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Abstract. We propose a bound-preserving (BP) Point-Average-Moment PolynomiAl-
interpreted (PAMPA) scheme by blending third-order and first-order constructions.
The originality of the present construction is that it does not need any explicit recon-
struction within each element, and therefore the construction is very flexible. The
scheme employs a classical blending approach between a first-order BP scheme and
a high-order scheme that does not inherently preserve bounds. The proposed BP
PAMPA scheme demonstrates effectiveness across a range of problems, from scalar
cases to systems such as the Euler equations of gas dynamics. We derive optimal
blending parameters for both scalar and system cases, with the latter based on the
recent geometric quasi-linearization (GQL) framework of [Wu & Shu, SIAM Review,
65 (2023), pp. 1031–1073]. This yields explicit, optimal blending coefficients that en-
sure positivity and control spurious oscillations in both point values and cell aver-
ages. This framework incorporates a convex blending of fluxes and residuals from
both high-order and first-order updates, facilitating a rigorous BP property analysis.
Sufficient conditions for the BP property are established, ensuring robustness while
preserving high-order accuracy. Numerical tests confirm the effectiveness of the BP
PAMPA scheme on several challenging problems.
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1 Introduction

We consider the one-dimensional hyperbolic partial differential equations (PDEs) of con-
servation laws:

∂u
∂t

+
∂f(u)

∂x
=0 (1.1)

with the initial condition u(x,0) = u0(x). Here, x ∈Ω⊂R is the spatial variable, t≥ 0
represents time, u(x,t)∈Rn is an unknown vector function, and f(u) denotes the physical
fluxes.

It is known that the entropy weak solution† of (1.1) often satisfies certain physical
bounds. For instance, when (1.1) reduces to a scalar form, ut+ f (u)x = 0, the entropy
solution of scalar conservation laws adheres to the maximum principle. Specifically, if
u0(x)∈ [ůmin,ůmax], the entropy solution u(x,t) will maintain these bounds for any t >
0, remaining within the invariant domain D = [ůmin,ůmax]. In the case of a system of
conservation laws, where u(x,t)∈Rp, one can often identify a convex invariant domain
D⊂Rp such that both u0 and u(x,t) lie within D. In this work, we will focus on the
one-dimensional compressible Euler equations, with

u=

 ρ
m
E

,

where ρ represents the fluid density, m=ρv is the momentum, v denotes the fluid velocity,
and E= e+ 1

2 ρv2 is the total energy, with e as the internal energy. The flux vector is given
by

f(u)=

 m
m2

ρ +p
m(E+p)

ρ

,

where p= p(e,ρ) is the pressure, related to internal energy and density by an equation of
state. For simplicity, we consider the ideal gas equation of state,

p=(γ−1)e,

where γ is a constant representing the specific heat ratio. For the Euler equations, a
convex invariant domain D is defined by

D=

{
(ρ,m,E)

∣∣∣ρ>0 and e=E−m2

2ρ
>0
}

. (1.2)

It is highly desirable, and often crucial, to ensure that the numerical solution remains
within the convex invariant domain D. Numerical methods capable of preserving this

†An entropy weak solution should satisfy the following inequality in the distributional sense η(u)t+q(u)x≤
0, where (η,q) is the so-called entropy pair.
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convex set are referred to as bound-preserving (BP) or invariant-domain-preserving (or
positivity-preserving in some special cases). Extensive work on this subject has been
done in recent years; see, for instance, [6, 15–18, 22, 23, 26, 32, 33, 35]. Most of these cited
works share a similar philosophy, namely blending high-order and low-order fluxes, op-
erators, or schemes to ensure the preservation of convex properties and, more generally,
to achieve BP properties. This is possible because certain first-order schemes have been
shown to be BP for many hyperbolic systems. A suitable convex combination of first-
order BP fluxes, operators, or schemes with high-order ones can be designed to achieve
both the BP property and high-order accuracy simultaneously.

Recently, a new class of schemes, capable of combining several formulations of the
same hyperbolic problem (1.1) and inspired by the so-called Active Flux method (see,
for instance, [4, 7, 12–14, 19]), was introduced in [1]. In this approach, the solution is rep-
resented continuously through the degrees of freedom (DoFs), which consist of average
values within each element and point values at the element boundaries. These DoFs are
then evolved according to two formulations of the same PDEs. The time stepping is sim-
plified since the method of lines becomes possible. This novel approach has been success-
fully extended to the multidimensional case in [2] and further applied to one-dimensional
hyperbolic balance laws in [3, 25] and multidimensional hyperbolic balance laws in [24],
where this new procedure is named the PAMPA (Point-Average-Moment PolynomiAl-
interpreted) scheme. Similar to high-order discontinuous Galerkin schemes, the third-
order PAMPA scheme cannot prevent the numerical solution from producing spurious
oscillations in the presence of discontinuities, which may lead to non-physical solutions,
such as negative density and internal energy in gas dynamics. This issue can result in
nonlinear instability and even code crashes. To address these problems, a stabilization
technique equipped with parachute low-order schemes and a MOOD mechanism [8] was
applied in the aforementioned works. In [9], a related problem was studied. The authors
of [9] referred to the PAMPA scheme as a generalized Active Flux scheme and introduced
two main contributions. First, the authors of [9] used the local Lax–Friedrichs, Steger–
Warming, and van Leer–Hänel flux vector splittings to derive a high-order scheme for
updating point values, addressing transonic issues in nonlinear problems caused by in-
accurate upwind direction estimation in Jacobian splitting. Second, a convex limiting
method is applied to the average DoFs, and a scaling limiter is used for the point value
DoFs to ensure the BP property. In [9], the low-order scheme for the point value is con-
structed using a first-order method based on the standard local Lax–Friedrichs scheme
on a staggered mesh.

Observing from previous works on the PAMPA scheme ( [1–3, 24, 25]), we know that
the parachute first-order schemes for both average and point value DoFs are BP under
certain CFL condition. The aim of this paper is, therefore, to introduce a generic convex
limiting framework for analyzing and constructing a BP PAMPA scheme, in which the
high-order and low-order fluxes and residuals corresponding to average and point value
DoFs will be blended using the same techniques. The efforts and findings include the
following:
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• We propose a convex blending of the fluxes and residuals computed by the high-
order PAMPA and low-order local Lax–Friedrichs’ flavor schemes from [1]. With
this blending, the updated solutions, including both average and point values, can
be rewritten as a convex combination of the previous time step solution and several
intermediate solution states. This formulation facilitates the BP property analy-
sis. It is worth noting that, when updating the point value at the cell interface, our
low-order scheme employs a robust local Lax–Friedrichs type scheme [1] that incor-
porates both point and average values, rather than the local Lax–Friedrichs scheme
in [9], which relies solely on point values. Additionally, our BP technique is based
on a novel blending of residuals. Importantly, our BP PAMPA scheme does not
exhibit the transonic issues seen in nonlinear problems in [9, 19], which required
careful flux vector splitting in their approach in [9].

• We establish a sufficient condition for the BP property of the blended PAMPA
scheme, which only requires the BP property of the intermediate solution states.
This finding converts the goal of constructing a BP PAMPA scheme into determin-
ing, through analysis, the optimal blending coefficients to reach the desired prop-
erties while maintaining as much of the high-order accuracy of the PAMPA scheme
as possible.

• We provide a set of theoretical results that can be used to rigorously prove the BP
property of the BP PAMPA scheme. Among these results, the analysis for maintain-
ing the average value within the invariant domain aligns with that in [9], while our
BP limiting for the point value updates is different from [9]. Specifically, we write
the scheme for the point value DoFs as a convex combination of two parts (residu-
als). We enforce that for each part the BP property is satisfied. Whereas in [9], the
authors used BP limiting on the whole solution state without a convex splitting.

• We extend the BP PAMPA scheme to the Euler equations of gas dynamics. Rather
than using the techniques in [9, 22, 32], we propose a novel approach based on the
following property of D established in [33]: setting

N =


1

0
0

∪

 ν2

2
−ν
1

, ν∈R

,

the equivalent GQL (Geometric Quasi-Linearization) representation of the invari-
ant domain D in (1.2) is given by

Dν ={u=(ρ,m,E)T such that for all n∈N , uTn>0}. (1.3)

The optimal blending coefficients can be directly obtained from the eigenvalues of
a matrix with components given only by the intermediate solution states and the
differences between high-order and low-order fluxes or residuals. This analysis
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is novel and applicable to the multidimensional case (which will be discussed in
detail in a separate paper).

• We implement our BP PAMPA scheme and demonstrate its robustness and effec-
tiveness on several challenging numerical examples, such as the Buckley–Leverett
problem in scalar conservation law with non-convex flux, the LeBlanc shock tube,
double rarefaction Riemann, and Sedov problems in the Euler equations of gas dy-
namics.

The structure of this paper is as follows. In Section 2, we review the one-dimensional
first-order and high-order (here third-order) PAMPA schemes for solving (1.1). We then
use a blending procedure to combine the high-order and low-order schemes, demon-
strating how to construct a BP PAMPA scheme. Specifically, we begin with scalar con-
servation laws, proposing BP blended fluxes for updating cell averages in Subsection 3.1
and BP blended residuals for updating point values in Subsection 3.2. To reduce spuri-
ous oscillations near discontinuities while maintaining high accuracy in smooth regions,
we introduce the local maximum principle and smooth extrema detector in Subsection
3.3. The BP PAMPA scheme is then extended to the one-dimensional Euler equations of
gas dynamics in Subsection 3.4. Several challenging numerical examples are presented
in Section 4 to demonstrate the efficiency and robustness of the proposed BP PAMPA
scheme. Finally, we conclude the paper in Section 5 by summarizing the contributions
and discussing future directions.

2 One-dimensional PAMPA scheme for hyperbolic conservation
laws

This section is devoted to recall the essential ingredients of the one-dimensional semi-
discrete PAMPA scheme. To remain as simple as possible, the one-dimensional scalar
conservation laws will be considered in this section. The system extension is perfectly
straightforward. Spatial discretization of the studied PDE will be carried out using either
a first-order scheme or a high-order scheme. To evolve the solution in time, we em-
ploy the third-order strong stability-preserving (SSP) Runge–Kutta (RK) time-stepping
method in the numerical implementation. However, for ease of demonstration, we apply
only the first-order forward Euler method here. Extending this to higher-order SSP RK
time-stepping methods is conceptually straightforward, since these multistage time inte-
gration methods can be written as convex combinations of formal forward Euler steps.

For the subsequent discretization, let us introduce the following notations. The one-
dimensional domain Ω is divided into a set of non-overlapping cells Ij+ 1

2
=[xj,xj+1], with

∆xj+ 1
2
=xj+1−xj being the size of Ij+ 1

2
. We also partition the time domain in intermediate

times {tn} with ∆tn = tn+1−tn the n-th time step. Following [1, 2], the problem (1.1) is
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discretized, at first order, by

un+1
j+ 1

2
=un

j+ 1
2
−λ
(
F LO

j+1
(
un

j+ 1
2
,un

j+ 3
2

)
−F LO

j
(
un

j− 1
2
,un

j+ 1
2

))
, (2.1a)

and
un+1

j =un
j −2λ

(−→
Φ LO

j− 1
2
+
←−
Φ LO

j+ 1
2

)
. (2.1b)

Here, un
j is an approximation of the point value at xj, un

j+ 1
2

is an approximation of the

cell average in [xj,xj+1], λ= ∆tn

∆x (we assume a uniform mesh but this is not essential). In
(2.1a), the numerical flux F is monotone of Lipschitz constant L, and we make use of the
well-known local Lax-Friedrichs numerical flux

F LO
j :=F LO

j
(
un

j− 1
2
,un

j+ 1
2

)
=

f (un
j− 1

2
)+ f (un

j+ 1
2
)

2
−

αj

2
(
un

j+ 1
2
−un

j− 1
2

)
, (2.2)

where
αj =α(un

j− 1
2
,un

j+ 1
2
)=max

(
| f ′(un

j− 1
2
)|,| f ′(un

j+ 1
2
)|
)
. (2.3)

In (2.1b), the first-order residuals are computed by the following manner which also has
the flavor of local Lax-Friedrichs scheme:

−→
Φ LO

j− 1
2
=

f (un
j )− f (un

j− 1
2
)

2
−

β j− 1
2

2
(
un

j− 1
2
−un

j
)
,

←−
Φ LO

j+ 1
2
=

f (un
j+ 1

2
)− f (un

j )

2
−

β j+ 1
2

2
(
un

j+ 1
2
−un

j
)
,

(2.4)

where
β j+ 1

2
=β(un

j ,un
j+ 1

2
)=max

(
| f ′(un

j )|,| f ′(un
j+ 1

2
)|
)
. (2.5)

Under condition λ·max
j

αj≤1/2, λ·max
j

β j+ 1
2
≤1/2, and Lλ≤1, the scheme is BP.

A high order version from [1] is

un+1
j+ 1

2
=un

j+ 1
2
−λ
(

f
(
un

j+1
)
− f
(
un

j
))

(2.6a)

and
un+1

j =un
j −2λ

(−→
Φ HO

j− 1
2
+
←−
Φ HO

j+ 1
2

)
(2.6b)

with the high-order residuals being defined as

−→
Φ HO

j− 1
2
=

∆x
2

a+j
∂u
∂x
∣∣
[xj−1,xj]

(xj),
←−
Φ HO

j+ 1
2
=

∆x
2

a−j
∂u
∂x
∣∣
[xj,xj+1]

(xj), (2.7)

where aj = f ′(un
j ), and a+j =max(aj,0), a−j =min(aj,0). u

∣∣
[xj,xj+1]

is the approximation of u

in [xj,xj+1]:

u
∣∣
[xj,xj+1]

=un
j ℓ0

( x−xj

∆x

)
+un

j+ 1
2
ℓ1/2

( x−xj

∆x

)
+un

j+1ℓ1

( x−xj

∆x

)
(2.8)
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with
ℓ0=(1−x)(1−3x), ℓ1/2=6x(1−x), ℓ1(x)= x(3x−2).

These functions satisfy

ℓ0(0)=1, ℓ0(1)=0,
∫ 1

0
ℓ0dx=0,

ℓ0(1)=0, ℓ1(1)=1,
∫ 1

0
ℓ1dx=0,

ℓ1/2(0)=0, ℓ1/2(1)=0,
∫ 1

0
ℓ1/2dx=1.

Using the parabolic approximation in (2.8), we find

∂u
∂x
∣∣
[xj−1,xj]

(xj)=
2

∆x
(
un

j−1−3un
j− 1

2
+2un

j
)
,

∂u
∂x
∣∣
[xj,xj+1]

(xj)=
2

∆x
(
−2un

j +3un
j+ 1

2
−un

j+1
)
.

Then the high-order residuals in (2.7) can be rewritten as
−→
Φ HO

j− 1
2
= a+j (u

n
j−1−3un

j− 1
2
+2un

j ),
←−
Φ HO

j+ 1
2
= a−j (−2un

j +3un
j+ 1

2
−un

j+1).
(2.9)

In this procedure, the update of the conservative DoFs, uj+1/2, must be done in a con-
servative manner. The conservation constraint can be relaxed for the update of the point
values uj. We have some freedom to select the point values at the cell boundaries, it can
be either conservative variables, or primitive variables, or entropy variables as shown
in [1]. It has also been demonstrated that under mild assumptions on the scheme, and as-
sumptions similar to those of the Lax-Wendroff theorem on {uj,uj+1/2}j∈Z, the solution
will converge to a weak solution of the problem (1.1). In this section as well as in this
paper, we only consider the conservative variables for both the cell average and point
value and the high-order scheme is the third-order one. However, the PAMPA method
and the BP limitings developed in the subsequent section are not restricted by this. The
extension to employ other variables for point value and higher-order case by using the
higher moments will be investigated in the future work.

When the procedure is extended to Euler equations of gas dynamics, we again apply
the Jacobian splitting and replace a±j by

(
J(uj)

)±
=RΛ±R−1, where Λ=diag(λ1,··· ,λp),

Λ±=diag(λ±1 ,··· ,λ±p ) with λ+
i =max(λi,0) and λ−i =min(λi,0). λ1,··· ,λp are the eigen-

values, with the columns of R the corresponding eigenvectors, of the Jacobian matrix
J(u)= ∂ f (u)

∂u .
In the numerical results, we will show that this procedure may lead to non-physical

solutions. This has been observed by several authors [9,19]. However, we will show that
our BP technique cures completely this problem.
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3 Bound-preserving PAMPA scheme

In this section, we introduce the BP PAMPA scheme. The previous presentation of the
first-order and high-order schemes allows us to construct a unified blending framework
for updating both cell average and point value. For simplicity and clarity in illustrating
the blending procedure, the following Subsections 3.1, 3.2, and 3.3 focus on scalar conser-
vation laws. For scalar conservation laws, if the initial data satisfies u0∈D=[ůmin,ůmax],
then due to Kruzhkov’s theory, the unique entropy weak solution u(x,t) guarantees
u(·,t)∈D, for any time t. This justifies why we want to construct schemes that preserves
this property. The extension to Euler equations will be addressed in Subsection 3.4.

3.1 Blended fluxes and update of cell average

We present a convex limiting approach to achieve the BP property for updating the cell
average, inspired by [32]. To this end, each cell interface xj is assigned two fluxes: a first-
order finite volume numerical flux F LO

j (un
j− 1

2
,un

j+ 1
2
), and a high-order exact flux function

f (un
j ). Then, these two fluxes are blended in a convex manner through a blending coeffi-

cient ηj∈ [0,1] as follows:

Fj =F LO
j +ηj

(
f (un

j )−F LO
j
)
=F LO

j +ηj∆Fj. (3.1)

A blending coefficient set to zero will lead to a first-order finite volume numerical flux,
while a coefficient of one yields the high-order exact flux function.

The first-order forward Euler time integration for the cell average reads as

un+1
j+ 1

2
=un

j+ 1
2
−λ(Fj+1−Fj), ∀j, (3.2)

which can be rewritten as a convex combination of quantities defined at the previous
time step:

un+1
j+ 1

2
=un

j+ 1
2
−λ(Fj+1−Fj)±λ(αj+αj+1)un

j+ 1
2
+λ
(

f (un
j+ 1

2
)− f (un

j+ 1
2
)
)

=(1−λαj−λαj+1)un
j+ 1

2
+λαj

(
un

j+ 1
2
−
−Fj+ f (un

j+ 1
2
)

αj

)
+λαj+1

(
un

j+ 1
2
−
Fj+1− f (un

j+ 1
2
)

αj+1

)
=(1−λαj−λαj+1)un

j+ 1
2
+λαjũL

j+ 1
2
+λαj+1ũR

j+ 1
2
, (3.3)

with

ũL
j+ 1

2
=un

j+ 1
2
−
−Fj+ f (un

j+ 1
2
)

αj
=

un
j− 1

2
+un

j+ 1
2

2
−

f (un
j+ 1

2
)− f (un

j− 1
2
)

2αj
+ηj

∆Fj

αj

=u∗j +ηj
∆Fj

αj
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and

ũR
j+ 1

2
=un

j+ 1
2
−
Fj+1− f (un

j+ 1
2
)

αj+1
=

un
j+ 3

2
+un

j+ 1
2

2
−

f (un
j+ 3

2
)− f (un

j+ 1
2
)

2αj+1
−ηj+1

∆Fj+1

αj+1

=u∗j+1−ηj+1
∆Fj+1

αj+1
,

where u∗j and u∗j+1 are nothing but the first-order finite volume Riemann intermediate
states, which takes the following form

u∗j =
un

j− 1
2
+un

j+ 1
2

2
−

f (un
j+ 1

2
)− f (un

j− 1
2
)

2αj
, ∀j. (3.4)

As one can observe from (3.3), un+1
j+ 1

2
is indeed a convex combination of quantities from

the previous time step under the standard CFL condition

∆t≤ ∆x
αj+αj+1

,

which was also used in [9] for the BP property of cell averages and was inspired by
[16, 32]. Moreover, since

αj =α(un
j− 1

2
,un

j+ 1
2
)=max

(
| f ′(un

j− 1
2
)|,| f ′(un

j+ 1
2
)|
)
,

it follows that
u∗j ∈

[
min(un

j− 1
2
,un

j+ 1
2
),max(un

j− 1
2
,un

j+ 1
2
)
]
.

We now introduce the definition of the blending coefficient to ensure that if the numerical
initial solution lies inD, the solution un

j+ 1
2

remains inD throughout the entire calculation.

Proposition 3.1. In the numerical scheme (3.3), if we set

ηj =min
(

1,
αj∣∣∆Fj
∣∣min

(
ůmax−u∗j ,u∗j −ůmin

))
, ∀j, (3.5)

the scheme preserves the following property: if un
j+ 1

2
∈D, then un+1

j+ 1
2
∈D, for any n and

any j.

Proof. We need to determine under which condition, u∗j ±ηj
∆Fj
αj
∈ [ůmin,ůmax], knowing

that if un
j+ 1

2
∈ [ůmin,ůmax], for all j. This requires

ůmin≤u∗j +ηj
∆Fj

αj
≤ ůmax, ůmin≤u∗j −ηj

∆Fj

αj
≤ ůmax, ∀j, (3.6)
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i.e.,

αj
(
ůmin−u∗j

)
≤ηj ∆Fj≤αj

(
ůmax−u∗j

)
, αj
(
u∗j+1−ůmin

)
≥ηj ∆Fj≥αj

(
u∗j −ůmax

)
, ∀j.

Since

αj
(
ůmin−u∗j

)
≤0≤αj

(
ůmax−u∗j

)
, αj

(
u∗j −ůmin

)
≥0≥αj

(
u∗j −ůmax

)
, ∀j,

we have two cases for ηj:

• If ∆Fj≥0, then we need

ηj≤αj

(
ůmax−u∗j

)
∆Fj

and ηj≤αj

(
u∗j −ůmin

)
∆Fj

;

• If ∆Fj≤0, then we need

ηj≤αj

(
u∗j −ůmin

)
−∆Fj

and ηj≤αj

(
ůmax−u∗j

)
−∆Fj

.

In addition, we require ηj≤1. Therefore, we get the result as given in (3.5).

3.2 Blended residuals and update of point value

The point value will be evolved in a similar convex limiting manner as described in the
previous subsection. To be specific, each point value is assigned two residuals, one is the
low-order residual (2.4) and one is the high-order residual (2.9). These two residuals will
be blended in a convex manner through blending coefficients θj− 1

2
∈ [0,1] and θj+ 1

2
∈ [0,1].

The blended residuals read as
−→
Φ j− 1

2
=
−→
Φ LO

j− 1
2
+θj− 1

2
(
−→
Φ HO

j− 1
2
−−→Φ LO

j− 1
2
)=
−→
Φ LO

j− 1
2
+θj− 1

2
∆
−→
Φ j− 1

2
,

←−
Φ j+ 1

2
=
←−
Φ LO

j+ 1
2
+θj+ 1

2
(
←−
Φ HO

j+ 1
2
−←−Φ LO

j+ 1
2
)=
←−
Φ LO

j+ 1
2
+θj+ 1

2
∆
←−
Φ j+ 1

2
.

(3.7)

Analogously, when the blending coefficient θj± 1
2
=0, it results in the first-order residuals

while if θj± 1
2
= 1, it induces to the high-order case. Since conservation is not needed for

point value, we can assign two different blending coefficients θj± 1
2

for the residuals that
are used for the update of point value at the cell interface x= xj.

The first-order forward Euler time integration for point value is expressed as

un+1
j =un

j −2λ(
−→
Φ j− 1

2
+
←−
Φ j+ 1

2
), ∀j, (3.8)
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and then it is rewritten as a convex combination of quantities defined at the previous time
step, i.e.,

un+1
j =un

j −2λ(
−→
Φ j− 1

2
+
←−
Φ j+ 1

2
)+2λ(β j− 1

2
+β j+ 1

2
)un

j −2λ(β j− 1
2
+β j+ 1

2
)un

j

=
(

1−2λβ j− 1
2
−2λβ j+ 1

2

)
un

j +2λβ j− 1
2

(
un

j −
−→
Φ j− 1

2

β j− 1
2

)
+2λβ j+ 1

2

(
un

j −
←−
Φ j+ 1

2

β j+ 1
2

)
=
(

1−2λβ j− 1
2
−2λβ j+ 1

2

)
un

j +2λβ j− 1
2
ũL

j +2λβ j+ 1
2
ũR

j , (3.9)

where

ũL
j =un

j −
−→
Φ j− 1

2

β j− 1
2

=
un

j− 1
2
+un

j

2
−

f (un
j )− f (un

j− 1
2
)

2β j− 1
2

−θj− 1
2

∆
−→
Φ j− 1

2

β j− 1
2

=u∗,Lj −θj− 1
2

∆
−→
Φ j− 1

2

β j− 1
2

(3.10)

and

ũR
j =un

j −
←−
Φ j+ 1

2

β j+ 1
2

=
un

j +un
j+ 1

2

2
−

f (un
j+ 1

2
)− f (un

j )

2β j+ 1
2

−θj+ 1
2

∆
←−
Φ j+ 1

2

β j+ 1
2

=u∗,Rj −θj+ 1
2

∆
←−
Φ j+ 1

2

β j+ 1
2

. (3.11)

In the above, we have defined

u∗,Lj =
un

j− 1
2
+un

j

2
−

f (un
j )− f (un

j− 1
2
)

2β j− 1
2

, u∗,Rj =
un

j +un
j+ 1

2

2
−

f (un
j+ 1

2
)− f (un

j )

2β j+ 1
2

, ∀j. (3.12)

We then perform the similar analysis as in Subsection 3.1 to satisfy the condition of con-
vex combination and obtain:

Proposition 3.2. If we set

θj− 1
2
=min

(
1,

β j− 1
2∣∣∆−→Φ j− 1

2

∣∣min
(
u∗,Lj −ůmin,ůmax−u∗,Lj

))
(3.13)

and

θj+ 1
2
=min

(
1,

β j+ 1
2∣∣∆←−Φ j+ 1

2

∣∣min
(
u∗,Rj −ůmin,ůmax−u∗,Rj

))
, (3.14)

the numerical scheme (3.9) has the same BP property: if un
j ∈D, then un+1

j ∈D, for any n
and any j.
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Proof. The proof is very similar to that for (3.5). We assume that

ůmin≤u∗,Lj −θj− 1
2

∆
−→
Φ j− 1

2

β j− 1
2

≤ ůmax, ůmin≤u∗,Rj −θj+ 1
2

∆
←−
Φ j+ 1

2

β j+ 1
2

≤ ůmax, (3.15)

and since

β j− 1
2

(
u∗,Lj −ůmax

)
≤0≤β j− 1

2

(
u∗,Lj −ůmin

)
, β j+ 1

2

(
u∗,Rj −ůmax

)
≤0≤β j+ 1

2

(
u∗,Rj −ůmin

)
,

we can rewrite (3.15) as

β j− 1
2

(
u∗,Lj −ůmax

)
≤ θj− 1

2
∆
−→
Φ j− 1

2
≤β j− 1

2

(
u∗,Lj −ůmin

)
,

β j+ 1
2

(
u∗,Rj −ůmax

)
≤ θj+ 1

2
∆
←−
Φ j+ 1

2
≤β j+ 1

2

(
u∗,Rj −ůmin

)
.

We then have two cases for θj− 1
2
:

• If ∆
−→
Φ j− 1

2
≥0, then we need

θj− 1
2
≤

β j− 1
2

(
u∗,Lj −ůmin

)
∆
−→
Φ j− 1

2

;

• If ∆
−→
Φ j− 1

2
≤0, then we need

θj− 1
2
≤

β j− 1
2

(
ůmax−u∗,Lj

)
−∆
−→
Φ j− 1

2

.

In case of an inaccurate estimation of the upwind direction which may lead to a opposite
sign of ∆

−→
Φ j− 1

2
, especially in the transonic case and θj− 1

2
≤1 is also required, we therefore

take

θj− 1
2
=min

(
1,

β j− 1
2∣∣∆−→Φ j− 1

2

∣∣min
(
u∗,Lj −ůmin,ůmax−u∗,Lj

))
.

Similar analysis can be performed for θj+ 1
2
, we omit here for saving space.

3.3 Local maximum principle and smooth extrema relaxation

In (3.5), (3.13), and (3.14), the global bounds are taken as

ůmin=min
x∈Ω

u0(x) and ůmax=max
x∈Ω

u0(x). (3.16)
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In order to reduce as much as possible the appearance of spurious oscillations in the
approximation of discontinuous solution, in addition to the global maximum principle,
we also impose a local maximum principle for the update of average value. More specific,
we take the local bounds of the solution from the previous time step (or the previous
Runge-Kutta step in the general case) and we set

umin
j+ 1

2
=min

(
un

j+ 1
2
,u∗j ,u∗j+1

)
and umax

j+ 1
2
=max

(
un

j+ 1
2
,u∗j ,u∗j+1

)
, ∀j, (3.17)

for the update of cell average. To ensure the updated cell average bounded by these
local bounds and in the light of the combination in (3.3), we need to guarantee both
ũL

j+ 1
2
∈ [umin

j+ 1
2
,umax

j+ 1
2
] and ũR

j− 1
2
∈ [umin

j− 1
2
,umax

j− 1
2
], it is sufficient to take ηj as follows:

ηj =


min

(
1,

αj

|∆Fj|
min(umax

j+ 1
2
−u∗j ,u∗j −umin

j− 1
2
)
)

if ∆Fj >0,

min
(

1,
αj

|∆Fj|
min(u∗j −umin

j+ 1
2
,umax

j− 1
2
−u∗j )

)
if ∆Fj <0.

(3.18)

Proof. We need to determine under which condition, u∗j +ηj
∆Fj
αj
∈ [umin

j+ 1
2
,umax

j+ 1
2
] and u∗j −

ηj
∆Fj
αj
∈ [umin

j− 1
2
,umax

j− 1
2
], for all j. Since u∗j ∈ [umin

j+ 1
2
,umax

j+ 1
2
] and u∗j ∈ [umin

j− 1
2
,umax

j− 1
2
], we have two

cases for ηj:

• If ∆Fj≥0, then we need u∗j +ηj
∆Fj
αj
≤umax

j+ 1
2

and u∗j −ηj
∆Fj
αj
≥umin

j− 1
2
, which yields

ηj≤αj

(
umax

j+ 1
2
−u∗j

)
∆Fj

and ηj≤αj

(
u∗j −umin

j− 1
2

)
∆Fj

;

• If ∆Fj≤0, then we need u∗j +ηj
∆Fj
αj
≥umin

j+ 1
2

and u∗j −ηj
∆Fj
αj
≤umax

j− 1
2
, which yields

ηj≤αj

(
u∗j −umin

j+ 1
2

)
−∆Fj

and ηj≤αj

(
umax

j− 1
2
−u∗j

)
−∆Fj

.

In addition, we require ηj≤1. Therefore, we get the result as given in (3.18).

The formulation (3.18) for the blending parameter is standard (see, e.g., [22, 32]) and
was also used in [9].

Smooth extrema relaxation. In order to preserve high-accuracy in the vicinity of
smooth extrema, we employ the smooth detector used in [3, 31] to relax the local max-
imum principle constraints for the average value update. This detector is designed as
follows:
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• First, we denote the parabolic approximation in (2.8) by uj+ 1
2
.

• Next, we compute ζ ′=u′
j+ 1

2
(xj+ 1

2
), ζ ′L =u′

j+ 1
2
(xj), and the minimum and maximum

values of the derivative around cell Ij+ 1
2
:

ζ
′,j+ 1

2
min/max=min/max(u′j− 1

2
(xi),u′j+ 3

2
(xi)), i= j, j+1.

All of the obtained quantities are then used to define the left detection factor ξL:

ξL =



min
(

1,
ζ
′,j+ 1

2
max −ζ ′

ζ ′L−ζ ′

)
, if ζ ′L > ζ ′,

1, if ζ ′L = ζ ′,

min
(

1,
ζ
′,j+ 1

2
min −ζ ′

ζ ′L−ζ ′

)
, if ζ ′L < ζ ′.

• Analogously, we compute ζ ′=u′
j+ 1

2
(xj+ 1

2
), ζ ′R =u′

j+ 1
2
(xj+1) and define the right de-

tection factor ξR as

ξR =



min
(

1,
ζ
′,j+ 1

2
max −ζ ′

ζ ′R−ζ ′

)
, if ζ ′R > ζ ′,

1, if ζ ′R = ζ ′,

min
(

1,
ζ
′,j+ 1

2
min −ζ ′

ζ ′R−ζ ′

)
, if ζ ′R < ζ ′.

• Finally, if ξL = 1 and ξR = 1, we consider that the numerical solution presents a
smooth profile on cell [xj,xj+1]. In this particular case, the blended coefficient con-
straint for the average value update through the local maximum principle is re-
laxed.

The basic idea behind this detector is as follows: the numerical solution is expected to
exhibit a smooth extremum if at least the linearized spatial derivatives of the numerical
solution present a monotonic profile. We aim to preserve scheme accuracy in the presence
of such a smooth extremum and verify whether the gradient at the cell boundaries lies

within the interval [ζ ′,j+
1
2

min ,ζ ′,j+
1
2

max ].
In the end, we would like to remark that we neither apply any local maximum prin-

ciples nor design any smooth extrema detectors for the update of point value, since we
have less requirements/restrictions on the point value and from the numerical experi-
ments conducted in Section 4, we do not observe any issues caused by this. The smooth
extrema detector for update of the point value will need further investigation.

We end this section by presenting in Algorithm 1 a pseudo-code for the forward Euler
evolution of the proposed BP PAMPA scheme for scalar conservation laws.
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Algorithm 1 Forward Euler evolution of BP PAMPA scheme
Input: uj+ 1

2
, uj at time t= tn.

1: Compute the parameters αj in (2.3) and β j± 1
2

in (2.5).
2: Compute the flux blending coefficient in (3.5) using (3.4) and (2.2).
3: Check the smooth extrema relaxation in Subsection 3.3
4: if ξL ̸=1 or ξR ̸=1 then
5: Apply the local maximum principle and recompute the flux blending coefficient

using (3.17) and (3.18).
6: end if
7: Compute the residuals blending coefficients in (3.13) and (3.14), using (2.4), (2.9), and

(3.12).
8: Compute the fluctuations. Namely,

• Compute blended fluxes using (3.1).

• Compute blended residuals using (3.7).

9: Evolve uj+ 1
2

and uj simultaneously using (3.2) and (3.8), respectively.

Output: uj+ 1
2

and uj at the new time level tn+1.

3.4 Case of the Euler equations

For the Euler equations of gas dynamics, the invariant domain D is given by (1.2). Fol-
lowing [33], we see that the invariant domain is exactly equivalent to the set given in
(1.3), which can be rewritten as

Dν ={u=(ρ,m,E)T : ρ>0 and for all ν∈R, u·ν>0}, ν=
(ν2

2
,−ν,1

)T
. (3.19)

The first relation is obvious, while the second one comes from:

ρ
ν2

2
−νm+E= e+

ρ

2
(u−ν)2,

where e= E− m2

2ρ and m= ρv. Note that the constraints in the GQL representation (3.19)
become linear with respect to u. The goal is reduced to find optimal blending coefficients
to satisfy the linear constraints.

Positivity preserving. We now illustrate the preservation of positive density and inter-
nal energy. Using the same notations as in the scalar case (see (3.6) and (3.15)), the scheme
is positivity preserving if the following constraints are fulfilled:

• ρ∗j +η
ρ
j

∆F ρ
j

αj
>0 and ρ∗j −η

ρ
j

∆F ρ
j

αj
>0;
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• ρ∗
j− 1

2
−θ

ρ

j− 1
2

∆
−→
Φ ρ

j− 1
2

β j− 1
2

>0;

• ρ∗
j+ 1

2
−θ

ρ

j+ 1
2

∆
←−
Φ ρ

j+ 1
2

β j+ 1
2

>0;

• u∗j ·ν+ηe
j
∆Fj ·ν

αj
>0 and u∗j ·ν−ηe

j
∆Fj ·ν

αj
>0;

• u∗
j− 1

2
·ν−θe

j− 1
2

∆
−→
Φ j− 1

2
·ν

β j− 1
2

>0;

• u∗
j+ 1

2
·ν−θe

j+ 1
2

∆
−→
Φ j+ 1

2
·ν

β j+ 1
2

>0.

For the density, according to (3.5), we obtain

η
ρ
j =min

(
1,

αj∣∣∆F ρ
j

∣∣ρ∗j ),

while according to (3.13) and (3.14), we have

θ
ρ

j− 1
2
=min

(
1,

β j− 1
2∣∣∆−→Φ ρ

j− 1
2

∣∣ρ∗j− 1
2

)
and θ

ρ

j+ 1
2
=min

(
1,

β j+ 1
2∣∣∆←−Φ ρ

j+ 1
2

∣∣ρ∗j+ 1
2

)
.

For the internal energy, we take (3.5) with ∆Fj replaced by ∆Fj ·ν, while take (3.13) and

(3.14) with ∆
−→
Φ j− 1

2
replaced by ∆

−→
Φ j− 1

2
·ν and ∆

←−
Φ j+ 1

2
replaced by ∆

←−
Φ j+ 1

2
·ν, respectively.

Then, we need to minimize the expressions that will now depend on ν∈R. That is, for
blending the numerical fluxes, we need to minimize

ηe
j =αj min

ν

u∗j ·ν
|∆Fj ·ν|

, ∀j,

and for blending the residuals, we need to minimize

θe
j− 1

2
=β j− 1

2
min

ν

u∗
j− 1

2
·ν

|∆−→Φ j− 1
2
·ν|

, θe
j+ 1

2
=β j+ 1

2
min

ν

u∗
j+ 1

2
·ν

|∆←−Φ j+ 1
2
·ν|

.

Any of the scalar product has the form

P(ν)=α
ν2

2
−βν+γ,
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and we need to minimize expressions of the form

u·ν
|P(ν)| .

This is an expression of the form:

φ(ν)=
a1

ν2

2 −b1ν+c1

|a2
ν2

2 −b2ν+c2|
=

a1ν2−2b1ν+2c1

|a2ν2−2b2ν+2c2|
:=

Q(ν)

|P(ν)| ,

where P(ν)= a2ν2−2b2ν+2c2 and Q(ν)= a1ν2−2b1ν+2c1>0. Note that in this problem,
the parameters are such that Q(ν)>0 for any ν∈R.

In Appendix A, we provide analytical expressions of the minimization problem.
These expressions have been used for the numerical test cases. Once the minimization
problem is solved, we obtain the blending coefficients, denoted by ηe

j or θe
j± 1

2
, for ensuring

the bounds of internal energy. Finally, the blending coefficients used for the evaluation
of BP fluxes and residuals are defined as the minimum of the two obtained coefficients,
i.e.,

ηj =min(ηρ
j ,ηe

j ), θj± 1
2
=min(θρ

j± 1
2
,θe

j± 1
2
).

Local maximum principle. For the non-linear system case, we naively apply the lo-
cal maximum principle introduced for the scalar case in Subsection 3.3 to the conserved
density variable and the local bounds are also obtained based on this selected conserved
variable. This local maximum principle is then relaxed using the same smooth extrema
detector previously applied for the scalar case but now on the conserved density variable.

4 Numerical examples

In this section, we present a series of well-known and challenging numerical experiments,
ranging from scalar problems to the Euler system of gas dynamics, to demonstrate the
robustness and effectiveness of the proposed PAMPA scheme in BP and shock-capturing
performance. The time integration is performed using the third-order strong stability-
preserving Runge–Kutta (SSP-RK3) method, with a CFL number of 0.2.

4.1 Scalar conservation laws

The PDE studied in this subsection is ut+ f (u)x=0, with the following three flux functions
considered:

• Linear advection equation: f (u)=u;

• Burger’s equation: f (u)= u2

2 ;
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• Buckley–Leverett non-convex case: f (u)= 4u2

4u2+(1−u)2 .

For the scalar case, we consider both the global maximum principle (GMP) and the re-
laxed local maximum principle (relaxed LMP). When setting the global bounds, two cases
are taken in account. One is the restrict GMP as in (3.16) and another one is the re-
laxed global bounds which allows some undershoots and overshoots with magnitude of
max

(
10−4,10−3(ůmax−ůmin)

)
as usually taken in the papers using MOOD approach (see,

e.g., [3, 8, 10, 11, 27]).

Example 1—Linear advection equation

In the first example, we consider the linear advection equation. We first test the accuracy
of the BP PAMPA method. To this end, we consider the initial data u0(x)= cos(2πx) on
[0,1] with periodic boundary conditions, and compute the solution until a final time of
t=3 (3 periods). The results are reported in Table 1. It can be seen that the accuracy of the
BP-PAMAPA method is somehow degraded to the second-order in the L2 and L∞ norms,
and much less in the L1 norm. The problem is smooth and the local maximum princi-
ple guaranteed parameter computed in (3.18) will not be activated due to the designed
smooth extrema detector. Therefore, the accuracy degraded phenomenon is because of
the strict selection of the global bounds (ůmin and ůmax) in (3.16). To verify this, we then
apply a relaxed global bound, allowing undershoots and overshoots with a magnitude of
max

(
10−4,10−3(ůmax−ůmin)

)
. The simulation is rerun under this relaxed GMP, and the

results are reported in Table 2. As expected, the third-order accuracy is well preserved.

Table 1: Example 1 (linear advection): Errors and convergence rates obtained by BP PAMAPA using strict
GMP.

∆x L1-error rate L2-error rate L∞-error rate

cell
average

210−2 5.99110−4 - 8.61110−4 - 2.24810−3 -
110−2 1.05910−4 2.50 1.87410−4 2.20 5.92610−4 1.92
510−3 1.76910−5 2.58 4.13210−5 2.18 1.64310−4 1.85

2.510−3 2.93510−6 2.59 9.10910−6 2.18 4.78610−5 1.78
1.2510−3 4.81810−7 2.61 2.00410−6 2.18 1.39610−5 1.78

point
value

210−2 6.67810−4 - 9.30910−4 - 2.17510−3 -
110−2 1.13510−4 2.56 1.98110−4 2.23 5.98310−4 1.86
510−3 1.86310−5 2.61 4.29910−5 2.20 1.67710−4 1.83

2.510−3 3.04110−6 2.62 9.36610−6 2.20 4.88710−5 1.78
1.2510−3 4.96410−7 2.61 2.04310−6 2.20 1.39810−5 1.81

Remark 4.1. The blending coefficients in (3.5) and (3.13)-(3.14) may be strictly less than
one, even for smooth problems. This can lead to a degradation of high-order accuracy
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Table 2: Same as in Table 1 but using the relaxed GMP.

∆x L1-error rate L2-error rate L∞-error rate

cell
average

210−2 3.37610−4 - 3.95910−4 - 7.84810−4 -
110−2 4.22910−5 3.00 4.69710−5 3.08 6.64210−5 3.56
510−3 5.29010−6 3.00 5.87510−6 3.00 8.30910−6 3.00

2.510−3 6.61410−7 3.00 7.34610−7 3.00 1.03910−6 3.00
1.2510−3 8.26810−8 3.00 9.18310−8 3.00 1.29910−7 3.00

point
value

210−2 3.53410−4 - 4.12710−4 - 7.83010−4 -
110−2 4.30010−5 3.04 4.75110−5 3.12 6.65210−5 3.56
510−3 5.33810−6 3.01 5.91210−6 3.01 8.32010−6 3.00

2.510−3 6.64810−7 3.01 7.37410−7 3.00 1.04010−6 3.00
1.2510−3 8.29510−8 3.00 9.20710−8 3.00 1.30010−7 3.00

(see Table 1). The small number max
(
10−4,10−3(ůmax−ůmin)

)
is a parameter used to re-

lax the discrete maximum principle thus allowing for very small undershoots and over-
shoots, which permits to maintain a good accuracy when dealing with smooth extrema
(see Table 2).

Then, we test the non-oscillatory property of the scheme using Jiang–Shu’s example
[20] on the periodic domain [−1,1]. The initial data is given by

u0(x)=



1
6 (G1(x,β,z−δ)+G1(x,β,z+δ)+4G1(x,β,z)) if −0.8⩽x⩽−0.6,
1 if −0.4⩽x⩽−0.2,
1−|10(x−0.1)| if 0⩽x⩽0.2,
1
6 (G2(x,α,a−δ)+G2(x,α,a+δ)+4G2(x,α,a)) if 0.4⩽x⩽0.6,
0 else,

where G1(x,β,z) = exp
(
−β(x−z)2), G2(x,α,a) =

√
max(1−α2(x−a)2,0). The constants

are taken as a=0.5, z=−0.7, δ=0.005, α=10, β= ln2/
(
36δ2). The solution is composed

by the succession of a Gaussian, rectangular, sharp triangular, and parabolic waves. We
compute the solution for one period, i.e., until t= 2, so that the exact solution u(x,2)=
u0(x). The global bounds, used in (3.5), (3.13), and (3.14), are taken as [ůmin,ůmax] =
[0,1] for the strict GMP and [ůmin,ůmax]= [−0.001,1.001] for the relaxed GMP. The results
computed using 400 uniform cells are shown in Fig. 1, from which one can see how the
BP PAMPA scheme behaves, producing a highly accurate solution while ensuring a BP
and non-oscillatory profile.
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Figure 1: Example 1 (Jiang–Shu): Cell average (left) and point value (right) after one period with N = 400.
Top row: strict GMP [0,1]; Bottom row: relaxed GMP [−0.001,1.001].

Example 2—Non linear Burger’s equation

In the second example, we consider the nonlinear Burger’s equations and test the self-
steepening shock on the periodic domain [−1,1] with the initial data given by

u0(x)=
{

2 if |x|≤0.2,
−1 else.

We compute the solution until the final time t= 0.5 using 200 uniform cells. The results
obtained by the PAMPA scheme with and without BP limiting are presented in Fig. 2. A
spike is observed in the solution generated by the PAMPA scheme without BP limiting;
however, when the proposed BP limiting is applied, no spike appears in the solution,
regardless of whether the strict or relaxed GMP is used. The left and middle pictures are
consistent with those reported in [9, 19]. The stabilization procedure is enough to avoid
the spike shown on the right of Fig. 2. It is also worth noting that the left and middle
pictures are obtained without sonic point transition that is described in [9].

Example 3—Non-convex problem

In the third example, we test the Buckley–Leverett problem with the initial data defined
as

u0(x)=
{

1 if − 1
2 ⩽x⩽0,

0 else.
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Figure 2: Example 2 (self-steepening shock): Cell average and point value computed by the PAMPA scheme
with BP limiting (left and middle, with strict GMP [−1,2] and relaxed GMP [−1.003,2.003], respectively) and
without BP limiting (right) on a uniform mesh with 200 cells.
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Figure 3: Example 3 (Buckley-Leverett): Cell average and point value computed by the BP PAMPA scheme
with restrict GMP (left) and relaxed GMP (right) on a uniform mesh with 200 cells.

The computational domain is [−1,1], and the boundary condition is periodic. The numer-
ical solution is computed on a uniform mesh with 200 cells up to the final time t=0.4 and
is shown in Fig. 3, demonstrating excellent agreement with the results reported in [34].

4.2 Compressible Euler equations

In this subsection, we present a series of challenging numerical examples for the Euler
equations of gas dynamics. The specific heat ratio is taken as γ=1.4, except for Example
4 where γ = 3, and Example 8 where γ = 5

3 . For the Euler equations, we consider the
preservation of positivity for density and internal energy, as well as the relaxed local
maximum principle for the average value of the density variable.

Example 4— Isentropic problem

In the fourth example, we test a smooth isentropic problem with the initial data given by

ρ(x,0)=1+0.999995sin(πx), v(x,0)=0, p(x,0)=ργ, x∈ [−1,1],
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Figure 4: Example 4 (Isentropic): Solutions computed by BP PAMPA scheme on a uniform mesh with 100
cells. Top: cell average; Bottom: point value.

and the periodic conditions. Because γ=3, the exact density and velocity in this case can
be obtained by the method of characteristics and is explicitly given by

ρ(x,t)=
1
2
(
ρ0(x1)+ρ0(x2)

)
, v(x,t)=

√
3
(
ρ(x,t)−ρ0(x1)

)
,

where for each coordinate x and time t the values x1 and x2 are solutions of the nonlinear
equations

x+
√

3ρ0(x1)t−x1=0,

x−
√

3ρ0(x2)t−x2=0.

This example is challenging, as initially we have ρ
(
− 1

2

)
=5.0×10−6 and p

(
− 1

2

)
=1.25×

10−16. With density and pressure values so close to zero, any numerical scheme lacking
positivity preservation would fail. We test this example to examine the accuracy and
robustness of the proposed BP PAMPA scheme, conducting the simulation until the final
time t=0.1. The solution, computed on a uniform mesh with 100 cells, is shown in Fig. 4,
where we observe that density and pressure remain positive, even as they approach zero
around x=− 1

2 .
Table 3 gives the numerical errors and corresponding convergence rates. We also

have looked for the degradation of accuracy using the BP procedure, as the solution has
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Table 3: Example 4: Errors and convergence rates in density for the isentropic problem.

∆x L1-error rate L2-error rate L∞-error rate
410−2 5.81810−4 - 6.58110−4 - 1.39010−3 -
210−2 8.05610−5 2.85 9.61610−5 2.77 2.21210−4 2.65
110−2 1.12610−5 2.86 1.36310−5 2.82 3.03810−5 2.84
510−3 1.60210−6 2.82 1.80010−6 2.92 3.83610−6 2.99

2.510−3 4.82810−7 1.73 3.78010−7 2.25 7.39610−7 2.37

been locally corrected to preserve positivity. However, without BP limiting, the original
third-order scheme quickly blows up: the pressure is so low in this example that it soon
becomes negative without specific stabilization.

Example 5—Sod problem

In the fifth example, we consider the Sod case defined in [0,1] with the initial data given
by

(ρ,v,p)=
{

(1,0,1) if x<0.5,
(0.125,0,0.1) else.

The solution is computed until the final time t= 0.16 on a uniform mesh with 200 cells.
The obtained results are displayed in Fig. 5. The proposed BP PAMPA scheme produces
a correct solution with good resolution and performs well at the contact discontinuity.

Example 6—Shu-Osher problem

In the sixth example, we consider the shock and sine wave interaction problem from [30].
The initial data is

(ρ,v,p)=
{

(3.857143,2.629369,10.33333333333) if x<−4,
(1+0.2sin(5x),0,1) else,

prescribed in the computational domain [−5,5]. We compute the solution using the BP
PAMPA scheme until the final time t = 1.8 on a uniform mesh with 400 cells. The re-
sults are shown in Fig. 6, along with a reference solution computed by the first-order
local Lax–Friedrichs scheme using 40,000 uniform cells. We observe that the BP PAMPA
scheme accurately captures the interaction of sine waves and the right-moving shock,
consistently providing good results without spurious oscillations.

Example 7—LeBlanc problem

In the seventh example, we study the LeBlanc problem on the computational domain
[0,9]. The initial data is defined as

(ρ,v,p)=
{

(1,0,0.1(γ−1)) if x≤3,
(0.001,0,10−7(γ−1)) else.
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Figure 5: Example 5 (Sod): Solutions computed by BP PAMPA scheme on a uniform mesh with 200 cells. Top:
cell average; Bottom: point value.
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Figure 6: Example 6 (Shu-Osher): Solutions computed by BP PAMPA scheme on a uniform mesh with 400
cells. The reference solution is computed by the first-order local Lax–Friedrichs scheme using 40,000 cells. Top:
cell average; Bottom: point value.
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Figure 7: Example 7 (LeBlanc): Solutions computed by BP PAMPA scheme on a uniform mesh with 500 cells.
Top: cell average; Bottom: point value.

This is a very strong shock tube problem, and without BP limiters, it is challenging or
even impossible to run simulations above first-order due to the risk of negative density or
pressure. Fig. 7 shows the solutions computed by the BP PAMPA scheme at the final time
t=6, using a uniform mesh with 500 cells. As observed, a strong shock wave propagates
from the high-pressure region on the left to the low-density region on the right, while a
rarefaction wave moves to the left.

It is known that at time t= 6, the shock wave should be located at x= 8. Given the
extreme conditions, accurately capturing the shock wave position is generally challeng-
ing. We therefore perform a convergence study, with results shown in Fig. 8. As seen, the
numerical solution converges to the exact one, and the results are as expected.

Example 8—Double rarefaction problem

In the eighth example, we study the so-called “1-2-3” problem with the following initial
data

(ρ,v,p)=
{

(1,−2,0.4) if x≤0.5,
(1,2,0.4) else,

prescribed in the computational domain [0,1]. The exact solution of this Riemann prob-
lem consists of two rarefaction waves with a near-vacuum region between them. We com-
pute the solution until the final time t=0.15 on a uniform mesh with 400 cells and present
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Figure 8: Example 7 (LeBlanc): Convergence study on the average value of density.
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Figure 9: Example 8 (double rarefaction): Solutions computed by BP PAMPA scheme on a uniform mesh with
400 cells. Top: cell average; Bottom: point value.

the results in Fig. 9. The proposed BP PAMPA scheme produces good, non-oscillatory re-
sults, showing two rarefaction waves and a near-vacuum region in the middle.

Example 9—Sedov problem

In the final example, we consider the Sedov problem [5, 29], which features very low
density with strong shocks. Initialization is done as follows (see [28]):

• The mesh points are xi = i∆x, with ∆x= 2
N , N=401 and −N≤ i≤N;
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Figure 10: Example 9 (Sedov): Solutions computed by BP PAMPA scheme on a uniform mesh with 401 cells.
Top: cell average; Bottom: point value.

• For all i, the point value data are
(
ρi,ui,pi

)
=
(
1,0, emin

(γ−1)

)
and emin=10−12;

• For all cells [xi,xi+1], i ̸=0, then
(
ρi,ρivi,Ei

)
=
(
1,0,ρiemin

)
;

• For the cell [x0,x1]=[−∆x
2 , ∆x

2 ], we set
(
ρi,ρivi,ρi

emax
γ−1

)
=
(
1,0, ρiemax

γ−1

)
with emax=

0.538548
∆x .

These conditions are set so that the strength of the shock is almost infinite, and the initial
condition corresponds to a Dirac mass or energy at x=0 in the limit of mesh refinement.
The exact solution is computed following [21].

We compute the solution until the final time t=0.5 and present the results in Fig. 10.
The BP PAMPA scheme produces satisfactory results, without any numerical defects.

5 Conclusions

We have proposed a BP framework adapted to the PAMPA scheme, where the solution is
represented by cell averages and point values. In this approach, the degrees of freedom
are updated using a scheme that blends a first-order BP update with a high-order up-
date. We have developed optimal blending parameters for both scalar and system cases.
For hyperbolic systems, we employ the GQL approach of Wu and Shu, allowing us to
propose explicit and optimal coefficients. This approach effectively preserves bounds
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and controls spurious oscillations for both the point values and cell averages, without
requiring explicit solution reconstruction.

We intend to extend this work in several directions, such as higher-order approaches
and multidimensional polygonal cells.
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A Minimization of φ(ν) knowing that Q(ν)>0

The aim of this appendix is to solve the following minimization problem

min
ν∈R

Q(ν)

|P(ν)| , Q(ν)= a1ν2−2b1ν+2c1, P(ν)= a2ν2−2b2ν+2c2.

We assume that ν= p
q with p,q ̸=0 and obtain

Q
(

p/q
)

P
(

p/q
) = a1 p2−2b1 pq+2c1q2

|a2 p2−2b2 pq+2c2q2| =
⟨u,Bu⟩
|⟨u,Au⟩| ,

where

u=

(
p
q

)
, A=

(
a2 −b2
−b2 2c2

)
, B=

(
a1 −b1
−b1 2c1

)
.

Since B is positive definite corresponding to positive eigenvalues, the minimization prob-
lem is equivalent to

min
ν∈R

Q(ν)

|P(ν)| =min
u∈R2

u ̸=0

⟨u,Bu⟩
|⟨u,Au⟩| =

max
u∈R2

u ̸=0

|⟨u,Au⟩|
⟨u,Bu⟩

−1

.

Then, the goal is to solve the maximize problem:

max
u∈R2

u ̸=0

|⟨u,Au⟩|
⟨u,Bu⟩ =max

u∈R2

u ̸=0

|⟨u,B−
1
2 AB−

1
2 u⟩|

∥u∥2 .

We know that C=B−
1
2 AB−

1
2 is a symmetric matrix, and thus

max
u∈R2

u ̸=0

|⟨u,B−
1
2 AB−

1
2 u⟩|

∥u∥2 =ρ(C).
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Therefore,

min
ν∈R

Q(ν)

|P(ν)| =
(

max
λ eigenvalue of B−1/2 AB−1/2

|λ|
)−1

.
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