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Abstract. In this paper, we propose an enhanced local intensity clustering energy
functional designed for selective segmentation of medical images, particularly those
affected by intensity inhomogeneity. The functional includes an area constraint term
based on a total variation (TV) distance function derived from the single-scale Retinex
output image. This TV distance function measures an unusual distance between points
in the image domain and specified marker points, ensuring accurate localization of the
selected objects. By combining this with local intensity clustering fitting energy and
contour length regularization, the resulting minimization model achieves precisely
selective segmentation and tight object wrapping. Moreover, instead of solving the
Euler-Lagrange equation or using the level set method, we introduce an efficient it-
erative convolution-thresholding method to implement the model numerically. This
method guarantees energy decay and enables faster convergence to a stable partition.
Numerical experiments on some medical images demonstrate the effectiveness and
efficiency of our proposed approach for selective image segmentation.

AMS subject classifications: 68U10, 65K10
Key words: Selective image segmentation, medical image, intensity inhomogeneity, single-scale
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1 Introduction

Selective image segmentation is a targeted approach that extracts specific objects from an
image with the help of some prescribed marker points placed near or within the regions
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of interest, which is crucial for medical imaging applications such as lesion and tumor
detection. This method contrasts with global segmentation techniques, which attempt to
divide the entire image into distinct regions by isolating all foreground objects that differ
from the background. It also differs from interactive segmentation, where more extensive
user input is required compared to the fewer inputs in selective segmentation [3, 11, 34].
By concentrating on specific areas of interest, selective segmentation achieves greater
accuracy and efficiency, making it particularly valuable in medical imaging applications.

Over the past decades, variational methods have become an essential approach in im-
age segmentation due to their ability to incorporate prior knowledge and constraints into
the process [1,27]. These methods typically fall into two main categories: edge-based and
region-based models. Edge-based models rely on image gradients for their energy func-
tionals, making them effective for images with clear boundaries. For instance, Kass et
al. [16] introduced the snake model, which uses internal energy for contour smoothness
and external energy to drive the contour toward boundaries, but it requires the initial
contour to be near the target and struggles with handling topological changes. Caselles
et al. [4] addressed this issue with the geodesic active contour model, allowing contours
to naturally split and merge, enabling the detection of multiple objects. On the other
hand, region-based models use statistical information from image regions and often em-
ploy the level set method to minimize energy functionals. The typical global region-
based models include the Mumford-Shah model [29], the Chan-Vese model [5], and the
multi-phase model [37]. While effective for binary or multi-phase images, these models
can struggle with intensity inhomogeneity due to their homogeneity assumption within
each region. Afterward, to overcome this issue, many enhanced region-based methods
have been developed to incorporate local statistical features into the energy functional,
improving segmentation accuracy in such complex images [15,19,20,22,25,33,39,42–47].

With the additional help of prescribed marker points, variational selective segmen-
tation models aim to extract specific objects by minimizing an energy functional that
evaluates segmentation quality. This functional typically includes terms for data fidelity,
contour length or smoothness, and other essential criteria, guiding the segmentation pro-
cess to accurately capture the desired regions. Over time, variational selective segmen-
tation models have evolved significantly. When the marker points were placed close to
the boundary of the selected region, Gout et al. [9] combined the geodesic active con-
tour [4] with a weighted Euclidean distance function using a level set approach. Badshah
and Chen [2] enhanced this by incorporating intensity constraints from the Chan-Vese
model [5], promoting the segmentation of homogeneous regions. Rada and Chen [31]
further improved robustness with a two-level set method. However, these models often
lacked size constraints for the detected objects, leading to over- or under-segmentation
depending on the initialization. To address this issue, Rada and Chen [32] introduced
area constraints, while Spencer and Chen [36] reformulated their model into a convex
form using convex relaxation. More recently, Liu et al. [23] proposed a two-stage convex
model that incorporates a distance function-dependent weight in the data-fitting term, al-
lowing for a smooth approximation and utilizing a thresholding procedure to extract the
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object of interest. Jumaat and Chen [14] reformulated the convex model in [36] through
primal-dual formulation and introduced an optimization-based multilevel algorithm for
the new model. Such an approach is less sensitive to the model parameters. A notable ad-
vance was made by Roberts et al. [34], who proposed a novel convex model using edge-
weighted geodesic distance from a marker set as a penalty term, replacing the Euclidean
distance. This geodesic distance was treated as a stand-alone fitting term, improving ro-
bustness and accuracy in complex images. However, the geodesic distance term must be
computed using a PDE, requiring two additional tuning parameters.

In this paper, we propose a novel total variation (TV) distance-enhanced selective seg-
mentation model for medical images, particularly those with intensity inhomogeneity.
Building on the local intensity clustering (LIC) model from [18], we introduce an addi-
tional area constraint using a TV distance function to enhance selective segmentation ac-
curacy. This novel distance function, derived from the simple single-scale Retinex [17,30]
output image, measures the TV distance between points in image domain and prescribed
marker points located within the target region. Such a simple yet unusual distance func-
tion has the property that the TV distance is close to zero for image points within the
target region, while it approaches one for points outside that region. By incorporat-
ing this property as an area constraint, the TV distance function enables the segmen-
tation contour to locate the selected objects correctly. Meanwhile, the other two terms
in the model’s energy functional−local intensity clustering energy and contour length
regularization−work together to segment and tightly wrap the target objects accurately.

For the numerical implementation of the proposed model, we employ the efficient
iterative convolution-thresholding (ICT) method [40, 41] to solve the energy minimiza-
tion problem associated with the TV distance-enhanced selective segmentation model,
rather than solving the associated Euler-Lagrange equation or further combined with the
level set method which is computationally expensive due to the need to approximate
solutions to partial differential equations. In contrast, the ICT method offers a more ef-
ficient, alternating-direction iterative approach, where each subproblem typically has a
closed-form solution, greatly simplifying the computation. This method demonstrates
versatility across a broad range of region-based segmentation models. A vital advantage
of the ICT method is the guaranteed decay of the energy functional over iterations, en-
suring convergence to a stationary partition. Finally, numerical experiments on medical
images and comparisons with some well-known methods, such as that in [6,19,34,36,47],
validate the effectiveness and efficiency of the proposed selective segmentation approach.

This paper makes two significant contributions. First, we introduce a novel TV dis-
tance function that considerably enhances the robustness and performance of the LIC
fitting energy model [18]. This improvement allows for the more accurate segmentation
of selected objects in medical images with intensity inhomogeneities. Second, by ap-
proximating the length of the segmentation contour through the convolution of a heat
kernel with characteristic functions, we present an efficient ICT method for the numeri-
cal implementation of the proposed selective segmentation model, eliminating the need
to solve PDEs. This method leads to energy decay at each iteration and promotes faster
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convergence, as demonstrated by the numerical experiments and comparisons in Section
5.

The remainder of this paper is organized as follows. Section 2 introduces the novel
TV distance function. Section 3 presents the TV distance-enhanced LIC model. Section
4 details the implementation of the model using the ICT method and includes a proof
of the energy decay during the iterations. In Section 5, numerical experiments on some
medical images are conducted. Finally, Section 6 provides a summary and conclusions.

2 The total variation distance function

Let Ω⊂R2 be a bounded open rectangular domain with boundary ∂Ω, and let f : Ω→
R+

0 represent a grayscale source image in L2(Ω), intended for selective segmentation.
Since we eventually want to segment digital images in a discrete domain, we can tacitly
assume the differentiability of f without losing generality. We aim to perform a selective
segmentation of f , focusing on extracting a specific region, denoted as Ω1, based on the
intensity distribution of f and aided by some prescribed marker points inside the target
region Ω1. Therefore, we assume that Ω is partitioned into two disjoint open regions Ωi
for i= 1,2, and let C= ∂Ω1\∂Ω be the common boundary between them, excluding the
parts that coincide with the overall domain boundary ∂Ω. Thus, Ω=Ω1∪C∪Ω2.

Let M :={x1,x2,··· ,xp}, where p≥3, denote the set of prescribed marker points with
xi∈Ω1 for 1≤ i≤ p. These marker points are not necessarily located near the boundary of
Ω1. We assume that they can be connected in an appropriate order to form a polygonal
region. This resulting polygonal curve will serve as the initial segmentation contour
introduced later in Section 4. Below we are going to define a simple distance function
d : Ω→ [0,1] such that as far as possible, d(x) is near 0 for x∈Ω1, while near 1 for x∈Ω2.
Given a point in the image domain, x∈Ω and x ̸= xi, we define the unit direction ni by

ni =
x−xi

∥x−xi∥2
, (2.1)

and the distance from the marker point xi to x by the line integral along the edge xix

ti(x)=
∫

xix
|∇ f ·ni|ds. (2.2)

Otherwise, if x is itself the marker point xi, then we define ti(x) = 0. See Fig. 1 for an
illustration of the marker point xi and unit direction ni.

Notice that the distance ti(x) is simply the integral of the absolute value of the di-
rectional derivative of f along the direction ni from xi to x. It represents the 1-D total
variation (TV) [1, 35] of f in the direction ni on the line segment xix. Intuitively, if xix
crosses some edge of the image f , the magnitude of the gradient∇ f becomes large, caus-
ing the value of ti(x) to increase. Moreover, if xix crosses multiple edges in the image f ,
the value of ti(x) will increase even further. However, when x lies within the target re-
gion Ω1, where the intensity of f is generally more homogeneous and varies only slightly,
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Figure 1: An illustration of the marker point xi and unit direction ni.

Figure 2: TV distance function d of a synthetic image f with intensity values in [0,255] for different parameters:
(a) source image f and three marker points xi, denoted by symbol + in red, where the black heart is the target

region to be selected; (b), (c), and (d) are the computed results of d(x) for x∈Ω with a=10×2552, 15×2552,

and 20×2552, respectively.

the magnitude of ∇ f remains small along xix, resulting in a small value for ti(x). If nec-
essary, we may also use a pre-denoised image such as the convolution function Gs∗ f
to replace f in (2.2) when the source image f has a slight noise, where Gs is a properly
truncated Gaussian kernel and ∗ denotes the convolution operation.

We now measure simultaneously the distances of the p marker points to the image
domain point x and then define a normalized distance function d : Ω→ [0,1] by

d(x) :=
p

∏
i=1

(
1−exp

(
−

t2
i (x)

a

))
, (2.3)

where a > 0 is a tuning parameter, and we call d the TV distance function. For an ideal
grayscale image f shown in Fig. 2, we observe that d(x)≈ 0 for x∈Ω1, whereas d(x)≈
1 for x ∈Ω2, provided a is carefully chosen. This TV distance function will help the
segmentation contour of the later proposed model to locate the selected objects initially.
It is important to note that, generally speaking, the value d(x) tends to be closer to 0 for
x∈Ω1 when there are more marker points xi in Ω1. This occurs because each term on the
right-hand side of equation (2.3) is significantly less than 1 for x∈Ω1. Consequently, the
product of more terms that are each less than 1 is closer to 0.

It should be noted that intensity inhomogeneity inevitably occurs in real images from
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various modalities. If the source image f exhibits intensity inhomogeneity, then the gra-
dient∇ f may be affected and inconsistent when calculating ti in (2.2), which could result
in an improper TV distance function. To address this issue, we utilize the simple single-
scale Retinex (SSR) model [17, 30] to produce a relatively more homogeneous image for
accurately calculating the distances ti. Broadly speaking, an SSR is part of the class of
center/surround functions, where the output is determined by the difference between
the center value and the average of its neighborhood. The general mathematical form of
an SSR is given by

f̃ (x) := log
(

1+
f (x)

(Gr∗ f )(x)+ε

)
for x∈Ω, (2.4)

where Gr is a truncated Gaussian kernel, and 0< ε≪1 is a small constant to prevent the
denominator from becoming zero. Consequently, the definition of ti(x) in (2.2) will be
modified as the line integral

ti(x)=
∫

xix
|∇ f̃ ·ni|ds, 1≤ i≤ p. (2.5)

The SSR output image f̃ will alleviate the inconsistency for computing ti and result in a
more accurate TV distance function (2.3).

3 The proposed selective segmentation model

With the help of TV distance function (2.3), in this section, we propose our selective seg-
mentation model. In this paper, we adopt characteristic functions to implicitly represent
the segmentation contour. Let χi be the characteristic function defined in R2 whose sup-
port is the region Ωi, given by

χi(x)=
{

1, x∈Ωi
0, x∈R2\Ωi

for i=1,2 and χ1(x)+χ2(x)=1, ∀ x∈Ω\C. (3.1)

The admissible set S for χ=(χ1,χ2) is given by

S=
{

χ∈ (BV(Ω))2 : χi(x)∈{0,1} for i=1,2 and χ1(x)+χ2(x)=1, ∀ x∈Ω\C
}

, (3.2)

which is non-convex, and BV(Ω) denotes the bounded variation space [1].
Given a set of p≥ 3 marker points in the target region Ω1, we propose a novel TV

distance-enhanced selective segmentation model, which is formulated as the following
energy minimization problem:

min
(b,c,χ)∈L2(Ω)×R2×S

E(b,c,χ), (3.3)
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where the total energy functional E consists of three terms, defined as

E(b,c,χ) :=θ
∫

Ω
χ1(x)d(x)+χ2(x)

(
1−d(x)

)
dx

+µ

√
π

τ

∫
Ω

χ1(x)(Gτ∗χ2)(x)dx

+
∫

Ω

( 2

∑
i=1

∫
Ω

χi(y)Kρ(x−y)
(

f (y)−b(x)ci
)2dy

)
dx, (3.4)

θ>0 and µ>0 are model parameters to modulate the three terms, f is the source image
to be segmented, b is the bias field, c :=(c1,c2)∈R2 is a constant vector, Gτ is a heat kernel
function, ∗ is the convolution operation, and Kρ is a truncated and normalized Gaussian
kernel function. The last two terms in (3.4) essentially form the local intensity clustering
energy functional, initially studied in [18] for global image segmentation of intensity-
inhomogeneous images. However, we have modified the functional by introducing a
new contour length estimate,

∫
Ω χ1(x)(Gτ∗χ2)(x)dx, replacing the original computation

of the contour length |C| used in [18]. More importantly, we add an area constraint to the
energy functional (3.4) as the first term, specifically for selective image segmentation. It is
also important to note that information about the target region Ω1 is already incorporated
into the first term through the TV distance function d defined in (2.3).

In the following, we will sequentially explain the details of the three components in
the total energy functional (3.4). The first term in (3.4) serves as an area constraint to
correctly locate the selected objects. If the TV distance function d is perfectly estimated,
we would have

d(x)=

{
0, x∈Ω1,
1, x∈Ω2,

(3.5)

which implies that the integral, weighted by the model parameter θ>0,

θ
∫

Ω
χ1(x)d(x)+χ2(x)

(
1−d(x)

)
dx (3.6)

would be equal to zero. However, in practice, we only achieve 0≤d(x)≪1 for x∈Ω1 and
0≪d(x)≤1 for x∈Ω2. Therefore, we aim to find χi, i=1,2, such that (3.6) is minimized.

The second term in (3.4) represents a contour length regularization. Using charac-
teristic functions, we can approximate the length |C| of the segmentation contour. Let
0<τ≪1 be a small constant, and define the heat kernel as

Gτ(x)=
1

4πτ
exp

(
−∥x∥

2
2

4τ

)
. (3.7)

According to the results in [8, 26], the length of the interface C separating Ω1 from Ω2 is
related to the amount of heat escaping from Ω2 into Ω1. This can be further weighted by
the model parameter µ and approximated as

µ|C|≈µ

√
π

τ

∫
Ω

χ1(x)(Gτ∗χ2)(x)dx. (3.8)
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By adjusting the parameter µ>0, we request a tight wrapping around the target object.
The final term in (3.4) represents a local intensity fitting energy, derived from a local

clustering criterion function and a bias assumption to address image intensity inhomo-
geneity. In imaging science, it is commonly assumed that the bias field accounts for
intensity inhomogeneity, which is a frequent characteristic of medical images [12, 38]. In
this paper, we consider the multiplicative bias model with additive noise,

f (x)=b(x)I(x)+n(x), ∀ x∈Ω, (3.9)

where I is the true image, b is the bias field, and n is an additive zero-mean Gaussian
noise, all are unknown except the source image f is given. Suppose that the true image I
approximately takes two distinct constant values c1 and c2 in the disjoint regions Ω1 and
Ω2, respectively. Since the bias field b is assumed to be a slowly varying function, for a
given x∈Ω, we have

f (y)≈b(x)ci+n(y), ∀ y∈Nρ(x)∩Ωi, (3.10)

where Nρ(x) := {y∈Ω : ∥y−x∥2≤ ρ} for a radius ρ> 0. We introduce the nonnegative
kernel function Kρ :R2→R+

0 , which is a truncated and normalized Gaussian function,

Kρ(z)=


1
A

exp
(
−∥z∥

2
2

2σ2

)
, for ∥z∥2≤ρ,

0, otherwise,
(3.11)

where A>0 is a constant depending on ρ such that
∫
∥z∥2≤ρ Kρ(z)dz=1, σ>0 is the standard

deviation and ρ>0 is the effective radius of the Gaussian function usually depending on
σ. Based on (3.9), Li et al. [18] introduced the local clustering criterion function,

E(x)=
2

∑
i=1

∫
Ωi

Kρ(x−y)
(

f (y)−b(x)ci
)2dy. (3.12)

Then the smaller the value of E(x), the better the classification of the local intensities
{ f (y) : y∈Nρ(x)}. In [18], they defined the optimal partition {Ω1,Ω2} of the entire do-
main Ω as the one such that the local clustering criterion function E(x) is minimized for
all x∈Ω. Thus, we consider the following local intensity clustering (LIC) fitting energy,
which is the last term in the energy functional (3.4):

∫
Ω

( 2

∑
i=1

∫
Ω

χi(y)Kρ(x−y)
(

f (y)−b(x)ci
)2dy

)
dx. (3.13)

To sum up, by combining the three components (3.6), (3.8), and (3.13), we formulate
the TV distance-enhanced total energy functional (3.4) for the proposed model (3.3). The
energy functional (3.4) involves several parameters: θ, µ, τ, ρ, and σ. Generally, due to the
continuity of the energy functional, the segmentation results are not highly sensitive to
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these parameters. However, they must still be appropriately chosen based on the degree
of intensity inhomogeneity, as each parameter has a distinct role. Specifically, θ adjusts
the TV distance function term (3.6) to correctly locate the selected objects. The parameter
µ governs the contour length; a larger µ is recommended when the object of interest is
not tightly enclosed. A small value for τ in the heat kernel function (3.7) is sufficient to
accurately approximate the contour length. Lastly, we set the effective radius ρ:=2σ+h/2
to control the local intensity fitting energy (3.13), where h is the grid size used in the
Riemann sum for approximating the integrals on Ω (see Section 5). In general, a smaller
ρ, which corresponds to a smaller standard deviation of the truncated and normalized
Gaussian function (3.11), is used for images with higher intensity inhomogeneity.

4 The iterative convolution-thresholding method

In this section, we apply an efficient iterative convolution-thresholding (ICT) method to
implement the proposed TV distance-enhanced selective segmentation model (3.3). The
use of the ICT method for image segmentation was first studied by Wang et al. in [40,41].
This method provides an iterative solution framework that is well-suited for a variety of
region-based segmentation models. Its primary advantage is the consistent decrease of
total energy with each iteration, ensuring convergence to a stationary minimum regard-
less of the initial partition. Recently, this efficient method has been successfully adapted
to other image segmentation models, as demonstrated in [13, 21, 22, 24].

The ICT method for implementing the proposed selective segmentation model (3.3)
can be divided into three steps. It works by alternating two convolution steps and one
thresholding step. More specifically, suppose that we have the k-th iteration b(k), c(k),
and χ(k) for k≥ 0. Then, we seek b(k+1)∈ L2(Ω), c(k+1)∈R2, and χ(k+1)∈S sequentially
satisfying the following three minimization subproblems:

b(k+1)=argmin
b∈L2(Ω)

E1(b) :=E(b,c(k),χ(k)), (4.1)

c(k+1)=argmin
c∈Rn

E2(c) :=E(b(k+1),c,χ(k)), (4.2)

χ(k+1)=argmin
χ∈S

E3(χ) :=E(b(k+1),c(k+1),χ). (4.3)

We begin the b-subproblem (4.1) by observing that E1(b) is a strictly convex functional
in variable b. Setting the functional derivative δE1/δb=0, we have

2

∑
i=1

∫
Ω

χ
(k)
i (y)Kρ(x−y)

(
f (y)−b(x)c(k)i

)
(−2c(k)i )dy=0, (4.4)

which implies the bias field b(k+1) should be given by

b(k+1)(x)=

(
Kρ∗( f ∑2

i=1 c(k)i χ
(k)
i )

)
(x)(

Kρ∗(∑2
i=1(c

(k)
i )2χ

(k)
i )

)
(x)

for x∈Ω\C. (4.5)
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To solve the c-subproblem (4.2), we set all the partial derivatives of E2 with respect to
ci to be zero, ∂E2(c)/∂ci =0. Then we obtain

−2
∫

Ω

∫
Ω

χ
(k)
i (y)Kρ(x−y)

(
f (y)−b(k+1)(x)ci

)
b(k+1)(x)dydx=0. (4.6)

Since the truncated Gaussian function Kρ in (3.11) is symmetric with respect to the origin,
i.e., Kρ(x−y)=Kρ(y−x), and we can exchange the order of integrations, it yields

ci

∫
Ω

∫
Ω

χ
(k)
i (y)

(
b(k+1)(x)

)2Kρ(y−x)dxdy

=
∫

Ω

∫
Ω

χ
(k)
i (y) f (y)b(k+1)(x)Kρ(y−x)dxdy. (4.7)

Using the convolution notation, we gain the minimizer of subproblem (4.2),

c(k+1)
i =

∫
Ω χ

(k)
i (y) f (y)

(
b(k+1)∗Kρ

)
(y)dy∫

Ω χ
(k)
i (y)

(
(b(k+1))2∗Kρ

)
(y)dy

for i=1,2. (4.8)

To address the χ-subproblem (4.3), we note that it is not a convex minimization prob-
lem, since the admissible set S of characteristic functions defined in (3.2) is not a convex
set. For linearizing the energy functional E3(χ) at χ(k) in a convex set that will be used
later, we directly introduce the convex hull K of S ,

K=
{

χ∈ (BV(Ω))2 : 0≤χi(x)≤1 for i=1,2 and χ1(x)+χ2(x)=1, ∀x∈Ω\C
}

, (4.9)

and then consider the equivalent minimization problem instead:

χ(k+1)=argmin
χ∈K

E3(χ). (4.10)

The equivalence between (4.3) and (4.10) holds because the energy functional E3(χ) is
strictly concave with respect to χ over the convex hullK. As a result, the minimizer must
lie on the boundary of the convex set K, which corresponds to the subset S . This con-
clusion is formalized in the following proposition. The detailed proof follows a similar
argument in [21] (see also [41]), with minor modifications, and is thus omitted.

Proposition 4.1. The energy functional E3 defined in (4.3) is strictly concave in χ over the
convex set K, which implies that

argmin
χ∈S

E3(χ)=argmin
χ∈K

E3(χ). (4.11)

Now, linearizing the energy functional E3(χ) at χ(k) in the convex hull K, we obtain

E3(χ)≈E3(χ
(k))+

2

∑
i=1

∫
Ω

δE3

δχi

∣∣∣∣
χ=χ(k)

(
χi(x)−χ

(k)
i (x)

)
dx=: Ẽ3(χ), (4.12)
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where we define the linearized functional in (4.12) as Ẽ3(χ). Then

Ẽ3(χ) :=E3(χ
(k))+

2

∑
i=1

∫
Ω

φ
(k)
i (x)

(
χi(x)−χ

(k)
i (x)

)
dx, (4.13)

where the function φ
(k)
i is given by

φ
(k)
i (x) :=

δE3

δχi
(χ(k))= θwi(x)+µ

√
π

τ

2

∑
j=1,j ̸=i

(Gτ∗χ
(k)
j )(x)

+
∫

Ω
Kρ(y−x)

(
f (x)−b(k+1)(y)c(k+1)

i

)2
dy≥0, (4.14)

and
w1(x) :=d(x) and w2(x) :=1−d(x). (4.15)

Dropping the constant terms on the right-hand side of (4.13), we approximate the mini-
mization problem (4.10) by

χ̃(k+1)=argmin
χ∈K

Ẽ3(χ)=argmin
χ∈K

2

∑
i=1

∫
Ω

φ
(k)
i (x)χi(x)dx. (4.16)

That is, we obtain a convex optimization problem of a linear functional in χ over the
convex hull K. According to (4.14) and (3.1), we have φ

(k)
i (x)≥ 0 and χi(x)≥ 0 for all

x∈Ω, and then one of the minimizers of problem (4.16) can be easily attained,

χ̃
(k+1)
i (x)=

{
1, if φ

(k)
i (x)= min

1≤ℓ≤2
φ
(k)
ℓ (x),

0, otherwise,
for i=1,2. (4.17)

Thus we assign
χ(k+1)(x) := χ̃(k+1)(x) (4.18)

as an approximate solution to the χ-subproblem (4.3).
In summary, the ICT method is divided into three steps. The first two convolution

steps find b(k+1) by (4.5) and c(k+1) by (4.8), respectively. The last thresholding step de-
fines χ(k+1) via (4.18). The algorithm of the ICT method is described in Algorithm 1, where
we use a sufficient small L2-norm of the difference between two successive characteristic
functions as the stopping criterion.

Remark 4.1. Assume that the grayscale digital image f to be segmented has dimensions
m×n, and let N := mn. The computational complexity of each iteration in Algorithm 1
can be readily estimated. Both the convolution steps for computing b in (4.5) and c in
(4.8) require O(N logN) operations when implemented using the fast Fourier transform
(FFT). Likewise, the computation of φ

(k)
i in the thresholding step for χ in (4.17) also has a

complexity of O(N logN). Thus, the overall complexity per iteration of the ICT method
is O(N logN).
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Algorithm 1 : ICT method for solving the proposed model (3.3)

input: b(0), c(0), and χ(0); tolerance>0; error≫ tol.
while error≥ tolerance: do
convolution step for b: find the function b(k+1) by (4.5)
convolution step for c: find the constant vector c(k+1) by (4.8)
thresholding step for χ: update the characteristic function χ(k+1) by (4.18)
update error=∥χ(k+1)−χ(k)∥(L2(Ω))2 and advance the counter k← k+1

end while
output: b(k), c(k), and χ(k).

Next, we show that the total energy functional (3.4) of the proposed model (3.3) de-
cays in the ICT method, which ensures convergence for any initialization.

Theorem 4.1. The energy functional (3.4) of the proposed model (3.3) decays in the ICT method
in the following way:

E(b(k+1),c(k+1),χ(k+1))≤E(b(k),c(k),χ(k)), ∀ k≥0. (4.19)

Proof. From (4.2) and (4.1), we immediately have

E(b(k+1),c(k+1),χ(k))≤E(b(k+1),c(k),χ(k))≤E(b(k),c(k),χ(k)). (4.20)

Since E3(χ) :=E(b(k+1),c(k+1),χ), we only need to prove

E3(χ
(k+1))≤E3(χ

(k)), (4.21)

which is non-trivial because we assign χ(k+1)(x) := χ̃(k+1)(x) in (4.18) and χ̃(k+1)(x) de-
fined in (4.17) is a minimizer of the linearized minimization problem (4.16), only having

Ẽ3(χ
(k+1))≤Ẽ3(χ

(k))=E3(χ
(k)). (4.22)

Through straightforward calculation, we have

E3(χ
(k+1))−E3(χ

(k))

= θ
∫

Ω
d(x)

(
χ
(k+1)
1 (x)−χ

(k)
1 (x)

)
+(1−d(x))

(
χ
(k+1)
2 (x)−χ

(k)
2 (x)

)
dx

+µ

√
π

τ

∫
Ω

(
χ
(k+1)
1 (x)(Gτ∗χ

(k+1)
2 )(x)−χ

(k)
1 (x)(Gτ∗χ

(k)
2 )(x)

)
dx

+
∫

Ω

( 2

∑
i=1

∫
Ω

(
χ
(k+1)
i (y)−χ

(k)
i (y)

)
Kρ(x−y)

(
f (y)−b(k+1)(x)c(k+1)

i

)2dy
)

dx. (4.23)

From (4.16) and (4.18), we have the inequality

2

∑
i=1

∫
Ω

φ
(k)
i (x)χ(k+1)

i (x)dx≤
2

∑
i=1

∫
Ω

φ
(k)
i (x)χ(k)

i (x)dx, (4.24)
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which, combined with (4.14) and (4.23), leads to

E3(χ
(k+1))−E3(χ

(k))

≤µ

√
π

τ

∫
Ω

(
χ
(k+1)
1 (x)(Gτ∗χ

(k+1)
2 )(x)−χ

(k)
1 (x)(Gτ∗χ

(k)
2 )(x)

)
dx

−µ

√
π

τ

∫
Ω

(
χ
(k+1)
1 (x)−χ

(k)
1 (x)

)
(Gτ∗χ

(k)
2 )(x)dx

−µ

√
π

τ

∫
Ω

(
χ
(k+1)
2 (x)−χ

(k)
2 (x)

)
(Gτ∗χ

(k)
1 )(x)dx. (4.25)

Notice that the heat kernel Gτ defined in (3.7) satisfies the property,

Gτ1+τ2(x)=(Gτ1 ∗Gτ2)(x), ∀ τ1,τ2>0, (4.26)

and for χ,ψ∈BV(Ω) with χ(x)=0 and ψ(x)=0 for x∈R2\Ω, we have∫
Ω

χ(x)(Gτ∗ψ)(x)dx=
∫

Ω
(Gτ/2∗χ)(y)(Gτ/2∗ψ)(y)dy=

∫
Ω

ψ(x)(Gτ∗χ)(x)dx. (4.27)

From (4.25) with (4.26), (4.27), and the fact that χ
(k)
2 (x) = 1−χ

(k)
1 (x) for all k ∈N and

x∈Ω\C, we obtain

E3(χ
(k+1))−E3(χ

(k))

≤µ

√
π

τ

∫
Ω

(
χ
(k+1)
2 (x)−χ

(k)
2 (x)

)(
Gτ∗

(
χ
(k+1)
1 −χ

(k)
1

))
(x)dx

=µ

√
π

τ

∫
Ω

(
1−χ

(k+1)
1 (x)−1+χ

(k)
1 (x)

)(
Gτ∗

(
χ
(k+1)
1 −χ

(k)
1

))
(x)dx

=−µ

√
π

τ

∫
Ω

(
χ
(k+1)
1 (x)−χ

(k)
1 (x)

)(
Gτ∗

(
χ
(k+1)
1 −χ

(k)
1

))
(x)dx

=−µ

√
π

τ

∫
Ω

((
Gτ/2∗(χ

(k+1)
1 −χ

(k)
1 )

)
(x)

)2
dx ≤ 0.

This completes the proof.

5 Numerical experiments

In this section, we present numerical experiments and comparisons to assess the perfor-
mance of the proposed TV distance-enhanced selective segmentation model (3.3), imple-
mented using the ICT method on several medical images, particularly those with inten-
sity inhomogeneity. All computations are performed on a laptop with a 13th Gen Intel
Core i7-1360P processor and 16 GB of RAM. Consider a grayscale digital image f with
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dimensions m×n, where pixel values range from 0 to 255. The image f can be treated
as a nonnegative piecewise constant function defined on the domain Ω :=[0,mh]×[0,nh],
consisting of m×n squares with a small side length h. The integrals over Ω in the ICT
Algorithm 1 are approximated by Riemann sums. In the following, model parameters are
denoted by µ̃, θ̃, σ̃, ρ̃, and τ̃, defined as µ= µ̃h, θ= θ̃h, σ= σ̃h, ρ= ρ̃h, and τ= τ̃h2. Unless
otherwise specified, the radius ρ of the truncated and normalized Gaussian function Kρ

is set as ρ=2σ+h/2, where σ is its standard deviation. In the discrete case, the Gaussian
filter is represented as a (2ρ̃)×(2ρ̃) symmetric matrix.

In the following numerical simulations, each image contains p≥ 3 marker points,
indicated by red + symbols. The initial characteristic function χ(0) = (χ

(0)
1 ,χ(0)

2 ) is con-
structed by setting χ

(0)
1 (x)=1 for all x inside the polygonal region enclosed by the curve

formed by directly connecting these marker points, and χ
(0)
1 (x)=0 elsewhere. The com-

plementary function is then defined as χ
(0)
2 (x) :=1−χ

(0)
1 (x) for all x∈Ω. In the first four

examples, where the medical images exhibit slight intensity inhomogeneity, the TV dis-
tance function d is calculated using (2.2) and (2.3). For the fifth example, which involves
more pronounced intensity inhomogeneity, we compute the TV distance function d using
(2.5) and (2.3).

Example 5.1 (Selection of model parameters). We begin by examining the role of the pa-
rameter a>0 in the TV distance function (2.3) for a 256×256 knee joint MRI image labeled
as Image1 (see Fig. 3) with p=3 marker points, where the intensity values lie in the range
[0,255]. We perform pre-denoising on the image using a simple 3×3 Gaussian filter and
then test several parameter values, namely a=(5,10,15,20,25,30,35)×2552, and display
the resulting TV distance functions in Fig. 3. From the numerical results, we observe that
when a is too small, such as a=5×2552, the function d(x) does not approximate zero over
a significant portion of Ω1. On the other hand, when a is too large, such as a=35×2552,
the value of d(x) may fail to approach one for points x in Ω2 near the boundary of Ω1.
Therefore, the parameter a should be chosen appropriately to represent the TV distance
function d accurately. We choose a = 25×2552 as a balanced and effective value in the
following numerical simulations.

Since a small value of the parameter in the heat kernel function (3.7) is sufficient
to approximate the contour length accurately, we set τ̃ = 2. For the MRI image of the
knee joint shown in Fig. 3, which exhibits slight intensity inhomogeneity, a slightly larger
effective radius for the Gaussian function (3.11) is appropriate. Therefore, we choose
ρ̃ = 16.5. We now examine the model parameters θ̃ = (0.03,0.05,0.07,0.09)×2552 and
µ̃ = (0.03,0.05,0.07,0.09)×2552, resulting in a total of sixteen parameter combinations.
With the three marker points and initial contour indicated in Fig. 3, the corresponding
selective segmentation results of the proposed method are presented in Fig. 4. From the
numerical results reported in Fig. 4, we observe that when either θ̃ or µ̃ is too small, the
proposed method fails to produce accurate segmentation. Consequently, in all subse-
quent numerical experiments, we adopt θ̃=0.07×2552 and µ̃=0.05×2552.
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Figure 3: (Example 5.1) TV distance function d with different parameter values a=(5,10,15,20,25,30,35)×2552

from left to right and top to bottom.

Figure 4: (Example 5.1) The selective segmentation results of the proposed method for different parameter values

from left to right: First row: θ̃=0.03×2552 and µ̃=(0.03,0.05,0.07,0.09)×2552; Second row: θ̃=0.05×2552

and µ̃=(0.03,0.05,0.07,0.09)×2552; Third row: θ̃=0.07×2552 and µ̃=(0.03,0.05,0.07,0.09)×2552; Fourth row:

θ̃=0.09×2552 and µ̃=(0.03,0.05,0.07,0.09)×2552.
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Figure 5: (Example 5.2) Verification of the significance of the area constraint term: (a) source image f with

marker points and initial characteristic function χ(0); (b) TV distance function d; (c) segmentation results by
the proposed model (3.3); (d) segmentation results by the LIC model [18] (i.e., the proposed model with θ=0).

Example 5.2 (Significance of the area constraint term). To confirm the importance of the
area constraint term–namely, the first term in (3.4)–within the proposed model (3.3), we
conduct tests on Image1 in Example 5.1 with an additional 256×256 abdominal CT image
(labeled as Image3). This area constraint primarily ensures the correct enclosure of the
target object. When this term is omitted, i.e., θ=0, the model reduces to the classical LIC
model studied in [18], designed for global image segmentation. The numerical results are
shown in Fig. 5, where these two images have been slightly pre-denoised using a simple
3×3 Gaussian filter. The parameters of the proposed model for both images are specified
as θ̃=0.07×2552, µ̃=0.05×2552, a=25×2552, τ̃=2, and ρ̃=16.5 as in Example 5.1. For the
LIC model (θ=0), we carefully tune the parameter µ̃ to achieve optimal results, including
respective values such as µ̃=0.002×2552 and 0.04×2552 for these two images. As illus-
trated in Fig. 5, without the area constraint term, the global segmentation model tends to
isolate all foreground objects. By contrast, the proposed model (3.3) correctly segments
the target region guided by the prescribed marker points, highlighting the critical role of
the area constraint term.

Example 5.3 (Robustness of the proposed model). Using the Image1 in Example 5.1 as a
test image, we investigate the robustness of the proposed model (3.3) to the number and
positions of marker points, xi∈Ω1 for 1≤ i≤ p and p≥3, on the segmentation accuracy.
The parameters in this example are specified as θ̃ = 0.07×2552, µ̃= 0.05×2552, a= 25×
2552, τ̃ = 2, and ρ̃ = 16.5 for all cases as that in Example 5.1. First, we randomly select
distinct marker points within the target region Ω1 for p = 3,4,5,6, as shown in Fig. 6
along with the initial segmentation contours. For each p, the corresponding TV distance
function d is also plotted in Fig. 6. As mentioned in Section 2, the value of d(x) for x∈Ω1
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Figure 6: (Example 5.3) The selective segmentation results of Image1 using the proposed method for different
number of marker points: p=3,4,5,6. The second row displays the corresponding TV distance function d. The
iteration numbers of the ICT method for cases (a), (b), (c), and (d) are 22, 18, 14, and 11, respectively.

generally tends to be closer to 0 when more marker points are placed in Ω1. In other
words, increasing the number of marker points p tends to enhance the accuracy of the TV
distance function d. Consequently, when we consider the first term in the model’s energy
functional (3.4), it intuitively accelerates the convergence of the segmentation process.
This observation is supported by the results in Fig. 6.

Next, we examine the impact of marker point positions by considering eight cases.
In each case, we randomly select three marker points (i.e., p = 3) within the target re-
gion Ω1 and construct the initial segmentation contour by connecting these points. The
segmentation results conducted by the proposed model (3.3) are shown in Fig. 7, where
we also record the iteration numbers of the ICT method for all cases. These results indi-
cate that the positions of the marker points do not significantly affect the segmentation
outcome. This property differs from typical global segmentation models, in which the
final segmentation is often highly dependent on the initial contour. This difference may
be because we have incorporated an area constraint in our selective segmentation model
(3.3). This constraint ensures the initial contour grows confined within the target region
Ω1, and the initial contour is generally not far from the boundary of the desired target
region.
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Figure 7: (Example 5.3) The selective segmentation results for Image1 using the proposed method for p= 3
with eight different marker point positions and initial characteristic functions. The iteration numbers of the ICT
method for cases from (a) to (h) are 23, 29, 27, 21, 25, 25, 29, and 26, respectively.

Example 5.4 (Test images with slight intensity inhomogeneity). In this example, we eval-
uate the performance of the proposed model (3.3), implemented via the ICT method, on
six 256×256 medical images (labeled Image1 through Image6) with slight intensity in-
homogeneity. Fig. 8 displays the selective segmentation results, along with plots of the
TV distance function d and the energy decay over ICT iterations. For all images, the
model parameters are set the same as in Example 5.1, except for Image6, where we take
θ̃ = 0.08×2552, µ̃= 0.09×2552, and a= 5×2552 to improve accuracy. The adjustment of
model parameters for Image6 is necessary because the distance ti(x) from the marker
point xi to the image points x within the left-hand area of the target region is relatively
small. Consequently, if we set a= 25×2552, same as that for other images, the resulting
TV distance function d creates an overly large and dispersed enclosure, which does not
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accurately locate the target region at the outset. From the numerical results depicted in
Fig. 8, we confirm the effectiveness and efficiency of the proposed selective image seg-
mentation approach. Notably, the ICT method achieves convergence within 18 iterations
across all test medical images.

Example 5.5 (Comparison of different models for images with significant intensity inho-
mogeneity). In this example, we compare the proposed model (3.3) with several well-
established models for segmenting Image1-Image6 with stronger intensity inhomogene-
ity. The models considered include the Spencer-Chen (SC) model [36], the Roberts-Chen-
Irion (RCI) model [34], the piecewise-quadratic Mumford-Shah (PQMS) model [6], the
local binary fitting (LBF) energy model [19], and the local statistical fitting (LSF) en-
ergy model [47]. Notably, the first two models, SC and RCI, are selective segmenta-
tion models whose numerical implementations are based on computer codes available
on Chen’s website: https://www.liverpool.ac.uk/~cmchenke/, where the associated
Euler-Lagrange PDE is solved via an additive operator splitting algorithm [36]. In con-
trast, the latter three models–PQMS, LBF, and LSF–are region-based models designed for
global segmentation and are implemented using efficient ICT methods similar to those
introduced in Section 4.

In practical implementations, we carefully adjust the model parameters and initializa-
tion for all models to achieve the best possible results. For the three global segmentation
models–PQMS, LBF, and LSF–we ensure that the initial contours are positioned close to
the boundaries of the target region. Fig. 9 presents the comparison results, while Table
1 summarizes the Jaccard similarity (JS) coefficient, Dice similarity (DS) coefficient, and
CPU time (in seconds) of the main solver for each model. In this table, Image1 through
Image6 correspond to the images shown in Fig. 9, listed from top to bottom, with the
best performance highlighted in boldface. For two nonempty sets A and B, the JS and DS
indices are defined as:

JS(A,B)=
|A∩B|
|A∪B| and DS(A,B)=

2|A∩B|
|A|+|B| , (5.1)

where |S| denotes the cardinality of set S. Both coefficients range from 0 to 1, with higher
values indicating greater similarity between sets A and B. In practice, we compute the JS
and DS coefficients using the manual annotations as the ground truth, shown in Fig. 9(b),
based on the corresponding more homogeneous images from Example 5.4, Fig. 8.

From the numerical results reported in Table 1, we observe that the proposed model
(3.3) exhibits high performance and faster convergence compared to the other two selec-
tive segmentation models, SC and RCI. Notably, the SC and RCI models are primarily
based on the Chan-Vese model [5], which assumes piecewise constant image intensity.
This assumption may impact their segmentation accuracy for images with intensity in-
homogeneity. In contrast, our model is derived from the LIC model [18], which is specif-
ically designed to handle images with intensity inhomogeneity. On the other hand, the
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Figure 8: (Example 5.4) The selective segmentation results of the proposed method for six 256×256 medical
images with slight intensity inhomogeneity: (a) source image f with marker points and initial characteristic

function χ(0); (b) TV distance function d; (c) segmentation results; (d) energy-decaying over ICT iterations.
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(a) f (x) (b) GT (c) SC [36] (d) RCI [34] (e) PQMS [6] (f) LBF [19] (g) LSF [47] (h) Ours

Figure 9: (Example 5.5) The selective segmentation results of six 256×256 medical images with stronger

intensity inhomogeneity: (a) source image f , where the marker points and initial characteristic function χ(0)

will be used in our model; (b) ground truth; (c) Spencer-Chen model [36]; (d) Roberts-Chen-Irion model [34];
(e) piecewise-quadratic Mumford-Shah model [6]; (f) local binary fitting energy model [19]; (g) local statistical
fitting energy model [47]; (h) proposed model (3.3).

three global segmentation models–PQMS, LBF, and LSF–achieve reasonable segmenta-
tion results with fast convergence when implemented via the ICT method. However,
due to their inherent global nature, they may fail to detect interior edges or over-segment
non-target regions, even when the initial contour is placed sufficiently close to the target
region. Despite this, we believe incorporating a similar area constraint term via the TV
distance function can enhance these global segmentation models to achieve improved
selective segmentation. Overall, as demonstrated in Fig. 9 and summarized in Table 1,
the proposed approach proves to be well-suited for the selective segmentation of medical
images affected by stronger intensity inhomogeneity.
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Table 1: Comparisons of JS and DS coefficients and CPU time for different models in Example 5.5.

JS coefficient
SC [36] RCI [34] PQMS [6] LBF [19] LSF [47] Ours

Image1 0.92 0.95 0.94 0.96 0.92 0.98
Image2 0.92 0.93 0.93 0.93 0.88 0.94
Image3 0.92 0.85 0.91 0.92 0.90 0.92
Image4 0.90 0.87 0.91 0.88 0.88 0.91
Image5 0.91 0.89 0.93 0.97 0.90 0.91
Image6 0.93 0.96 0.96 0.97 0.98 0.97

DS coefficient
SC [36] RCI [34] PQMS [6] LBF [19] LSF [47] Ours

Image1 0.96 0.97 0.97 0.98 0.96 0.99
Image2 0.96 0.97 0.96 0.96 0.94 0.97
Image3 0.96 0.92 0.96 0.96 0.95 0.96
Image4 0.95 0.93 0.95 0.93 0.94 0.95
Image5 0.95 0.94 0.96 0.98 0.95 0.95
Image6 0.97 0.98 0.98 0.98 0.99 0.98

CPU time in seconds
SC [36] RCI [34] PQMS [6] LBF [19] LSF [47] Ours

Image1 63.60 37.84 1.32 2.21 2.44 1.00
Image2 82.35 12.80 0.45 0.17 1.20 0.66
Image3 78.39 15.41 1.39 0.56 3.04 1.03
Image4 70.32 17.66 0.43 0.19 0.51 0.47
Image5 93.73 7.01 0.31 1.60 0.89 0.33
Image6 86.21 12.31 0.64 1.03 1.96 0.86

6 Summary and conclusions

In this paper, we proposed an enhanced local intensity clustering energy functional that
incorporates a TV distance function to improve the selective segmentation of medical
images, especially those with intensity inhomogeneity. The TV distance, derived from the
SSR output, serves as an area constraint to accurately locate target objects. By combining
this with local intensity clustering fitting energy and contour length regularization, our
resultant model achieves precise selective segmentation. Instead of solving the Euler-
Lagrange equation or employing the level set method, we introduced an efficient ICT
method to numerically implement the model. This method ensures energy decay at each
iteration and facilitates faster convergence. Numerical experiments demonstrated the
effectiveness and efficiency of the proposed selective image segmentation approach.
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In conclusion, this TV distance-enhanced fitting energy approach can be integrated
with other region-based models, such as the Chan-Vese model [5] for intensity homoge-
neous images, as well as the local binary fitting energy model [19], the local statistical
fitting energy model [47], and the piecewise-polynomial Mumford-Shah model [6] for
intensity inhomogeneous images. Furthermore, recent advancements in deep unrolling
techniques and variational loss functions [7,10,28] have enabled learning-based methods
guided by variational models to develop more sophisticated structures, offer improved
interpretability, reduce the need for extensive training data, and enhance performance.
Thus, integrating our variational selective model with learning-based approaches to fur-
ther strengthen segmentation performance is a promising direction for future research.
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