
Commun. Comput. Phys.
doi: 10.4208/cicp.OA-2024-0183

Vol. 39, No. 1, pp. 147-184
January 2026

Improved Randomized Neural Network Methods with
Boundary Processing for Solving Elliptic Equations

Huifang Zhou1 and Zhiqiang Sheng2,3,*

1 School of Mathematics, Jilin University, Changchun 130012, P.R. China.
2 Laboratory of Computational Physics, Institute of Applied Physics and
Computational Mathematics, Beijing 100088, P.R. China.
3 HEDPS, Center for Applied Physics and Technology, and College of Engineering,
Peking University, Beijing 100871, P.R. China.

Received 4 August 2024; Accepted (in revised version) 20 April 2025

Abstract. We present two improved randomized neural network methods, namely
the RNN-Scaling and RNN-Boundary-Processing (RNN-BP) methods, for solving el-
liptic equations such as the Poisson equation and the biharmonic equation. The RNN-
Scaling method modifies the optimization objective by increasing the weight of bound-
ary equations, resulting in a more accurate approximation. We propose the boundary
processing techniques for the rectangular domain that enforce the RNN method to sat-
isfy the non-homogeneous Dirichlet and clamped boundary conditions exactly. We
further prove that the RNN-BP method is exact for solutions with specific forms and
validate it numerically. Numerical experiments demonstrate that the RNN-BP method
is the most accurate among the three methods, with the error reduced by up to 6 orders
of magnitude for some tests.
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1 Introduction

Elliptic partial differential equations (PDEs) model the steady-state conditions in various
physical phenomena, including electrostatics, gravitational fields, elasticity, phase-field
models, and image processing [1, 10, 30]. For instance, the Poisson equation character-
izes the distribution of a scalar field based on boundary conditions and interior sources.
In contrast, the biharmonic equation is employed to model phenomena such as the de-
flection of elastic plates and the flow of incompressible, inviscid fluids. Solving these
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equations is essential for understanding and predicting system behavior in various ap-
plications. Traditional numerical methods for solving elliptic equations, such as finite dif-
ference methods [2,3,21,32], finite element methods [6,19,20,22,23,34,35], finite volume
methods [14, 26, 27] and spectral methods [4, 7, 18] have been well studied and widely
used. However, these methods often require careful discretization to obtain numerical
solutions with high accuracy. Moreover, they may face challenges in handling mesh gen-
eration on complex domains and boundary conditions.

In recent years, deep neural network (DNN) methods have been greatly developed
in various fields, such as image recognition, natural language processing, and scientific
computing. One area where DNN has shown promise is in solving PDEs, including el-
liptic equations. The DNN-based method transforms the process of solving PDEs into
optimization problems and utilizes gradient backpropagation to adjust the network pa-
rameters and minimize the residual error of the PDEs. Several effective DNN-based
methods include the Physics-Informed Neural Networks (PINNs) [24], the deep Galerkin
method [28], the deep Ritz method (DRM) [9], and the deep mixed residual method [17],
among others [8,33]. The main difference between these methods lies in the construction
of the loss function.

PINNs offer a promising approach for solving various types of PDEs. However, they
still have limitations. One major limitation is the relatively low accuracy of the solu-
tions [11], the absolute error rarely goes below the level of 10−3 to 10−4. Accuracy at such
levels is less than satisfactory for scientific computing, and in some cases, they may fail
to converge. Another limitation is that PINNs require high computational cost and train-
ing time, which makes them less practical for large-scale or complex problems. PINNs
require substantial resources to integrate the PDEs into the training process, especially
for the problems involving high-dimensional PDEs or those requiring fine spatial and
temporal resolutions.

RNN has recently attracted increasing attention for its application in solving partial
differential equations. The weights and biases of the RNN method are randomly gen-
erated and fixed, and do not need to be trained. The optimization problem of PINNs is
usually a complicated nonlinear optimization problem, requiring a great number of train-
ing steps. For the RNN method, the resulting optimization problem is a least-squares
problem, which can be solved without training steps.

For deep neural networks, the exact imposition of boundary and initial conditions
is crucial for the training speed and accuracy of the model, since it may accelerate the
convergence of the training process and improve overall accuracy. For instance, the inex-
act enforcement of boundary and initial conditions severely affects the convergence and
accuracy of PINN-based methods [29]. Recently, many methods have been developed
for the exact imposition of Dirichlet and Neumann boundary conditions, which leads to
more efficient and accurate training. The main approach is to divide the numerical ap-
proximation into two parts: a deterministic function satisfying the boundary condition
and a trainable function with the homogeneous condition. This idea was first proposed
by Lagaris et al. in [12, 13]. The exact enforcement of boundary conditions is applied in
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the deep Galerkin method and deep Ritz method for elliptic problems in [5]. The deep
mixed residual method, employed in [16, 17] for solving PDEs, satisfies the Neumann
boundary condition exactly by transforming the boundary condition into a homogeneous
Dirichlet boundary. In [15], the authors propose a gradient-assisted PINNs for solving
nonlinear biharmonic equations, introducing gradient auxiliary functions to transform
the clamped or simply supported boundary conditions into Dirichlet boundary condi-
tions and then constructing composite functions to satisfy these Dirichlet boundary con-
ditions exactly. However, introducing the gradient-based auxiliary function or additional
neural networks into a model leads to an increase in computation and may introduce ad-
ditional errors. In [8], the authors use the universal approximation property of DNN and
specifically designed periodic layers to ensure that the DNN’s solution satisfies the spec-
ified periodic boundary conditions, including both C∞ and Ck conditions. The PINNs
method proposed in [29] exactly satisfies the Dirichlet, Neumann, and Robin boundary
conditions on complex geometries. The main idea is to utilize R-functions and mean
value potential fields to construct approximate distance functions, and to use transfinite
interpolation to obtain approximations. A penalty-free neural network method is de-
veloped to solve second-order boundary-value problems on complex geometries in [25]
by using two neural networks to satisfy essential boundary conditions, and introduc-
ing a length factor function to decouple the networks. The boundary-dependent PINNs
in [31] solve PDEs with complex boundary conditions. The neural network utilizes the
radial basis functions to construct trial functions that satisfy boundary conditions auto-
matically, thus avoiding the need for manual trial function design when dealing with
complex boundary conditions.

In this work, we present two improved RNN methods for solving elliptic equations,
specifically the Poisson and biharmonic equations. Motivated by the observation that
the error of the RNN method is concentrated around the boundary, we develop two
methods to effectively reduce the boundary error. The first method, called the RNN-
Scaling method, adjusts the optimization problem, resulting in a modified least-squares
equation. The second improved RNN method, called the RNN-BP method, introduces
interpolation techniques to enforce exact inhomogeneous Dirichlet or clamped boundary
conditions for the rectangular domains. We conduct extensive numerical experiments to
compare the accuracy and computation time of the standard RNN method with those
of the improved RNN methods, varying the number of collocation points and the width
of the last hidden layer. The numerical results demonstrate the effectiveness of both im-
proved methods. Additionally, we compare the accuracy and computation times of the
three RNN methods with those of PINNs and DRM. The results show that the errors and
computation times of the RNN methods are several orders of magnitude smaller than
those of PINNs and DRM.

The main contributions of this paper are summarized as follows:

• The RNN-BP method significantly reduces the errors of the RNN method by enforc-
ing exact inhomogeneous Dirichlet or clamped boundary conditions. Specifically,
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the RNN-BP method directly deals with the clamped boundary condition without
introducing gradient auxiliary variables. Consequently, the optimization problem
avoids introducing constraints related to gradient relationships, thereby potentially
reducing additional errors.

• The RNN-BP method is proved to be exact for the solutions of form u(x,y) =
f1(x)p1(y)+ f2(y)p2(x). For the Poisson equation, p1 and p2 are polynomials of
degree no higher than 1, and f1, f2 are functions in C(Ω). For the biharmonic equa-
tion, p1 and p2 are polynomials of degree no higher than 3, and f1, f2 are functions
in C1(Ω).

• The RNN-Scaling method increases the weight of boundary equations in the opti-
mization problem, resulting in a more accurate approximation without taking more
collocation points.

The remainder of this paper is organized as follows. Section 2 and Section 3 describe
the RNN methods for solving the Poisson and biharmonic equations, respectively. Sec-
tion 4 presents numerical examples to illustrate the effectiveness of the RNN-Scaling and
RNN-BP methods. Finally, Section 5 concludes the paper.

2 The improved RNN methods for the Poisson equation

In this section, we focus on the Poisson equation with Dirichlet boundary condition on a
two-dimensional bounded domain Ω⊂R2 with boundary ∂Ω:{

−∆u(x)= f (x), in Ω,
u(x)= g(x), on ∂Ω.

(2.1)

The source term f (x) and the boundary condition g(x) are given functions.

2.1 Randomized neural networks

The randomized neural network utilizes a fully connected architecture. Let L denote the
number of hidden layers, M denote the number of neurons in the last hidden layer, and
ϕj(x) denote the output of the j-th neuron in the last hidden layer, where 1≤ j≤ M. The
fully connected neural network is expressed as

û(x)=
M

∑
j=1

ωjϕj(x)=ωΦ(x), x∈Ω,

where Φ(x)=(ϕ1(x),··· ,ϕM(x))=σ(WL ·σ(···σ(W2 ·σ(W1 ·x+b1)+b2)···)+bL), σ denotes
the activation function, and ω=(ω1,··· ,ωM)T, Wk ∈Rnk×nk−1 and bk ∈Rnk are the weight
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Figure 1: The architecture of the RNN.

matrices and bias vectors, respectively, and nk denotes the number of neurons in the k-
th hidden layer. We employ two methods to generate weights and biases: the default
initialization method in PyTorch and uniform random initialization within the range
[−Rm,Rm].

2.2 RNN method

First, we select collocation points, which are divided into two types: interior points and
boundary points. The interior collocation points consist of N f points in Ω, while the
boundary collocation points consist of Nb points on ∂Ω. The selection of collocation
points is not unique; they can be random or uniform. In this paper, we use uniformly
distributed collocation points.

The basic idea of the RNN is that the weights and biases of the hidden layers are ran-
domly generated and remain fixed. Thus, we only need to solve a least-squares problem
and do not need to train the network. The system of linear algebraic equations is

−
M

∑
j=1

ωj∆φj(xi
f )= f (xi

f ), i=1,··· ,N f ,

M

∑
j=1

ωj φj(xi
b)= g(xi

b), i=1,··· ,Nb.

(2.2)

Solving this system of equations yields ω, which consequently obtains the solution û(x).
We apply the RNN method to solve the Poisson equation (2.1) with the exact solution

u = sin(2πx)sin(2πy). The absolute error of the RNN method is shown in Fig. 2. It is
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Figure 2: The absolute error of the RNN method.

observed that the error of the RNN method concentrates around the boundary ∂Ω. To
improve the accuracy of the RNN method, it is necessary to approximate more accurately
around the boundary.

2.3 RNN-Scaling method

To achieve a more accurate approximation around the boundary, a straightforward ap-
proach is to increase Nb, which requires placing more collocation points on ∂Ω. However,
this may increase the computational cost without significant improvement in accuracy.
Therefore, we slightly modify the algebraic equations (2.2) to increase the weight of the
boundary equations.

We illustrate the RNN-Scaling method with an example on a square domain. Let the
number of collocation points on both the interior and boundary in both x-direction and
y-direction be the same, denoted as N. It is obvious that N f = N2 and Nb = 4N. The
corresponding equations for the RNN-Scaling method are modified as follows:

1
N2

M

∑
j=1

ωjLφj(xi
f )=

1
N2 f (xi

f ), i=1,··· ,N f ,

M

∑
j=1

ωj φj(xi
b)= g(xi

b), i=1,··· ,Nb.

(2.3)

Solving the system of equations (2.3) yields the solution û(x).
We present the absolute error of the RNN-Scaling method in Fig. 3 and observe that

the error of the RNN-Scaling method is much reduced around the boundary ∂Ω. Conse-
quently, the total relative L2 error is also reduced by about 3 orders of magnitude.
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Figure 3: The absolute error of the RNN-Scaling method.

Remark 2.1. The weight coefficient 1
N2 is chosen based on both intuitive and numerical

considerations. In the classical methods, such as finite element methods and finite dif-
ference methods, the scale of the equations for interior unknowns is typically larger than
that for boundary unknowns by a factor of approximately 1

N2 . For example, in the finite
difference method, assuming h= 1

N is the mesh size, we have

−∆φi,j ≈
1
h2

(
4φi,j−φi−1,j−φi+1,j−φi,j−1−φi,j+1

)
.

Thus, the coefficients for interior points are larger than those for boundary points. The
standard RNN method could be seen as an extension of the classical method and may
inherit this property. However, since the standard RNN method is based on the least-
squares method, the interior points are much more “important” than the boundary points
in the numerical scheme. This leads to increased errors at the boundary points. To bal-
ance this impact, we multiply the interior coefficients by 1

N2 , analogous to h2. We test
several numerical examples and find that 1

N2 appears to be an appropriate choice for the
Poisson equation.

Remark 2.2. The idea of the RNN-Scaling method could be extended to general domains.
For instance, on a unit circular domain if we define h= 1

N as the “mesh size”, representing
the average distance between collocation points. Then, the interior collocation points
can be uniformly distributed within the unit disk with a spacing of h, and the boundary
collocation points can consist of [2πN] uniformly distributed points on the circle. Fig. 8(a)
shows the distribution of collocation points on the unit circle. The weight coefficient is
similarly chosen as 1

N2 . In this case, the total relative L2 error is also reduced by one to
two orders of magnitude.
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2.4 RNN-BP method

As shown in Fig. 3, although the error of the RNN-Scaling method significantly de-
creased, it still exists on the boundary ∂Ω. In this subsection, we introduce a bound-
ary processing technique to enforce exact Dirichlet boundary conditions. This technique
was initially proposed in [12]. The advantage of this boundary processing technique is
that the boundary conditions are imposed on the numerical solution across the entire
boundary, rather than only at collocation points. We now outline the construction of the
RNN-BP method. For simplicity, we consider the unit square domain Ω= (0,1)×(0,1)
and denote x as (x,y). It should be noted that the technique can be easily extended to
rectangular domains.

The numerical solution of the RNN-BP method is constructed as follows:

û(x,y)=B(x,y)
M

∑
j=1

ωj φj(x,y)+gD(x,y), (2.4)

where B and gD should satisfy

B(x,y)=0, on ∂Ω,
B(x,y) ̸=0, in Ω,

gD(x,y)= g(x,y), on ∂Ω.

A straightforward choice is B(x,y)= x(1−x)y(1−y) for the Poisson equation. The net-
work architecture is illustrated in Fig. 4.

&%"

&%!

&%$

&%%

&%&

…

boundary processing

$"

output layer…

…

hidden layer

%"

%!

%$

%%

%&

…

#

!

input layer

Figure 4: The architecture of the RNN-BP.
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Next, we describe the construction of gD(x,y). Let gD(x,y) = s(x,y)+P(x,y), where
P(x,y) is constructed to satisfy the relations at the four corners:

P(xi,yj)=u(xi,yj),

where i, j=0,1, with x0=y0=0 and x1=y1=1. Rewrite the Dirichlet boundary condition
as

u(0,y)= t1(y), 0≤y≤1,
u(1,y)= t2(y), 0≤y≤1,
u(x,0)= t3(x), 0≤ x≤1,
u(x,1)= t4(x), 0≤ x≤1.

Using the one-dimensional two-point Lagrange interpolation functions l0(x)=1−x and
l1(x)= x, P(x,y) can be expressed as a bilinear Lagrange interpolation function:

P(x,y)=
[

l0(x)
l1(x)

]T[ u(x0,y0) u(x0,y1)
u(x1,y0) u(x1,y1)

][
l0(y)
l1(y)

]
,

or equivalently,

P(x,y)=
[

l0(x)
l1(x)

]T[ t1(y0) t1(y1)
t2(y0) t2(y1)

][
l0(y)
l1(y)

]
.

Denote ũ(x,y)≜u(x,y)−P(x,y). We then construct s(x,y) to satisfy the Dirichlet condition
of ũ exactly, i.e.,

s(x,y)= ũ(x,y), on ∂Ω.

The boundary conditions of ũ(x,y) are denoted by t̃i, which satisfy the following rela-
tions:

t̃1(y)= t1(y)−P(0,y), 0≤y≤1,
t̃2(y)= t2(y)−P(1,y), 0≤y≤1,
t̃3(x)= t3(x)−P(x,0), 0≤ x≤1,
t̃4(x)= t4(x)−P(x,1), 0≤ x≤1.

The function s(x,y) is defined as

s(x,y)= l0(x)t̃1(y)+l1(x)t̃2(y)+l0(y)t̃3(x)+l1(y)t̃4(x).

After constructing s(x,y) and P(x,y), the corresponding equations for the RNN-BP
method are derived as follows:

−
M

∑
j=1

ωj∆(Bφj)(xi
f )= f (xi

f )+∆s(xi
f )+∆P(xi

f ), i=1,··· ,N f . (2.5)



156 H. Zhou and Z. Sheng / Commun. Comput. Phys., 39 (2026), pp. 147-184

Theorem 2.1. The numerical solution (2.4) of the RNN-BP method satisfies the Dirichlet bound-
ary condition exactly.

Proof. Our aim is to prove that û(x,y)−P(x,y) = ũ(x,y) on ∂Ω, which is equiva-
lent to showing that ∑M

i=1 ωix(1−x)y(1−y)φi(x,y)+s(x,y) = ũ(x,y) on ∂Ω. Note that
∑M

i=1 ωix(1−x)y(1−y)φi(x,y) satisfies the homogeneous Dirichlet boundary condition.
Therefore, we only need to prove that s(0,y)= t̃1(y). Thus, we have

s(0,y)= l0(0)t̃1(y)+l1(0)t̃2(y)+l0(y)t̃3(0)+l1(y)t̃4(0)
= t̃1(y),

where we use the fact that t̃i(0)= t̃i(1)=0 for i=1,··· ,4.
The conditions on the other boundaries can be proved in a similar manner. This com-

pletes the proof.

Theorem 2.2. Assuming that the solution to the least-squares problem (2.5) is uniquely solvable.
Then the RNN-BP method is exact for solutions of the form

f1(x)p1(y)+ f2(y)p2(x), (2.6)

where f1, f2∈C(Ω), and p1 and p2 are polynomials of degree no higher than 1.

Proof. For simplicity, we only prove the case where u(x,y)= f1(x)p1(y). The proof for the
case u(x,y)= f1(x)p1(y)+ f2(y)p2(x) is similar and thus omitted.

The first step is to prove that u(x,y) = s(x,y) under the assumption that u(x,y) = 0
at the four corners of ∂Ω. It is obvious that P(x,y)≡ 0 from the above assumption. We
analyze the four terms of s(x,y)= l0(x)t1(y)+l1(x)t2(y)+l0(y)t3(x)+l1(y)t4(x) sequen-
tially. For the term t1(y)= f1(0)p1(y)∈P1, it follows that t1(0)= t1(1)=0. Consequently,
t1(y)≡0 on [0,1]. Similarly, t2(y)≡0 in [0,1]. Hence we obtain

s(x,y)= l0(x)t1(y)+l1(x)t2(y)+l0(y)t3(x)+l1(y)t4(x)
= l0(y) f1(x)p1(0)+l1(y) f1(x)p1(1)
= f1(x)(l0(y)p1(0)+l1(y)p1(1))
= f1(x)p1(y).

The second step is to prove that u(x,y)=s(x,y)+P(x,y) for u(x,y)= f1(x)p1(y). Let Q(x)
be a first-order polynomial satisfying Q(0)= f1(0) and Q(1)= f1(1). From the definition
of P(x,y) and the fact that Q(x)p1(y)= P(x,y) at the four corners of ∂Ω, it follows that
Q(x)p1(y)≡P(x,y). Thus, for any (x,y)∈Ω, we have

u(x,y)−P(x,y)=( f1(x)−Q(x))p1(y)
= s(x,y). (2.7)

The final equation follows from the conclusion of the first step, since f1(x)−Q(x)=0 at
the four corners of ∂Ω. Substituting (2.7) into (2.5) yields ∑M

j=1 ωj∆(B(xi
f )φj(xi

f ))= 0 for
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i = 1,··· ,N f . Clearly, {ωj}M
j=1 = 0 is a solution to the least-squares problem. Hence, we

obtain
û(x,y)=u(x,y), in Ω,

which completes the proof.

3 The improved RNN methods for the biharmonic equation

In this section, we focus on the biharmonic equation with clamped boundary conditions
on a bounded domain with boundary ∂Ω:

∆2u(x)= f (x), in Ω,
u(x)= g1(x), on ∂Ω,
∂u
∂n

(x)= g2(x), on ∂Ω.

(3.1)

The source term f (x) and the boundary conditions g1(x) and g2(x) are given functions,
and n denotes the unit outward normal vector to ∂Ω.

3.1 RNN method and RNN-Scaling method

For the biharmonic equation, the equations of the RNN method are

M

∑
j=1

ωj∆2φj(xi
f )= f (xi

f ), i=1,··· ,N f ,

M

∑
j=1

ωj φj(xi
b)= g1(xi

b), i=1,··· ,Nb,

M

∑
j=1

ωj
∂φj

∂n
(xi

b)= g2(xi
b), i=1,··· ,Nb,

where N f and Nb still represent the numbers of interior and boundary collocation points,
respectively. Solving this system of equations yields ω, which is then used to compute
the solution û(x).

For the biharmonic equation, we also observe that the error of the RNN method is
primarily concentrated around the boundary. Therefore, as with the Poisson equation, it
is necessary to develop an improved method to reduce the error around the boundary.

We describe the RNN-Scaling method on the square domain. Let the numbers of
points on both interior and boundary be the same in the x-direction and y-direction, still
denoted as N. Then N f =N2 and Nb =4N. The least-squares problem is then formulated
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as follows:
1

N4

M

∑
j=1

ωj∆2φj(xi
f )=

1
N4 f (xi

f ), i=1,··· ,N f ,

M

∑
j=1

ωj φj(xi
b)= g1(xi

b), i=1,··· ,Nb,

1
N

M

∑
j=1

ωj
∂φj

∂n
(xi

b)=
1
N

g2(xi
f ), i=1,··· ,Nb.

(3.2)

Solving the system (3.2) yields the numerical solution û(x).

Remark 3.1. The RNN-Scaling method can also be extended to general domains for the
biharmonic equation. For instance, on a unit circular domain, if we take h = 1

N as the
“mesh size”, then the interior collocation points can be chosen as uniformly distributed
points within the unit disk at a distance of h, and the boundary collocation points could
be [2πN] uniformly distributed points on the circle. The weight coefficients are set to

1
N4 and 1

N , respectively. The total relative L2 error is thereby reduced by 1-2 orders of
magnitude.

3.2 RNN-BP method

The error of the RNN-Scaling method is significantly reduced, but a small error still exists
on the boundary. Therefore, we enforce the neural network to satisfy the exact clamped
boundary condition on the square domain.

The neural network used in the RNN-BP method for the biharmonic equation is con-
structed as follows:

û(x,y)=B(x,y)
M

∑
i=1

ωi φi(x,y)+gD(x,y), (3.3)

where B(x,y) and gD(x,y) should satisfy the following conditions:

B(x,y)=0, on ∂Ω,
∂B
∂n

(x,y)=0, on ∂Ω,

B(x,y) ̸=0, in Ω,
gD(x,y)= g1(x,y), on ∂Ω,

∂gD

∂n
(x,y)= g2(x,y), on ∂Ω.

For the biharmonic equation, B(x,y) is defined as B(x,y)= x2(1−x)2y2(1−y)2.
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Next, we construct gD(x,y) as gD(x,y)=s(x,y)+P(x,y). We define P(x,y) such that it
satisfies the following conditions at the four corners:

P(xi,yj)=u(xi,yj),

Px(xi,yj)=ux(xi,yj),

Py(xi,yj)=uy(xi,yj),

Pxy(xi,yj)=uxy(xi,yj),

where i, j=0,1, and x0=y0=0, x1=y1=1. Rewrite the clamped boundary condition (3.1)
as follows:

u(0,y)= t1(y),
∂u
∂x

(0,y)=h1(y), 0≤y≤1,

u(1,y)= t2(y),
∂u
∂x

(1,y)=h2(y), 0≤y≤1,

u(x,0)= t3(x),
∂u
∂y

(x,0)=h3(x), 0≤ x≤1,

u(x,1)= t4(x),
∂u
∂y

(x,1)=h4(x), 0≤ x≤1.

Recall the two-point Hermite interpolation basis functions, which are defined as follows:

Hi(x)= l2
i (x)

(
1−2l′i (xi)(x−xi)

)
,

Gi(x)= l2
i (x)(x−xi),

for i=0,1, where l0(x) and l1(x) are the first-order Lagrange interpolation functions. The
expression for P(x,y) is given by

P(x,y)=


H0(x)
H1(x)
G0(x)
G1(x)


T

u(x0,y0) u(x0,y1) uy(x0,y0) uy(x0,y1)
u(x1,y0) u(x1,y1) uy(x1,y0) uy(x1,y1)
ux(x0,y0) ux(x0,y1) uxy(x0,y0) uxy(x0,y1)
ux(x1,y0) ux(x1,y1) uxy(x1,y0) uxy(x1,y1)




H0(y)
H1(y)
G0(y)
G1(y)

.

Alternatively, P(x,y) can also be expressed as:

P(x,y)=


H0(x)
H1(x)
G0(x)
G1(x)


T

t1(y0) t1(y1) h3(x0) h4(x0)
t2(y0) t2(y1) h3(x1) h4(x1)
h1(y0) h1(y1) h′3(x0) h′4(x0)
h2(y0) h2(y1) h′3(x1) h′4(x1)




H0(y)
H1(y)
G0(y)
G1(y)

.

Then, we define s(x,y) such that it satisfies the clamped boundary conditions for ũ(x,y),
where ũ(x,y)≜u(x,y)−P(x,y).

s(x,y)= ũ(x,y), on ∂Ω,
∂s
∂n

(x,y)=
∂ũ
∂n

(x,y), on ∂Ω.
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The boundary functions of ũ(x,y), denoted by t̃i and h̃i, satisfy the following conditions:

t̃1(y)= t1(y)−P(0,y), h̃1(y)=h1(y)−
∂P
∂x

(0,y), 0≤y≤1,

t̃2(y)= t2(y)−P(1,y), h̃2(y)=h2(y)−
∂P
∂x

(1,y), 0≤y≤1,

t̃3(x)= t3(x)−P(x,0), h̃3(x)=h3(x)− ∂P
∂y

(x,0), 0≤ x≤1,

t̃4(x)= t4(x)−P(x,1), h̃4(x)=h4(x)− ∂P
∂y

(x,1), 0≤ x≤1.

The function s(x,y) is defined as:

s(x,y)=H0(x)t̃1(y)+H1(x)t̃2(y)+H0(y)t̃3(x)+H1(y)t̃4(x)

+G0(x)h̃1(y)+G1(x)h̃2(y)+G0(y)h̃3(x)+G1(y)h̃4(x).

Finally, the corresponding equations for the RNN-BP method are

M

∑
j=1

ωj∆2(Bφj)(xi
f )= f (xi

f )−∆2s(xi
f )−∆2P(xi

f ), i=1,··· ,N f . (3.4)

We emphasize that the clamped boundary condition can be exactly imposed. This bound-
ary processing method, which is applicable to rectangular domains, can be used for any
PDEs with clamped boundary conditions.

Theorem 3.1. The numerical solution (3.3) of the RNN-BP method satisfies the clamped bound-
ary condition of (3.1) exactly.

Proof. To prove the theorem, it suffices to show that û(x,y)−P(x,y) =

∑M
i=1 ωiB(x,y)φi(x,y)+s(x,y) satisfies the clamped boundary condition of ũ(x,y).

Since P(x,y) is the cubic Hermit interpolation of u(x,y) on Ω̄, we have:

t̃i(0)= h̃i(0)= h̃′i(0)=0,

t̃i(1)= h̃i(1)= h̃′i(1)=0,
(3.5)

for i=1,··· ,4.
It can be verified that ∑M

i=1 ωix2(1−x)2y2(1−y)2φi(x,y) satisfies the homogeneous
clamped boundary condition. Therefore, we need to prove that s(0,y)= t̃1(y), ∂s

∂x (0,y)=
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h̃1(y). From (3.5), we have

s(0,y)=H0(0)t̃1(y)+H1(0)t̃2(y)+H0(y)t̃3(0)+H1(y)t̃4(0)

+G0(0)h̃1(y)+G1(0)h̃2(y)+G0(y)h̃3(0)+G1(y)h̃4(0)
=t̃1(y),

∂s
∂x

(0,y)=H′
0(0)t̃1(y)+H′

1(0)t̃2(y)+H0(y)t̃′3(0)+H1(y)t̃′4(0)

+G′
0(0)h̃1(y)+G′

1(0)h̃2(y)+G0(y)h̃′3(0)+G1(y)h̃′4(0)

=h̃1(y).

The clamped conditions on the other boundary can be proved similarly. This completes
the proof.

Theorem 3.2. Assuming the solution to the least-squares problem (3.4) is unique, then the RNN-
BP method is exact for solutions of the form

f1(x)p1(y)+ f2(y)p2(x), (3.6)

where f1, f2∈C1(Ω), and p1 and p2 are polynomials of degree no higher than 3.

Proof. The proof of this theorem is similar to that of Theorem 2.2; however, for complete-
ness, we provide the proof here. We only prove the case where u(x,y)= f1(x)p1(y).

We also divide the proof into two steps. The first step is to prove that u(x,y)= s(x,y)
under the assumption that u(x,y) = 0 and ∂u

∂n (x,y) = 0 at the four corners of ∂Ω. It is
obvious that P(x,y)≡0 from the above assumption. We analyze the eight terms of s(x,y)
one by one. Similar to the proof of Theorem 2.2, it follows that t1(y) = t2(y) = h1(y) =
h2(y)=0 on [0,1]. Thus, we have

s(x,y)=H0(y)t3(x)+H1(y)t4(x)+G0(y)h3(x)+G1(y)h4(x)
= f1(x)(H0(y)p1(0)+H1(y)p1(1)−G0(y)p′1(0)+G1(y)p′1(1))
= f1(x)p1(y).

The second step is to prove that u(x,y) = s(x,y)+P(x,y) for u(x,y) = f1(x)p1(y). Let
Q(x) be a first-order polynomial satisfying Q(0)= f1(0), Q(1)= f1(1), Q(0)=− f ′1(0) and
Q(1)= f ′1(1). From the definition of P(x,y), it can be inferred that Q(x)p1(y)≡P(x,y) on
Ω. This implies that

u(x,y)−P(x,y)=( f1(x)−Q(x))p1(y)
= s(x,y), (3.7)

for any (x,y)∈Ω, where the final equation in (3.7) follows from the conclusion of the first
step. Substituting (3.7) into (3.4) yields that ∑M

j=1 ωj∆(B(xi
f )φj(xi

f )) = 0 for i = 1,··· ,N f ,
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which implies that {ωj}M
j=1 = 0 is a solution to the least-squares problem. Therefore, we

have

û(x,y)=u(x,y), in Ω.

This completes the proof.

4 Numerical experiments

In the numerical experiments, we compare the performance of the three RNN methods
using the relative L2 error

∥e∥L2 =

√
∑Ntest

i=1 |û(xi)−u(xi)|2√
∑Ntest

i=1 |u(xi)|2
,

where Ntest denotes the number of uniformly distributed collocation points in Ω̄, and we
set Ntest = 104 for all examples. Throughout this paper, we use the sine function as the
activation function. In all tables, RNN-Scaling is abbreviated as RNN-S for simplicity. We
compare the numerical performance of the three RNN methods, PINNs, and DRM. The
RNN methods, DRM, and PINNs are implemented in Python, using the PyTorch library.
The numerical experiments are performed on a workstation equipped with an Intel Xeon
Platinum 8260L CPU @ 2.40 GHz.

4.1 Poisson equation

We begin by testing our methods on the Poisson equation.

4.1.1 Example 1.1

In the first example, the exact solution on Ω=(0,1)×(0,1) is given by:

u(x,y)=sin(2πx)sin(2πy).

The number of points in x and y dimensions is set to be the same, denoted as N. A neural
network with two hidden layers is used, containing 100 and M neurons, respectively.
We compare the relative L2 errors of the RNN, RNN-Scaling, and RNN-BP methods for
different numbers of collocation points and values of M. Tables 1 and 2 compare the
results for the default and uniform random initialization with Rm=1, respectively. Table 3
shows the CPU times of the three RNN methods under default initialization with varying
N and M.

From Tables 1-3, we draw the following observations. The errors of all three RNN
methods initially decrease and then stabilize under both initialization methods. The
RNN-Scaling method consistently produces smaller errors than the RNN method. In
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Table 1: Errors of the three RNN methods with default initialization for Example 1.1.

method N M 50 100 150 200 250 300 400 500
RNN 8 ∥e∥L2 9.44e-1 2.76e-3 1.01e-3 4.82e-4 7.79e-4 5.49e-4 4.49e-4 3.66e-4

12 ∥e∥L2 9.15e-1 3.13e-4 1.11e-6 3.99e-7 1.83e-7 8.14e-7 2.53e-7 5.97e-7
16 ∥e∥L2 9.45e-1 6.63e-4 2.43e-6 2.66e-7 1.35e-7 4.53e-8 2.67e-7 1.16e-7
24 ∥e∥L2 1.04e+0 9.26e-4 3.61e-6 1.33e-6 2.06e-7 1.76e-7 1.46e-7 1.41e-7
32 ∥e∥L2 1.14e+0 1.04e-3 3.99e-6 2.51e-6 2.84e-7 1.87e-7 1.27e-6 2.83e-7
48 ∥e∥L2 1.34e+0 1.20e-3 4.40e-6 2.35e-6 1.13e-6 1.94e-6 1.65e-6 1.08e-6

RNN-S 8 ∥e∥L2 2.09e-2 2.76e-3 1.01e-3 4.82e-4 7.79e-4 5.49e-4 3.06e-4 3.66e-4
12 ∥e∥L2 1.75e-2 2.04e-5 4.35e-7 2.18e-7 3.04e-7 3.38e-7 6.22e-7 5.11e-7
16 ∥e∥L2 1.57e-2 1.42e-5 9.53e-8 8.78e-8 1.08e-7 2.19e-8 1.65e-7 2.60e-8
24 ∥e∥L2 1.43e-2 1.31e-5 1.75e-7 3.29e-7 5.43e-8 8.21e-8 2.56e-7 3.32e-8
32 ∥e∥L2 1.41e-2 1.29e-5 3.67e-7 3.42e-7 1.63e-7 8.12e-8 2.43e-7 5.47e-8
48 ∥e∥L2 1.48e-2 1.27e-5 3.31e-6 1.26e-6 1.37e-6 3.31e-6 2.18e-6 2.27e-7

RNN-BP 8 ∥e∥L2 3.55e-4 3.42e-4 1.89e-4 2.43e-4 1.01e-4 1.02e-4 1.64e-4 8.70e-5
12 ∥e∥L2 1.09e-4 2.37e-7 7.55e-8 5.59e-8 4.99e-8 7.74e-8 4.37e-8 7.58e-8
16 ∥e∥L2 1.05e-4 3.72e-8 7.54e-10 4.63e-10 6.68e-10 8.87e-11 6.72e-10 3.61e-10
24 ∥e∥L2 1.02e-4 2.30e-8 1.03e-10 1.20e-10 3.86e-10 1.13e-10 1.57e-10 3.86e-11
32 ∥e∥L2 9.89e-5 2.24e-8 1.63e-10 1.29e-10 2.36e-10 2.66e-10 2.74e-10 1.17e-10
48 ∥e∥L2 9.40e-5 2.13e-8 3.53e-10 5.00e-10 1.81e-10 1.37e-10 4.14e-10 4.34e-11

particular, the method exhibits more stable performance, with errors gradually decreas-
ing as N and M increase. The RNN-BP method achieves the smallest errors among the
three methods under both initialization conditions, with errors decreasing as N and M
increase. The CPU times for the three methods under default initialization are compared
in Table 3 and Fig. 6. Fig. 6(a) shows the results for a fixed M=300 with varying numbers
of points, while Fig. 6(b) shows the results for a fixed N=48 with varying M. The CPU
times for all three methods increase with the number of points and M. The CPU times
for the RNN and RNN-Scaling methods are similar, while the RNN-BP method requires
about 2-3 times the computational cost of the other two methods.

Figs. 5(a)-(b) show that the RNN-Scaling and RNN-BP methods consistently achieve
smaller L2 errors than the RNN method, particularly under uniform random initializa-
tion with Rm =1. This suggests that these two methods are more robust to variations in
initialization and may offer better performance in practical applications. Moreover, the
performance of all three methods is generally better under uniform random initialization
than under the default initialization condition.

We compare the three methods for varying values of Rm (from 0.1 to 2) with fixed
M= 300 and N = 48. From Fig. 5(c), it can be seen that as Rm varies, the three methods
exhibit a similar trend. Specifically, for Rm in the range of 0.3 to 1.5, the errors of the three
methods are relatively small; however, for Rm > 1.5, the errors increase rapidly. Among
the three methods, the RNN-BP method consistently achieves the smallest errors.
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Table 2: Errors of the three RNN methods with uniform random initialization (Rm =1) for Example 1.1.

method N M 50 100 150 200 250 300 400 500
RNN 8 ∥e∥L2 2.19e+0 7.02e-3 4.37e-3 3.77e-3 2.89e-3 2.84e-3 4.05e-3 2.71e-3

12 ∥e∥L2 2.28e+0 5.55e-2 4.95e-4 1.32e-4 3.07e-5 2.36e-5 2.79e-5 2.35e-5
16 ∥e∥L2 2.47e+0 6.08e-2 1.88e-3 3.34e-5 7.44e-7 9.90e-7 1.22e-7 2.34e-7
24 ∥e∥L2 2.73e+0 6.30e-2 2.46e-3 8.14e-5 3.02e-6 1.15e-7 2.86e-10 4.17e-11
32 ∥e∥L2 2.94e+0 6.48e-2 2.73e-3 9.64e-5 3.61e-6 1.78e-7 9.82e-10 3.54e-11
48 ∥e∥L2 3.25e+0 6.83e-2 3.05e-3 1.11e-4 4.24e-6 2.06e-7 1.62e-9 1.24e-10

RNN-S 8 ∥e∥L2 9.25e-2 7.02e-3 4.37e-3 3.77e-3 2.89e-3 2.84e-3 4.05e-3 2.71e-3
12 ∥e∥L2 8.07e-2 6.80e-4 4.51e-5 1.32e-4 3.07e-5 2.36e-5 2.79e-5 2.35e-5
16 ∥e∥L2 8.58e-2 5.73e-4 1.61e-5 8.15e-7 5.36e-7 3.49e-7 1.51e-7 2.34e-7
24 ∥e∥L2 9.02e-2 5.07e-4 1.22e-5 3.36e-7 1.87e-8 2.06e-9 1.42e-10 3.48e-11
32 ∥e∥L2 9.27e-2 5.00e-4 1.13e-5 3.01e-7 1.26e-8 5.67e-10 1.20e-11 2.69e-12
48 ∥e∥L2 9.85e-2 5.12e-4 1.08e-5 2.87e-7 1.24e-8 4.77e-10 5.73e-12 8.27e-13

RNN-BP 8 ∥e∥L2 1.15e-2 1.01e-2 4.40e-3 3.90e-3 5.34e-3 6.46e-3 4.21e-3 4.61e-3
12 ∥e∥L2 7.21e-3 1.77e-4 4.44e-5 1.05e-4 1.20e-4 5.07e-5 1.26e-4 5.76e-5
16 ∥e∥L2 6.87e-3 5.64e-5 2.17e-6 6.42e-7 1.30e-6 3.11e-7 1.66e-7 5.13e-7
24 ∥e∥L2 6.43e-3 4.06e-5 4.01e-7 1.38e-8 2.18e-9 2.51e-10 2.45e-11 2.12e-11
32 ∥e∥L2 6.18e-3 3.85e-5 3.80e-7 8.44e-9 4.35e-10 4.56e-11 9.71e-13 3.72e-13
48 ∥e∥L2 5.91e-3 3.57e-5 3.82e-7 8.42e-9 3.63e-10 1.69e-11 8.15e-14 2.55e-14

Table 3: The CPU times (seconds) for the three RNN methods with the default initialization for Example 1.1.

method N M 50 100 150 200 250 300 400 500
RNN 8 CPU time 0.61 0.54 0.62 0.76 0.85 1.19 1.19 1.50

12 CPU time 0.40 0.53 0.65 1.09 0.89 1.12 1.54 1.70
16 CPU time 0.62 0.57 0.73 0.98 1.18 1.23 1.83 2.15
24 CPU time 0.57 0.76 0.95 1.35 1.58 1.67 2.19 2.85
32 CPU time 0.56 1.00 1.04 1.38 1.58 1.82 2.81 3.51
48 CPU time 0.71 0.96 1.42 1.78 2.38 2.77 4.15 5.78

RNN-S 8 CPU time 0.38 0.70 0.59 0.61 0.71 0.89 1.16 1.65
12 CPU time 0.38 0.49 0.60 0.78 0.88 1.10 1.62 1.69
16 CPU time 0.43 0.57 0.67 0.81 1.02 1.50 1.65 2.15
24 CPU time 0.51 0.78 0.91 1.06 1.54 1.55 2.11 2.71
32 CPU time 0.48 0.72 0.93 1.48 1.48 1.72 2.37 3.58
48 CPU time 0.59 0.81 1.44 1.60 2.38 2.72 3.96 5.68

RNN-BP 8 CPU time 0.69 0.75 1.04 1.35 1.61 1.89 2.70 4.08
12 CPU time 0.55 0.83 1.14 1.60 2.00 2.56 3.92 4.74
16 CPU time 0.62 0.98 1.47 1.92 2.69 3.13 4.06 5.77
24 CPU time 0.68 1.30 1.84 2.36 3.21 3.60 5.02 7.18
32 CPU time 0.78 1.35 2.29 3.03 3.72 4.53 6.64 9.65
48 CPU time 0.89 1.73 3.12 3.88 5.95 8.03 12.61 18.03
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Figure 5: Comparison of relative L2 errors of the three RNN methods for Example 1.1: (a) Varying numbers
of points with the default initialization. (b) Varying numbers of points with uniform random initialization
(Rm =1). (c) Varying max magnitude of random coefficients.

0 200 400 600 800 1000 1200 1400 1600
Number of points

1

2

3

4

5

CP
U 

tim
e(

s)

RNN 

RNN-Scaling 
RNN-BP

(a) Varying number of points with the default initial-
ization.
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(b) Varying M with the default initialization.

Figure 6: The CPU times of the three RNN methods for Example 1.1.

With the network architecture fixed as [2,100,200,1] and N=48, we compare the accu-
racy and efficiency of the RNN methods with PINNs and DRM. For the Poisson equation,
the loss functions for PINNs and DRM, evaluated on uniform points, are defined as:

LPINNs =
1

N f

N f

∑
i=1

[
∆û(xi

f )+ f (xi
f )
]2
+β

1
Nb

Nb

∑
i=1

[
û(xi

b)−g(xi
b)
]2

,

LDRM =
1

N f

N f

∑
i=1

[
1
2

∥∥∥∇û(xi
f )
∥∥∥2

2
− f (xi

f )û(x
i
f )

]
+β

1
Nb

Nb

∑
i=1

[
û(xi

b)−g(xi
b)
]2

,

respectively. In the PINNs/Adam and DGM/Adam methods, the network is trained for
50,000 epochs, with the learning rate following a cosine decay schedule from 0.001 to
10−5. In the PINNs/L-BFGS and DRM/L-BFGS methods, the network is trained for 500
epochs using a constant learning rate of 1. The results are summarized in Table 4. The
L-BFGS optimizer is more efficient than the Adam optimizer for both PINNs and DRM.
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Table 4: Comparison between the three RNN methods and PINNs/DRM, in terms of relative L2 errors and
the computation times.

Method ∥e∥L2 Epochs Computation time (seconds)
PINNs (Adam) 1.69e-4 50,000 833.84
PINNs (L-BFGS) 9.30e-5 500 69.05
DRM (Adam) 3.89e-2 50,000 467.05
DRM (L-BFGS) 4.36e-2 500 26.35
RNN 2.35e-6 0 1.78
RNN-S 1.26e-6 0 1.60
RNN-BP 5.00e-10 0 3.88

The L-BFGS optimizer takes about 1/10 to 1/20 of the computational cost of the Adam
optimizer while achieving similar accuracy. However, even using the L-BFGS optimizer,
PINNs and DRM achieve accuracies of only 10−5 and 10−2, respectively. In contrast,
the RNN methods achieve accuracies of at least 10−6, with computational cost under
4 seconds. These results demonstrate the superior accuracy and efficiency of the RNN
methods.

4.1.2 Example 1.2

The second numerical example uses the exact solution on Ω=(0,2)2:

u(x,y)=−
[

2cos
(

3
2

πx+
2π

5

)
+

3
2

cos
(

3πx−π

5

)][
2cos

(
3
2

πy+
2π

5

)
+

3
2

cos
(

3πy−π

5

)]
.

We compare the three methods by varying the maximum magnitude of the random co-
efficient, with the network architecture fixed as [2,100,500,1] and N=96. The results are
presented in Fig. 7(a). It is observed that the optimal value of Rm ≈ 1.2. The RNN-BP
method achieves the smallest error among the three methods, reaching a minimum error
of 4.75×10−10. We compare the methods for varying M, with Rm = 1 and N = 64 fixed.
Fig. 7(b) illustrates that the errors of all three methods decrease as M increases, with the
RNN-BP method consistently achieving the smallest errors.

4.1.3 Example 1.3

This example demonstrates that the RNN-BP method is exact for solutions of the form
(2.6). We consider the exact solution on Ω=(0,1)×(0,1):

u(x,y)= x10+y10+xk siny+yk cosx,

where k is an integer.
We compare the three methods for different numbers of collocation points with k=1

and k= 2, using a fixed network [2, 100, 300, 1] and random initialization (Rm = 1). The
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Figure 7: Comparison of relative L2 errors of the three RNN methods for Example 1.2.

Table 5: Comparison of the three RNN methods with different N for Example 1.3.

k N 4 12 20 28 36 44 52
1 RNN 8.17e-1 1.41e-4 2.44e-7 6.32e-7 8.23e-7 9.00e-7 9.43e-7

RNN-S 8.17e-1 1.41e-4 3.55e-8 5.47e-9 3.67e-9 3.56e-9 3.60e-9
RNN-BP 2.35e-16 2.60e-16 2.57e-16 2.19e-16 2.19e-16 2.19e-16 2.19e-16

2 RNN 1.05e+0 1.70e-4 2.92e-7 7.58e-7 9.87e-7 1.08e-6 1.13e-6
RNN-S 1.05e+0 1.70e-4 4.25e-8 6.56e-9 4.39e-9 4.26e-9 4.30e-9
RNN-BP 2.64e-2 1.15e-6 1.39e-11 8.14e-13 1.62e-13 9.64e-14 9.06e-14

results are presented in Table 5. For the RNN-BP method, the relative L2 errors reach
machine precision when k = 1. This verifies that the RNN-BP method is exact for the
solution of the form (2.6). The errors decrease rapidly as the number of collocation points
increase when k = 2, with the smallest error about 10−14. The relative L2 errors of the
RNN-Scaling method are at most three orders of magnitude smaller than those of the
RNN method.

4.1.4 Example 1.4

This example considers the exact solution

u(x,y)= x4+y4

on the unit circle centered at the origin (0,0).
We fix N = 64 and vary M to compare the RNN and RNN-Scaling method. The net-

work architecture is [2,100,100,M,1], and the default initialization method is employed.
Fig. 8(a) illustrates the distribution of uniform collocation points for N = 32. Fig. 8(b)
shows the comparison results, indicating that the RNN-Scaling method achieves the
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(b) Varying M with the default initialization.
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(c) The absolute error of the RNN method.
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(d) The absolute error of the RNN-Scaling method.

Figure 8: The numerical results for Example 1.4.

smallest error (about 10−9), typically reducing errors by two orders of magnitude com-
pared to the RNN method. Figs. 8(c)-(d) display the absolute errors for both methods
with N = 64 and M = 200. It can be observed that the errors of the RNN method are
concentrated near the boundary, while the errors of the RNN-Scaling method are con-
centrated in the interior.

From Examples 1.1-1.4, we offer the following summary for solving the Poisson equa-
tion. The RNN-BP method consistently produces the smallest errors among the three
methods. Specifically, for relatively large M and N, the RNN-BP method achieves errors
that are, on average, 4 orders of magnitude smaller than those of the RNN method in
Example 1.1 and 3 orders of magnitude smaller in Example 1.2. Moreover, under both
initialization methods, the RNN-BP method achieves significantly smaller errors than the
other two methods, demonstrating its robustness in practical applications.

On both the unit circular and square domains, the RNN-Scaling method outperforms
the RNN method in terms of accuracy. Specifically, on the unit circular domain, the RNN-
Scaling method achieves relative L2 errors that are, on average, 2 orders of magnitude
smaller than those of the RNN method. On the square domain, under the default initial-
ization method, the RNN-Scaling method achieves errors that are, on average, 2 orders of
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magnitude smaller than those of the RNN method when M is small; however, the differ-
ence between the two methods becomes less significant as M increases. Under uniform
random initialization, the RNN-Scaling method achieves errors that are, on average, 2
orders of magnitude smaller than those of the RNN method.

4.2 Biharmonic equation

Next, we test our methods for the biharmonic equation.

4.2.1 Example 2.1

In the first example, the exact solution on Ω=(0,1)×(0,1) is given by:

u(x,y)=sin(πx)sin(πy).

A neural network with two hidden layers is used, containing 100 and M neurons, re-
spectively. We compare the relative L2 errors of the three methods for varying numbers
of collocation points and values of M. Tables 6 and 7 present the comparison results
with the default and uniform random initialization (Rm=1), respectively. Tables 6 and 7
show that the errors of all three methods decrease significantly as M and N increase. The
RNN-BP method achieves the best performance, followed by the RNN-Scaling method
and then the RNN method. Specifically, under the default initialization, the RNN-Scaling
method reduces errors by 1 to 4 orders of magnitude, while the RNN-BP method reduces

Table 6: Comparison of the three RNN methods with the default initialization for Example 2.1.

method N M 50 100 150 200 250 300
RNN 8 ∥e∥L2 4.73e-2 1.65e-5 1.03e-8 4.13e-9 3.65e-9 4.40e-9

12 ∥e∥L2 5.48e-2 1.50e-4 3.62e-8 1.69e-10 5.20e-11 1.54e-10
16 ∥e∥L2 5.87e-2 1.78e-4 6.17e-8 1.20e-9 5.79e-10 1.20e-10
24 ∥e∥L2 6.48e-2 1.93e-4 7.35e-8 1.75e-9 1.92e-9 3.65e-10
32 ∥e∥L2 7.03e-2 2.01e-4 8.83e-8 1.98e-9 8.14e-10 1.96e-9

RNN-S 8 ∥e∥L2 1.78e-4 1.26e-7 8.94e-9 4.00e-9 3.45e-9 4.29e-9
12 ∥e∥L2 7.22e-4 5.68e-8 3.19e-11 1.64e-11 7.06e-12 7.13e-12
16 ∥e∥L2 9.56e-4 3.78e-8 2.97e-11 5.76e-11 1.57e-11 6.29e-12
24 ∥e∥L2 7.57e-4 5.05e-8 5.16e-10 2.80e-10 1.29e-10 8.97e-11
32 ∥e∥L2 8.52e-4 6.57e-8 1.25e-9 1.39e-9 6.19e-10 8.57e-10

RNN-BP 8 ∥e∥L2 3.37e-9 5.79e-10 2.80e-10 1.54e-10 1.05e-10 1.85e-10
12 ∥e∥L2 1.49e-8 8.37e-13 2.49e-14 8.27e-14 5.12e-14 3.00e-14
16 ∥e∥L2 1.20e-8 4.65e-13 9.27e-16 5.32e-16 2.67e-16 3.35e-16
24 ∥e∥L2 9.33e-9 5.44e-13 7.17e-16 1.15e-15 1.28e-16 2.37e-16
32 ∥e∥L2 8.18e-9 5.09e-13 6.73e-16 4.13e-16 1.87e-16 4.73e-16
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Table 7: Comparison between the three RNN methods with uniform random initialization (Rm = 1) for
Example 2.1.

method N M 50 100 150 200 250 300
RNN 8 ∥e∥L2 4.96e+0 4.05e-3 6.38e-4 6.74e-4 3.30e-4 1.05e-3

12 ∥e∥L2 5.09e+0 4.27e-1 4.24e-2 4.19e-5 3.04e-7 4.32e-7
16 ∥e∥L2 5.05e+0 5.62e-1 4.28e-2 5.66e-3 1.28e-4 2.03e-6
24 ∥e∥L2 5.00e+0 6.33e-1 4.00e-2 7.98e-3 3.18e-4 3.30e-5
32 ∥e∥L2 4.98e+0 6.58e-1 4.08e-2 9.14e-3 3.94e-4 4.60e-5

RNN-S 8 ∥e∥L2 8.15e-2 9.32e-4 6.38e-4 6.74e-4 3.30e-4 1.05e-3
12 ∥e∥L2 3.96e-2 3.00e-3 4.53e-5 2.79e-6 3.04e-7 4.32e-7
16 ∥e∥L2 4.36e-2 3.72e-3 3.21e-5 1.20e-6 2.97e-8 3.45e-9
24 ∥e∥L2 2.73e-2 3.50e-3 3.23e-5 7.27e-7 1.21e-8 7.52e-10
32 ∥e∥L2 1.01e-1 2.97e-3 5.86e-5 9.14e-7 2.13e-8 7.95e-10

RNN-BP 8 ∥e∥L2 2.01e-4 2.35e-4 6.07e-5 3.25e-4 4.15e-4 3.09e-4
12 ∥e∥L2 6.49e-4 1.93e-6 1.03e-6 9.59e-7 2.86e-7 1.25e-6
16 ∥e∥L2 6.55e-4 1.17e-6 4.42e-8 8.24e-9 3.85e-9 2.34e-9
24 ∥e∥L2 6.32e-4 5.04e-7 6.13e-8 1.26e-9 1.82e-11 1.02e-11
32 ∥e∥L2 6.12e-4 3.85e-7 9.31e-8 1.54e-9 6.55e-11 1.11e-11

errors by 6 to 9 orders of magnitude. The RNN-BP method achieves errors at machine
precision for M≥150 and N≥16. Under random initialization, the RNN-Scaling method
reduces errors by up to 5 orders of magnitude, while the RNN-BP method reduces er-
rors by up to 7 orders of magnitude. These results demonstrate that the RNN-BP and
RNN-Scaling methods offer significant advantages over the RNN method. Figs. 9(a)-(c)
show the error distributions for the three methods with M=300 and N=32. The errors
of the RNN are predominantly concentrated near the boundary, while the RNN-Scaling
method effectively reduces these boundary errors. Furthermore, the RNN-BP method
enforces exact boundary conditions, achieving the highest accuracy.

Table 8 presents the computation times of the three methods. It can be observed that
the CPU times of the RNN and RNN-Scaling methods are similar, while the RNN-BP
method takes approximately twice as long as the other two methods.

We fix the network architecture as [2,100,300,1] and compare the performance of the
three methods for varying numbers of collocation points. Figs. 10(a)-(b) present the com-
parison results with the default and random initialization (Rm = 1), respectively. It can
be seen that, regardless of the initialization method, the RNN-BP method consistently
achieves smaller errors than the other two methods. With the default initialization, the
RNN-Scaling method performs slightly better than the RNN method. With the uni-
form random initialization, the RNN-Scaling method significantly outperforms the RNN
method. Additionally, we compare the CPU times of the three methods for varying num-
bers of points. Fig. 12(a) illustrates the results with the default initialization. The CPU
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Table 8: The CPU times (seconds) for the RNN methods with the default initialization for Example 2.1.

method N M 50 100 150 200 250 300
RNN 8 CPU time 1.15 2.09 2.82 3.91 5.11 6.35

12 CPU time 1.59 2.50 3.97 5.30 6.68 7.62
16 CPU time 1.70 3.38 4.87 6.45 8.44 9.76
24 CPU time 2.07 4.23 6.50 9.49 11.25 13.57
32 CPU time 2.31 4.72 7.05 10.58 13.00 16.01

RNN-S 8 CPU time 1.11 1.87 2.83 4.06 5.02 6.29
12 CPU time 1.32 2.36 3.70 5.30 6.59 8.09
16 CPU time 1.65 3.08 4.99 6.51 8.58 10.45
24 CPU time 2.22 4.30 6.33 9.92 10.75 13.90
32 CPU time 2.42 4.89 6.83 10.07 13.02 15.92

RNN-BP 8 CPU time 1.99 3.85 5.69 7.89 10.46 13.19
12 CPU time 2.70 4.77 7.38 11.00 13.37 16.60
16 CPU time 2.75 6.28 9.09 12.94 16.71 19.17
24 CPU time 3.63 7.53 12.08 16.24 19.72 25.10
32 CPU time 4.02 8.01 12.72 18.53 23.64 28.74
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(b) The absolute error of the RNN-
Scaling method.
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(c) The absolute error of the RNN-BP
method.

Figure 9: The absolute errors of three methods with uniform random initialization for Example 2.1. (The
neural network architecture is [2, 100, 300, 1] and N=32.)

times for all three methods increase as the number of points increases. The CPU times
for the RNN and RNN-Scaling methods are approximately the same, while the RNN-BP
method takes roughly twice as long as the other two methods.

We fix the number of collocation points to compare the three methods for varying
M. Figs. 10(c)-(d) show the comparison results with the default initialization and uni-
form random initialization, respectively. The RNN-BP method outperforms the other
two methods in terms of accuracy under both initialization methods. With the default
initialization, the RNN-Scaling method achieves smaller errors than the RNN method
for M ≤ 150; while the errors of both methods become similar for M > 150. With the



172 H. Zhou and Z. Sheng / Commun. Comput. Phys., 39 (2026), pp. 147-184

0 200 400 600 800 1000 1200 1400 1600
Number of points

10 15

10 13

10 11

10 9

10 7

10 5

Re
la

tiv
e 

L2  e
rro

r

RNN
RNN-Scaling
RNN-BP

(a)

0 200 400 600 800 1000 1200 1400 1600
Number of points

10 10

10 8

10 6

10 4

10 2

100

Re
la

tiv
e 

L2  e
rro

r

RNN
RNN-Scaling
RNN-BP

(b)

50 100 150 200 250 300
 M

10 15

10 13

10 11

10 9

10 7

10 5

10 3

10 1

Re
la

tiv
e 

L2  e
rro

r

RNN
RNN-Scaling
RNN-BP

(c)

50 100 150 200 250 300

10 10

10 8

10 6

10 4

10 2

100
Re

la
tiv

e 
L2  e

rro
r

RNN
RNN-Scaling
RNN-BP

 M

(d)

Figure 10: Comparison between the three RNN methods for Example 2.1: (a) Varying numbers of points
with the default initialization. (b) Varying numbers of points with uniform random initialization (Rm = 1).
(c) Varying M with the default initialization. (d) Varying M with uniform random initialization (Rm =1).

uniform random initialization, the RNN-Scaling method consistently produces smaller
errors than the RNN method, with a reduction of up to 5 orders of magnitude. We com-
pare the CPU times of the three methods for varying M with fixed N=12 and default ini-
tialization, as shown in Fig. 12(b). The computation time for the standard RNN method
is similar to that of the RNN-Scaling method, while the RNN-BP method takes approxi-
mately twice as long as the other two methods.

We compare the three methods for varying Rm, with M= 300 and N = 32, and vary
Rm ranging from 0.1 to 2. Fig. 11 shows that the three methods exhibit a similar trend as
Rm varies. Specifically, for Rm in the range of 0.2 to 1.1, the errors of the three methods
are relatively small. For Rm > 1.1, the errors increase rapidly. The RNN-BP method still
produces the smallest error.

We fix the network architecture as [2,100,300,1] and set N=48 to compare the accuracy
and efficiency of the RNN methods with PINNs and DRM. For the biharmonic equation,
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Figure 11: Comparison of relative L2 errors of three methods varying max magnitude of random coefficients
for Example 2.1.
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Figure 12: Comparison of the CPU times of the three RNN methods for Example 2.1.
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Table 9: Comparison between the three RNN methods and PINNs/DRM, in terms of relative L2 errors and
the computation times.

Method ∥e∥L2 Epochs Computation time (seconds)
PINNs (Adam) 3.79e-3 50,000 7,082.96
PINNs (L-BFGS) 1.38e-4 500 883.90
DRM (Adam) 9.72e-2 50,000 1,180.29
DRM (L-BFGS) 9.69e-2 500 79.49
RNN 1.96e-9 0 16.01
RNN-S 8.57e-10 0 15.93
RNN-BP 4.73e-16 0 28.74

respectively. In the PINNs/Adam and DGM/Adam methods, the network is trained for
50,000 epochs, with the learning rate coefficient gradually decreasing in a cosine schedule
from 0.001 at the beginning to 10−5 at the end. In the PINNs/L-BFGS and DRM/L-BFGS
methods, the network is trained for 500 epochs with a constant learning rate of 1. The
comparison results are presented in Table 9. Compared to PINNs, DRM has a lower
computational cost but a larger error. The computation time of RNN methods is 0.2%
to 0.4% that of PINNs, and the error is 5 to 12 orders of magnitude smaller than that of
PINNs. The three RNN methods achieve higher accuracy with less computation time.

4.2.2 Example 2.2

In this example, we consider the exact solution on Ω=(0,1)×(0,1) as follows:

u(x,y)=sin(2πx)sin(2πy).

The numerical performance of this example is generally similar to that of Example 2.1,
so we will provide a brief analysis of the numerical results. Tables 10 and 11 compare
the three methods for varying numbers of collocation points and M, and initialization
methods. It can be seen that the error with the default initialization is smaller, with a
reduction of up to 5 orders of magnitude. Under both initialization methods, the RNN-BP
method produces the smallest errors. With uniform random initialization with (Rm =1),
the RNN-Scaling method is more accurate than the RNN method, with a reduction in
error of up to 5 orders of magnitude. Figs. 13(a)-(c) plot the absolute errors of the three
methods, showing that the RNN-Scaling method significantly reduces the error and the
RNN-BP method is exact on the boundary.

Figs. 14(a)-(b) compare the three methods for varying numbers of collocation points,
with Fig. 14(a) employing the default initialization and Fig. 14(b) employing uniform
random initialization, and the network fixed as [2,100,300,1]. As the number of collo-
cation points increases, the errors of the three methods decrease rapidly. Figs. 14(c)-(d)
compare the three methods for different M, with the network fixed as [2,100,M,1] and
N fixed at 32. As M increases, the errors of the three methods also decrease rapidly.
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Table 10: Comparison between the three RNN methods with the default initialization for Example 2.2.

method N M 50 100 150 200 250 300
RNN 8 ∥e∥L2 1.29e+2 4.61e-2 4.77e-5 1.16e-5 1.22e-5 1.80e-5

12 ∥e∥L2 1.15e+2 1.12e-1 6.48e-4 7.91e-7 5.14e-7 4.54e-7
16 ∥e∥L2 1.12e+2 2.16e-1 9.74e-4 8.81e-6 9.12e-7 6.00e-6
24 ∥e∥L2 1.13e+2 3.42e-1 1.17e-3 1.44e-5 5.13e-6 5.87e-6
32 ∥e∥L2 1.15e+2 4.18e-1 1.25e-3 1.65e-5 6.47e-6 2.41e-5

RNN-S 8 ∥e∥L2 2.06e-1 1.21e-4 1.41e-5 8.28e-6 9.92e-6 6.01e-6
12 ∥e∥L2 1.76e-1 6.80e-5 3.22e-7 2.20e-7 4.97e-8 5.18e-8
16 ∥e∥L2 1.67e-1 5.36e-5 3.32e-7 1.29e-7 1.53e-7 7.00e-8
24 ∥e∥L2 1.82e-1 1.14e-4 8.63e-7 8.79e-7 6.97e-7 7.03e-8
32 ∥e∥L2 2.19e-1 1.50e-4 2.55e-6 3.17e-6 4.91e-6 7.05e-7

RNN-BP 8 ∥e∥L2 8.12e-6 2.19e-6 7.74e-7 3.76e-7 3.25e-7 3.75e-7
12 ∥e∥L2 1.47e-5 5.28e-9 3.22e-10 2.11e-10 1.64e-10 9.05e-11
16 ∥e∥L2 1.37e-5 1.12e-9 8.14e-12 1.67e-12 5.67e-13 1.18e-12
24 ∥e∥L2 1.32e-5 2.05e-9 6.61e-12 1.58e-12 9.17e-13 1.37e-12
32 ∥e∥L2 1.30e-5 2.58e-9 1.04e-11 1.04e-12 7.39e-13 1.94e-12

Table 11: Comparison between the three RNN methods with uniform random initialization (Rm = 1) for
Example 2.2.

method N M 50 100 150 200 250 300
RNN 8 ∥e∥L2 2.09e+1 1.87e-2 2.48e-3 2.26e-3 1.31e-3 3.17e-3

12 ∥e∥L2 2.09e+1 1.87e-2 2.48e-3 2.26e-3 1.31e-3 3.17e-3
16 ∥e∥L2 2.09e+1 1.87e-2 2.48e-3 2.26e-3 1.31e-3 3.17e-3
24 ∥e∥L2 1.69e+1 1.31e+1 3.35e-1 4.36e-2 2.59e-3 1.55e-4
32 ∥e∥L2 1.66e+1 1.41e+1 3.64e-1 5.45e-2 3.10e-3 2.61e-4

RNN-S 8 ∥e∥L2 3.03e-1 7.73e-3 2.48e-3 2.26e-3 1.31e-3 3.17e-3
12 ∥e∥L2 2.02e-1 7.74e-3 2.24e-4 5.19e-6 2.82e-6 1.27e-6
16 ∥e∥L2 1.69e-1 1.40e-2 1.65e-4 4.60e-6 1.63e-7 1.94e-8
24 ∥e∥L2 2.65e-1 1.54e-2 2.48e-4 6.65e-6 1.20e-7 4.32e-9
32 ∥e∥L2 5.11e-1 1.66e-2 3.15e-4 8.86e-6 2.30e-7 6.33e-9

RNN-BP 8 ∥e∥L2 2.03e-2 6.73e-3 4.88e-3 5.21e-3 4.64e-3 1.17e-2
12 ∥e∥L2 5.73e-2 2.70e-4 2.38e-5 1.57e-5 1.42e-5 8.63e-6
16 ∥e∥L2 5.25e-2 3.07e-4 3.23e-6 4.44e-7 4.19e-7 9.10e-8
24 ∥e∥L2 4.77e-2 3.14e-4 7.98e-6 9.57e-8 7.94e-9 3.47e-10
32 ∥e∥L2 4.53e-2 3.26e-4 9.20e-6 8.52e-8 6.61e-9 4.68e-10
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(c) The absolute error of RNN-BP.

Figure 13: The absolute errors of three methods with uniform random initialization for Example 2.2. (The
neural network architecture is [2,100,300,1] and N=32.)
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Figure 14: Comparison between the three RNN methods for Example 2.2: (a) Varying numbers of points
with the default initialization. (b) Varying numbers of points with uniform random initialization (Rm = 1).
(c) Varying M with the default initialization. (d) Varying M with uniform random initialization (Rm =1).
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Figure 15: Comparison of relative L2 errors of the three methods varying max magnitude of random coeffi-
cients for Example 2.2.

From Figs. 14(a)-(d), it can be observed that the RNN-BP method consistently produces
the smallest error, and the RNN-Scaling method is more accurate than the RNN method
under uniform random initialization (Rm =1).

Fig. 15 compares the three methods for varying Rm, with the fixed network
[2,100,300,1] and N=32. The three methods achieve smaller errors for Rm in the range of
0.2 to 1.1. The smallest errors of the RNN-BP, RNN-Scaling, and RNN methods are mag-
nitudes of 10−12, 10−10, and 10−6, respectively, indicating the effectiveness of the RNN-BP
and RNN-Scaling methods.

4.2.3 Example 2.3

This example considers the exact solution with the exponential form

u(x,y)=ex2+y2+xy

on Ω= (0,1)×(0,1), where the source term and boundary conditions are derived from
this solution.

Similar to Example 2.1, Figs. 17(a)-(b) compare the three methods for varying
numbers of collocation points, using the fixed network [2,100,300,1]. Subsequently,
Figs. 17(c)-(d) compare the three methods for varying M, with the network architec-
ture [2,100,M,1] and N = 32. Figs. 17(a) and (c) employ the default initialization, and
Figs. 17(b) and (d) utilize uniform random initialization (Rm = 1). As in Example 2.1,
the RNN-BP method consistently achieves the smallest errors, reaching levels as low as
10−14. Figs. 16(a)-(c) show the absolute errors for the three methods using the network
architecture [2, 100, 300, 1] and N=32. The RNN-Scaling method achieves smaller errors
than the RNN method, reducing errors by up to 5 orders of magnitude under uniform
random initialization.
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(b) The absolute error of the RNN-
Scaling method.
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(c) The absolute error of the RNN-BP
method.

Figure 16: The absolute errors of the three methods with uniform random initialization for Example 2.3.
(The neural network architecture is [2,100,300,1] and N=32.)
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Figure 17: Comparison between the three RNN methods for Example 2.3: (a) Varying numbers of points
with the default initialization. (b) Varying numbers of points with uniform random initialization (Rm = 1).
(c) Varying M with the default initialization. (d) Varying M with the uniform random initialization (Rm=1).
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Figure 18: Comparison of relative L2 errors of the three RNN methods varying max magnitude of random
coefficients for Example 2.3.

Fig. 18 compares the three methods for varying Rm, using the fixed network
[2,100,300,1] and N = 32. The three methods achieve their smallest errors when Rm is
in the range of 0.2 to 1.3. The smallest errors of the RNN-BP, RNN-Scaling, and RNN
methods are magnitude of 10−13, 10−10, and 10−6, respectively, demonstrating the effec-
tiveness of the RNN-BP and RNN-Scaling methods.

4.2.4 Example 2.4

This example validates that the RNN-BP method is exact for solutions of the form (3.6).
We consider the exact solution on Ω=(0,1)×(0,1):

u(x,y)= x10+y10+xk siny+yk cosx.

For k= 3 and k= 4, the three methods are compared for varying numbers of collocation
points, using the fixed network [2,100,300,1] and uniform random initialization (Rm=1).
The results are presented in Table 12. For the RNN-BP method, the relative L2 errors
reach machine precision when k = 3, and the errors decrease rapidly as the number of

Table 12: Comparison between the three RNN methods with different N for Example 2.4.

k N 4 8 12 16 20 24 28
3 RNN 7.30e-1 5.18e-2 5.55e-5 2.34e-4 3.75e-3 5.91e-3 7.47e-3

RNN-S 7.30e-1 5.18e-2 5.16e-5 1.07e-6 1.44e-7 1.35e-7 1.49e-7
RNN-BP 4.02e-16 4.03e-16 4.01e-16 9.82e-16 4.03e-16 4.00e-16 4.03e-16

4 RNN 8.07e-1 5.65e-2 5.62e-5 2.53e-4 4.08e-3 6.42e-3 8.11e-3
RNN-S 8.07e-1 5.65e-2 5.62e-5 1.16e-6 1.56e-7 1.46e-7 1.61e-7
RNN-BP 1.20e-4 1.22e-6 3.96e-9 1.56e-11 1.21e-13 5.44e-14 5.79e-14
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collocation points increase when k = 4, reaching levels as low as 10−14. This confirms
that the RNN-BP method is exact for solutions of the form (3.6). We also observe that as
the number of collocation points increases, the errors of the RNN initially decrease but
then increase. In contrast, the errors of the RNN-Scaling method decrease as the number
of collocation points increase, and they are significantly smaller than those of the RNN
method.

4.2.5 Example 2.5

The fifth numerical example uses the following exact solution on (0,2)×(0,2):

u(x,y)=−
[

2cos
(

3
2

πx+
2π

5

)
+

3
2

cos
(

3πx−π

5

)][
2cos

(
3
2

πy+
2π

5

)
+

3
2

cos
(

3πy−π

5

)]
.

The figure of the exact solution is displayed in 20(a).
Fig. 19(a) compares the three methods for varying numbers of collocation points, us-

ing the fixed network [2,100,500,1] and uniform random initialization (Rm=1). Fig. 19(b)
compares the methods for varying M, using the fixed network [2,100,M,1] and uniform
random initialization (Rm =1). Finally, Fig. 19(c) compares the methods for varying Rm,
using the fixed network [2,100,500,1] and N = 32. The relative L2 errors for the three
methods reach the levels of 10−4, 10−6, and 10−10, respectively. The RNN-BP method con-
sistently achieves the smallest errors, followed by the RNN-Scaling and RNN methods,
demonstrating the effectiveness of the RNN-BP and RNN-Scaling methods. The absolute
errors are shown in Figs. 20(c)-(d). The errors of the RNN method are concentrated near
the boundary, while the errors of the other two methods are not.
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Figure 19: Comparison of relative L2 errors of the three RNN methods for Example 2.5: (a) Varying numbers
of points with uniform random initialization (Rm = 1) and the fixed network architecture [2,100,500,1]. (b)
Varying M with uniform random initialization (Rm = 1), network architecture [2,100,M,1] and N = 32. (c)
Varying Rm with the fixed network architecture [2,100,500,1] and N=32.

4.2.6 Example 2.6

The final example uses the exact solution

u(x,y)= x4+y4
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(c) The absolute error of the
RNN-Scaling method.
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Figure 20: The exact solution, absolute errors of three methods with uniform random initialization (Rm =1)
for Example 2.5. (The network architecture is [2,100,500,1] and N=32.)
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Figure 21: Comparison between the RNN and RNN-Scaling methods for Example 2.6: (a) Varying M with
the default initialization, network architecture [2,100,100,M,1] and N=64. (b) The absolute error of the RNN
method. (c) The absolute error of the RNN-Scaling method.

on the unit circle centered at the origin (0,0).
We vary M to compare the RNN method and the RNN-Scaling method, using the net-

work architecture [2,100,100,M,1], N=64, and the default initialization. Fig. 21(a) shows
the comparison results, indicating that the RNN-Scaling method achieves the smallest er-
rors, typically reducing errors by 2 orders of magnitude compared to the RNN method.
Figs. 21(b)-(c) show the absolute errors for both methods with N = 64 and M= 250. We
observe that the errors of the RNN method are concentrated near the boundary, while
the errors of the RNN-Scaling method are concentrated in the interior.

From Examples 2.1 to 2.6, we summarize as follows: the RNN-BP method consistently
achieves the smallest errors, although its computation time is approximately 2 to 3 times
that of the other two methods. In Examples 2.1 to 2.3, for relatively large M and numbers
of the collocation points, the RNN-BP method reduces errors by 6-7 orders of magnitude
compared to the RNN method, with reductions of up to 9 orders of magnitude in some
cases.

For the RNN-Scaling method, when M and the number of the collocation points are
relatively large, the errors in Examples 2.1 to 2.4 are reduced by 4-5 orders of magnitude,
while the errors in Example 2.5 are reduced by 2-3 orders of magnitude, demonstrating
the efficiency of the RNN-Scaling method.



182 H. Zhou and Z. Sheng / Commun. Comput. Phys., 39 (2026), pp. 147-184

5 Conclusion

This work proposes two improved RNN methods for solving elliptic equations. The
first is the RNN-BP method, which enforces exact boundary conditions on rectangular
domains, including both Dirichlet and clamped boundary conditions. The enforcement
approach for the clamped boundary condition is direct and does not require the intro-
duction of auxiliary gradient variables, which reduces computational cost and avoids
potential additional errors. We demonstrate theoretically and numerically that the RNN-
BP method is exact for solutions with specific forms.

Secondly, the RNN-Scaling method is introduced, which modifies the linear algebraic
equations by increasing the weight of boundary equations. The method is extended to
the circular domain, achieving errors 1-2 orders of magnitude smaller than those of the
RNN, with potential for generalization to general domains.

Finally, we provide several numerical examples to compare the performance of the
three RNN methods. The computation time of the RNN and RNN-Scaling methods is
almost the same, and the computation time of the RNN-BP method is about 2-3 times that
of the RNN method. Both improved randomized neural network methods achieve higher
accuracy than the RNN method, with the error reduced by 6 orders of magnitude for
some tests. We also compare the three RNN methods with PINNs and DRM. The errors
of the RNN methods are approximately 5-14 orders of magnitude smaller than those of
PINNs and DRM, while the computation time is significantly reduced, demonstrating
the superiority of the RNN methods.
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