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Abstract. In this paper we introduce some recent progresses on the conver-
gence rate in Wasserstein distance for empirical measures of Markov processes.
For diffusion processes on compact manifolds possibly with reflecting or killing
boundary conditions, the sharp convergence rate as well as renormalization
limits are presented in terms of the dimension of the manifold and the spectrum
of the generator. For general ergodic Markov processes, explicit estimates are
presented for the convergence rate by using a nice reference diffusion process,
which are illustrated by some typical examples. Finally, some techniques are
introduced to estimate the Wasserstein distance between empirical measures.
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1 Introduction

The empirical measure is a fundamental statistic to estimate the stationary dis-
tribution of a Markov process. In this paper, we study the long time behavior
of empirical measures for Markov processes under the Wasserstein distance. For
two nonnegative functions f ,g on a space E, we write f . g if there exists a con-
stant c>0 such that f ≤ cg holds on E, and write f ≍ g if f .g and g. f .

Let (M,ρ) be a Polish space, let P be the space of all probability measures
on M. For a Markov process Xt on M, the empirical measure is defined as
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µt :=
1

t

∫ t

0
δXsds

for t>0, where δXs is the Dirac measure at Xs. We intend to study the long time
behavior of µt under the p-Wasserstein distance for any p∈ [1,∞),

Wp(µ1,µ2) := inf
π∈C (µ1,µ2)

(

∫

M×M
ρpdπ

)

1
p

, µ1, µ2∈P ,

where C (µ1,µ2) is the set of all couplings of µ1 and µ2.
To this end, we will consider the ergodicity and quasi-ergodicity cases respec-

tively.

1.1 Ergodicity case

For any ν ∈ P , let E
ν denote the expectation for the Markov process Xt with

initial distribution ν, and denote by P∗
t ν the law of Xt with initial distribution ν.

We have
∫

M
f d(P∗

t ν)=E
ν[ f (Xt)]=

∫

M
Pt f (x)ν(dx), f ∈Bb(M),

where Pt f (x) :=E
x [ f (Xt)], and Bb(M) the class of all bounded measurable func-

tions on M.
If µ∈P satisfies P∗

t µ=µ for all t≥0, we call µ an invariant probability measure
of the Markov process. If furthermore

lim
t→∞

P∗
t ν=µ weakly

holds for any ν∈P , we call the Markov process ergodic.
In particular, when the Markov process is exponentially ergodic in L2(µ), i.e.

‖Pt−µ‖L2(µ)≤ ce−λt, t≥0

holds for some constants c,λ > 0, where ‖·‖L2(µ) is the operator norm in L2(µ)

and µ( f ) :=
∫

E f dµ for f ∈L2(µ), we have

V f :=
∫ ∞

0
µ( f̂ Pt f̂ )dt∈ (0,∞), 0 6= f̂ := f −µ( f ), f ∈L2(µ).

Moreover, according to [39], for any f ∈L2(µ),P-a.s.

lim
t→∞

µt( f )=µ( f ),


