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Abstract. In this study we present a universal nonlinear numerical scheme design
method for nonlinear conservation laws, enabled by multi-agent reinforcement learn-
ing (MARL). Unlike contemporary approaches based on supervised learning or rein-
forcement learning, our method does not rely on reference data or empirical design.
Instead, a first-principle-like approach using fundamental computational fluid dynam-
ics (CFD) principles, including total variation diminishing (TVD) and k-exact recon-
struction, is employed to design nonlinear numerical schemes. The third-order finite
volume scheme is employed as the workhorse to test the performance of the MARL-
based nonlinear numerical scheme design method. Numerical results demonstrate
that the new MARL-based method can strike a balance between accuracy and numeri-
cal dissipation in nonlinear numerical scheme design, and outperforms the third-order
MUSCL (Monotonic Upstream-centered Scheme for Conservation Laws) with the van
Albada limiter for shock capturing. Furthermore, we demonstrate for the first time that
a numerical scheme trained from one-dimensional (1D) Burgers’ equation simulations
can be directly used for numerical simulations of both 1D and 2D (two-dimensional
constructions using the tensor product operation) Euler equations. The framework of
the MARL-based numerical scheme design concepts can incorporate, in general, all
types of numerical schemes as simulation machines.
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1 Introduction

Hyperbolic conservation laws, governed by nonlinear partial differential equations
(PDEs), have extensive applications across numerous fields of science and engineer-
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ing, such as aero-hydrodynamics, astrophysics, plasma physics, advanced manufacture
and transportation engineering [1]. One feature of nonlinear hyperbolic conservation
laws is that their solutions admit singularities (e.g., shock waves and contact discon-
tinuity), which can be developed in finite time from smooth initial data. This poses
grand challenges on numerical simulations as nonlinear numerical schemes need to be
developed to take both scheme stability and numerical resolution into consideration; see
Godunov’s pioneering work on numerical methods for shock capturing [2]. As a re-
sult, many nonlinear numerical scheme construction methods have been developed dur-
ing the last half century, such as high-resolution schemes with TVD slope limiters [3],
weighted essentially non-oscillatory (WENO) methods [4–6], total variation bounded
(TVB) discontinuous Galerkin methods [7], hierarchical multi-dimensional limiting pro-
cess (MLP) [8, 9], moving discontinuous Galerkin finite element method with interface
condition enforcement (MDG-ICE) [10, 11] and localized artificial viscosity and diffusiv-
ity methods [12–14], just to name a few. However, many nonlinear numerical schemes
developed so far have to introduce empirical components, such as the use of limiter func-
tions in the MUSCL scheme and smoothness indicators in the WENO schemes.

1.1 Supervised learning of shock capturing schemes

To reduce the dependence on empirical designs in numerical methods, researchers have
increasingly turned to machine learning techniques to develop data-driven models.
These models differ from traditional approaches by replacing many empirical compo-
nents with neural networks. For instance, Ray et al. [15, 16] developed a data-driven
troubled-cell indicator by training an artificial neural network (ANN) and tested it on 1D
grids and 2D unstructured grids. Beck et al. [17] developed a data-driven shock indicator
by using image-based edge detection methods on 2D grids. Bezgin et al. [18] developed
a data-driven nonlinear weight function for WENO3. Numerical results showed that
these data-driven models can perform better than the empirical ones and do not need
problem-dependent parameter tuning. However, one common issue shared by the afore-
mentioned works is that special numerical treatments, such as certain auxiliary equations
and their corresponding analytical solutions, needs to be used to encode desired numer-
ical features into the machine learning model. The choice of specific equations is still
largely based on the authors’ experience and analytical solutions may not be available.

Researchers have also leveraged the tool of machine learning to design new flux lim-
iters [19] and learn discretizations for PDEs directly [20]. Nguyen et al. [19] designed
a framework to derive an optimal flux limiter for the coarse-grained Burgers’ equation
by learning from high-resolution data. Numerical results demonstrated that the trained
flux limiter achieves better results than standard limiters, but only in Burgers’ equation
simulations. Therefore, the model’s generalizability to different physics is questionable.
Bar et al. [20] designed a data-driven discretization method to learn the optimal approx-
imations to PDEs on a coarse grid directly from the solutions on a finer grid. Numerical
results demonstrated that their proposed method outperforms the standard numerical
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scheme on a coarse grid. However, the generalizability of the method was not discussed.
To address the intrinsic limitations associated with supervised learning, reinforcement
learning provides an alternative way to learn strategies to build nonlinear numerical
schemes possibly without reference (labeled) data.

1.2 Reinforcement learning of shock capturing schemes

Reinforcement learning aims at optimizing a control policy by maximizing the cumula-
tive (discounted/delayed) reward and has a broad range of applications ranging from
games [21,22], robotics [23], disease treatment [24], and healthcare [25]. In computational
fluid dynamics, reinforcement learning has been successfully applied to flow control [26],
large eddy simulation (LES) [27], and wall-modeled LES [28]. In contrast to supervised
learning, this approach does not require labeled data. Instead, agents in reinforcement
learning continuously interact with the environment to generate samples from these in-
teractions. In this manner, the algorithm incorporates the feedback of the environment
into its decision-making process. This feature is of great importance because the long-
term properties can be largely promised through the guide of a reward function, which
is carefully designed using expert or domain knowledge [29].

Progress has been made to use reinforcement learning to design numerical schemes.
Deep reinforcement learning was first used to learn WENO solvers for 1D scalar con-
servation laws via treating numerical PDE solvers as a Markov Decision Process (MDP)
by Wang et al. [30]. In their study, the authors incorporated high-resolution solution
data into the criteria for evaluating performance, known as the reward design. As a re-
sult, the agents were trained more or less in a supervised fashion. No generalization of
the trained numerical scheme to more complex equations, such as Euler equations, was
demonstrated. The same limitation applies to the follow-up works [31, 32]. Later, rein-
forcement learning was used to optimize the parameters of the fifth-order targeted ENO
(TENO5) [33] for compressible flow simulations by Feng et al. [34]. They designed a re-
ward function that aims to optimize numerical dissipation and dispersion of the learned
TENO5 scheme with reference to the fifth-order WENO and high-order central schemes.
However, the scheme must be retrained for each new equation, which restricts its gener-
alizability.

Inspired by the idea of a-posteriori optimization [35], Beck and co-workers [36, 37]
designed slope limiters for 1D and 2D second-order finite volume schemes by using re-
inforcement learning without using high-resolution data for model training. The novelty
of their works lies in that they included reference limiters in the reward design to bound
the permissive slope in the time-stepping process. Specifically, they designed the reward
function by following empirical rules of flux limiter design: (1) penalize near zero or neg-
ative density or pressure, (2) penalize oscillatory solutions, (3) reward solutions that are
already the most non-oscillatory (corresponding to solution from the Minmod limiter),
and (4) detect the upwind direction in nonoscillatory solutions and utilize information
derived from this. They have demonstrated that the trained limiter can be generalized
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to solve the same governing equations with different initial conditions and grid sizes.
However, a possible limitation of this design is that it relies on specific types of existing
flux limiters, and thus, the trained nonlinear numerical schemes may inherit empirical
elements therein. As such, it is not clear how the learned scheme can be generalized to
problems with different physics (e.g., from Burgers’ equation to Euler equations) and spa-
tial dimensions (e.g., from one dimension to two and three dimensions), while standard
numerical schemes in CFD typically have such generalization capability. The machine-
learned numerical schemes should achieve a similar universality as in the standard CFD
schemes across physics (i.e., governing equations), grid, and dimensionality.

1.3 Objectives and contribution of the present work

To achieve the goal of significantly enhancing the generalization capability of machine-
learned numerical schemes, in this work we present a universal, first-principle-like non-
linear numerical scheme design method enabled by multi-agent reinforcement learning.
This MARL-based numerical scheme design framework uses neither reference solution
data nor empirical flux limiter features in the reward design. Instead, a first-principle-like
approach is adopted, where fundamental CFD principles are used to guide the agents in
seeking a balance between accuracy and numerical dissipation automatically. Specifi-
cally, we design the reward function to promote stability by suppressing total variation
increases while at the same time minimizing the modification of the baseline numerical
scheme for smooth flow problems, such as the k-exact finite volume scheme adopted in
this study. Note that the use of a limiter-free scheme as a reference in reward design is
fundamentally different from referring to a particular limiter used in other works [37].
The trained nonlinear numerical scheme is largely free from ad hoc parameters and
shows excellent generalizability over different physics, grid resolutions, and spatial di-
mensions. In doing so, numerical schemes learned from the 1D Burgers’ equation are
directly used to simulate both 1D and 2D Euler equations on grids with varying resolu-
tions.

We chose to use the MUSCL scheme in our research because of its simplicity and
wide applicability. This choice enables us to effectively showcase and validate the main
features of the proposed MARL-based nonlinear numerical scheme design framework.
Note that this reinforcement learning framework can be adapted to learn most, if not all,
popular high-order numerical methods, such as discontinuous Galerkin, flux reconstruc-
tion, and WENO. The basic idea is to use the baseline high-order methods as reference
in the reward design to ensure accuracy while to use bounded total variation to promote
stability.

The rest of this paper is organized as follows. The MARL-based nonlinear numerical
scheme is presented in Section 2. Therein, the design of the equation environment, agents,
and reward in MARL, and the associated training framework are introduced. In Section 3,
numerical properties of the MARL-based nonlinear numerical schemes are examined,
and test results of model generalizability across different types of governing equations,
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initial conditions, grid resolutions, and problem dimensions are presented and discussed.
Finally, conclusions of the present work and discussions of potential improvement of the
MARL-based nonlinear numerical scheme design method are provided in Section 4.

2 Numerical methodology

2.1 Multi-agent reinforcement learning

Reinforcement learning is one of three basic machine learning paradigms, alongside su-
pervised learning and unsupervised learning. The major difference between reinforce-
ment learning and supervised learning is that the former algorithm does not need la-
beled input/output pairs. At each discrete time step t, with a given state s, the agent
selects actions a with respect to its policy π : S →A, receiving a reward r and the new
state of the environment s′. The return is defined as the discounted sum of rewards
Rt =∑T

i=t γi−tr(si,ai), where γ is a discount factor determining the priority of short-term
rewards and T is the final simulation time step. The focus of reinforcement learning is to
find an optimal policy πψ that maximizes the expected return J(ψ)=Eτ∼π[R(τ)] through
exploration and exploitation, where ψ represents the parameters of the policy. There are
three primary types of reinforcement learning algorithms: value-based methods, policy-
based methods, and actor-critic methods.

Q-learning is a notable example of a value-based approach, recognized for its sim-
plicity and popularity. In Q-learning, the algorithm has a function that calculates the
quality of a state-action combination Q : S×A→R. This quantity Q in the expression
is usually called Q-value. Q-learning seeks to find a policy that maximizes the expected
return J(ψ) through iteratively updating the Q-function. The limitation of this algorithm
is that it can only handle small-scale problems with a discrete action space, primarily due
to its reliance on tabular methods. However, replacing the tabular methods with neural
networks can help solve the issue of scalability and allows agents to make decisions from
unstructured input data without the need for manual engineering of the state space [29].

In contrast, policy-based methods, such as the Policy Gradient algorithm, directly op-
timize the policy πψ(a|s) by adjusting parameters ψ in the direction that increases the
expected return J(ψ). The policy function, which can be replaced by the neural net-
work architecture, is advantageous in environments with continuous action spaces. This
flexibility allows the policy to handle a continuous range of actions naturally, making
policy-based methods particularly suitable for such scenarios.

The actor-critic method is a hybrid approach that combines elements of both value-
based and policy-based methods, leveraging the strengths of each [38]. In its framework,
the ‘actor’ is responsible for selecting actions according to a policy πψ(a|s), which is
parameterized by ψ. The ‘critic’, on the other hand, evaluates the chosen actions by esti-
mating the value function, usually represented as the action-value function Qπ(s,a). The
critic’s role is to provide feedback on the quality of the actions taken by the actor, help-
ing to reduce variance in the policy gradient estimates and stabilize training. The actor
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updates the policy parameters in the direction suggested by the critic, typically using the
advantage function to measure how much better or worse an action is compared to the
expected value of the state.

In this work, we use Twin-Delayed Deep Deterministic Policy Gradient [39] (TD3),
which is a variant of the modern actor-critic method, to train the agents in a centralized
training decentralized execution (CTDE) manner. TD3 is particularly advantageous for
problems involving continuous action spaces, making it well-suited for our application,
which requires handling high-dimensional and continuous environments. Moreover, the
algorithm is able to address the problem of overestimation of Q-value by introducing
three numerical treatments: clipped double-Q learning, delayed policy updates, and tar-
get policy smoothing. More details about the algorithm can be found in [39].

To simplify the problem, all the agents share one single policy (i.e., the actor neural
network). This simplification from multi-agent setting to single-agent setting is consis-
tent with the traditional design of a numerical scheme. The reward design will be dis-
cussed in Section 2.3. In our implementation, the reinforcement learning processes are
executed with the open-source machine learning framework PyTorch [40], while the en-
vironments for training and testing equations are set up using the open-source Python
library Gym [41].

The proposed workflow of the MARL-based training framework is illustrated in
Fig. 1. The reinforcement learning method adopted for learning numerical schemes con-
sists of the following steps: (i) select the action based on the input states. (ii) interact with
the equation environment to generate numerous transition tuples, which are composed
of current states s, current actions a, rewards r, and next states s′. Then store these tran-
sition tuples in the replay buffer. (iii) samples are drawn from the replay buffer to first
train and update the critic neural networks, followed by the training and update of the
actor neural network.

2.2 MARL-based nonlinear numerical scheme

In this section, we describe how a nonlinear numerical scheme can be represented using
a neural network. Our nonlinear numerical scheme builds upon the finite volume (FV)
method with the MUSCL-type construction. For smooth problems (e.g., linear advection
with a sinusoidal wave as the initial condition), the MUSCL scheme can achieve third-
order accuracy by reconstructing the left state uL
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where ϕi =1 denotes the local parameter for the ith cell, and ū is the cell-averaged value.
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Figure 1: Workflow of the MARL-based training framework consisting of three steps: (a) input current
states s to the actor neural network and output action a, (b) interact with the equation environment, generate
numerous transition tuples, which are composed of current states s, current actions a, rewards r, and next
states s′ and store transition tuples in the replay buffer, and (c) batch samples from the replay buffer to train
and update neural networks.

However, for non-smooth problems, the optimal choice of ϕi remains unknown and
may vary across different cells. Therefore, we define the action of ith agent, ai, as a scalar
value ϕi ∈ [−1,1]. Agents are assigned to individual cells where this parameter must
be determined. Once the local parameter ϕi has been assigned, we can use this value
to calculate the left state uL

i+ 1
2

and the right state uR
i− 1

2
within the ith cell. For a one-

dimensional problem, the total number of agents is given by Nx, where Nx denotes the
number of computational (physical) cells. The input state si for the ith agent is a three-cell
stencil which comprises the cell-averaged values {ūi−1, ūi, ūi+1}. Each agent’s stencil is
normalized independently using a variant of min-max normalization applied across its
own stencil entries. Let the original stencil of agent i be denoted by si =[si1,si2,si3]. The
corresponding normalized stencil ŝi =[ŝi1, ŝi2, ŝi3] is computed as follows:

ŝij =
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(2.2)
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Here, sij denotes the jth value in the stencil of agent i, and the min and max are taken
over all stencil positions k=1,2,3 for that agent. This ensures that each stencil ŝi is scaled
to the range [0,1], while the small constant ϵ1 = 10−8 prevents division by a near-zero
denominator in the case of nearly constant stencils. For brevity, we omit the hat notation
in the remainder of the paper, with the understanding that all stencil values are assumed
to be normalized using this method. We treat nearly constant states that are caused by
the numerical fluctuation as constant stencils and mark all the constant stencils. These
are flagged accordingly, since varying the parameters within such stencils has negligible
impact on the numerical simulation results.

Our current neural network–based parameterization employs a single parameter ϕi.
When all agents choose ϕi = 1, the scheme operates as a third-order MUSCL method,
achieving high-order accuracy in smooth regions. Conversely, setting ϕi =0 reduces the
scheme to the first-order Godunov method. This reduction to first-order accuracy near
discontinuities is essential due to Godunov’s theorem [2], which states any scheme that
ensures monotone solutions can achieve at most first-order accuracy. Therefore, adapting
the scheme to a first-order scheme in the vicinity of discontinuities ensures the preserva-
tion of monotonicity and prevents the introduction of non-physical oscillations.

We mention that learning ϕi as a function of the input states s is fundamentally differ-
ent from the traditional empirical design of slope limiters, where the ratios of successive
solution slopes serve both as shock sensors and as inputs to a predefined limiter function,
such as van Albada limiter. In contrast, our multi-agent reinforcement learning approach
employs a neural network that takes a three-cell stencil as its input. By leveraging re-
inforcement learning, we enable the model to autonomously identify and learn the op-
timal mappings from input states to corresponding actions. This strategy enhances the
performance of the learned nonlinear numerical scheme, in terms of its generalizability,
robustness, stability, and accuracy, as demonstrated in Section 3.

The algorithm of the MARL-based nonlinear numerical scheme design framework
is shown in Algorithm 1 and the hyperparameters are listed in Table 1. The actor neu-
ral network (policy) πψ as well as two critic networks Qθ1 , Qθ2 all have 256 neurons in
the hidden layers. There are also three corresponding target neural networks. A tar-
get neural network is a fixed neural network used as a stable reference during training
in reinforcement learning to update the value estimates of another network, helping to
stabilize learning. All six networks have two hidden layers and are connected with the
activation function ReLU [42].

We briefly explain Algorithm 1 here. As a first step, the algorithm initializes two critic
networks and one actor network, as well as three target networks, with random param-
eters. A replay buffer B is initialized for the storage of different transition tuples. In the
first while loop, the environment is reset and normalized initial conditions of the equa-
tion are assigned as the input states si for each agent. In the second while loop, each
agent selects a random action to encourage exploration of the environment. Then a joint
action is formed and used to advance the environment by one time step using a user-
defined time marching method. In this study, the second-order Runge–Kutta method
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is employed. The environment then outputs the joint normalized next state and a joint
reward. A transition tuple (si,ai,ri,s

′
i) for each agent is stored in the replay buffer B af-

terwards. Then the algorithm batches NB transitions from B to train the critic networks
and the actor network. The target networks are updated every d steps. The actor neural
network will output new action a′i based on si

′. Then the iteration continues until reach-
ing the designed stop time of the environment (done flag). After that, the environment
resets and executes another training loop until meeting the final training step nmax.

Algorithm 1 Reinforcement Learning Scheme (RLS) Framework

Initialize critic networks Qθ1 , Qθ2 , and actor network πψ with random parameters θ1,
θ2, ψ.
Initialize target networks θ̈1← θ1, θ̈2← θ2, ψ̈←ψ and replay buffer B
while n=0 ≤ nmax do

Reset the environment and initialize the input states si for each agent
while not done do

Select action with exploration noise ai∼clip
(
πψ(si)+N (0,σ1), alow=−1, ahigh=1

)
Compute uL

i+1/2 and uR
i−1/2 from Eq. (2.1)

Observe rewards ri, new states s
′
i and termination signal done for each agent

if si is not marked as constant stencil then
Store transition tuples (si,ai,ri,s

′
i) in B

end if
Sample mini-batch of NB transitions (si,ai,ri,s

′
i) from B

ã←clip(πψ̈(s′)+clip(N (0,σ2),−c,c),alow=−1, ahigh=1)
y← r+γmink=1,2Q

θ
′
k
(s′, ã)

Update critics θk←argminθk
NB
−1 ∑(y−Qθk(s,a))2

if n mod d then
Update ψ by the deterministic policy gradient:
∇ψ J(ψ)=NB

−1 ∑∇aQθ1(s,a)|a=πψ(s)∇ψπψ(s)
Update target networks:
θ̈k←τθk+(1−τ)θ̈k
ψ̈←τψ+(1−τ)ψ̈

end if
end while

end while

2.3 Reward design

In reinforcement learning, the reward function plays a critical role in shaping the agent’s
ability to learn an effective control policy. In the context of designing numerical schemes,
previous studies have often incorporated high-resolution data into the reward function.
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Table 1: Hyperparameters of the reinforcement learning algorithm.

Hyperparameters Implementation
Learning rate 2×10−4

Optimizer Adam [43]
Target update rate (τ) 5×10−3

Batch size (NB) 128
Discount factor (γ) 0.999
Normalized observation True
Exploration policy noise (σ1) N (0,0.1)
Policy update frequency (d) 2
Policy noise (σ2) N (0,0.001)
Policy noise clip (c) 1×10−3

Max training step (nmax) 5×105

However, this approach introduces a more supervised learning process due to the re-
liance on labeled data during training. Such supervision can hinder the development of
optimal schemes, especially when the best solution for scenarios like shocks on coarse
grids is unknown. To address this limitation, we developed a reward function that does
not require labeled data, maintaining the nature of reinforcement learning:

rt
i (s

t+1
i ,st

i ,a
t
i)=αrD+rA, (2.3a)

with

rD=min(TVt−TVt+1, 0), (2.3b)

rA=− 1
Nx

Nx

∑
i=1
||ai−aref ||L1 . (2.3c)

Herein, the superscripts t and t+1 stand for the discrete time steps, and ‘TV’ stands for
the total variation defined as TV =∑Nx

i=1 | f (xi+1)− f (xi)| for a discrete function ui where
Nx is the total number of computational (physical) cells. A numerical method is said to
be total variation diminishing (TVD) if the total variation of the solution u at time step
t+1 is less than or equal to its total variation at time step t, that is TV(ut+1)≤TV(ut). The
concept of TVD, introduced by Harten [44], is a desired property for numerical schemes
used for shock capturing. Thus, we design rD based on the concept of TVD, which we
regard as one of the ‘first principles’ of numerical scheme design for hyperbolic conserva-
tion laws. Indeed, rD is a stability-promoting reward term, which suppresses the growth
of total variation without actively promoting diffusion through a positive reward, i.e., rD
is always non-positive. If the total variation TVt+1 of the next state st+1 is larger than the
TVt of the current state st, a negative reward is distributed to agents who contribute to
the increase of total variation. In Fig. 2a, we demonstrate the results of the trained scheme
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(a) Results from stability-promoting scheme (b) Results from accuracy-promoting scheme

Figure 2: Numerical results of the 1D inviscid Burgers’ equation with sinusoidal wave initial condition
generated with (a) only the first part of the reward rD being active, and (b) only the second part of the
reward rA being active.

using the 1D Burgers’ equation with only the first part of the reward rD being activated.
The result is very dissipative compared to the reference solution because the algorithm
chooses parameters which make the total variation diminish.

The accuracy-promoting reward term rA measures in L1-norm the average deviation
of the trained coefficient in a selected high-order accurate numerical scheme from its
reference value. In this study, the third-order MUSCL scheme is selected as the high-
order method template to design the accuracy-promoting reward term rA. As a result, rA
measures the deviation of the trained ϕ from its k-exact value in the MUSCL scheme, i.e.,
the reference value aref≡ϕref=1 as presented in Eq. (2.1). In Fig. 2b, we demonstrate the
results of the trained scheme using the 1D Burgers’ equation with only the second part of
the reward rA being activated. There exist expected oscillations near the shock because
the trained scheme can be considered as a third-order MUSCL scheme with low artificial
numerical dissipation. This artificial numerical dissipation comes from the fact that the
action cannot be exactly one since there exist error limits for the reinforcement learning
algorithm. Note that for smooth problems without shock waves, the optimal value of ϕ
trained with the MARL approach should be one. Therefore, we used the linear advection
equation with a smooth wave profile to train the MARL-based scheme. As demonstrated
in Appendix A, the convergence behavior of the smooth MARL-based scheme is the same
as that of the third-order MUSCL scheme. This also verifies the code implementation.
However, as will be discussed in Section 2.4, the order of accuracy that can be achieved
by MARL-based schemes trained with the 1D Burgers’ equation admitting shock waves
can only be up to two when they are used to simulate smooth problems, such as the linear
advection equation, as presented in Appendix A as well. This is also due to the artificial
numerical dissipation ‘memorized’ by the reinforcement learning algorithm when it is
used to train nonlinear schemes which can stabilize flow simulation admitting shock
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waves. Similar error limits were observed in a validation case, where the algorithm was
trained in a smooth problem setting. Further details can be found in Appendix A.

In Eq. (2.3a), α is a function of the Courant–Friedrichs–Lewy (CFL) number, which
is used to blend the two parts of stability-promoting and accuracy-promoting rewards.
In this study, α is defined as α= α0/CFL, where α0 is a constant. A key consideration to
build α is to ensure that the reward can strike a good balance between adding numerical
dissipation to ensure stability and maintaining high-order numerical scheme features to
promote accuracy. Note that the maximum magnitude of rA in our study is 2 when ϕ is
−1. To match the order of magnitude of rA, the term αrD = α0rD/CFL should have an
order of magnitude of O(1). Through numerical experiments, we find that the machine-
learned numerical schemes are not sensitive to the variation of α0 when it varies between
1 and 100. Therefore, α0 is set as 50 in this study. More details regarding the choice of the
parameter α0 are discussed in Appendix B.

By activating both components of the reward function, the training algorithm seeks
to balance numerical dissipation with accuracy. Therefore, there is no need to reference
high-resolution solution data or empirical flux limiter features. Instead, the reward func-
tion is developed using a first-principle-like approach grounded in fundamental CFD
concepts. This design focuses on controlling the total variation of numerical solutions to
ensure better numerical stability, while employing k-exact reconstruction parameters for
smooth problems as a guide to enhance accuracy.

Although these fundamental concepts are not classified as first principles of physics,
they constitute the most basic and irreducible laws governing the behavior of numerical
schemes within a shock capturing finite volume framework. By applying these concepts,
we ensure that the generated interaction samples accurately reflect the core physics in
computational fluid dynamics. The term “first-principle-like” highlights the method’s
reliance on these essential CFD principles.

2.4 Training details

Due to the statistical nature of reinforcement learning, different choices of equation en-
vironment and initial condition will lead to different trained schemes. We selected the
1D inviscid Burgers’ equation as our training environment not only because it is a fun-
damental scalar hyperbolic conservation law that can develop discontinuities in finite
time, but also it aligns with the TVD constraint, which is applicable exclusively to scalar
conservation laws. The Burgers’ equation reads

∂u
∂t

+
∂(u2/2)

∂x
=0, (2.4)

where u is the working variable. The sinusoidal wave initial condition with added noises
is given as follows,

u=
{ 1+( 1

2 +σ4)sin( 2π(x−( 1
3−σ3))

1
3+2σ3

), if x∈ [ 1
3−σ3, 2

3 +σ3],

1, otherwise,
(2.5)
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Figure 3: Scatter plot showing the distribution of the highest sixty rewards from three different training
processes. The axes represent the cumulative rewards, with RA being the y-axis and RD being the x-axis.
Each point corresponds to a specific training result, with RLS-D indicated by a red triangle and RLS-A by a
green triangle. Blue points on the approximate Pareto front are examples of Pareto optimal choices.

where σ3∼U (−0.1,0.1) and σ4∼U (−0.2,0.2). σ3 and σ4 are parameters designed to control
the shape of the initial sinusoidal wave. The grid size Nx is chosen from a pool consisting
of 5 different grid sizes 100,200,400,600,800 for each simulation. The simulation end time
is Tend = 0.2, and the CFL number is fixed at 0.2. During the simulation period, a shock
will occur, resulting in a final solution that includes different components: discontinuity
regions and smooth regions.

We use the proposed MARL-based design method Algorithm 1 to train nonlin-
ear numerical schemes with 1D inviscid Burgers’ equation. We identified two typical
schemes that demonstrate different numerical properties. This distinction arises because
a weighted sum was employed when building the reward function. This approach can
result in varying patterns of reward distribution, even though the total rewards are ap-
proximately close. We plot the scatter distribution of highest sixty rewards from three
different training processes and the corresponding Pareto front in Fig. 3. One notable
pattern is that some points are concentrated near the line RD=0, while another pattern is
observed with points aligning closely RA=−14. Here, RD and RA represent the cumula-
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tive total rewards at the final time step, computed by summing the per-agent rewards rD
and rA across all agents at each time step, and then accumulating these sums over time.
Through testing in the same Burgers’ equation environment and calculating the corre-
sponding RD and RA, we identified the former pattern, which has an RD value near zero,
indicating dissipative properties. We selected a scheme from this pattern and named it
‘RLS-D’. The latter pattern, which has a higher RA, allows less dissipation near the shock.
We also selected a scheme from this pattern and called it ‘RLS-A’. Herein, ‘RLS’ stands
for the acronym of reinforcement learning scheme. The convergence rate (i.e. order of
accuracy) test results when they are used to simulate smooth problems, such as the linear
advection equation with a smooth wave profile, are presented in Appendix A. There we
observe that the less dissipative scheme ‘RLS-A’ can achieve a second-order convergence
rate, while the dissipative scheme ‘RLS-D’ presents a first-order convergence rate.

3 Results and discussions

In this section, the numerical performance of MARL-based nonlinear numerical schemes
is examined with several sets of shock-capturing problems governed by the 1D inviscid
Burgers’ equation, 1D Euler equations, and 2D Euler equations. They are all represen-
tative cases of hyperbolic conservation laws. The third-order MUSCL scheme with van
Albada limiter is chosen as the baseline scheme. The MARL-based schemes presented
here are trained solely using the training environment described in Section 2.4. Note
that, once the training is complete, no exploration noise is added to the action ai during
execution. The generalizability of the trained 1D nonlinear numerical schemes is eval-
uated across diverse test cases involving varying physics, grid resolutions, and spatial
dimensions.

3.1 1D inviscid Burgers’ equation

The first testing equation environment is built based on the training equation environ-
ment. The difference is that the initial sinusoidal wave condition is deterministic, which
is given as follows,

u=
{ 1+sin(6π(x−1/3))/2, if 1/3≤ x≤2/3,

1, if x<1/3 or 2/3< x.
(3.1)

The simulation parameter setting is given as follows: the number of cells within the
computational domain is Nx = 200, the simulation end time is Tend = 0.2, and the CFL
number is fixed at 0.2.

The results in Fig. 4a show that numerical results generated from the scheme have
good agreement with reference solution data as the shock is well captured even though
in reward design we did not include any high-resolution data. We also include the nu-
merical result calculated from the third-order MUSCL scheme using van Albada limiter
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(a) Numerical results (b) Total variation change

Figure 4: (a) Comparison of numerical simulation results of the 1D inviscid Burgers’ equation with sinu-
soidal wave initial condition generated from RLS-D, RLS-A, the third-order MUSCL scheme with van Al-
bada limiter and reference solution. (b) Total variation changes of each solutions.

with the same grid size as the baseline scheme for comparison. Note that the reference
solution is calculated from the same MUSCL scheme but on a very fine mesh in which the
number of cells is Nx=6400. From Fig. 4a, we observe that RLS-A outperforms both RLS-
D and the third-order MUSCL scheme with the limiter by more sharply capturing the
shock structure. In Fig. 4b, it is clear that total variation is under good control through-
out the entire simulation. Both RL-based schemes are able to maintain the TVD numerical
property successfully. For RLS-A, before the shock formation, its total variation decreases
much slower than RLS-D, which indicates that the scheme is able to choose actions that
are less dissipative during the smooth wave propagation. After the shock is formed, the
scheme switches its actions to a dissipative mode.

3.2 Generalization across different types of governing equations

Euler equations are a set of equations that describe the flow of inviscid, compressible
fluids. In 1D form, Euler equations for an ideal gas consist of three equations that govern
the conservation of mass, momentum and energy. They are written in the vector format
as:

∂U
∂t

+
∂F
∂x

=0, (3.2)

with

U=

 ρ
ρu
E

, and F=

 ρu
ρu2+p

u(E+p)

.

Herein, ρ is the density, u is the velocity, p is the pressure, and E is the total energy. The
ideal gas law E= p/(γg−1)+ρu2/2, where γg =1.4 is the constant specific heat ratio, is
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(a) Numerical results (b) Total variation change

Figure 5: (a) Comparison of numerical simulation results of density ρ of the 1D Euler equations with Sod
shock tube initial condition generated from RLS-D, RLS-A, the third-order MUSCL scheme with van Albada
limiter and reference solution. (b) Total variation changes of each solutions.

used to close the system. The Sod shock tube problem is used to conduct tests in this
section, and its initial condition is given as follows,

(ρ,u, p)=
{ (1,0,1), x<0.5,

(0.125,0,0.1), x≥0.5.
(3.3)

The simulation parameter setting for this problem is the same as that of the Burgers’
equation: Nx = 200, Tend = 0.2, and the CFL number is 0.2. The reference solution is
calculated using the same MUSCL scheme on a finer grid with Nx =6400 cells.

To demonstrate the generalizability of MARL-based nonlinear numerical schemes to
different physics, we use the same schemes trained from the 1D inviscid Burgers’ equa-
tion to directly solve the 1D Euler equations. The trained policy is applied separately to
three conservative variables to generate values on cell interfaces. In this study, we use
the Local Lax-Friedrichs (i.e., Rusanov) method to solve the Riemann problem in the 1D
Euler equations. We observe from Fig. 5a that without any prior knowledge of Euler
equations or the assistance of high-resolution solution data, numerical results of den-
sity ρ from machine-learned schemes have good agreement with those from the MUSCL
scheme on the same grid and reference solution. RLS-D underperforms the third-order
MUSCL scheme in the contact discontinuity region, i.e., showing more dissipative results
there, due to that the scheme prefers adding more numerical dissipation to stabilize the
simulation. In contrast, RLS-A is capable of capturing the contact discontinuity more
sharply than RLS-D and the third-order MUSCL scheme. In Fig. 5b, we observe that total
variations of the density from RLS-A and RLS-D are under good control. Note that the
total variation of the Sod shock tube problem should remain constant during the develop-
ment of the rarefaction wave, contact discontinuity, and shock wave. Any total variation
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increase indicates the creation of local extremes. From an enlarged view near the end of
the rarefaction wave (i.e., x≈ 0.5), and the contact discontinuity (i.e., x≈ 0.7) in Fig. 5a,
we observe apparent, although very small, troughs from the density predicted by RLS-A.
This is due to the low numerical dissipation nature of RLS-A, and explains why the total
variation value of RLS-A is larger than that of the reference value.

In summary, the good generalizability across Burgers’ equation and Euler equations
demonstrated in this section is consistent with standard CFD schemes, and has not been
demonstrated in previous reinforcement learning-based works.

3.3 Generalization across different initial conditions

In this section, the same scheme trained from the 1D Burgers’ equation is tested with the
1D Shu-Osher problem where a shock wave interacts with an entropy wave. Its initial
conditions are given as:

(ρ,u, p)=
{ (3.857143,2.629369,10.3333), x<1/8,

(1+0.2sin(16πx),0,1), x≥1/8.
(3.4)

The computational domain is [0,1], and a grid with Nx=400 cells is used to conduct simu-
lations. The CFL number is set as 0.1 and the end time is set to Tend=0.178. The reference
solution is calculated using the baseline MUSCL scheme on a finer grid with 6400 cells.
Similar to the Sod shock tube test presented in Section 3.2, we observe in Fig. 6a that
RLS-A outperforms RLS-D and MUSCL. For all schemes, the amplitudes of the high-
frequency waves are under-predicted compared to the reference solution. Total varia-
tions of the density from all tests are presented in Fig. 6b. Note that in the shock-entropy

(a) Numerical results (b) Total variation change

Figure 6: (a) Comparison of numerical simulation results of density ρ of the 1D Euler equations with Shu-
Osher shock tube initial condition generated from RLS-D, RLS-A, the third-order MUSCL scheme with van
Albada limiter and reference solution. (b) Total variation changes of each solutions.
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wave interaction, new extremes can be created. As a result, the total variation of the con-
served variables can increase (see the reference solution). Compared to those of RLS-D
and MUSCL, the time history of total variation of RLS-A demonstrates a closer alignment
with the reference solution, effectively capturing the underlying trend from the reference
one.

3.4 Generalization across varying grid resolutions

In this section, we present the numerical results of grid refinement studies for the Sod
problem and Shu-Osher problem to test the generalizability of the MARL-based schemes
across varying grid resolutions. Specifically, the grid is refined from a coarse one with
100 cells to a fine one with 800 cells.

We observe in Fig. 7 that when the grid is refined, density fields of the Sod shock

(a) Density RLS-D (b) Density RLS-A

(c) TV RLS-D (d) TV RLS-A

Figure 7: Grid refinement study results of the 1D Euler equations with the Sod shock tube initial condition.
(a) Density fields for RLS-D, (b) density fields for RLS-A, (c) total variation evolution histories for RLS-D,
and (d) total variation evolution histories for RLS-A are presented here for comparison.
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(a) RLS-D (b) RLS-A

Figure 8: Numerical results of density ρ of the 1D Euler equations with Shu-Osher shock tube initial condi-
tion under different mesh sizes generated from (a) RLS-D and (b) RLS-A.

tube problem from both RLS schemes become more resolved and accurate. As expected,
RLS-A performs better than RLS-D as it can capture the rarefaction wave, contact discon-
tinuity, and shock wave with sharper resolutions. We observe from Fig. 7a that RLS-D
can sharply capture the shock wave when the grid is refined to 400 cells. However, even
with 800 cells, RLS-D cannot sharply capture the contact discontinuity. Instead, RLS-A
with 800 cells can almost achieve the resolution of the reference solution with 6400 cells.
We find from Fig. 7c that the total variation evolution histories of RLS-D with different
grid resolutions do not show large differences when the wave propagation reaches a rela-
tively stable stage, i.e., rarefaction, contact discontinuity, and shock have been sufficiently
separated from each other. From Fig. 7d, we observe that as the grid is refined, the total
variation for t> 0.1 increasingly aligns with the reference solution, although noticeable
discrepancies persist during the initial stages of the computation. This trend corresponds
well to the decreasing local extreme values near the end of the rarefaction wave and the
contact discontinuity as observed in Fig. 7b.

In the Shu-Osher problem test, as shown in Fig. 8a, RLS-D is not able to predict the
high-frequency waves caused by shock-entropy wave interaction even with 800 cells.
Instead, RLS-A captures the high-frequency waves more sharply when 800 cells are used
(see Fig. 8b).

3.5 Generalization across different problem dimensions

In this section, the same schemes trained from the 1D Burgers’ equation are used to solve
the 2D Euler equations with tensor-product-based solution and flux constructions. In the
two-dimensional form, Euler equations consist of four equations that govern the conser-
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Table 2: Initial conditions in different quadrants for Case 1 and Case 2.

IC1
p2=1, ρ2=1, u2=0.7276, v2=0 p1=0.4, ρ1=0.5313, u1=0, v1=0

p3=1, ρ3=0.8, u3=0, v3=0 p4=1, ρ4=1, u4=0, v4=0.7276

IC2
p2=1, ρ2=2, u2=0.75, v2=0.5 p1=1, ρ1=1, u1=0.75, v1=−0.5

p3=1, ρ3=1, u3=−0.75, v3=0.5 p4=1, ρ4=3, u4=−0.75, v4=−0.5

vation of mass, momentum and energy. This reads

∂U
∂t

+
∂F
∂x

+
∂G
∂y

=0, (3.5)

with

U=


ρ

ρu
ρv
E

, F=


ρu

ρu2+p
ρuv

u(E+p)

, and G=


ρv

ρuv
ρv2+p

v(E+p)

.

Herein, ρ is the density, u and v are the velocity components in the x and y directions,
respectively, p is the pressure, and E is the total energy. The system is closed with the
perfect gas law.

Two 2D Riemann problems are simulated. The computational domain [0,1]×[0,1] is
divided into four quadrants centered at (0.5,0.5). The initial conditions of p, ρ, u, and v
in different quadrants for the two problems are given in Table 2.

The grid consists of 200×200 cells in the x and y directions, respectively. The CFL
number is 0.2, and the simulation end time is Tend = 0.25 for Case 1 and Tend = 0.3 for
Case 2. In the tensor-product-based approach, directional spatial splitting is applied in
each spatial dimension and the method of lines is used to march the resulting system of
ordinary differential equations in time. Thus, the 1D numerical schemes trained from
Burgers’ equation can be directly used in the 2D implementation. As in previous tests,
the second-order Runge–Kutta method is used to march the system in time.

We observe from both Figs. 9 and 10 that simulation results from the trained numer-
ical schemes RLS-A and RLS-D agree reasonably well with those calculated from the
baseline third-order MUSCL scheme. The results generated from RLS-A show sharper
resolutions of flow discontinuities and vortex structures. Instead, RLS-D shows numeri-
cal dissipation features like the baseline scheme.

3.6 Discussion of the statistical nature of the MARL-based framework

Despite promising performance of the MARL-based framework, a certain degree of ran-
domness is inherent in the actions chosen for cells with shocks. In these cells, rA and rD
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Figure 9: Numerical results of 2D Euler equations with Case 1 (a) initial condition generated from (b) the
third-order MUSCL scheme with van Albada limiter and (c) RLS-D, (d) RLS-A. Pressure is displayed by
color and density by 30 contours (0.54 to 1.7 step 0.04) [45].
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Figure 10: Numerical results of 2D Euler equations with Case 2 (a) initial condition generated from (b) the
third-order MUSCL scheme with van Albada limiter and (c) RLS-D, (d) RLS-A. Pressure is displayed by
color and density by 29 contours (0.25 to 3.05 step 0.1).
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naturally become contradictory since choosing ϕ=1 will lead to the increase of total vari-
ation. However, reward rA does not serve as an exact accuracy measurement; instead
it serves more as an indicator of non-smoothness. In the “troubled” cells, the agents
will only learn not to pick action ϕ = 1 because the best action for those cells remains
unknown. This fact indeed provides the trained schemes with a certain level of random-
ness (see discussions in Section 2.4). However, through numerical experiments, we found
that as long as the return in Eq. (2.3a) of the schemes remains high, most of the schemes
exhibit desirable numerical properties as designed: suppress spurious oscillations near
discontinuities and maintain high order of accuracy in smooth regions.

4 Conclusions

This work presents a universal, first-principle-like MARL-based framework to design
nonlinear numerical schemes for general hyperbolic conservation laws. Unlike exist-
ing reinforcement learning-based research, our reward design does not incorporate any
reference data or empirical elements (i.e., flux limiters and artificial viscosity). Instead,
the reward function is formulated based on a first-principle-like approach using funda-
mental CFD theory. Specifically, numerical stability is achieved by controlling the total
variation of numerical solutions, while numerical accuracy is promoted by using k-exact
polynomial reconstruction of solution variables. The agents are able to strike a balance
between accuracy and numerical dissipation in the learned numerical schemes through
iterative interactions with the governing equations (i.e., environment in reinforcement
learning) and exploitation of many interaction samples. The one-dimensional inviscid
Burgers’ equation is employed to train the MARL-based nonlinear numerical schemes.
The generalizability of the learned schemes is then tested using both 1D and 2D Euler
equations simulations that admit shock waves under different flow conditions and grid
resolutions. The MARL-based schemes are able to obtain comparable results to those us-
ing the third-order MUSCL scheme equipped with van Albada limiter, while the learned
scheme with low numerical dissipation (i.e., RLS-A) outperforms the MUSCL scheme.
These promising numerical simulation results demonstrate a new paradigm for design-
ing nonlinear numerical schemes using reinforcement learning with first-principle-like
rewards.

We also carried out 1D Leblanc shock tube tests under extreme flow conditions (re-
sults are not shown here). A key observation is that when the interaction samples used in
reinforcement learning favor certain reward criteria, e.g., the TVD property for scheme
stability due to harsh flow conditions, the learned numerical scheme can become biased.
For example, the scheme is very dissipative when scheme stability is overly emphasized.
There is no easy fix for such issues, as interaction samples favoring other reward criteria,
e.g., k-exact reconstruction for scheme accuracy in the Leblanc problem, are rare. To ad-
dress this issue, post-processing the learned numerical scheme using domain knowledge
provides an alternative solution. Since it is known that negative density and internal en-
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ergy can be easily generated when simulating the Leblanc problem, accuracy-preserving
positivity limiting procedures, such as those developed by Zhang and Shu [46], can be
employed to regulate the solution behavior. This is still under active research.
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A Convergence tests with smooth problems

To verify the code implementation, we conducted a series of error convergence tests using
the linear advection equation with a smooth wave profile, where the optimal value of ϕ
is known to be one. The trained scheme, referred to as the validation scheme, successfully
demonstrated third-order accuracy, confirming the implementation’s validity.

The experimental setup is as follows: the agents are trained on a smooth test case:
the one-dimensional linear advection equation with a pure sinusoidal wave as the initial
condition. The equation reads:

∂u
∂t

+a
∂(u)
∂x

=0, (A.1)

where u is the working variable of advection equation and a= 1 is the advection speed.
The initial condition is given as follows,

u(x)=sin(2πx), x∈ [0,1]. (A.2)

We evaluate the trained scheme alongside the third-order and second-order MUSCL
schemes, as well as the RLS-A and RLS-D methods on five different grid resolutions
and plot the resulting errors as a function of grid size in Fig. 11. As shown in the fig-
ure, the validation scheme successfully achieves third-order accuracy for the smooth test
problem. This outcome is consistent with our expectation that, for a smooth solution,
selecting ϕ=1 should not increase the total variation of the numerical solution. Nonethe-
less, due to inherent limitations in machine learning-based methods, a slight degradation
in the observed order of accuracy is evident on finer grids, reflecting the presence of an
error limit. While RLS-A and RLS-D can also solve the linear advection equation, their
accuracy is limited due to the inability to disable the built-in “limiter” effect in the ma-
chine learning models. RLS-A achieved a second-order convergence rate, whereas the
convergence rate of RLS-D was more toward the first order due to stronger numerical
dissipation built into the scheme.
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Figure 11: Comparison of order of accuracy from the pure second-order and third-order MUSCL scheme,
the validation scheme trained in an environment with smooth problem setting, RLS-D and RLS-A.

B Parameter selection in reward design

The idea behind constructing the blending function α in Eq. (2.3a) is that the algorithm
needs to reach a good balance between numerical dissipation and accuracy. Specifically,
αrD should have a similar order of magnitude to that of rA. From numerical experiments,
we indeed observed that αrD and rA exhibit similar orders of magnitude for each cell
when a good balance is reached. Since under the same flow conditions the CFL number
is positively correlated to the change of total variation, we approximate α as α0/CFL to
automatically control the weight of rD for varying CFL numbers in this study.

Note that a constant α0 is introduced when constructing the blending function α. At
a first glance, it seems that α0 can be a random number as the ratio between rA and rD
depends on the problem to be solved. However, a preliminary analysis indicates that the
order of magnitude of α0 can be estimated when the flow problem is appropriately non-
dimensionalized. The estimation procedure can go as follows. Based on the definition
of rA, its maximum magnitude is 2, around O(1). Therefore, the order of magnitude of
α0rD/CFL should be targeted around O(1) for all problems as the order of magnitude of
rA always holds. Since rA, rD, and CFL all have the dimension of one, the dimension of α0
also needs to be one. At this point, numerical experiments can be carried out with non-
dimensionalized problems to determine the order of magnitude of rD. Before moving
forward, we mention that the order of magnitude of rD can actually be estimated from
numerical simulations with the MUSCL scheme. Therein, we found that rD is around
O(10−2), and thus, α0/CFL should be around O(102) to make the order of magnitude of
αrD be aroundO(1), matching that of rA. Since the CFL number varies betweenO(10−1)
and O(1), the value of α0 can be between O(10) and O(102).

Now we present the observations from our numerical experiments. For all simula-
tions, the CFL number is fixed at 0.2. We varied α0 in a wide range from O(10−1) to
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O(103), and found that the total variation change between two successive time steps for
appropriately non-dimensionalized problems shows sloppy features. This sloppiness ac-
tually ensures the effectiveness of numerical experiments used to estimate the order of
magnitude of rD and the value of α0. A key observation is that the reinforcement learn-
ing algorithm can always learn a certain policy to maximize the reward. However, the
balance between rD and rA can be undesirable due to different choices of α0. If α0 is set
as a large number (e.g., 103), the penalty for violating the TVD constraint can be very
severe (i.e., αrD is a large negative number). The algorithm then simply chose actions
that satisfy the TVD constraints leading to highly dissipative numerical schemes. If α0 is
set as a small number (e.g., 0.1), we observed that the final policy excessively favored ac-
curacy and led to spurious oscillations in simulation results because rA dominated in the
reward. From extensive tests, α0 between 1 and 100 creates good balance between numer-
ical dissipation and accuracy. Therefore, α0 = 50 is used in nonlinear numerical scheme
training, and the machine-learned schemes can be generalized to different physics, grid
resolutions, and spatial dimensions, as demonstrated in Section 3.
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