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Abstract. Incorporating neural networks for the inverse problem of solution of Ordi-
nary Differential Equations (ODEs) represents a pivotal research direction within com-
putational mathematics. Within neural network architectures, the integration of the in-
trinsic structure of ODEs offers advantages such as enhanced prediction accuracy and
reduced data utilization. Among these structural ODE forms, the Lagrangian repre-
sentation stands out due to its significant physical underpinnings. Building upon this
framework, Bhattoo introduced the concept of Lagrangian Neural Networks (LNNs).
Then in this article, we introduce an extension (Generalized Lagrangian Neural Net-
works) to Lagrangian Neural Networks (LNNs) mainly based on mathematics and
physics, innovatively tailoring them for non-conservative systems. By leveraging the
foundational importance of the Lagrangian within Lagrange’s equations, we formulate
the model based on the generalized Lagrange’s equation. This modification not only
enhances prediction accuracy but also guarantees Lagrangian representation in non-
conservative systems. Furthermore, we perform various experiments, encompassing
1-dimensional and 2-dimensional examples, along with an examination of the impact
of network parameters, which proved the superiority of Generalized Lagrangian Neu-
ral Networks (GLNNs).

AMS subject classifications: 68T05
Key words: Non-conservative system, Lagrangian system, neural networks.

1 Introduction

Machine learning has found significant applications in the field of mathematics, revolu-
tionizing traditional approaches to problem-solving and analysis. With its ability to au-
tomatically learn patterns and make predictions from data, machine learning techniques
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have been successfully applied to various mathematical tasks. One significant direction
is the utilization of machine learning to address mathematical problems associated with
differential equations and dynamical systems [1, 5–11, 14].

In the existing methods for solving dynamical system problems using machine learn-
ing, they can be mainly categorized into two types. One type is unstructured meth-
ods [7, 11, 25, 31, 33–35], which do not consider the physical or mathematical structure of
the equations or dynamical systems. When employing this approach, the focus is typi-
cally on minimizing the model error or complexity. For example, symbolic regression [33]
is a regression method where the control equation under study is treated as an unknown
target, and this unknown target is regarded as a function of the state variable data and
its time derivative, using certain sparse approximations; Galerkin-closure methods [35]
aim to approximate the unresolved scales of turbulence by using a closure model based
on a truncated set of resolved scales; furthermore, unstructured neural networks such as
LSTM [34] can be used to directly predict the solutions of differential equations or the
phase flow of dynamical systems.

In contrast to unstructured methods, considering the inherent properties of the sys-
tem and utilizing neural networks with specific structures can significantly enhance the
predictive performance on specific systems. By incorporating the knowledge of system
properties, such as conservation laws, symmetries, or known mathematical structures,
into the design of neural networks, it becomes possible to improve the accuracy and ef-
fectiveness of predictions for the targeted system [1,6,8–11,15,16,18]. Hamiltonian Neu-
ral Network (HNN) [11], is a typical example of a structured neural network that takes
into account the geometric structure of Hamiltonian systems. It utilizes neural networks
to approximate the Hamiltonian of the system, thereby achieving improved predictive
performance. OnsagerNets [14], as a systematic method that can overcome the afore-
mentioned limitations, are base on a highly general extension of the Onsager principle
for dissipative dynamics. Lagrangian Neural Networks (LNN) [1] are a class of neural
networks specifically designed to parameterize arbitrary Lagrangians through their net-
work architecture. Unlike traditional approaches, LNNs do not impose restrictions on the
functional form of the learned energies, allowing them to produce models that conserve
energy.

LNNs have demonstrated exceptional performance in many tasks. However, LNNs
are limited to Lagrangian systems that adhere to the principle of energy conservation.
However, in practical problems, we often encounter non-conservative systems. In the
study of Euler-Lagrange equations [2, 3], it is known that non-conservative systems can
be formulated in the form of generalized Euler-Lagrange equations [5], which can be
expressed as follows:

d
dt

(
∂L
∂q̇k

)
− ∂L

∂qk
=Fk.

In this article, we extend the scope of LNNs by constructing neural networks specifically
designed for non-conservative systems. Our main inspiration stems from the special
physical significance of the Lagrangian in Lagrange’s equations. Since the Lagrangian
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can be understood as the difference between kinetic energy and potential energy, au-
thors replace the baseline model with a fitted Lagrangian in Lagrangian Neural Net-
works (LNNs). The physical interpretation of the Lagrangian and the structure of La-
grange’s equations contribute to higher prediction accuracy and enable the energy of
non-conservative systems to fluctuate within a narrow range (as opposed to energy dis-
sipation in the baseline model). Building upon this, we consider the generalized La-
grange’s equations, which incorporate non-conservative terms, akin to the conventional
Lagrange’s equations. In the generalized Lagrange’s equations, the Lagrangian L holds
the same physical interpretation. Thus, our objective is to construct a neural network
suitable for non-conservative systems using the framework of generalized Lagrange’s
equations. To achieve this, in Chapter 2, we first present the mathematical and physical
properties of Lagrange’s equations, along with methods to express most physically mo-
tivated non-conservative systems in the form of generalized Lagrange’s equations. Con-
sequently, we can regard the majority of physical non-conservative systems as governed
by a generalized Lagrange’s equation.

Building upon this theoretical foundation, we introduce the Generalized Lagrangian
Neural Networks (GLNNs). We conceptualize non-conservative systems as dynamic sys-
tems governed by generalized Lagrange’s equations, and employ neural networks that
preserve the structural integrity of these generalized equations to model such dynamics.
Given the physical interpretations embedded within the generalized Lagrange’s equa-
tions, GLNNs demonstrate enhanced predictive capabilities in specific scenarios.

The structure of our paper unfolds as follows: In Chapter 2, we elucidate the fun-
damental concepts of Lagrangian equations, emphasizing that the majority of physical
systems can be represented in the form of generalized Lagrangian equations. Addition-
ally, we present a methodology for formulating these generalized Lagrangian equations.
Subsequently, Chapter 3 delves into the construction and comparison of GLNNs against
a baseline model. Our numerical experiments, focusing on predictive analyses of se-
lected one-dimensional and two-dimensional physical models while varying network
hyperparameters, are detailed in Chapter 4. Finally, Chapter 5 encapsulates our findings,
highlighting both the merits of GLNNs and certain limitations observed during training.

2 Preliminaries

In this chapter, we will introduce Lagrangian systems, generalized Lagrangian systems,
and their associated mathematical and physical properties.

Definition 2.1. We call
d
dt

(
∂L
∂q̇k

)
− ∂L

∂qk
=0 (2.1)

the Lagrangian description of mechanical system, where L is the Lagrangian, q =
(q1,··· ,qN) the generalized coordinates of the point.
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If we denote the kinetic energy of system by T, and U the potential energy, then
we can suppose that the total energy is T+U, and the Lagrangian is L= T−U. The
Lagrangian systems presented in Definition 2.1 are assumed to be unaffected by external
forces, thereby exhibiting inherent energy conservation properties. However, in practical
scenarios, systems often experience the influence of external forces, such as frictional
forces or artificially applied forces. In response to this, a generalized form of the Lagrange
equation, similar in structure to that described in Definition 2.1, can be derived as follows
[5]:

d
dt

(
∂L
∂q̇k

)
− ∂L

∂qk
=Fk, (2.2)

here Fk represent non-conservative forces.
In certain special cases, we can express the non-conservative external force Fk in a

specific form, such as Fk =−ak q̇k
n, for example:

• If the external force corresponds to frictional force, the terms ak represent the coef-
ficients of friction, and it is assumed that n=0.

• If the external force corresponds to viscous force, then the terms ak represent the
viscosity coefficients, and n ≥ 1. One of the most common examples is that of a
damped harmonic motion, where the external force is given by F =−aq̇, and the
system can be described as q̈+aq̇+k2q=0.

After providing the definition of a Lagrangian system, we will reference several theo-
rems to illustrate the types of systems that can be represented in the form of (generalized)
Lagrange’s equations. Furthermore, we will present some expressions of Lagrange’s
equations for specific systems.

Theorem 2.1 (Fundamental analytic theorem for configuration space formulations).
[3] A necessary and sufficient condition for a local, holonomic, generally nonconservative New-
tonian system in the fundamental form

Aki(t,q,q̇)q̈i+Bk(t,q,q̇)=0, k=1,2,··· ,n, (2.3)

which is well defined, of class C2, and regular in a star-shaped region R∗2n+1 of the
variables(t,q,q̇), to admit an ordered direct analytic representation in terms of the conventional
Lagrange’s equation in R∗2n+1,

d
dt

∂L
∂q̇k −

∂L
∂qk ≡Aki q̈i+Bk, (2.4)

is that the system of equations of motion is self-adjoint in R∗2n+1.

Theorem 2.2 (A method to construct Lagrangian). [3] A Lagrangian for the ordered direct
analytic representation of local, holonomic, generally nonconservative Newtonian systems that are
well defined of class C2, regular and self-adjoint in a star-shaped region R∗2n+1 of points (t,q,q̇),

Aki(t,q,q̇)q̈i+Bk(t,q,q̇)=0, k=1,2,··· ,n, (2.5)
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is given by
L=K(t,q,q̇)+Dk(t,q)q̇k+C(t,q), (2.6)

where functions K,Dk and C are a solution of partial differential equations

∂2K
∂q̇k1 ∂q̇k2

=Ak1k2(t,q,q̇),

∂Dk1

∂qk2
− ∂Dk2

∂qk1
=

1
2

(
∂Bk1

∂qk2
− ∂Bk2

∂qk1

)
+

(
∂2K

∂qk1 ∂q̇k2
− ∂2K

∂q̇k1 ∂qk2

)
≡Zk1k2(t,q),

∂C
∂qk1

=
∂Dk1

∂t
−Bk1−

∂K
∂qk1

+
∂2K

∂q̇k1 ∂t

+

[
∂2K

∂qk1 ∂q̇k2
+

1
2

(
∂Bk1

∂qk2
− ∂Bk2

∂qk1

)]
q̇k2

≡Wk(t,q),

(2.7)

given by

K(t,q,q̇)= ˙qk1

∫ 1

0
dτ′

{[∫ 1

0
dτAk1k2(t,q,τq̇)

]}
(t,q,τ′q̇),

Dk1 =

[∫ 1

0
dττZk1k2(t,τq)

]
qk2 ,

C=

[∫ 1

0
dτWk(t,τq)

]
qk.

(2.8)

Theorem 2.1 and Theorem 2.2 provide conditions under which Newtonian systems,
a class of dynamic systems commonly encountered in realistic models, can be expressed
in the form of Lagrange’s equations. These theorems also provide the transformation
formulas that hold when these conditions are satisfied.

Thus, we have established that self-adjoint Newtonian systems can be expressed in
the form of Lagrange’s equations, as shown in Eq. (2.1), with a general procedure for
obtaining the expressions. The next question is, if we consider a non-conservative sys-
tem, can it be represented by the generalized form of Lagrange’s equations as shown in
Eq. (2.2)? If so, how can we derive the expression of the generalized Lagrange’s equations
for a non-conservative system?

In order to achieve better energy prediction performance for the system, we employ
the physically meaningful quantities of T (kinetic energy) and U (potential energy) to
determine the Lagrangian term L= T−U in the generalized Lagrangian representation
of non-conservative systems. Additionally, the non-conservative force can be obtained
using equations:

Fk =
d
dt

(
∂L
∂q̇k

)
− ∂L

∂qk
.
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Thus, by employing the aforementioned approach, we can obtain the generalized La-
grangian representation for non-conservative systems. In other words, we can view the
equations of non-conservative systems as generalized Lagrange’s equations.

Lemma 2.1. For most physically motivated non-conservative system, its generalized Lagrangian
representation can be obtained using the following approach:

L=T−U,

Fk =
d
dt

(
∂L
∂q̇k

)
− ∂L

∂qk
.

(2.9)

Here T and U can be calculated by physical formula.

It is worth noting that, for a given system, the expression form of the generalized
Lagrange’s equation is not unique. Moreover, it has been proven that different gener-
alized Lagrange’s equations representing the same system exhibit certain mathematical
connections.

Building upon the theoretical foundations described above, we are able to consider
most physically meaningful non-conservative system models as determined by general-
ized Lagrange’s equations. Consequently, we can establish generalized Lagrangian neu-
ral networks based on this framework.

3 Theory of generalized Lagrangian neural networks

Considering a non-conservative system S established from a physical model, given an
observed dataset T= {(xi,xi+1)} obtained from system S, our objective is to construct a
neural network capable of learning system S by training on the available dataset T. The
goal is to enable the neural network to predict the phase flow of system S from arbitrary
initial points.

As per Lemma 2.1, we understand that system S can be viewed as governed by the
following generalized Lagrange’s equations:

d
dt

(
∂L
∂q̇k

)
− ∂L

∂qk
=Fk.

In the context of generalized LNNs, we treat both L and the non-conservative term F as
black boxes, i.e., we employ neural networks to learn these two functions. In order to pro-
ceed with obtaining predictive results, we apply the chain rule to expand the generalized
Lagrange’s equations as follows:

(∇q̇∇⊤
q̇ L)q̈+(∇q∇⊤

q̇ L)q̇=∇qL+F. (3.1)

Here, the notation ∇ is consistent with the convention used in LNNs, i.e., (∇q̇)i ≡ ∂
∂q̇i

. By
performing matrix transformations on the above equation, we obtain:

q̈=(∇q̇∇⊤
q̇ L)−1[∇qL−(∇q∇⊤

q̇ L)q̇+F]. (3.2)
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Figure 1: Architecture of models.

Consequently, for the coordinate xt=(qt,q̇t) at time t, we obtain a method for computing
q̈t from generalized LNNs, allowing us to calculate the phase flow of the system using
any numerical scheme.

Loss function

Here, we provide two possible loss functions, allowing for the selection of the most ap-
propriate one for training based on different raw data. When it is possible to obtain or
compute the q̈ value at a certain time from raw data, the loss function is chosen as:

L=
1
|S| ∑

xt∈S
∥ ˜̈q− q̈∥2,

where xt is the coordinate at time t, and ˜̈q is computed using Eq. (3.2). Otherwise, the loss
function

L=
1
|S| ∑

xt∈S
∥x̃t−xt∥2

is used, where x̃t represents the prediction of coordinates by our network, S is the sample
data.
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4 Learning a non-conservative system from data

4.1 Selection of baseline model

The examples selected in our experiments can be regarded as second-order equations,
specifically q̈=F(q̇,q,t). Therefore, we consider choosing from the following two baseline
models:

• The first choice is Neural ODE, where we treat the system as determined by the
equation q̇ = f (q,t), and we use a neural network to approximate the function f .
The loss function is

L=
1
|S| ∑

xk∈S
∥x̃k−xk∥2,

here x̃t represents the prediction of coordinates.

• Another choice for the baseline model is based on the form of our example equa-
tions, which can all be seen as q̈ = F(q̇,q,t). In this case, we consider Baseline 2:
using a neural network to approximate the function F, with the same loss function
as Neural ODE.

Although both of these baseline models can achieve decent prediction performance,
due to the shared characteristics of the selected systems, the second baseline model may
exhibit superior performance. Consequently, we choose it as the baseline model for com-
parison.

4.2 Damped harmonic motion

Perhaps the simplest example of a non-conservative system that can be described by the
generalized Lagrange’s equation is Damped Harmonic Motion, which is expressed as

q̈+aq̇+k2q=0,

where a represents the coefficient of friction, and k denotes the coefficient of elasticity. In
Fig. 2, we illustrate the model of this system and the variation of its coordinate q over
time.

Despite several classical expressions of generalized Lagrange’s equations being pro-
posed for Damped Harmonic Motion, we will provide an expression for the generalized
Lagrange’s equation based on Lemma 2.1 introduced earlier, ensuring that L exactly rep-
resent the difference between the system’s kinetic and potential energies.

In this example, the kinetic energy is 1
2 mq̇2, and the potential energy is represented by

elastic potential energy 1
2 k2q2. Hence, we have

L=
1
2

mq̇2− 1
2

k2q2,
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Figure 2: Damped harmonic motion.

Table 1: MSE of two methods (Damped harmonic).

q dq Energy
GLNN 1.94e-4 1.94e-4 2.37e-7
Baseline 1.45e-4 1.15e-4 2.32e-6

leading to the equation

F=
d
dt

(
∂L
∂q̇

)
− ∂L

∂q
=mq̈−kq.

In the numerical experiment, we choose the initial parameter values as a=0.02 and k=1.
To generate training data, we select 40 trajectories, each starting from a randomly chosen
point within the range of [−1,1]2. For each trajectory, we sample 200 points with a step
size of h=0.05, resulting in a time interval of T=10. These 8000 point pairs (xt,xt+1) are
used as training data. Subsequently, we randomly split the training data into a training
set and a testing set in a 1 :1 ratio.

We use two networks to learn this system: GLNNs and the Baseline model (Base-
line 2 model mentioned in Section 4.1). For the Baseline model, we utilize a three-layer
fully connected network with a hidden dimension of 200. As for the GLNNs model, we
employ two three-layer fully connected networks with a hidden dimension of 200. Both
networks are trained using an Adam optimizer with a batch size of 1000 and a learning
rate of 0.001. And we presented more training details on Table 2.

In Fig. 3, we present the prediction results for damped harmonic motion. The first row
contains the first two plots showing the position and acceleration predictions for q. In the
short-term prediction at T = 50, neither network demonstrates a significant superiority.
However, the third plot in the first row displays the prediction for the total energy of the
system. In contrast to the position in the phase flow, GLNNs starts to exhibit a noticeable
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Table 2: Training details of damped harmonic.

Activation function Optimizer Batch size Epochs Learning rate Initialization
Baseline tanh Adam 1000 300 10−3 Xavier
GLNN tanh Adam 1000 300 10−3 Xavier

Figure 3: Prediction of damped harmonic motion. The figure displays the phase flow and predicted energy by
both baseline model and GLNNs. And GLNNs demonstrates superior prediction accuracy for energy.

advantage in energy prediction. In the second row, we plot the mean squared error (MSE)
between the predicted q, dq and energy of both networks and the ground truth. Through
the MSE plot, we can clearly observe the higher accuracy of GLNNs in energy prediction.

4.3 Compound double pendulum with friction

Another non-conservative system example we consider is the double pendulum model.
Unlike the conventional energy conservative double pendulum, we adopt the compound
double pendulum with friction model proposed by Williams [4]. In this model, the two
mass points are replaced with irregular-shaped rigid bodies, and frictional forces are con-
sidered within the system.

Next, we’ll introduce the system. Consider a double pendulum with two identical
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Figure 4: Double pendulum with friction.

Table 3: Parameters of the system.

Quantity Dimension Description
m kg Mass of first and second pendulum
θ1 Dimensionless Angle which first pendulum makes with y axis
θ2 Dimensionless Angle which second pendulum makes with y axis
d m Distance between the two axles
I kg m2 Moment of inertia
c m Distance from an axle to the centre of mass of pendulum
γ1 Dimensionless Friction coefficient for first axle
γ2 Dimensionless Friction coefficient for second axle
g m s−2 Acceleration due to gravity

rigid bodies of mass m and irregular shape (see Fig. 4). Note that the bodies need not be
rods or squares. The upper body rotates around a fixed axle at P in the x-direction, while
the lower body rotates about an axle at Q passing through the upper body. The massless
axles are positioned at the same points within their respective plate’s geometries. The
bodies have uniform mass density distributions and equal moments of inertia about their
axles. In our generalized setting, we account for friction and other nonconservative forces
at the axles.

Here, we omit the specific derivation process of the system’s equations of motion. Re-
ferring to the results presented in the article by Williams [4], we can obtain the equations
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of motion for the system as follows:

−γ1θ̇1−γ2(θ̇1− θ̇2)=2md2θ̈1+ Iθ̈1+md2θ̈2cos(θ1−θ2)+md2θ̇2
2 sin(θ1−θ2)+2mgdsinθ1,

γ2(θ̇1− θ̇2)=md2θ̈2+ Iθ̈2+md2θ̈1cos(θ1−θ2)−md2θ̇2
1 sin(θ1−θ2)+mgdsinθ2. (4.1)

By solving the aforementioned equations involving θ̈1 and θ̈2, we can obtain an expres-
sion in the form of

θ̈1=F1(θ1,θ2, θ̇1, θ̇2), θ̈2=F2(θ1,θ2, θ̇1, θ̇2).

Next, using the approach outlined in Lemma 2.1, we provide an expression for a gener-
alized Lagrange’s equation for this system. In this system, the potential energies of the
double pendulum are denoted as

T1=
1
2

m(ẋ1+ ẏ1)
2+

1
2

J1θ̇1
2,

T2=
1
2

m(ẋ2+ ẏ2)
2+

1
2

J1θ̇2
2,

(4.2)

where J1=
1
3 m

( c
2

)2 and J2=
1
3 m

( c
2

)2 represent the moments of inertia, and (x1,y1),(x2,y2)
represent the traditional coordinates of the double pendulum. The potential energies of
the double pendulum are represented as U1=mgy1 and U2=mgy2. Thus, we have

L=T−U=
1
2

m(ẋ1+ ẏ1)
2+

1
2

m(ẋ2+ ẏ2)
2+

1
6

m
( c

2

)2
(θ̇1

2
+ θ̇2

2
)−mg(y1+y2),

F1=
d
dt

(
∂L
∂θ̇1

)
− ∂L

∂θ1

=
d
dt

(
m2c2

4
cos2 θ1θ̇1+

m2c2

4
cosθ1sinθ1θ̇1+

mc2

12
θ̇1

)
−mc

2
gsinθ1+

mc2

4
(cosθ1sinθ1θ̇1−cosθ1θ̇1

2
)

=
m2c2

4
θ̇1

2
(cos2 θ1−sin2 θ1−2sinθ1cosθ1)

+
mc2

4
(cosθ1sinθ1θ̇1−cosθ1θ̇1

2
)−mc

2
gsinθ1,

F2=
d
dt

(
∂L
∂θ̇2

)
− ∂L

∂θ2

=
d
dt

(
m2c2

4
cos2 θ2θ̇2+

m2c2

4
cosθ2sinθ2θ̇2+

mc2

12
θ̇2

)
−mc

2
gsinθ2+

mc2

4
(cosθ2sinθ2θ̇2−cosθ2θ̇2

2
)

=
m2c2

4
θ̇2

2
(cos2 θ2−sin2 θ2−2sinθ2cosθ2)

+
mc2

4
(cosθ2sinθ2θ̇2−cosθ2θ̇2

2
)−mc

2
gsinθ2.

(4.3)
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Figure 5: Prediction of double pendulum with friction. This figure illustrates the phase flow, energy, and mean
squared error (MSE) of predictions generated by both models. It is evident that GLNNs outperform in both
phase flow and energy prediction.

Table 4: MSE of two methods (Compound double pendulum).

q1 q2 Energy
GLNN 3.27e-5 7.96e-5 8.63e-6
Baseline 5.48e-5 2.50e-4 6.11e-5

Next, we proceed with numerical experiments, selecting initial parameters as m=1, c=1,
d=1, g=10, γ1=0.5, and γ2=0.5. To generate training data, we choose 20 trajectories, each
starting from a randomly selected point (θ0

1 ,θ0
2 , θ̇0

1 , θ̇0
2) within the range of [1,−1]4. For each

trajectory, we sample 500 points with a step size of h= 0.02, resulting in a time interval
of T=10. These 10,000 point pairs (xt,xt+1) are used as training data. Subsequently, we
randomly split the training data into a training set and a testing set in a 1 :1 ratio.

Also, we test two network models. In the case of the Baseline model, a three-layer
fully connected network with a hidden dimension of 200 is utilized. In the GLNNs
model, two four-layer fully connected networks with a hidden dimension of 200 are em-
ployed. Both networks are trained using an Adam optimizer with a batch size of 1000
and a learning rate of 0.001. Also we presented more training details on Table 5.

In Fig. 5, we present the prediction results for the compound double pendulum with
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Table 5: Training details of compound double pendulum.

Activation function Optimizer Batch size Epochs Learning rate Initialization
Baseline tanh Adam 1000 300 10−3 Xavier
GLNN tanh Adam 1000 300 10−3 Xavier

Figure 6: Evolution of Loss.

friction. The first two plots in one row depict the angle predictions for q1 and q2 of the
pendulum. The third plot shows the prediction for the system’s energy. It is evident that
in the case of the compound double pendulum, both two models can predict well for q1
and q2, but GLNNs performs better in energy prediction.

Remark 4.1. In Fig. 6, we have presented the train loss and test loss for both methods.
The first row demonstrates the changes in loss for GLNNs over epochs, while the second
row displays the loss for the Baseline method. Upon examining the figure, it is evident
that our models were well-trained in both experiments for both methods, with GLNNs
converging faster than the Baseline method.
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4.4 Investigation into the hyper-parameters

In this subsection, we conduct experiments to investigate influence the hyper-parameters
of our networks of predictions.

We main consider change the number of layers and the size of hidden layers, we test
layers of 2,3,4,5 and test the size of hidden layers of 50,100,200,400.

In Fig. 7 and Tables 6,7 we present the experimental results. It is evident that for the
Damped Harmonic system, a network depth of two layers fails to achieve satisfactory
training outcomes. However, increasing the depth to 4 or 5 layers with our available
dataset does not lead to optimal training. Consequently, for the Damped Harmonic sys-
tem, we opt for a three-layered GLNNs architecture, supplemented by a hidden size of
200. For the Compound Double Pendulum with friction system, given the increased di-
mensionality of the data, optimal training performance is observed at a network depth

Figure 7: Influence of hyper-parameters. This figure illustrates the impact of network layers and hidden size
on our models. It is evident that the optimal hidden size is 200, while the optimal number of layers varies for
different systems.

Table 6: MSE of two methods (Compound double pendulum).

q1 q2 Energy
GLNN 3.27e-5 7.96e-5 8.63e-6
Baseline 5.48e-5 2.50e-4 6.11e-5

Table 7: Training details of compound double pendulum.

Activation function Optimizer Batch size Epochs Learning rate Initialization
Baseline tanh Adam 1000 300 10−3 Xavier
GLNN tanh Adam 1000 300 10−3 Xavier
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Figure 8: Influence of hyper-parameters of Baseline method.

of four layers. While a hidden size of 400 offers marginal improvements over 200, the
associated increase in computational cost leads us to maintain a hidden size of 200.

Furthermore, we have conducted tests to assess the impact of hyper-parameters on
the Baseline method, as illustrated in Fig. 8. Our findings reveal that, in the context of the
damped harmonic experiment, the optimal hyper-parameters for the Baseline method
are 4 layers and a hidden size of 200. Conversely, in the friction dlp example, the best
configuration is 3 layers and a hidden size of 100. Based on these results, we have opted to
utilize the same hyper-parameters for the Baseline method in both experiments, namely
3 layers and a hidden size of 200.

5 Conclusions

We outline the primary contributions of our research as follows:

• We introduce a methodology to transform physically motivated non-conservative
systems into a generalized Lagrangian framework.

• We develop Generalized Neural Networks (GLNNs) tailored for physically moti-
vated non-conservative systems.

• We derive the generalized Lagrangian representation for a compound double pen-
dulum subject to friction.

• Through various experiments, we demonstrate the superior performance of
GLNNs in both one-dimensional and two-dimensional scenarios.

Based on our theoretical findings and experimental results, we ascertain the following
advantages associated with GLNNs:
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• In contrast to LNNs, GLNNs are versatile, applicable to both conservative and non-
conservative systems.

• When addressing real-world physical systems with frictional components, General-
ized Lagrangian Neural Networks (GLNNs) offer improved accuracy in predicting
system energy and phase flow dynamics.

• The inherent preservation of the system’s Lagrangian structure in GLNNs enhances
their predictive efficacy in specific contexts.

While GLNNs offer certain advantages, it is crucial to acknowledge their inherent lim-
itations. One notable limitation is that, when applied to systems characterized by energy
dissipation, GLNNs cannot accurately ensure that the predicted energy diminishes en-
tirely. The forecasting process may exhibit instances of energy rebound, deviating from
expected physical characteristics. Another constraint lies in the elevated training com-
plexity associated with GLNNs compared to baseline models. Given the increased net-
work complexity, there is an inevitable escalation in both training time requirements and
computational resources.
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