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Abstract. In this paper, we propose a numerical investigation of topological interac-
tions in flocking dynamics. Starting from a microscopic description of the phenomena,
mesoscopic and macroscopic models have been previously derived under specific as-
sumptions. We explore the role of topological interactions by describing the conver-
gence speed to consensus in both microscopic and macroscopic dynamics, considering
different forms of topological interactions. Additionally, we compare mesoscopic and
macroscopic dynamics for monokinetic and non-monokinetic initial data. Finally, we
illustrate with some simulations in one- and two-dimensional domains the sensitive
dependence of solutions on initial conditions, including the case where the system ex-
hibits two solutions starting with the same initial data.
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1 Introduction

Collective dynamics have been widely investigated over the last years in different fields
of research, due to the great variety of living and non-living systems exhibiting such
complex behaviors. From flocks of birds, schools of fish to bacterial colonies and robotic
swarms, coordinated movements of individuals interacting within a group give raise
to the so called emergent behaviors. Understanding the underlying principles of self-
organized behaviors has emerged as a fundamental challenge in applied mathematics,
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aiming at providing the framework to describe, predict, and analyze the basic mecha-
nisms determining the observed collective dynamics. A crucial aspect of mathematical
modeling is selecting the appropriate scale for the description for the phenomena under
investigation. In traditional microscopic, agent-based approaches, the dynamics of each
individual in the group are tracked. While this approach allows to highly represent the
interactions between agents, it also leads to increasing computational cost as the number
of agents grows. For large flocks, mesoscopic and macroscopic models are generally more
efficient. When the number of agents increases, mesoscopic and macroscopic models can
be considered as efficient alternatives to pure microscopic ones. This is mainly due to the
fact that microscopic models, focusing on the dynamics of each individual, become com-
putationally demanding for large groups. Conversely, mesoscopic and macroscopic ap-
proaches allow to describe collective behaviors using aggregated variables such as prob-
abilistic distribution of agents, macroscopic density and average velocity field (see [25]
for an updated reference paper on the derivation from microscopic to macroscopic mod-
els). Several mathematical models have been proposed in the literature to model flocking
behaviors, see [33] for an introduction to the field. Typically displayed by flocks of birds,
flocking is used to define the coordinated motion of agents reaching the same velocity
when moving towards the same direction. The majority of the models, starting from the
seminal papers [12,13], assumes interactions involving metric quantities (metric interac-
tions), where individuals adjust their movement in response to the other members of the
group, and the interaction depends on the relative Euclidean distance. However, increas-
ing empirical evidence suggests that in many biological systems, interactions are topolog-
ical, meaning that individuals interact with a fixed number of neighbors, regardless of
their absolute distances [3,6]. As a consequence, several mathematical models adopting
this novel paradigm have appeared, ranging from microscopic to macroscopic ones, see
e.g. [2,7,10,17,18,28]. This physically non-metric nature of interactions plays a crucial
role for the stability, robustness and efficiency of the observed motion, affecting not only
the local organization of individuals but also the emergent macroscopic patterns.

1.1 Topological interactions models: From microscopic to macroscopic scale

In this paper we focus on the topological model of the Cucker-Smale type firstly proposed
in [17]. Starting from the microscopic scale, the model reads

Xi(t)=Vi(t),

al ie{l-.- N ‘
=g L0 -ve), {1eoN) (1.1)
L

Here X; € R?, V; € R? denote positions and velocities of N indistinguishable interacting
agents in a general d > 1 dimensional space. A key factor of the model is the so-called
communication weights p; ;, modeling the kind of considered interactions.
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In the original version of the Cucker-Smale model [12,13], the interaction p; ; between
twoagentsi,j€{1,---,N} depends on the metric distance between them, i.e. p; ;=p; ;(| X;—
X;j|). In the topological framework, p; ; are chosen as

piji=K(M}), (1.2)

where K:[0,1] = R™ is a non increasing function. The quantity Mf‘; is defined as

1 N
Mih,;::ﬁ ZXB(X,-,\XifXjU(Xh)/ (1.3)
h=1

where XB(X,|Xi- X)) denotes the characteristic function of the closed ball centered in X;
with radius |X;—X;|. The quantity MZI\; hence counts the number of agents inside the
ball B(X;,|X;—X;|), and it is known as topological rank between two agents i,j € {1,---,N}.
Note that non-decreasing property of function K reflects the fact that the farther apart two
agents are, also in a topological sense, the less influence one has on the other. In the next
section, specific choices of non-increasing function K are performed, see the following
(3.1a), (3.1b).

Starting from the microscopic model (1.1), the kinetic and hydrodynamic equations
have been first formally derived in [17]. At kinetic level, the Vlasov-type equation related
to (1.1) reads as

ot ft(x,0)+v- Vi fi(x,0)
. (o) [ K (MBI ) (0wl ) ), (14)

where f; denotes a distribution function of agents at time t depending on (x,v) €R¥ xR¥.
We have introduced the following notation for the zero-th and first order moments of
fi=fi(x,v), respectively

v?(x)::/ft(x,v)dv, (1.5)
vtl(x)::/vft(x,v)dv (1.6)

for any t >0 and
MO eyl= [, (1.7

the mass inside the ball B(x,|x—y|).
At the macroscopic scale, the following pressureless Euler-type system is formally
obtained in [17]:

010t (x) + V- (o1 (x)us(x)) =
Oty (1) + (0 () V) (1) = [ K(Mlpe) e Jx—y1)) (ne(w) s () (),

O/
(1.8)
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under a monokinetic assumption on the kinetic distribution function, namely

fi(x,0) =pe(x)6(v—us(x)). (1.9)
Here (p;(x),u(x)): [0,T] xR - R xR, T >0, denote density and velocity field, respec-
tively.
Remark 1.1. The quantities v? and v} denote mass and momentum of the distribution

function f; at the kinetic level. Under a monokinetic assumption, the kinetic moments
and the macroscopic moments coincide as

v () =pi(x), vi(x)=pi(x)ui(x). (1.10)

We remark that the derivation in [17] is only formal. Indeed the rigorous proof of
the mean-field limit and propagation of chaos results for the topological kinetic equation
(1.4), under the assumption of Lipschitz continuity for the interaction function K in (1.2),
has been presented in [4,5]. The results on propagation of chaos have been further ex-
tended to the case of general K:[0,1] —[0,1] non-increasing functions in [24]. From the an-
alytical point of view, local and global well-posedeness results for the multi-dimensional
case of the Euler system can be found in [21,27], and rigorous results have been also
obtained for stochastic models of topological type [14,15].

From a numerical perspective, the literature is still quite poor and several issues need
to be tackled. In this work we present a numerical investigation of the topological models
in (1.1)-(1.8) at different scales. In particular, we focus on different choices of function K
in (1.2), which rules topological interactions, studying how this affects the convergence to
consensus. Moreover, we investigate the similarities and differences between the meso-
scopic and macroscopic dynamics both within and outside the monokinetic regime. Fi-
nally, we illustrate with examples in one- and two-dimensional scenarios the sensitive
dependence of the solutions on the initial data.

The paper is organized as follows: in Section 2 we detail the numerical schemes im-
plemented to approximate the solutions at the kinetic and macroscopic level. The main
results of our study are reported in Section 3, where different scenarios, at different scales,
in 1D and 2D setting are discussed, including the case with non uniqueness of solutions.
Conclusions and future perspective on the topic conclude the paper in Section 4.

2 Numerical approximation

In this section we describe the numerical schemes implemented to approximate the so-
lutions of the models at different scales. The microscopic model is numerically approx-
imated using classical implicit Euler scheme both in the one and two dimensional case,
avoiding restrictions on the time step due to explicit integration. The kinetic and the
macroscopic models are approximated using finite volume schemes, as detailed in the
following. The time discretization on [0, T] is performed introducing a discretization time
step At, which is chosen according to a CFL stability condition for the kinetic and the
macroscopic equation.
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2.1 Numerical scheme for the kinetic model

We detail the construction of the scheme in the one dimensional case, using a classical
upwind scheme both in the spatial and in the velocity direction. Let us consider uniform
spatial cells C; = (x;_1,2,Xi11/2), where x; are equally distributed points and x;,1,, =x;+
Ax/2. Analogously, we define uniform velocity cells Vy = (vx_1,2,0k+1/2), where vy are
equally distributed points and v 1,2, =vx+Av/2. Let us consider the kinetic equation
(1.4) in the one-dimensional case rewritten as

Otf +0xF(f)+0.,G(f) =0, (2.1)
where
F(f)=vf, G(f)=—f [ KMI](x|x—y)) (o—w)df(y,w). 22
The fully discrete upwind scheme reads as
At
fie =i ( fasak—Flayax) = 3 (Clin12 = Glko1/2) (2.3)

where F\ | », and G}, , are first-order upwind numerical fluxes. In particular, we can
explicitly define

o 0 f kal‘nk/ if v, >0,

k .

i+1/2k = YkJiv1/2k = oufly . i <0,

and by introducing ¢; 11,2 as a quadrature approximation of the integral term in (2.2) at
(xi,0k+1/2), we can also define

(2.4)

Ciks1/2f % if §ixv1/2>0,
Gl k1/2=0Gi, kr1/2f1) k+1/2= { l ik l (2.5)

Cik+1/2f ki1 HCik+1/2=<0.

The choice of a first order scheme relies in its positivity-preserving property, which is
fundamental for a probability distribution function. We briefly describe the derivation of
the CFL condition to guarantee the positivity-preserving of the scheme, inspired by [31].

2.1.1 Positivity preserving property

It is possible to rewrite (2.3) as
2At
Ap k12 fi k+1/2)

n+1_ (fz Ax kfz+1/2k
2

2At
<fzk+ Ocfit1jaxt vCi,k—l/zﬁkl/z)- (2.6)

Then, if {; 11,2 <0, we have

2At
fike— Ax kfl+1/2k Ao ki1/2fiki1/2

2At 2At .
=fik— Ax Okfii1g— Ao ——Cikt1/2fi%1>0,  if 0 <O, (2.7)
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and

fik— ZAiAxtkaﬁl/z k— ziAtgi,kH/Zﬂ,qu/z

< ZAtvk> fik 2At€1 ki1/2fike1>0,  if v >0, (2.8)
under the CFL condition At < L In the same spirit, if §; k41,2 >0

2 maxy | vk| ’
fik— Ax kfz+1/2k &Clk+l/2fzk+l/2
= ( ZAtCz k+l/2> fik— 241 kaz ki1 >0, if 9 <0, (2.9)

under the CFL condition At < Av . Again we have

2max; k| k+1/2|

2At 2At
fik— Ekaﬁwz,k é‘z k+1/2f k1172

2At 2At .
(1— Uk — Ao éi,k+1/2) ffk >0, if v >0, (2.10)
under the CFL condition
AvAx
2max; i (| Avvg+Axiky1/2])

At <

In the same way, the second term in (2.6) is positive under the same condition. We con-
clude that the first order scheme under the CFL condition

AvAx
At < , 2.11)
2max; (| Avog+AxEiky1/2])

is positivity preserving, namely f;‘k*'] >0if f/} >0forall i and k.

2.2 Numerical scheme for the macroscopic model

Let us describe the numerical scheme for the approximation of the macroscopic system
(1.8) in the one- and two-dimensional cases. We present the details of the approximation
in the two-dimensional case, since the one-dimensional case can be easily derived. In the
two-dimensional case denoting u = (u1,u2), V = (9x,9,) and omitting the subscript ¢ for
simplicity of notation, system (1.8) reads as

atp+8x (pul) +8y(pu2) =0,

Ot + 110y U7 + U0yl = /}RZK (M[P] (z, |Z—Z/|)> (u1(2") —u1(z))p(2')dz, (2.12)

atu2+u18xu2+uzayu2 = /]RZK(M[p] (Z,|z—z/|)> (uz(z’> _uz(z))p(z/)dz/
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where z = (x,y) € R%. The numerical scheme for the approximation of the solution com-
bines the finite volume second-order central scheme proposed by Kurganov and Tad-
mor [20]. A variant of this scheme has been implemented in [1] for the numerical approx-
imation of a pressureless Euler alignment system without topological interactions. We
here extend the approach proposed in [20] with the global flux technique [9,16,19] to treat
non-conservative terms. In this spirit, we rewrite system (2.12) in a quasi-conservative
form as

drw+0xA(w)+9,B(w) =S(w), (2.13)

where
0

w— (p) sw)= | [ K(Mpl(zle—2)) () ~m@)pE)i | @1
2 K(Mlp) (22— 2)) (ual2') ~ a2 ()2

R2
The fluxes are defined by
puq pu2
_ 1.2 . y
A(w) = 7 , B(w)= u1u2+[ Na(x,1)dn (2.15)
M1M2+/A Ni(&y)dg yluz
x 272
with
Nu () = —t2(x,y)s01 (x,9), Na(x,y) = =1 (x,y)3,2(x,) @.16)

and £, §J arbitrary values.

Let us consider uniform discretization in space, with cells C;; = (xj_1/2,Xit1/2) X
(Yj-1/2:Yj+1/2) of volume Ax x Ay, whose centers are given by (x;,;). The semi-discrete
version of our scheme in the two-dimensional case reads as

d _ 1 X X ]. y y

0=~ ag (Pl 0=Fy 0) =5, (FLy O-F L, 0) 4850, @17
where w;; represents the cell average of w in C;; and F* (or FV) is the numerical flux
corresponding to A (or B respectively). To obtain a second-order scheme we introduce a
piecewise linear reconstruction for w of the form

wi,]'(x,y) =w;;+ (wx)i,]' (x — xl-) + (ZUy)i,]' (y —y]'). (2.18)

The derivatives w, and w, are approximated by using a minmod limiter [30] to avoid
oscillations in the reconstruction procedure, namely

: Wit1,;—Wij Wit1,j—Wi-1,j ,Wij—Wi-1;
(wx)i,]-:mmmod((? M g Lo ),

Ax ! 2Ax ! Ax
Wi j+1— Wi 0 Wi j+1—Wij-1 0 Wi j—Wjj—1
Ay 20y Ay ’

(wy);,j=minmod <9
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where 6 € [1,2]. We can now easily define the reconstructed values at the interfaces w, i+l
and w, 1 through the expression (2.18) and the characteristic speeds at the interfaces.
We define the following quantities

w%:wi,j(xi/yprl/z)z w§j3:wi,j(xiryj—1/2)/ wE]‘3:wi,j(xi+1/2/yj)/ w}f\;izwi,j(xiq/z,yj)-

In particular ail /2 will denote the largest (lowest) characteristic speed of A along the in-

terface i+1/2 and bi 11/, the largest (lowest) characteristic speed of B along the interface

j+1/2.
The numerical fluxes read as

+  A(.E - (W + -
a’, AlwrE)—a. , Alw!, . ar,.a.; .
Fx o ity (i) i+ (wia,) i+3) it3 < w _wE)
r = > L W E
i+ al,frl —a at | —a- N
5] 1+5,] i+5,] i+5,]
and + BN 5 (1S +
b B(w:¥)—b". , B(w?. b’ b
y o B b B b b (15,0}
ij+3 bt —b- bt —b- N WL T
1,j+3 L,j+3 1,j+3 1,j+3

The integral term S; ; is approximated by using a nested quadrature rule (the first one for
the computation of the quantity M and the second one for the full integral).
Specifically, the approximation of the second component of the source term in (2.13),

here denoted as S l-(?), is computed as

Si(,fz‘) =pij ), wyK(Mlpa](zi,

!
zmeZ

12ij =2 g|) (pq—1i)) Op0 (2.19)

where z; ;:= (x;,y;), u;;~u1(x;,y;) and the quantity M is approximated by

Mpal(zij,

|zij—Z||)~ ) OnPLmL{||hy 2 ]| <|2i~2'] |} (2.20)
h[,mEZ

The quantities w, and @y, are the corresponding quadrature weights. The third compo-
nent S l.(?)
The semi-discrete scheme obtained in (2.17) is discretized in time using classical ex-

plicit Euler method.

is computed analogously, by defining u; j ~u(x;,y;).

3 Numerical tests

We present several numerical tests simulating microscopic, kinetic and macroscopic dy-
namics. We investigate the role of topological interactions on the overall dynamics, com-
paring the results obtained at different scales. Further comparison will involve kinetic
and macroscopic dynamics. We conclude our analysis exploiting sensitive dependence
on initial conditions in a 2D setting. All the tests performed have been run a laptop
equipped with an Intel Core i7-1060NG?7 processor and 16 GB RAM.
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3.1 Effects of topological interactions

We investigate the role of topological interactions on the overall dynamics, comparing
the results obtained for different choices of function K in (1.2). We consider a reference
microscopic scenario in 1D, with N=100 agents. At initial time, a smaller group of N;=20
agents is randomly located in [—3,—1] with initial velocity randomly assigned in [—2,0],
whereas the remaining N, =80 agents are located in [1,3] with initial random velocity in
[0,2]. Fig. 1 shows the initial condition plotted in the position-velocity space.

In the following Test1-Test3 we run system (1.1) over the time interval [0,500], with
time discretization step At=0.02.

Test 1: Study of consensus velocities for different values of M. We here consider a non
Lipschitz function, choosing K=1 37,y;- Varying the value of M >0, we show the effect
of variations in the number of neighbors considered for interactions. Fig. 2 shows the
velocity evolution of the agents for four different values of M, which are representative
for the simulated scenario. Indeed, choosing M < Nj implies that agents in the smaller
group do not interact with the remaining ones, and different consensus velocities are
reached within the groups (Fig. 2(a)). In order to let the two groups communicating,
we consider M > Nj (Fig. 2(b)). We observe that the number of consensus velocities
decreases as M increases, since interacting with a higher number of neighbors reduces
the formation of cluster dynamics. Assuming M = N we recover an all-to-all type of
interaction. Comparing the results obtained for M=60, we observe that, keeping N fixed,
the value of M influences the time at which flocking is reached (see Fig. 2(c)-(d)). This is
due to the fact, keeping N fixed, the process of achieving consensus is faster increasing
the number of neighbors each agent considers for interactions.

t=20
3,
ol 1.5
;
.@ T 'I 0.5
: -
8 0+ ‘. 0
= 80% 05
> -1 [ ]
- r
o g°°
1.5
,3 Il Il Il Il I
-10 -5 0 5 10 15
Positions

Figure 1: Test 1: initial condition N =100 agents. Each position is marked with colors based on its initial
velocity: the velocities of the agents located in [—3,—1] are randomly chosen in [—2,0], whereas the velocities
of the agents located in [1,3] are randomly chosen in [0,2].
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(c) M=60 (d) M=100
Figure 2: Test 1: plot of V(t), i=1,---,N, solution to (1.1) with K:]I[OM/N] for different values of M.
Test 2: Study of consensus velocities for different choices of K. In Test 2 we compare

the velocity of convergence to a flocking state for two different K: [0,1] — [0,1], both
Lipschitz and decreasing functions:

Kl(X)
Kz(x)

1—x, (3.1a)
(1-x)% (3.1b)

Fig. 3(a)-(b) shows the results obtained for K; and K», respectively. Function K, decays
to zero faster with respect to Kj, reflecting in a weaker interactions among agents. This
also implies a slower convergence to the flocking state. The obtained results can be better
visualized in Fig. 3(c), showing the evolution in time of the microscopic mean velocity V,
for the two different choices of K.

Moreover, we compare the results obtained at the microscopic scale with the macro-
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Velocities
Velocities
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(@) K(x)=1-x (b) K(x)=(1-x)?

ool ——K()=1-2z —K(@)=1-z
P e K(z)=(1-1) 06 —K(z) = (1-2)Y
t
(c) Microscopic velocity (d) Macroscopic velocity

Figure 3: Test 2: plot of the microscopic velocity V;(t), i=1,---,N, solution to (1.1) with a) K linear b) K

convex function and the comparison between c) V(¢) and d) i(t), for different K functions.

scopic one. In order to link microscopic initial data to macroscopic ones, different ap-
proaches can be adopted, see [29,32] for a complete introduction to seminal methods in
the field. Our choice allows us to introduce the initial data for the kinetic scale, that will
be used in Test 5, creating a full path, from microscopic to macroscopic scale.

Starting from the initial data for the microscopic scale, we build initial data po,ug to
run system (1.8). Denoting X°€RN, VRN initial positions and velocities of the agents,
we define an initial distribution probability considering the sum of N Gaussian functions

N (x-x0)2 B (0-V0)?

fo(x,v)zx#e_ o (3.2)

= 2700y

with 0, =0.1, 0, =0.1. Here X?,Vi0 € R denotes the position and the velocity of each
agent i, respectively. Recalling the definition of 1/? ad th in (1.5)-(1.6), initial data at the



M. Menci et al. / Commun. Comput. Phys., 39 (2026), pp. 240-260 251

macroscopic scale are given as

{ Po="14 (3.3)

Qo=1},

where Q; := p;u; denotes the momentum, for any ¢ > 0.

We run (1.8) for both choices of the function K in (3.1a)-(3.1b), aiming at comparing
the influence of the performed choice on the convergence time to the consensus state also
at the macroscopic scale. We set T =40, Ax =0.4, At =0.02. In particular, we evaluate
the macroscopic average velocity i(t), computed as the integral of the velocity field over
the spatial domain. Fig. 3(d) shows that also at this scale the evolution depends on the
choice of K, with faster convergence to the consensus equilibrium corresponding to the
linear one.

Test 3: Evolution of the microscopic model for alinear K. We conclude our analysis on
the microscopic scale in 1D showing some screenshots of the dynamics of agents assum-
ing K=K; in (3.1a), see Fig. 4. We remark that initial condition in Test 1 and its evolution
in Test 3 represents the reference microscopic dynamics for the comparison with different
scales performed in Section 3.2.

3.2 Comparison of the microscopic, kinetic and macroscopic models

Starting from the results obtained at the microscopic scale, we here focus on the kinetic
and macroscopic scales. We recall that the derivation of the hydrodynamic limit (1.8) is
obtained under a monokinetic assumption on the initial data of (1.4). Indeed, far from
the monokinetic case, no rigorous proofs of convergence have been established.

We approximate the solution to (1.4) in the space-velocity domain [—15,20] x [—5,5].
The simulation runs over the time interval [0,T] = [0,3] with At chosen according to the
CFL condition (2.11).

Test 4: Monokinetic initial condition. We recall that analytical results obtained in [5]
ensure a complete correspondence between Vlasov moments and Euler solutions, in case
of monokinetic initial data, namely

fo=p"(x)d(v—u’(x)). (34)

This is a strong ansatz, since the solution is completely described by its hydrody-
namic fields and no further closure assumptions are required. In Test 4 we simulate a
monokinetic-like initial data scenario. We approximate the initial distribution choosing a
Gaussian function with a small value of ¢, namely:

1 _ (r=xp)? (v-vp)?

e 20% 2(7-37 (3.5)

fo(x,0)

27Oy 0y
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Figure 4: Test 3: screenshots of numerical simulation of (1.1) with K=Kj as in (3.1a).

with xg = -2, v9=1.5, 0x =2, 0, = V0.001. The solution is approximated running the
scheme detailed in Section 2.1 setting Ax = 0.05, Av = 0.005. Following the approach
in [23], we compare the moments of the solution to Vlasov with the solution of the Euler
system. We run the macroscopic system (1.8) starting with

{ po=15, (3.6)

Qo=14,

with 1/8, 1/(1) defined as in (1.5)-(1.6).

Fig. 5 shows the comparison between the scales at two different time instants. As
expected, we observe a good agreement between zeroth and first order moments of the
solution to (1.4), and density and momentum solutions to (1.8). The small discrepancy
between the profiles is due to the approximation of monokineticity assumption.
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t=0 t=1 t=3

Figure 5. Test 4. approximation of monokinetic initial data. Comparison of 1/? and p; (first line) and l/tl and
Q; (second line) at different time steps.

Test 5: Non-monokinetic initial condition. In Test 5 we consider a general initial data,
to perform a comparison far from the monokinetic assumption. We run (1.4) setting
Ax =0.2 Av =0.025, starting with the initial distribution defined in (3.2). Screenshots
of the distribution at different times are reported in the phase space, see Fig. 6. Hence
we run the macroscopic model (1.8) with initial condition given by (3.6). Fig. 7 shows
the comparison between kinetic and macroscopic scale, at different time instant. The
non-monokinetic structure of the initial data seems to play a crucial role. Indeed the
agreement between kinetic moments and macroscopic solution is no longer observed.
Numerical results seem to suggest that the comparison is still valid only for short time,
getting worse for longer time.

3.3 Sensitive dependence on initial data: numerical results in 1D and 2D

We conclude our multiscale analysis focusing on the sensitive dependence of the model
on initial conditions. Indeed, as shown in [4], there exist pathological initial configu-
rations for which the dynamics is not well-defined. Specifically, this occurs when two
agents are equidistant from a third agent, and this equidistance is preserved in the past
or future.
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035 — M 035

Figure 7: Test 5: Comparison of ¥ and p; (first line) and v} and Q; (second line) at different time steps.

Test 6: Sensitive dependence on initial data in 1D. In [4], authors prove well-
posedeness of (1.1) for almost all initial data, giving an example of critical initial da-
tum for the system in 1D. Initial positions and velocities with N =3 agents are given as
X%=(-1,¢1), V0=(-1,0,1), with e€ (—1,1),e #0. The model coefficients pij take values
{1/3,2/3,1}. Assuming K(2/3) =1 and K(1) =0, the dynamics varies depending on ¢,
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Figure 8: Test 6: numerical simulation in 1D of (1.1). Here N=3, X0=(—1,¢1), V0=(-1,0,1).
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Figure 9: Test 6: numerical simulation in 1D of (1.1). Here N=3, on(—l,O,l), Voz(—l,O,l), depending
on the two by hand selections of the first neighbor.

leading to a discontinuity in e =0. Fig. 8 shows the evolution of V;, for i=1,2,3, for two
different values of the initial position of agent labeled with i =2. We observe that a small
variation on the value of ¢ reflects in a fairly different dynamics. In particular, for e=0, the
solution to system (1.1) is not unique, since there exists at least two solutions, each being
approached by the solution obtained for e—0" and e—0". Fig. 9 shows the two solutions
obtained running the system assuming ¢ =0. Since in this case the first nearest neighbor
is not unique, we obtain two different solutions, forcing the algorithm to select the par-
ticle located at X? or the one at X9, leading to two different consensus velocities. This
is the same phenomena observed in standard one particle dynamics with low regularity
(less than Cauchy-Lipschitz), see e.g. [22, Remark IV.3]. It is important to note that — in
the one dimensional example considered — the ambiguity in selecting the nearest agent
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persists over time. Indeed, in this case, two agents are equidistant from a third one, and
the equidistance is preserved in the past or future. This situation corresponds to what are
defined as irregular points of the iso-rank manifold in [4]. Therefore, any selection crite-
rion, such as choosing the agent with the lowest (or highest) index, can only be arbitrary.
It is worth noting that in [4] and [5], the derivation of the kinetic equation is performed
outside this set of initial conditions which are pathological for the well-posedness of the
dynamics and have Lebesgue measure zero.

Tests 7-8: Sensitive dependence on initial data in 2D. We then present a 2D scenario,
generalizing the initial condition to N agents, showing the sensitive dependence of the
solutions on the initial data in higher dimension, both at microscopic and macroscopic
scales. First we run the microscopic model (1.1) with N =100 agents. Test 7 and Test
8 differ on the initial condition. At initial time, two groups of 45 agents are randomly
located in balls, centered in (—0.3,—0.3) and (0.3,0.3), and radius R =0.1. Each agent i
belonging to the group starts moving with initial velocity V= (VZ?C,VI(;) randomly chosen
in [-1,—0.2] x [—-1,—0.2], whereas initial velocities of agents belonging to the groups on
the right are randomly chosen in [0.2,1] X [0.2,1]. A small group of 10 agents with null
velocities, is located in the ball centered in (—0.08,—0.08) in Test 7, and in (0.08,0.08)
in Test 8. In the following (X?,Y?) € R? denotes the initial position of each agent i. At
the macroscopic scale, we run the system (1.8) considering the spatial domain [—1,1] x
[—1,1] in the time interval [0,1], with a linear function K. We approximate the solution
implementing the scheme detailed in Section 2.2, with Ay = A, =0.04. We consider an
initial density given as the sum of Gaussian functions,

N 1 e ik

po(x,y) =Y )

2(7% 2175 (37)
i=1

27100y

Figure 10: Test 7: initial conditions for the microscopic scale and the macroscopic one. The small group is
located in a circle centered in (—0.08,—0.08).
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t=0.1

Figure 11: Test 7: screenshots of the numerical simulation at (first line) the microscopic scale and (second line)
the macroscopic scale.

E
25

20

Figure 12: Test 8: initial conditions for the microscopic scale and the macroscopic one. The small group is
located in a circle centered in (0.08,0.08).

with 0y =0, =0.05. A plot of initial conditions for Test 7 and Test 8 is shown in Fig. 10
and Fig. 12, respectively. Fig. 11 and Fig. 13 show several screenshots of the evolution
of systems, both at microscopic and macroscopic scale. Depending on its initial position,
the small group starts moving downward (Test 7) or upward (Test 8) reaching consensus
with the closest group. A small variation on the initial data reflects in a different over-
all dynamics for the system, at both scales. Note that the well-posedness issue does not
depend on the number of agents (in the microscopic case, N =3 is anyway sufficient to
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t=0.1 t=0.5 t=1

Figure 13: Test 8: screenshots of the numerical simulation at (first line) the microscopic scale and (second line)
the macroscopic scale.

observe this phenomenon). The evolution considered in Test 7 and Test 8 —with two
clouds of particles moving in opposite directions—represents perfectly valid initial con-
ditions, close to the pathological one, and serve as an example illustrating the sensitive
dependence on the initial data.

4 Conclusion

In this paper we investigated numerically flocking dynamics with topological interac-
tions at different scales. The microscopic model represented the starting point of the
analysis, for which several choices of interaction kernels were considered and analyzed.
The corresponding Vlasov-type kinetic model was rigorously derived in [4] and its hy-
drodynamic limit to a pressureless Euler-type system was proved in [5], under monoki-
netic assumptions on the initial condition. In our work we studied the agreement be-
tween different scales in several scenarios, also far from monokinetic initial conditions.
We finally focused on the sensitive dependence on the initial data in 1D and 2D sce-
narios, including the case of critical initial conditions leading to non uniqueness of solu-
tions. Future perspectives include further investigations of this aspect, including analogy
with the selection of the limit for solutions to ODE with rough vector fields outside the
Cauchy-Lipschitz theory. Moreover, a complete investigation of the macroscopic model,
extending the analysis to the case of different topological interactions (e.g. attraction and
repulsion effects) will be performed. At kinetic and continuous scales, the role of topo-



M. Menci et al. / Commun. Comput. Phys., 39 (2026), pp. 240-260 259

logical interactions in continuous leader—follower transitions will be investigated, in the
spirit of the work in [11] where metric interactions are considered. From a numerical
point of view, we aim to extend the rescaling velocity method proposed in [26] to the
case of kinetic flocking models with topological interactions.
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