the energy functional into a combination of convex and concave functionals. The time-
discretized schemes are designed by treating the convex and concave parts implicitly
and explicitly, respectively. Bailo et al. [2] combined the upwind methodology with the
classical convex splitting approach in time and finite-volume schemes in space for the
CH equation to construct a first-order scheme which unconditionally and discretely pre-
serves the boundedness of the phase field and the dissipation of the free energy. For
the three-dimensional CH equation, Guo et al. [19] constructed a second-order scheme,


