Commun. Math. Anal. Appl. Vol. 5, No. 1, pp. 65-90
doi: 10.4208 /cmaa.2025-0022 February 2026

Exponential Ergodicity for Time-Periodic
McKean-Vlasov SDEs

Panpan Ren'*, Karl-Theodor Sturm

and Feng-Yu Wang®

! Mathematics Department, Hong Kong City University,

Hong Kong SAR, China.

2 Mathematics Department, Bonn University, 53115 Bonn, Germany.
3 Center for Applied Mathematics, Tianjin University,

Tianjin 300072, China.

2

Received 17 September 2025; Accepted 22 December 2025

Abstract. As extensions to the corresponding results derived for time homo-
geneous McKean-Vlasov SDEs, the exponential ergodicity is proved for time-
periodic distribution dependent SDEs in three different situations:

1) in the quadratic Wasserstein distance and relative entropy for the dissipa-
tive case;

2) in the Wasserstein distance induced by a cost function for the partially
dissipative case; and

3) in the weighted Wasserstein distance induced by a cost function and
a Lyapunov function for the fully non-dissipative case.

The main results are illustrated by time inhomogeneous granular media equa-
tions, and are extended to reflecting McKean-Vlasov SDEs in a convex domain.
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1 Introduction

By using the log-Harnack and Talagrand inequalities, the exponential ergodicity
in relative entropy was proved in [8] for a class of McKean-Vlasov SDEs, which

*Corresponding author. Email addresses: panparen@cityu.edu.hk (P. Ren), wangfy@tju.edu.cn

(F-Y. Wang), sturm@iam.uni-bonn.de (K.-T. Sturm),



66 P. Ren, K.-T. Sturm and E-Y. Wang / Commun. Math. Anal. Appl,, 5 (2026), pp. 65-90

include as typical examples the granular porous media equations investigated
in [4,6]. Next, by using coupling methods, the exponential ergodicity in dif-
terent probability metrics has been derived in [12] for partially dissipative and
non-dissipative models. The techniques involving Lyapunov-type functions V
and associated weighted Wasserstein distances have been employed in infinite-
dimensional distribution-dependent models to characterize the “largeness” of the
noise, as illustrated in [9]. Moreover, these types of exponential ergodicity have
been investigated in [13] for reflecting McKean-Vlasov SDEs. In this paper, we
extend these results to time-periodic (reflecting) McKean-VIlasov SDEs.

Let D C R be a convex domain. When D # R, it has a non-empty bound-
ary dD. In this case, for any x €dD and r >0, let

Nyri={neR:|n|=1,B(x—rn,r)ND=0},
where B(x,7):={ycR":|x—y| <r}. We have
%::Ur>0%,r #@, XEE)D.

We call .4 the set of inward unit normal vectors of dD at point x. Since D is
convex, Ny =@ for x €dD and

(x—y,n(x))<0, yeD, x€dD, n(x)E . (1.1)

Let 2 (D) be the space of all probability measures on the closure D of D, equipped
with the weak topology. Consider the following reflecting McKean-Vlasov SDE
on D CR¥:

dXt = bt (Xt,gxt)dt—FO}(Xt,gXt)th+H(Xt)dlt, tZO, (12)

where W; is an m-dimensional Brownian motion on a complete filtration proba-
bility space (Q,{.%}¢>0,P), %%, is the distribution of X;, n(x) € .44 for x € 9D,
I} is an adapted increasing process which increases only when X; €9D, and

b:[0,00)xRx 2(D) — R,
0:[0,00)xR¥x 2(D) — RY@R™

are measurable. When D =R?, we simply denote & = Z(D). In this case, we
have 0D =@, so that [; =0 and (1.2) reduces to

de:bt(Xt,gxt)dt—l—O’t(Xt,gXt)th, t>0. (1.3)

The SDE (1.2) or (1.3) is called strong (weak) well-posed for distributions in
a subspace & C #(D), if for any s >0 and any .#;-measurable variable X; with
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Px, €2, (1.2) has a unique strong (weak) solution (X;);>s with % €C([s,00); 2),
the space of continuous maps from [s,0) to & under the weak topology. In this
case, we denote PJu = Zx, for the solution with Zx, =p € 2. We call the SDE
well-posed, if it is both strong and weak well-posed.

In this paper, we investigate the exponential ergodicity of (1.2) and (1.3) with
to-periodic coefficients for some tg >0,

(bttty,0t41,) = (bt,0¢), t>0

such that the corresponding results derived in [8, 12, 13] are extended to time
inhomogeneous models. By the tp-periodicity and the well-posedness for distri-
butions in &, we have

PsftV:Ps*—l—nto,t—&—ntOV/ t>s>0, nelN, ]469'7. (1.4)

In this case, a probability measure fig € & is called an invariant probability mea-
sure, if I, fio = flo- Combining this with (1.4), we see that the measures

“l/_ts = P&S‘ﬂo, s& [O,i’o]

satisfy

PS*—&—mto,s—&—(m—i—n)toﬁS =Hs, n,me Zy, se [0, tO] : (1'5)
Let W: & x & — [0,00) with W (y,v) =0 if and only if u =v. We call (1.2) expo-
nential ergodic in W, if there exist constants c,A >0 such that

W (Pigy it fis) Sce MW (p,fis), n€EN, ueP, sel0t).  (1.6)
By (1.4), this is equivalent to

W(P

s+mto,s+(m+n)to‘u’ﬁs) SCG_MIW(‘IJ,‘QS), nmeZy, yegﬁ, s €[0,to].

So, we will only consider (1.6).

The remainder of the paper is organized as follows. In Sections 2-4, we study
the exponential ergodicity for (1.3) without reflection, where Section 2 consid-
ers dissipative models for W being the quadratic Wasserstein distance W, or
the relative entropy IH, Section 3 concerns with partially dissipative models with
W =Wy induced by a cost function ¢, and Section 4 deals with fully non-dissi-
pative models for W=W,, y induced by a cost function ¢ and a Lyapunov func-
tion V. Finally, these results are extended in Section 5 to the reflecting SDE (1.2)
on a convex domain D.
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2 Exponential ergodicity in relative entropy and W,

Corresponding to [4, 6, 8] where the exponential ergodicity in entropy is investi-
gated in the time homogeneous case, we consider the exponential ergodicity in
relative entropy for (1.3). Recall that the relative entropy for probability measures
U1, U2 € & is given by

. d,u1 .
logp), if p:=—-— exists,
Hi(ulpa) = { 120108P) 1 0= g,
0, otherwise.

Let u(f):= [ fdu for a measure y and f € L (11). For the symmetric diffusion pro-
cess generated by L:=A+VV on R? with fi(dx):=e"®)dx € 2, the exponential
ergodicity in H with rate A >0, i.e. the associated diffusion semigroup P; satisfies

a((Pf)log(Pf)) <e Ma(flogf), t>0, f>0, fa(f)=1,

if and only if the following log-Sobolev inequality holds:

B(Plogf) < SAIVAP), FECHRY, a(f)=1,

see for instance [2].
According to the concentration property of the log-Sobolev inequality (see [1]),

there exists ¢ >0 such that ﬁ(eg"‘z) <09, so that by Young’s inequality, H(pu|fi) <oo
implies

(|- 2) <& {H(ulp) +logp (e ) } <co.

Therefore, to investigate the exponential convergence in entropy, it is natural to
consider distributions in the Wasserstein space

Py={pe Z:pu(|-*) <oo},

which is a Polish space under the quadratic Wasserstein distance

1
2
Wa(u1,10) = inf / —Zd,d),,eﬁ,
21, p2) ne(glalw)( g ¥ YI(dx,dy) Wit € P2

where % (111, 12) is the set of all couplings of 1 and ps.
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2.1 Assumptions
Let J, be the Dirac measure at x € R?. We assume

(Hy) [b¢(0,60)| 4|0 (0,60)|| is locally integrable in t >0, and there exist K1,K3, K3 €
L} .([0,00);R) such that

o3 (o, 1) =0 (y,v) |I> < Ks () (|x =y [P+ Wa(u,v)?),
2(be (2, 1) =i (y,v), x =)+ |lov (%, 1) =t (y,v) s
<Ki(H)|x—yP+ K () Wa(,v)2, t>0, x,ye€RY, uvep,.

According to [7, Theorem 3.3] (see also [11]), under this condition the SDE (1.3) is
well-posed for distributions in &%, and

W (P, Piv)? < el 0 HRDaW, (41)2 12520, puesy. (1)

To deduce from (2.1) the exponential ergodicity in entropy, we need the following
condition.

(Hy) oi(x,1) =0¢(x) does not depend on p and is invertible, and there exist in-
creasing positive measurable functions A, 1, x2 such that

201 (x, 1) = be (y,v), x—y) " +lor (x) =02 () Is
<t (1) |[x =y +xa (8) |x —y | Wa (v),
Hat(x)_lH <A(t), t>0, x,yE]Rd, e P,
Obviously, (H) implies (Hy) for Ki(t) =x1(t)+ B and Ky(t) =x»(t)%/(4B:) for

B: >0, but in applications we may take better choices of (K1,K;) than that implied
by (Hy). For any t >s>0, let

A(s,t):=sup A(r), «(s,t):=sup «;(r), i=1,2.
r<(s,t] rels,t

We intend to establish the following type of estimate:
H(PGp|Pov) <o(s,)H(plv), t>s, pe 2 22

for a reasonable class of measures v € &%,. In the time homogeneous situation, one
takes v as the invariant probability measures so that IP{ ,v=v for all £ >s.
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As explained above, to derive (2.2), we need to establish the log-Sobolev in-
equality for PJ,v. To this end, we apply the Bakry-Emery curvature for the asso-
ciated time-distribution dependent generator of (1.3)

1
Ly = Etr{atat*vz} +bi(,1)-V, t>0, ue.

According to [5], we introduce

TH(f.8):=5(o10;Vf,Vg), f,gcCI(RY),

03,0 £) 1= g Lal ) = THE Lo f) 4 50T ), FECRY),

N+~

(2.3)

Note that the above carré du champ is different from that in [4] where derivatives
in t is also involved. To make l"%,y meaningful and also for late use, we assume

(H3) As:=||ot]|o €L% ([0,00)), at least one of the following two conditions holds:

loc

(1) oy is constant for each t >0;

(2) o¢(x)is Clin t and C? in x, b;(x) is C! in x, and there exists a function
v €L} ([0,00);R) such that

loc
Tou(f 1) ZnTH(f.f), 20, feC(RY), ue.

Finally, for any constant ¢ >0, we write v € T, if v € & satisfying the Talagrand
inequality
W (1,v)* <cH(ulv). (2.4)

According to [3], this inequality is implied by the log-Sobolev inequality

v(flogf?) <ev(IVf?), feCy(RY), v(f?)=1, (2.5)

tor which we denote v € Log..

2.2 Main results

Theorem 2.1. Assume (Hy) and that (1.3) is to-periodic for some to >0 with

)\:z—/tO{Kl(r)+K2(r)}dr>O. (2.6)
0
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(1) (1.3) has a unique invariant probability measure fig such that

WZ (P;toy/ﬁ0)2 < e—n/\w2 (V/ﬁ0)2/ pe ’@2/ nelN. (27)

(2) If (Hp), and one of (H3)(1) or (H3)(2) with fotofysds > 0 hold, then there exists
a constant ¢ >0 such that for any n €N and y € &,

max {IH (P} 1| fio), Wa (P 1, 710)” } < ce ™ min {H (p|f10), W2, o) }.
(2.8)

To illustrate this result, we consider the time-dependent version of granular
media equations studied in [4,6,8]. Let V€ C%?([0,00) xIR?) and W € C%?([0,00) x
R?>%) such that

/ e Vi dy e Vi) Vi) -Mih) qrdy <o, A>0, £>0.  (2.9)
R4 R4 x R4

Consider the following PDE on %, the space of all probability density functions
on IR¥ such that the corresponding probability measure is in 2,

apt:div{th—ptV(VtJrWt@pt)}, (2.10)

where for a probability measure p or a probability density function p

Wt®u:=Ath(-,y)u(dy), Wt®p==Ath(~,y)p(y)dy-

We will use V() and V(%) to denote the gradient operators in the first and second
components on the product space R? x IRY, so that

[VOVOW )= sup  [VIIVEWilxy)

u,0eR,|ul,lv|<1

, >0, xyeRY

where V,, stands for the directional derivative along u. We let

IVIVEW| = sup [VIVEW:(xy)]].
x,y€R4

For any probability density p on R? and any s >0, let P;1p be the solution of (2.10)
for t>s and ps=p. If (V;,W;) is tp-periodic, pp € 25 is called an invariant solution
of (2.9) if P, po =po. In this case, let

Ps:= P(T,SPOI se (O,to).
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Moreover, for any two probability density functions p1,02,

H(p1]p2) :=H (p1(x)dx|p2(x)dx).

Let 1; be the d x d identity matrix. We have the following consequence of Theo-
rem 2.1, where a simple example for (2.11) to hold is

V()= |, Wilxz)=prlx—zP,
where v and B are positive functions on [0, #o].
Corollary 2.1. Let (V;,W;) be to-periodic for some to >0, and there exists
7 € Lioc ([0, £0;R)
such that A := foto vedt >0 and
Hessy, w0 > (1| VOVEW|| ) Ia, te[0,t], zeRY (2.11)

Then (2.10) has a unique invariant solution po such that

_ 2 * —
max { W (out, (x)dx,po(x)dx) ", H(Py 0l00) }
§ce_)‘”min{\Wz(po(x)dx,po(x)dx)z,ll-l(mpo)}, neN, pe. (2.12)

2.3 Proofs

We first prove the following lemma which also applies to the non-periodic case.

Lemma 2.1. Assume (Hy),(Hy). For any t >s>0, let

K1(S,t t—s)Ko(s,t)? —o)x X
qbs,t::A(s,t)z(1_18(_K125,t>+( Palstl “”*22(”). (2.13)

(1) Foranye>0,c>0andveT,
H(stit.ulpsitv)
<S¢t tefst_g(KlJrKZ)(r)erz(Hﬂ/)z

<cprepel KRN (), t>ste, 520, peP  (214)



P. Ren, K.-T. Sturm and E-Y. Wang / Commun. Math. Anal. Appl., 5 (2026), pp. 65-90 73

(2) If (H3)(2) holds and v € Log. for some constant ¢ >0, then

H (P | Poyv) (2.15)
<(Ptef K1+K2 )drw (]/trps*,rv)z
<c(s,r)Pi—e, tef (K1+Kz)(r )dr]H(MPS*}v), t>r+e, r>s>0, ue

holds for

r r o
c(s,r)::cA‘;Z/\(S,r)ze_zfs79d9+4A$/ e 2lm¥dr, r>s>0.

S
Proof. (1) By [11, Theorem 4.1] or [7, Theorem 4.1], assumption (Hy) implies
H (P Poyv) < s iWa(pv)?, £25>0, pve 2.
So, for t > s-+¢, we obtain

H(P;t.u ’stitv) = H(Pj—s,tpsft—s]’l ’P;k—s,tp:,t—sv)
Scpt—ﬁ,th(P;t—syl s*,t—sv)z' (2'16)

Next, by [11, Theorem 3.1], assumption (H; ) implies
t—e
Wa (B ot Py ov)? <els (OHREDW, (4 0)2,

Combining this with (2.16) and applying (2.4) we prove (2.14).

(2) Noting that P;,v = P,(P;,v), to deduce (2.15) from (2.14) we need only to
prove P,.ve T, ) which follows from P;,v€Log, s - To this end, we let v;:=PJv
and consider the decoupled (classical) SDE of (1.3)

dX} =b (X}, ve)dt+0p (X} )dW,, t>s, XheR” (2.17)
Forany p€ &, let (Pg,)" = ZLxy, for ZLxy =p. Then
Prv=(P%) v, r>s. (2.18)
Now, for v € Log, ||os || < As implies

oz VI
f

2
virtogf) < v (IH0), o<ecim), vip-1 @19



74 P. Ren, K.-T. Sturm and E-Y. Wang / Commun. Math. Anal. Appl,, 5 (2026), pp. 65-90

According to [5, Theorem 4.1] for the time inhomogeneous Markov semigroup
associated with (2.17), we remark that in this result I'( f) is misprint from I'(f)/ f
(see Lemma 5.1 below for D =IR¥), (H3) and (2.17) yield that v, := P, v = (PY,)*v
satisfies

ulfogh) < Sl (L), o<recim), win-1 @)

Since ||o7[|co < Ay, this implies P{,v € T ) as desired. O
Proof of Theorem 2.1. By shifting a time s € [0, ), for simplicity, we assume s =0.

(1) By (2.6) and the tp-periodicity, the uniqueness of ji and (2.7) follows from
(2.1). So, it suffices to prove the existence of fiy.
Take
pn =Py, 00, nE€N. (2.21)

We intend to prove that y;, converges to some fig € &% as n— oo, so that by a stan-
dard argument the semigroup property of P; := PG e,
Py ,=D;Py, nmeZ,,

we conclude that jip is an invariant probability measure. To this end, it remains
to show that {y,, },,>1 is a W»-Cauchy sequence, i.e.

lim supWo (pn, pty k) =0. (2.22)

n—00 | 1

By (2.1), (1.4) and (2.6), we obtain

_ Mo % 2 _
Wa (b i ) S e o (KUOITRADATWN, (80, By 80)" =€ ME[ Xy 2, (2.23)

where X; solves (1.3) with Xy =0. By taking y=0,v=4j in (H;), and noting that
the periodicity together with (H; ) implies that |b:(0,60)|+||0¢(0)|| is bounded and
llot(x)|| <co(14|x|) for some constant ¢y >0, we find constants ¢1,c; >0 such that
2(be (2, 1)) +loe (%) |5
=2(bt(x, 1) = b(0,00),x = 0) + [l (xx) — 0 (0) | 5
+2(b:(0,60),x) — [|02(0) 315 +2(0(x),0¢(0)) s
<Ki(8)|xP+Ka()u(] - *) +er(1+|x])

A
<crt (Kl 5p ) Pkl -P), 120, xeRY, pen
0
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So, by applying It6’s formula to (1.3) for Xp=0, we obtain
d|X;|? < {cz—i— (Kl(t) +2—)t‘0) | X¢|2 4Ky () E| X; ]Z}dt+th
for some martingale M;. By Duhamel’s formula, this and X, =0 implies
E|X;|2 < cz/tefst(Kl(r”KZ( D) s, 10,
0

By (2.6) and the tp-periodicity, we find a constant C >0 such that

s+kt A Ak
/ 0<K1(1f)+K2() 5 )dr——7<0 s>0, keZ,.
s 0

So, letting | 7| :=sup{ne€Z.:r>n} for r >0, (2.24) implies

E AL/l o N
supE|X;|* <supc, / o g 0 Ky (1) +Ka )+l e g
0

t>0 t>0
<C/ <E<oo

Combining this with (2.23), we prove the desired (2.22).

75

(2.24)

(2.25)

(2) By (2.15) and (2.7), it suftfices to find a constant ¢ >0 such that fip € Log..
a) When (H3)(1) holds, let (Ps t);>s be the semigroup associated with the SDE

de = bt(Xt,ﬂo)dt—l—O'tth,
that is, letting (X} ;);>s be the solution starting from x at time s,
Poif(x):=Ef(X3;), fEBy(R?), t>0.
By (Hj) which implies K, >0, we have

2(be(x,f10) = br(y, o), x—y) <Ki () [x—y|*, x,yeR?, >0,
t

/OKl(s)dsg—A<0.

0

Noting that o} is constant, this implies

_ _ t
X, — XY, | <Ky xyeRY,

(2.26)

(2.27)
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so that for any f € C; (]Rd),

VP, f| <ed K08P Vsl <ce 2 WIpIvS|, 12sz0  @28)
for some constant ¢; > 0. So, for any f € C}(R?),
Pi(f*logf?)— (Pif?)log (Pif?)
td o - _

:/ d_Ps {(Pstf?)log (Psf?) }ds

/ Y stf2

Ps tfz

5 2 AL
= (B|Vf|*)ci A ||(75|| e "“h'ds, t>0.

d<2 F 2 5 5 24
§=C 0 los[|7e ™0 PoPs |V f[°ds

By the to-periodicity and ||c-||? € L([0,t0]), we obtain
[t/to]

(i+1)4
Mm2fmxz/ o e b g
g(/ ||(75H2ds) Y e iU =ic<oo, t>0,
0 i=0

so that there exists a constant ¢ > 0 such that
Pi(f*logf?) — (P f*)log (Pif?) <cP|V >, t>0, feCy(R?).

Moreover, by (2.27), (2.26) is exponential ergodic with unique invariant probabil-
ity measure jij as it reduces to (1.3) when £ =Jig. By taking t =nf; and letting
n— oo, we prove u, € Log. for all n>1.

b) When (H3)(2) holds with v := fotofysds >0, we apply Lemma 2.1 for s =0
and v=4p. Then (2.19) holds for c=0, so that by the ty-periodic and y >0, we find
a constant ¢’ > 0 such that

nty n
¢(0,11tg) = 4A (k)2 / e 20 gr <! peN,
0

where A(to) is in (Hz). Moreover, by (2.20), pin:=Fy ,; 0o satisties
(O nto

- ||0-O||2 (’ tovf’ )

<c(Onto)un(IVF?), 0<feC,(RY), pn(f?)=
Therefore, y, € Log for all n>1, which together with (2.7) implies jip€ Logy. [

in(f2logf?) <
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Proof of Corollary 2.1. It is easy to see that for any s > 0 and probability density
function p, P is the density function of Z¥%, for X; solving (1.3) from time s
with Zx —p( x)dx and

o (x):=V2ly, bi(x,pu):=—V{Vi+Wi@u}(x), t>0, xcR? pcp?,. (2.29)
Then (2.11) implies
2(bt (x, 1) = be (y,v), x—y)
=2(bt (x, 1) = (y, 1), x —y) +2(be (y, 1) = b (y,v), x —y)
(dz / <Hessvt+wt( )(x—i—r(y—x))(x—y),x—y>dr
+2<V(V v,)) = u(VIWi(y,), x—y)
2(1e+ || VIV WlHoo)!x—y|2+2HV(”V(Z)WtHoo!x—y|W1(u,1/)
—2(’yt—|—HV(1)V(Z)W1HOO)]x—y|2—|—2HV(1)V(2)WtHoo]x—yﬂwz(y,v).
Thus, (H;) holds for
Ki(t)=—2y— ||V
and (H;) holds for

k1 (t)=0, Ka(t)=2sup |[VIHVEW,
s€[0,f]

<
<

2 (1) = HV(l)V(Z)Wt "

leo

Moreover, since ¢ is constant, (H3)(1) holds. Therefore, this result follows from
Theorem 2.1. O

3 Ergodicity for partially dissipative models

For any
pe¥={peC?((0,00)) : $(0)=0,4">0,[|¢'||w <o},
let

Py ={neZ :u((]-]) <co},

W¢(W)t=ne%/w e VXY (Axdy), pve Py,

Then &2y is complete under the quasi-metric Wy, and when ¢ is concave, Wy is
a metric, see for instance [10]. Let [|-||1;, be the Lipschitz constant for functions

on RY. We assume
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(Hy) (Ellipticity) o¢(x,u) =0¢(x) does not depend on y, and there exist
a € L. ([0,00);(0,00))
and a measurable map
0:[0,00)xRY - RYQR?
such that

sup {||ot||Lip+0tl|Lip} <oo,  T>0,
t€[0,T]

at(x)at(x)* :[thd—l—@'t(X)@'t(x)*, t>0, x E]Rd.

(Hs) (Partial Dissipativity) Let p€¥,y€C([0,00) X [0,00)) with ¢(r) <Kr for some
constant K >0 and all » >0, such that

209" (1) + (v ) (r) < —xep(r), >0 (3.1)

holds for some x € L} ([0,00);R). Moreover, b is bounded on bounded sub-

loc

sets of [0,00) x R? x 9, and there exists 6 € L}, ([0,00);(0,00)) such that

loc

L. R
(br (20, ) = b (y,v), x —y) + 5 103 (x) = 00 (y) [ s
<|x—y[{BWy(pv)+7e(lx—y|)}, t>0, xyeR?, pvePy. (3.2)

Theorem 3.1. Assume (Hy) and (Hs), with ¢"" <0 if 6 is non-constant for some t > 0.
Then (1.3) is well-posed with distributions in Py, and P;" satisfies

\wl,,(P;‘y,Pt*V)ge—fé{xs—esl\w’\lw}dsw¢(y,v), t>0, uvEPy. (3.3)

Consequently, if (bs,0:) is to-periodic, ' (t) < Cy’(s) for some constant C > 1 and all
t>s>0, and

to
V= [y} s >0,
then (1.3) has a unique invariant probability measure fig € &y such that
WIIJ(Psﬁis+nt0V/.a0) < e_Mwlp (o), neN, pe gzl,b- (34)

Proof. The well-posedness and (3.3) follow from [12, Theorem 3.1] by using cou-
pling methods. So, it suffices to prove the existence of the invariant probability
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measure jig when A >0 and the coefficients are ty-periodic. Let xp € R?. Tt suffices
to show that the sequence { P} dx, } n>1 is a Wy-Cauchy sequence so that its limit
is an invariant probability measure of (1.3). By (3.3), we have

Wy (Pt Pl s mytgO0) < Ce "Wy (6xy, Prso0xy),  m,m>1.

Since A >0, it suffices to prove

supWy (5XO’P7;k1t05x0) < 0. (3.5)

m>1

By /() <Cy/(s) for t >s, we have

( i’) ( ) /s+t /( )j1’<‘ ,/t /( ):]r Clb(t) s.t>0
LI E ll S s ll — L/ ‘ 7 7 pu— .
This implies

¢<i5i>§ci¢(5i)/ s;>0, n>1.
i=1 i=1

Consequently, by (3.3) and A >0, we obtain

n—1
Wy (5XO'P:t05xo) <C Z Wy (Pi705x0’P€<i+1)t05xo)
i=0
< CWy (8xy, Pfi02y) Y e < 0.
i=0
Therefore, (3.5) holds. O

To illustrate Theorem 3.1, we present below an example associated with time-
inhomogeneous granular media equations. Let W1 =Wy, and 2 (R?) = 2 (RY)
for p(r)=r.

Example 3.1. Leta € L!(]0,t0]:(0,00)) and
V:[0,t]xR? = R, W:[0,t]xR‘xRY - R

be measurable with V; € C2(R%), W; € C2(R?xRR%), and for some constants
RI 61/ 92 > O/

Hesth—FWt(-,z) > (Qzﬂétl{|_|>R/2}—Qlﬂétl{|,|SR/2})Id, te [O,to], ZERd. (3.6)
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Consider (1.3) with ty-periodic coefficients
or=~/atly, bi(x,u):==V{Vi+Wi®u}(x), (tx,u)e€[0,t]x RYx 2,. (3.7)
Let y(r) =601 (rAR)—62(r—R)™ for r>0, and

lp(r)::/re_fosnr(”)d”ds/ootef57(”)d”dt, >0,
0

S

Then
c1(p):=infy'(r) >0, co(3p):=supy’(r) <oo.

r=0 r>0

Non [T [VOV@W,| 40
=2, o) al) -

then (1.3) has a unique invariant probability measure jip € &7 such that

If

Wlp(P;lkto‘u,ﬁo)Se_AnWIP(]l,ﬂo), neN, ]JGQZl:ngp.

Consequently,
* — < Cz(Llj) —An =
Wi (Pnto]’l/yo) = C1(L[J)e Wi o), neN, pe.
Proof. 1t is easy to see that ¢ € C2([0,00) with 1’ >0 and
| refirtwangy )
. / 1 r —1; r [
rll_}IglP (r)= rlggo efory(u)du o rh—gg —y(r) 6, )
So, 0<c1(¢) <ca(y) < oo and
c1(P) W1 <Wy <co () Wi.
By Theorem 3.1, it suffices to verify (3.1) and (3.2) for
2 2w
r):=2u;y(r), 0p:=—-=— vv@w, , Kpi= L 3.8
Ye(r) ty(7) t C1(L[J)H t}oo t e () (3.8)
Firstly, by the definitions of 7y and ¥,y :=2a;y in (3.8), we have
20" (1) + 204 (' y) (1) = =247 < ——Czéxl;) Y(r), r>0.
2

Then (3.1) holds for v; and «; in (3.8).
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Next, by (3.6) and (3.7), we have ¢ =0, and as in the proof of Corollary 2.1,
2(be (x,1) = b (y,v),x—y)
(d2) / <Hesth+wf< o) (r+r(x—y) (x—y) x—y)dr
+2<V(V v,)) =#(VIWi(y, ) x—y)
<2|x—y| /0 (Glf"tl{\xw(y—xﬂﬁe/z}—92“f1{|x+r<y—x>|zm})dV
+2[[ VOV EW| Wi (,0) 2~
<2l yir(e—yl) + s [TV -y Wy ()

holds for any t€[0,to],x,y eR? and u,ve Py=1. Hence, (3.2) holds for vy; and 6;
in (3.8). O

4 Ergodicity for non-dissipative models

We consider the fully non-dissipative case such that [12, Theorem 2.1] is extended
to the periodic setting. For any t >0 and p € &, consider the second-order differ-
ential operator

1
Liy:= Enf{o-,fa;‘vz} +bi(-,u)-V. (4.1)
For any positive measurable function V on IRY, let
Py ={peZ :u(V)<oo}.

(H7) (Lyapunov Condition) There exist 0 < V € C?(R%) with lim |y e V(x) =00
and Ko,K; € L}, ([0,00);R) such that

sup o (t,X)VV(x)] < oo, 4.2)
t>0;xeRY 1+V(x)
Ly V<Ko(t)—=Ki(t)V, t>0, pnePy. (4.3)

Since lim|y|_,o V(x) =00, (4.3) controls the long distance behaviour of the as-
sociated stochastic system. To ensure the exponential ergodicity, we also need
conditions in short distance. For any / >0, consider the class

={peC?([0,1];[0,00)) : p(0) =9’ (1) =0, 9’| oy, > 0}.
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For each i €'Y}, we extend it to the half line by setting ¥ (r) =¢(rAl), so that ¢’ is
non-negative and Lipschitz continuous with compact support and

ry'(r)
Cy:=su < 00, (4.4)
=T
For any constant >0, define the quasi-distance on 7y (R¥)
Wy gv(pv)
— inf P(x—y)) (14+BV (x)+ BV () n(dxdy), e Py.

neE (u,v) JRIXRY

To prove the exponential convergence of P/ under Wy, gy, the dependence on
distribution for the drift will be characterized by

W e e [y 9=y (145 (5) + BV (1)) (i, dy)
ppv(HV):= in

T [ (=) (1+BV (1) +BV (1) (. dy)
S WIIJ,IBV(‘”’V)
19l (1Bu(V) + (V)

(Hg) (Local Monotonicity) b is bounded on bounded subsets of [0,00) xIR? x 2y,
Moreover, there exist [ >0, € ¥; and u;,K,0 € L} ([0,00);[0,00)) such that

loc

20" (r)+K ()9 (r) < —uy(H)y(r), re€l0,l], t>0,

s ]/t/VE 1@\/ (45)

1, R
<bt(x,#)—bt(yﬂ/),x—y>+§||Ut(X)—Ut(y)|I%Is
§K,g|x—y|z+9t|x—y|W¢,ﬁV(y,v), x,yG]Rd, uve Py, t>0.

By (Hy), for any [ >0, we have
s it OV EK V() 2K
x—yl>1 pIHV(X)+V(y)
and when K () >0 and />0 is large enough, ; 5(t) >0. Moreover, (Hy) and (Hy)
imply

€R, (4.6)

ucl,/;(t) :=Cy sup

furITVD-TV) W)
|x—yle(0,1)

[ —y{B 1+ V(x)+V(y)}
L Ho)=8i )} [(E:0) YY) (0)+(01() I V) (9)] \}<oo
A=y [{BT+V(E)+V(y)} |
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For Ko, x;,,41,4 and u; given in (Hyz), (Hg), (4.6) and (4.7), let

/\l,ﬁ(t) :=min {Kl,/g(t), u;(£)—2Ko(t)B— Oél,ﬁ(t) }, t>0. (4.8)
Theorem 4.1. Assume (Hy), (Hy7) and (Hg) with ¢"" <0 when 6(+) is non-constant.
Then (1.3) is well-posed for distributions in &y, and P} satisfies
Wy v (P, Pv) Se hsO=ddow, o (i), 120, predy.  @9)
Consequently, if (0y,by) is to-periodic and

t t
A::/ "{Ayp(s) 05 }ds >0, / Ky (£)dt >0,
0 0
then (1.3) has a unique invariant probability measure fig € Py such that

Wz/),/%V (P:to‘u,ﬁo) < e_)‘nwlplﬁv(‘u,ﬁo), nelN, He Py (4.10)

Proof. The well-posedness and (4.9) is included in [12, Theorem 2.1]. So, it suffices
to prove the existence of invariant probability measure fjig € &y for the ty-periodic
case with A > 0. Let xo € R, By (4.9) we have

WlP/ﬁV (P:;foéxofp(tz+m)t05x0) < e_/\nwlprﬁv (5XO'PT>:11‘05X0) , nm=>1.

Therefore, it suffices to prove

SupEV (X, ) <00, Xo=1xo, (4.11)

m>1

which together with the above inequality implies that {P}; dx, }n>11s @ Wy gy~
Cauchy sequence and its limit is an invariant probability measure in &?y. By
(4.3), It6’s formula and

(n—|—m)t0 to
/ Kl(s)ds=n/ Ki(s)ds=:nAg>0, n,melN,
0

m

we obtain
nt, nt "
EV (Xu) SV(XO)Q_I‘) OKl(s)dS-l-/ 0|K0(s)|e_fs Ky (r)dr g
0

n—1 (i+1)t _ pnt
Vi L [ Kos)le i g

- i=0 ll’o
n—1 ) to
:V(xo)—i—(Ze_(”_l_l)/\O) / Ko(s)|ds, n>1,
i=0 0

which is bounded in 7 >1 since Ag:= foto Ki(t)dt>0. So, (4.11) holds. O
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In the following example the SDE includes a class of fully non-dissipative
models, for instance when vOw >0, in the sense that

sup (be(x,u)—be(y,u),x—y)>0, r>0, pe.

[x—yl=r

Example 4.1. Let a € C([0,ty];(0,00)), by € C'(R?) with bg(x) = —|x|P~!x for
x| >1, and W; € C?(R“ x R?) measurable in t € [0,t] with
IVOTO W+ [V, <,

4.12
[TOTOwW <6 .

for some constant € > 0. We take tg-periodic (bt,01) with

u(VUWi(x,-))
1+u(v) 7

o=/l  (tx,u)€[0,tg] xR x 2y,

be(x, 1) :=asbo(x)+

where V(x):=el*!" for some p €[1/2,1]. Moreover, let

Wy (,v):= ne(i;};v) ]Rd><]Rd(1/\ x—y|)(1+V(x)+V(y))n(dx,dy),  (4.13)

Wy (P, ) <ce "Wy (u,ji), t>0, wuvePy.
Then when & >0 is small enough, there exist constants c,A >0 such that
Wy (P i) <ce MWy (1), neN, pePy.
Proof. Tt is easy to see that (Hy) with
Ko=wa:0y, Ki(t)=wa:6q (4.14)

holds for some constants 6,601 >0, (Hs) holds for =0. Next, let Dy:=||Vbg||c+0
and let I >0 such that in (4.6)

L V() +61V(y)—260
kplt):= I Vo vy

holds for some constant ko > 0. Now, we take ¢ € ¥; such that
29" (r)+ Doy’ (r) < =D1p(r), re[0,]]

holds for some constant D; > 0, for instance ¢ and D are the first mixed eigen-

> ko, t€[0,t] (4.15)
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function and eigenvalue of 2d?/dr?+Dgyd/dr on [0,I] with Dirichlet condition
at 0 and Neumann condition at I.
Then the first inequality in (Hg) holds for

Kt:ZOCtDo, ul(t):: Dllxt, te [O,to]. (416)
Moreover, noting that

V()= V()| <cop(lx—y|) (1+V(x)+V(y))

holds for some constant ¢y > 0, we find a constant ¢; >0 such that

|b(x, 1) =b(x,v)]
<g(\ﬂ(v(1)w(x/'))—V(V(l)W(xr'))} ||V(1)W||oo|#(V)—V(V)|)
- 1+u(V)vu(V) (1+p(V)) (1+v(V))
< creat Wy v (1,v)
~14+u(V)+v(V)

< clsﬁ_latwlpﬁv(y,v).

Combining this with Dg:=|| V5" ||e+6 and (4.12), we obtain the second inequality
in (Hg) for the above K;:=a;Dg and

Or:=cief tay, tE[0,tg]. (4.17)

Since (4.7) implies a; g(t) — 0 as B— 0, by (4.8), (4.14)-(4.17), there exist constants
B,e0 >0, k1 such that for any €€ (0,¢],

)Ll”g(t) —0; >k, te [O,to].
Then the desired assertion follows from Theorem 4.1 and the fact that
C Wy < Wy, gy <CWy

holds for some constant C > 1. O

5 Extensions to reflecting McKean-Vlasov SDEs

In this section, we investigate the exponential ergodicity for the reflecting
McKean-Vlasov SDE (1.2) on a convex domain D. By the convexity, the reflec-
tion on boundary does not make any trouble in the proofs of previous results on
ergodicity, so that all these results work also for (1.2).

Let TAD be the tangent space of D, which is well defined when 9D is C!.
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Theorem 5.1. Let D be convex, b,o € C([0,00) x D x 2,(D)), and in (Hy)-(Hs) we
use (D, 22,(D)) to replace (R, 27,), and in (H3)(2) assume further that D is C? and
there exists a measurable function h:[0,00) X dD — [0,00) such that

{V(or0f)}v,0)|op >0, (orofv—hv)|sp=0, veTaD, t>0. (5.1)
Then assertions in Theorem 2.1 holds for (1.2) replacing (1.3).
Proof. By [13, Theorem 2.6], (H7) implies that (1.2) is well-posed for distributions
in #%,(D) and satisfies
Wo (P} 1, Piv)? <eh (OHRESW, (4), puesy(D).  (52)

Let xp€D. Since D is convex, we have (x—xg,n(x)) <0 for x€9D, so that as in the
proof of Theorem 2.1, by (H;) and applying It6’s formula to | X; —xo|? for Xo=xo,
we obtain

A
d|X¢—x0|* < {c+ <K1(t)+f) |Xt—x0|2+K2(f)E|Xt—xo|2}df+th
0

for some martingale M;. Since A >0, this and the proof leading to (2.25) gives the
same estimate, so that by (5.2) we prove the first assertion.
Under (H;) holds, by [13, Theorem 2.4], there exists a constant ¢ >0 such that

Wo (Pp, Pv) <ciH(ulv), p,ve 25(D). (5.3)
So, as in the proof of Theorem 2.1, it remains to prove the Talagrand inequality

Wo (o) < c2Ent(plfig), ne P (D) (5.4)

for some constant ¢, > 0.
When (H3)(1) holds, by the convexity of D, for (X7,X?) solving the following
SDE with X3 =x,Xj =y, x,y€D:

dX; =b(Xy,fio)dt+0rd Wi +n(X;)dly,
(H;) implies
d|XF - X P <K ()| XF - X! %dt, £>0,

so that t
% —X! | <ehKOEx_y2 xyeD, t>o0.

Thus, the associated P; satisfies the gradient estimate (2.28). Then (5.4) holds as
shown in the proof of Theorem 2.1.



P. Ren, K.-T. Sturm and E-Y. Wang / Commun. Math. Anal. Appl., 5 (2026), pp. 65-90 87

When (H3)(2) holds, the corresponding proof in that of Theorem 2.1 also
works provided Lemma 2.1(2) holds for (1.2). According to its proof it suffices
to prove [5, Theorem 4.1] for (1.2), which is included in the following Lemma 5.1.
The proof is complete. O

Let T} and I'? be in (2.3) for 0},b; not depending on p on a convex C? domain D
replacing IRY, where b;(x) is C! in x, 0;(x) is C! in t and C? in x. Consider the
reflecting SDE

dXS,t = bt (Xs’t)dt-l—(ft (Xs,t)th -I—H(Xt)dlt, t 2 S. (55)

Let P;u=Zx,, for the solution with Z%, = u. The generator is

1
LtZ: Etr{O'tO'Ekvz}—l—bt'v, tZO

We have the following lemma, which extends [5, Theorem 4.1] to the reflecting
case.

Lemma 5.1. Let {Fi}izl,Z,tEO be as in (2.3) on a convex C? domain D replacing R4 for
o, by not depending on u, and let (5.1) hold. Let y€ L} ([0,00);R) such that

loc
Tzt (ff), feCD). (5.6)
Let s>0,9s >0 and vs € 2 (D). If the log-Sobolev inequality

vs(f2logf*) <4qsvs(T3(f.f)), feCy(D), ws(f*)=1 (5.7)

holds, then for any t > s, v := Pg s satisfies

2 2 t 1 2\ _

vi(fHlogf*) <4qi(T1(f.f)), fEC (D), w(f)=1, (5.8)

where t
Qt::qse_2f?t7’dr+/ e_zfrt%‘d“dr, t>s. (5.9)

Proof. Let Pyt f(x):=(Ps;0x)(f). We first prove

— [%1~,d
\/Igo (Psos1.f+Psgs1 f) <e Jig tPSofsl Fgl (f.f), s1>s0>0 (5.10)

for f€C;°(D).
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By the Bochner-Weitzenbock formula, the inequality (5.6) is equivalent to

VTN
T?(f,f)Z%T}(f,f)JrW, feC(RY). (5.11)

Next, since 9D is C2 and convex, the second fundamental form is non-negative,
i.e.

I(Vf,Vf)(x):=—(Vysn,Vf)(x)=Hesss(n,Vf)(x) >0,
feC*(D), Nflsp=0, xe€aD,

where the second equality follows from Vy¢(n,V f)|3p =0 due to (n,V f)[3p =0.
Combining this with (5.1), we see that for any f € Cg"(D),sl >t>0,and x€dD,

(0 VT (P f2/Prs, £2)) ()
={({Va(0:107)}VPrs f>,VPis f2)(x) +2Hessp,_ p2 (n, (0107 )V Py, f2) (x) >0.

Combining this with (5.11) and applying It6’s formula to (5.5), for any s; >s0>0,
dy/T (Pos, f2,Prs, f2) (Xsy )

_ { (atr}) /Z(Pf,slfzfpf,slfz) _F% (Ltpf,slfzfpf,51f2)
VI Posif2 Pos f2)

+Lt \/F} (Pt,slleptfslfz) } (XSOIt)dt

+dM,+ <n,V\/ T} (Pys, f2,Prs, £2) (Xeot) >dlt
1—~2 P Z,P 2 I‘l P Z/P 2\ 12

2{ £ (Prs f Prs, f )1 _ |VT} (Pes, f2 Prs, f )§| }(Xso,t)dt+th
F% (Ptlslfz’Ptlslfz) ? 41—‘} (Ptlslfz’Ptrslfz) ’

>Vt \/F% (Prs, f2,Pr s f2) (Xsp ¢ )dt+d My, tE [s0,51]

holds for some martingale (M})c[s,,]- By Gronwall’s lemma this implies (5.10).

By (5.10), the desired assertion follows from a standard semigroup argument
we include below for completeness. Let f € Cz(D) with inf 2> 0. By the chain
rule and Schwarz inequality, (5.10) implies

1L (/PafPaf?) = Ll
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o2 [ pdr (Ps,t /I“} (fz,fZ)) 2

<
o 4Ps’tf2

<e 2vdrp TI(f,f), t>5>0.  (5.12)

So,

Py (f*1og f?) = (Pt f?) logPs
N /s %Ps'r{ (Prtf?)log (P f?) hdr

t T (Petf? Praf? Eo
:/s Pt B Jar<a(pri(5.0) [ e 2havar,
Tt s

Combining this with (5.7) and (5.12), we obtain
vi(f*log f?) =vs (Pss(f*logf?))
<4vs (P T} (£.f)) /S e 21 v, (P f2) og (Pesf2))
<4y, (TX(£.£)) /S o2 gy 4 g0y, (r! (\/ Posf?,/Pey 7))
+(vs (Psf?) ) log (vs (P51 f?))
<an (T} ) [ e 2 ge 2 ) () logun( ).

Therefore, (5.8) holds for g; in (5.9). O

Finally, we have the following extensions of Theorems 3.1 and (4.1).

Theorem 5.2. Let D be convex, use D replace R® in (Hy)-(Hs), and in (Hy) we assume
further (VV,n)|yp <0. Then assertions in Theorems 3.1 and 4.1 hold for (1.2) replacing
(1.3).

Proof. The well-posedness of (1.2) as well as estimates (3.3) and (4.9) have been
included in [13, Theorems 2.7, 2.8], so that the other assertions follow from the
proofs of Theorems 3.1 and 4.1. Indeed, the proof of Theorem 3.1 has nothing to
do with the reflection. Moreover, by It6’s formula, (4.3) and (n,VV)|3p <0, we

derive
dV(Xt) < {KO (i’) —K; (t)V(Xt)}dt—l—th

for some local martingale M;, so that the proof of (4.11) works also for the present
case. 0
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