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Abstract. In this paper, we establish the existence of positive ground state so-
lutions for a class of mixed Schrödinger systems with concave-convex nonlin-
earities in R

2, that is
{

−∂xxu+(−∆)s
yu+λ1u=µ1up−1+βr1ur1−1vr2 ,

−∂xxv+(−∆)s
yv+λ2v=µ2vq−1+βr2ur1 vr2−1

subject to the L2-norm constraints
∫

R2
u2dxdy= a,

∫

R2
v2dxdy=b,

where (x,y)∈R
2, u,v≥0, s∈(1/2,1), µ1,µ2, β>0, r1,r2>1, the prescribed masses

a,b> 0, and the parameters λ1,λ2 appear as Lagrange multipliers. Moreover,
the exponents p,q,r1+r2 satisfy 2(1+3s)/(1+s)< p,q,r1+r2 < 2s, where 2s =
2(1+s)/(1−s). To obtain our main existence results, we employ variational
techniques such as the mountain pass theorem, the Pohozaev manifold, Steiner
rearrangement, and others, consolidating the works [ Jeanjean et al., Nonlinear
Differ. Equ. Appl. 31 (2024)].
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1 Introduction

In recent years, nonlinear fractional Schrödinger equations have attracted consid-
erable attention due to their wide-ranging applications in fields such as nonlinear
optics, ecology, biology, and fractional quantum mechanics. Among these, the
mixed Schrödinger operator

L=−∂xx+(−∆)s
y

has emerged as a critical tool in understanding anisotropic diffusion phenomena
and other complex systems. For more details about operator L, we refer to [5].
The work by Esfahani and Esfahani [5] provides a foundational framework for
this study by analyzing equations of the form

w+(−∆)s
xw+(−∆)yw= f (w), (x,y)∈R

n×R
m, (1.1)

where s∈(0,1) and m,n∈N. Here, the fractional Laplacian (−∆)s
x , defined (up to

a normalizing constant Cn,s) as

(−∆)s
xw(x,y)=Cn,s P.V.

∫

Rn

w(x,y)−w(z,y)

|x−z|n+2s
dz,

describes fractional diffusion in the x-direction, while the operator (−∆)yw ac-
counts for classical Laplacian effects in the y-direction. The nonlinearity f ∈
C1(R,R) is assumed to satisfy subcritical growth conditions, without Ambrosetti-
Rabinowitz condition.

The operator L has significant implications in modeling anisotropic diffusion,
particularly in stochastic processes such as Brownian motion and Lévy-Itô pro-
cesses, where directional sensitivity plays a vital role. These systems exhibit dif-
fusion behavior that is not uniform in all directions, providing a mathematical
representation of real-world scenarios involving non-isotropic movement.

Additionally, fractional operators are essential in describing systems with
long-range interactions. For instance, the fractional Laplacian (−∂yy)s, defined
via its Fourier transform as

F
(

D2s
y u

)

(ξ)= |ξ2 |2sF (u)(ξ),
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where D2s
y =(−∂yy)

s,ξ=(ξ1 ,ξ2), and F represents the Fourier transform, captures
the non-local nature of diffusion in the y-direction. The operator

L=−∂xx+D2s
y

has been employed in the study of toy models for parabolic equations, where dif-
fusion occurs locally in the x-direction while incorporating non-local diffusion in
the y-direction. This framework effectively models long-range interactions and
has applications in the two-dimensional generalized Benjamin-Ono-Zakharov-
Kuznetzov equation, which serves as a model for electromagnetic phenomena in
thin nano-conductors placed on dielectric substrates. Esfahani and Esfahani [5]
established that Eq. (1.1) possesses a positive ground state solution, which is ax-
ially symmetric. This operator has also been studied in simpler models [1, 3].
Felmer and Wang [7] further explored similar problems, focusing on the quali-
tative properties of positive solutions under various assumptions on f . More re-
cently, Gou et al. [9] provided a comprehensive study on the existence of solutions
to a specific problem on a plane

−∂xxw+(−∆)s
yw+w=wp−1 in R

2. (1.2)

They demonstrated that Eq. (1.2) admits a positive ground state solution that
is axially symmetric when 2< p < 2s. Furthermore, by applying the Pohozaev
identity, they showed that the problem admits only a trivial solution for p≥2s.

In 2024, Esfahani et al. [6] discussed the anisotropic nonlinear Schrödinger
equation on the plane, investigating the equation

−∂xxw+(−∆)s
yw+λw= |w|p−2w in R

2. (1.3)

They established the existence of normalized solutions to Eq. (1.3) in subcritical,
critical, and supercritical cases, utilizing the Pohozaev identity and the maximum
principle. To address the challenge of finding normalized solutions for nonlinear
Schrödinger equations, particularly under the L2-norm constraint

∫

R2
|w|2 dxdy= c>0,

we begin by exploring solutions to Eq. (1.4). The study of such solutions has
gained significant attention in the mathematical community, with pioneering
work by Lions [21] marking a key development through the concentration-com-
pactness method. This approach provided a foundational framework for prov-
ing the existence of normalized solutions in subcritical cases, which has since
been expanded by many researchers. For example, [19] extended Lions’ method,
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covering a wider range of nonlinearities. However, the problem becomes no-
tably more complex in the critical and supercritical cases, where Bellazzini and
Jeanjean [2] introduced an innovative constraint to advance the field. Further
advancements have been made by Hajaiej, Song and Pacherie [15,16,18], who de-
veloped comprehensive techniques to address the existence, non-existence, mul-
tiplicity, and uniqueness of normalized solutions. Despite these advancements,
the anisotropic case presents unique challenges that have not been thoroughly
investigated. Specifically, crucial aspects such as the maximum principle and
Pohozaev identity for solutions to Eq. (1.4) remain largely unexplored. These as-
pects are critical for understanding the behaviour of the anisotropic operator, re-
quiring novel approaches distinct from those used in the fractional setting, which,
while technically demanding, did not necessitate fundamentally new ideas. Our
research aims to address these gaps by investigating these fundamental prop-
erties in the anisotropic context. This work is essential to advancing the un-
derstanding of normalized solutions within this more complex framework. For
related studies on existence, non-existence, and the orbital stability of standing
waves under optimal nonlinearities, the reader may refer to [11–14]. For foun-
dational studies on Schrödinger systems with local and nonlocal nonlinearities,
as well as fractional Schrödinger systems with general nonlinearities, the reader
may refer to [10, 17]

In this paper, our aim is to establish the existence of normalized solutions for
the following anisotropic nonlinear Schrödinger system on the plane:















−∂xxu+(−∆)s
yu+λ1u=µ1|u|p−2u+βr1|u|r1−2u|v|r2 , (x,y) in R

2,

−∂xxv+(−∆)s
yv+λ2v=µ2|v|q−2v+βr2|u|r1 |v|r2−2v, (x,y) in R

2,

‖u‖2
L2(R2)

= a, ‖v‖2
L2(R2)

=b,

(1.4)

where s ∈ (1/2,1),µ1,µ2 > 0, β > 0,r1,r2 > 1, and the prescribed masses a,b > 0.
Moreover, we assume

2(1+3s)

1+s
< p,q,r1+r2<2s,

where 2s=2(1+s)/(1−s).
We first define the fractional Sobolev-Liouville space H1,s(R2). Let s∈ (0,1).

The fractional Sobolev-Liouville space H1,s(R2) is the set of all functions u ∈
L2(R2) such that

‖u‖=‖u‖L2(R2)+‖∂xu‖L2(R2)+
∥

∥(−∆)
s
2
y u

∥

∥

L2(R2)
<∞,

where (−∆)s/2
y is a fractional Laplacian operator with respect to the y variable,

defined as
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(−∆)
s
2
y u(x,y)=Cs P.V.

∫

R

u(x,y)−u(x,z)

|y−z|1+s
dz

with Cs being a normalizing constant and P.V. standing for the principal value.
The space H1,s(R2) is a Banach space with respect to the norm

‖u‖2
H1,s(R2) :=‖u‖2

L2(R2)+‖∂xu‖2
L2(R2)+

∥

∥(−∆)
s
2
y u

∥

∥

2

L2(R2)
.

Observe that the norms ‖u‖H1,s(R2) and ‖u‖ are equivalent. Furthermore, the
following relation holds:

1√
3
‖u‖≤‖u‖H1,s ≤‖u‖, ∀u∈H1,s(R2).

The product space D=H1,s(R2)×H1,s(R2) is equipped with the norm

‖(u,v)‖2
D

:=‖u‖2
H1,s(R2)+‖v‖2

H1,s(R2).

In this work, we address several significant challenges associated with the study
of normalized solutions for systems involving anisotropic operators. One of the
major novelties is the use of the fractional Laplacian with respect to the y-variable,
which introduces anisotropy into the system. This anisotropy complicates the
analysis due to the directional dependence of the diffusion operator, requiring
techniques that extend beyond the traditional methods used for isotropic or
purely fractional operators. A key difficulty we overcame is the analysis of the
Sobolev-Liouville space H1,s(R2), which combines both local and non-local be-
haviours. This makes the estimation of norms, particularly in proving coerciv-
ity, highly non-trivial. Furthermore, the presence of mixed nonlinearities with
concave-convex terms, along with L2 constraints, introduces additional challen-
ges in constructing suitable functionals and in the application of variational meth-
ods, such as the mountain pass theorem.

Organization of article

The paper is organized as follows. In Section 2, we present the hypotheses and
main results, including the introduction of the energy functional under normaliz-
ing constraints, the Pohozaev manifold, and the main theorems. We also discuss
preliminary concepts, such as ground state solutions a nd the scalar problem. In
Section 3, we focus on the Pohozaev manifold, coercivity, and the use of Steiner
rearrangement techniques. Section 4 is devoted to proving the existence of a spe-
cial Palais-Smale sequence and obtaining estimates for the constant C(a,b). Finally,
Section 5 presents the proof of the main Theorem 2.1.
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2 Preliminaries and main results

To state our primary findings, let us first review some definitions and existing
facts. The energy functional associated with the system (1.4) is defined by

J(u,v)=
1

2

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
+|∂xv|2+

∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

−µ1

p

∫

R2
|u|p dxdy−µ2

q

∫

R2
|v|q dxdy−β

∫

R2
|u|r1 |v|r2 dxdy. (2.1)

We consider the following sets corresponding to our normalization constraint:

Sa =

{

u∈H1,s(R2) :
∫

R2
u2dxdy= a

}

,

Sb=

{

u∈H1,s(R2) :
∫

R2
v2dxdy=b

}

.

The above functional J is well-defined and C1 on the product space D. For
(u0,v0)∈D, the Fréchet derivative of J at (u,v)∈D can be represented as

〈J′(u,v)|(u0 ,v0)〉=
∫

R2

(

∂xu∂xu0+(−∆)
s
2
y u(−∆)

s
2
y u0

)

dxdy

+
∫

R2

(

∂xv∂xv0+(−∆)
s
2
y v(−∆)

s
2
y v0

)

dxdy

−µ1

∫

R2
|u|p−2uu0 dxdy−µ2

∫

R2
|v|q−2vv0dxdy

−βr1

∫

R2
|u|r1−2uu0|v|r2 dxdy−βr2

∫

R2
|u|r1 |v|r2−2vv0dxdy,

where J′(u,v) is the Fréchet derivative of J at (u,v), and the duality bracket be-
tween the dual D

∗ and product space D is represented as 〈·,·〉.
As evident, P belongs to the class C1 and P

′
maps bounded sets to bounded

sets. The boundedness of the functional J(u,v) on Sa×Sb fails when
p > 2(1+3s)/(1+s). For (u,v)∈ Sa×Sb and t > 0, we introduce a scaling argu-
ment similar to (2.8). Consequently, we have (ut,vt) ∈ Sa×Sb, and the energy
functional becomes

J(ut,vt)=
1

2
t2s

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy

+
1

2
t2s

∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy
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−t
(1+s)(p−2)

2
µ1

p

∫

R2
|u|p dxdy−t

(1+s)(q−2)
2

µ2

q

∫

R2
|v|q dxdy

−t
(1+s)(r1+r2−2)

2 β
∫

R2
|u|r1 |v|r2 dxdy.

As t→+∞, the energy functional J, constrained on Sa×Sb, becomes unbounded
from below for any a,b>0. Hence, a global minimization approach becomes in-
effective in the supercritical case. Inspired by the minimization method on the
Pohozaev manifold, we aim to construct a submanifold within Sa×Sb where the
functional J(u,v) is bounded from below and coercive. Our goal is to find mini-
mizers of the energy functional J(u,v) on this submanifold, denoted by P(a,b). Ad-

ditionally, our analysis shows that the energy functional J|Sa×Sb
exhibits a moun-

tain pass geometry. This observation motivates the application of the moun-
tain pass theorem to identify a critical point of the functional. This approach
is built upon an advanced version of the min-max principle, initially developed
by Ghoussoub [8].

All critical points of J, subject to the constraint Sa×Sb, lie in P . This constraint
originates from the Pohozaev identity. To establish the existence of a ground state
solution, we prove the existence of a critical point of J such that

inf
P∩(Sa×Sb)

J(u,v)

is achieved. Prior to working over the original problem, let us first look into a re-
laxed problem. Let us introduce the set for a>0 as

Da :=
{

u∈H1,s(R2) : ‖u‖2
2≤ a

}

,

and for a>0,b>0 we define

P(a,b) :=P∩(Da×Db).

The relaxed problem is to look for a non-trivial critical point (u,v) ∈D of J re-
stricted to Da×Db at the level

C(a,b) := inf
P(a,b)

J(u,v). (2.2)

Once we find a solution to the relaxed problem, then we consider the original
problem. The following is our main result.

Theorem 2.1. Let 2(1+3s)/(1+s)< p,q,r1+r2<2s=2(1+s)/(1−s) and r1,r2>1.

Then the following holds true:
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(i) For a>0 and b∈ [bp,q,µ1,µ2,a,+∞). If

{

r1<2,

β>0,
or

{

r1=2,

β>βq,µ2 ,b,r2
,

then there exists a ground state solution (λ1,λ2,u,v) to (1.4). In addition, λ1>0,

λ2>0 and u,v are Steiner symmetric functions.

(ii) Let a>0 and b∈ (0,bp,q,µ1,µ2,a]. If

{

r2<2,

β>0,
or

{

r2=2,

β>βp,µ1 ,a,r1
,

then there exists a ground state solution (λ1,λ2,u,v) to (1.4). In addition, λ1>0,

λ2>0 and u,v are Steiner symmetric functions.

Corollary 2.1. Let 2(1+3s)/(1+s)< p,q,r1+r2 and r1>1,r2>1. Then the following

results hold:

(i) For any a>0 and β>0, there exists a ground state solution (λ1,λ2,u,v) of (1.4)

provided b∈ [bp,q,µ1,µ2,a,+∞) and r1 ≤ 2. In addition, λ1 > 0,λ2 > 0 and u,v are

Steiner symmetric functions.

(ii) For any a>0 and β>0, there exists a positive ground state solution (λ1,λ2,u,v)
to (1.4) provided b∈ (0,bp,q,µ1,µ2,a] and r2≤2. In addition, λ1 >0,λ2 >0 and u,v

are Steiner symmetric functions.

To attain the further characteristics of the ground states discussed in Theo-
rem 2.1 and its corollary, we take advantage of the fact that any minimum for

inf
P∩(Sa×Sb)

J(u,v)

is a critical point for J constrained to Sa×Sb and is attained by Steiner symmetric
functions.

2.1 Preliminaries

This section presents some preliminary observations.

Definition 2.1 (Ground State Solution). A non-trivial critical point (u1,v1) ∈ D\
{(0,0)} of J over D is said to be a ground state solution of (1.4) if its energy is minimal
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among all the non-trivial critical points, i.e.

J(u1,v1)=min
{

J(u,v) : (u,v)∈D\{(0,0)} and J′(u,v)=0
}

. (2.3)

We recall that there exists a solution to the following scalar problem for
p∈ (2,2s):

{

−∂xxu+(−∆)s
yu+u=up−1 in R

2,

u>0 in R
2,

(2.4)

actually it has a unique ground state solution in H1,s(R2), cf. [9]. For fixed
µ ∈R

+ and λ>0, we consider the solution pair (λ,w)∈R
+×H1,s(R2) of

{

−∂xxw+(−∆)s
yw+λw=µwp−1 in R

2,

w>0 in R
2

(2.5)

such that
∫

R2 w2dxdy = a. We define the energy functional corresponding to
(2.5) as

Fp,µ =
1

2

∫

R2

(

|∂xw|2+
∣

∣

∣
(−∆)

s
2
y w

∣

∣

∣

2)

dxdy−µ

p

∫

R2
|w|p dxdy,

and the unique solution corresponding to (2.5) is formally given by

zp,µ,a(x)=

(

λ

µ

)
1

p−2

up

(

λ
1
2 x,λ

1
2s y

)

, (2.6)

where up(x,y) is a solution of (2.4) and

λ= a
−2s(p−2)

(1+s)(p−2)−4s‖up‖
4s(p−2)

(1+s)(p−2)−4s

2 µ
−4s

(1+s)(p−2)−4s (2.7)

and p∈ (2,2s)\{2(1+3s)/(1+s)}. Let us define the set

P̃p,µ :=

{

w∈H1,s(R2)\{0} : s
∫

R2

(

|∂xw|2+
∣

∣(−∆)
s
2
y w

∣

∣

2)
dxdy

=
(1+s)(p−2)

2p
µ
∫

R2
|w|p dxdy

}

,

where µ is as in (2.5) and for a>0, consider P̃p,µ,a := P̃p,µ∩Sa. Recalling the fiber
map

wt(x,y) := t
1+s

2 w(tsx,ty) (2.8)

for t∈R
+, which keeps the L2-norm preserved, we get the following results.
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Lemma 2.1. The following results hold:

(i) The unique solution of (2.5) belongs to P̃p,µ,a. Moreover, Fp,µ is minimized on

P̃p,µ,a by the unique solution to (2.5).

(ii) If p 6=2(1+3s)/(1+s), then for any w 6=0, there exists a unique l= l(w)>0 such

that wl ∈P̃p,µ and it holds that

Fp,µ(wl)=















max
l>0

Fp,µ(wl), if
2(1+3s)

1+s
< p<2s,

min
l>0

Fp,µ(wl), if 2< p<
2(1+3s)

1+s
.

(2.9)

(iii) Let zp,µ,a be defined by (2.6). Then

mp,µ,a :=Fp,µ(zp,µ,a)= inf
w∈P̃p,µ,a

Fp,µ(w)

=















inf
w∈Sa

max
l>0

Fp,µ(wl), if
2(1+3s)

1+s
< p<2s,

inf
w∈Sa

min
l>0

Fp,µ(wl)= infw∈Sa Fp,µ(w), if 2< p<
2(1+3s)

1+s
.

Proof. (i) The proof of the first part is a simple consequence of Pohozaev iden-

tity (3.1) and for the second part, we refer [1, Theorem 2.1].

(ii) Let w 6=0 and l>0 then a straightforward computation yields

f (l)=Fp,µ(wl)=
l2s

2

∫

R2

(

|∂xw|2+
∣

∣(−∆)
s
2
y w

∣

∣

2)
dxdy− l

(1+s)(p−2)
2

µ

p

∫

R2
|w|p dxdy.

We can see that wl∈P̃p,µ if and only if “l” is a critical point of f . It is easy to verify

that when p 6=2(1+3s)/(1+s), following is a critical point of f :

lw=







∫

R2

(

|∂xw|2+
∣

∣(−∆)s/2
y w

∣

∣

2)
dxdy

(1+s)(p−2)/(2sp)µ
∫

R2
|w|p dxdy







2
(1+s)(p−2)−4s

and

f (lw)=
(1+s)(p−2)−4s

4sp

(

∫

R2

(

|∂xw|2+
∣

∣

∣
(−∆)

s
2
y w

∣

∣

∣

2)

dxdy

)

(1+s)(p−2)
(1+s)(p−2)−4s

×
(

µ
∫

R2
|w|p dxdy

)
−4s

(1+s)(p−2)−4s
(

2sp

(1+s)(p−2)

)

(1+s)(p−2)
(1+s)(p−2)−4s

.
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In addition, the maximum is reached by f (l)> 0 if p> 2(1+3s)/(1+s), and the

minimum is reached by f (l)<0 if p<2(1+3s)/(1+s). Hence, (2.9) holds.

(iii) Since zp,µ,a minimizes Fp,µ. Hence, Fp,µ achieves its infimum, and by (i) and

(ii), we can say that if 2(1+3s)/(1+s)<p<2s then mp,µ,a=infw∈Sa
maxl>0Fp,µ(wl)

and if 2< p<2(1+3s)/(1+s), then

mp,µ,a= inf
w∈Sa

min
l>0

Fp,µ(wl).

This completes the proof.

Lemma 2.2. The following results hold:

(i) If p ∈ (2(1+3s)/(1+s),2(1+s)/(1−s)), then mp,µ,a is a continuous, strictly

decreasing function with respect to a∈R
+ and

lim
a→0+

mp,µ,a=+∞, lim
a→+∞

mp,µ,a=0.

(ii) If p∈ (2,2(1+3s)/(1+s)), then mp,µ,a is a continuous, strictly decreasing func-

tion with respect to a∈R
+ and

lim
a→0+

mp,µ,a=0, lim
a→+∞

mp,µ,a=−∞.

Proof. By Lemma 2.1(iii), we know that mp,µ,a=Fp,µ(zp,µ,a), which gives

mp,µ,a=

(

(1+s)(p−2)−4s

4sp

)

µ
−4s

(1+s)(p−2)−4s‖up‖
4sp−2(1+s)(p−2)
(1+s)(p−2)−4s

2 a
−2sp+(1+s)(p−2)
(1+s)(p−2)−4s

∫

R2
|u|p dxdy.

If 2(1+3s)/(1+s)< p<2(1+s)/(1−s), we see that the exponent

−2sp+(1+s)(p−2)

(1+s)(p−2)−4s
<0,

hence, mp,µ,a strictly decreases with respect to a∈R
+. Furthermore,

lim
a→0+

mp,µ,a=+∞, lim
a→+∞

mp,µ,a=0.

Similarly, if 2< p<2(1+3s)/(1+s), then

−2sp+(1+s)(p−2)

(1+s)(p−2)−4s
>0,
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and noting that
(1+s)(p−2)−4s

4sp
<0.

Thus, in this scenario as well, mp,µ,a strictly decreases with respect to a ∈ R
+.

Additionally,

lim
a→0+

mp,µ,a=0, lim
a→+∞

mp,µ,a=−∞.

This finishes the proof.

Now for fixed p,q,µ1,µ2 as given in (1.4) and for a>0, let us define

α=
µ2

(

(q−2)(1+s)−4s
)(

2sp−(1+s)(p−2)
)

µ1

(

(p−2)(1+s)−4s
)(

2sq−(1+s)(q−2)
) ,

bp,q,µ1,µ2,a :=(α)
(q−2)(1+s)−4s

2sq−(1+s)(q−2) ‖uq‖
4(q−2)

2sq−(1+s)(q−2)

2 ‖up‖
− 4(p−2)

2sq−(1+s)(q−2)
(q−2)(1+s)−4s
(p−2)(1+s)−4s

2

×a
(q−2)(1+s)−4s
(p−2)(1+s)−4s

2sp−(1+s)(p−2)
2sq−(1+s)(q−2) ,

βp,µ,a,r :=
1

2
inf

h∈H1,s(R2)\{0}

[

∫

R2

(

|∂xh|2+
∣

∣(−∆)s/2
y h

∣

∣

2)
dxdy

]

∫

R2
|zp,µ,a|r|h|2dxdy

. (2.10)

3 Pohozaev type constraint

Definition 3.1 (Pohozaev Manifold). The following natural constraint determines the

minimum of the energy functional J, which represents the ground state solution of the

above problem:

P=
{

(u,v)∈D\{(0,0)} : P(u,v)=0
}

, (3.1)

where

P(u,v)= s
∫

R2

(

|∂xu|2+
∣

∣

∣
(−∆)

s
2
y u

∣

∣

∣

2
+
∣

∣∂xv|2+
∣

∣

∣
(−∆)

s
2
y v

∣

∣

∣

2)

dxdy

− (1+s)(p−2)

2p
µ1

∫

R2
|u|p dxdy− (1+s)(q−2)

2q
µ2

∫

R2
|v|q dxdy

− (1+s)(r1+r2−2)

2
β
∫

R2
|u|r1 |v|r2 dxdy. (3.2)
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As evident, P belongs to the class C1 and P
′

maps bounded sets to bounded
sets. Let us introduce the set for a>0 as

Da :=
{

u∈H1,s(R2) :‖u‖2
2 ≤ a

}

,

and for a>0,b>0 we define

P(a,b) :=P∩(Da×Db).

We prove that the constraint P does not yield a Lagrange parameter in this sec-
tion, among other aspects of the constraint identified. Assume that

2(1+3s)

1+s
< p,q,r1+r2<2s=

2(1+s)

1−s

throughout this article. To begin with, following [6, Theorem 2.2], we can estab-
lish the result below.

Lemma 3.1. Every non-negative solution (u,v)∈D\{(0,0)} of

{

−∂xxu+(−∆)s
yu+λ1u=µ1up−1+βr1ur1−1vr2 ,

−∂xxv+(−∆)s
yv+λ2v=µ2vq−1+βr2ur1 vr2−1,

(3.3)

belongs to P , where P is the Pohozaev manifold defined in (3.1).

Let us now define φ(u,v) :R+→R for every fixed (u,v) 6=(0,0) ∈ D by

φ(u,v)(t) := J(ut,vt)

=
1

2
t2s

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy

+
1

2
t2s

∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

−t
(1+s)(p−2)

2
µ1

p

∫

R2
|u|p dxdy−t

(1+s)(q−2)
2

µ2

q

∫

R2
|v|q dxdy

−t
(1+s)(r1+r2−2)

2 β
∫

R2
|u|r1 |v|r2 dxdy.

A direct calculation shows that

φ′
(u,v)(t)=

d

dt
J(ut,vt)

= st2s−1
∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy
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+st2s−1
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

− (1+s)(p−2)

2
t
(1+s)(p−2)−2

2
µ1

p

∫

R2
|u|p dxdy

− (1+s)(q−2)

2
t
(1+s)(q−2)−2

2
µ2

q

∫

R2
|v|q dxdy

− (1+s)(r1+r2−2)

2
t
(1+s)(r1+r2−2)−2

2 β
∫

R2
|u|r1 |v|r2 dxdy, (3.4)

which implies P(u,v) = φ′
(u,v)(1) and P(ut,vt) = tφ′

(u,v)(t). As a consequence of

this, we have the following result.

Lemma 3.2. For every (u,v) 6=(0,0) ∈ D, t∈R
+ is a critical point of φ(u,v)(t) if and

only if (ut,vt)∈P .

Corollary 3.1. For any (0,0) 6=(u,v)∈Da×Db, there exists a unique t0=t(u,v)>0 such

that (ut,vt)∈P(a,b). Furthermore, t(u,v)< (respectively =,>)1 if and only if P(u,v)<
(respectively=,>)0.

Proof. For any t>0, since (u,v)∈Da×Db we have that (ut,vt)∈Da×Db, recalling

that the fiber map (2.8) retains the L2-norm. Then by Lemma 3.2, (ut,vt)∈P(a,b) if

and only if φ′
(u,v)

(t)=0. Now, by (3.4) and

2(1+3s)

1+s
< p,q,r1+r2<2s,

we obtain a unique t0= t(u,v) satisfying φ(u,v)(t0)=maxt>0φ(u,v)(t). Also

φ′
(u,v)(t)>0, 0< t< t(u,v),

φ′
(u,v)(t)<0, t> t(u,v).

So combining with P(u,v)=φ′
(u,v)(1), we obtain that

P(u,v)< (respectively =,>)0

⇔ φ′
(u,v)(1)< (respectively =,>)0

⇔ t(u,v)< (respectively =,>)1.

This finishes the proof.
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Lemma 3.3. For every (u,v) satisfying P(u,v)=0, there exists some C0>0 depending

only on p,q,r1,r2 such that

J(u,v)≥C0

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy

+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

.

Proof. For
2(1+3s)

1+s
< p,q,r1+r2<2s,

we set

τ :=max

{

2s

(p−2)(1+s)
,

2s

(q−2)(1+s)
,

2s

(r1+r2−2)(1+s)

}

,

then one can see that 0<τ<1/2. By the definition of τ,

µ1

p
‖u‖p

p+
µ2

q
‖v‖q

q+β
∫

R2
|u|r1 |v|r2 dxdy

≤τ

{

(p−2)(1+s)

2sp
µ1‖u‖p

p+
(q−2)(1+s)

2sq
µ2‖v‖q

q

}

+
(r1+r2−2)(1+s)

2s
βτ

∫

R2
|u|r1 |v|r2dxdy.

So for any (u,v) with P(u,v)=0, we have that

µ1

p
‖u‖p

p+
µ2

q
‖v‖q

q+β
∫

R2
|u|r1 |v|r2 dxdy

≤τ

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

.

Hence, we can take C0 :=1/2−τ>0 such that

J(u,v)=
1

2

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

−
[

µ1

p
‖u‖p

p+
µ2

q
‖v‖q

q+β
∫

R2
|u|r1 |v|r2dxdy

]

≥ 1

2

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]
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−τ

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

=C0

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

.

This finishes the proof.

The following property is an immediate consequence of the above result.

Corollary 3.2. For any a>0,b>0, J|P(a,b)
is coercive.

We now prove that C(a,b)>0 over Da×Db, where

C(a,b) := inf
P(a,b)

J(u,v). (3.5)

It shall be a result of the following lemma.

Lemma 3.4. For any given a,b≥0 with (a,b) 6=(0,0), there exists some δ(a,b)>0 such

that

inf
(u,v)∈P(a,b)

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
+|∂xv|2+

∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

≥δ(a,b).

Proof. Let us revisit the widely known Gagliardo-Nirenberg inequality [6, Lem-

ma 2.1]. For s∈ (0,1) and

2≤ p< ps =
2(1+s)

1−s
,

there exists a constant Cs,p>0 such that

∫

R2
|u|p dxdy≤Cs,p

(

∫

R2
|∂xu|2dxdy

)

p−2
4
(

∫

R2

∣

∣(−∆)
s
2
y u

∣

∣

2
dxdy

)

p−2
4s

×
(

∫

R2
|u|2 dxdy

)

p
2−

(p−2)(1+s)
4s

for all u∈H1,s(R2). If s> 1/2, then p= ps is allowed. The sharp constant Cs,p is

given as

C−1
s,p =(2ps)−1(p−2)

(p−2)(1+s)
4s s

p−2
4
(

2(1+s)−p(1−s)
)

4s−(p−2)(1+s)
4s ‖ν‖p−2

L2 , (3.6)

where ν is a ground state of (2.4). Using the arguments given in [4, Page 7] , it is
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possible to show that there is a constant CH >0 such that

∫

R2
|u|p dxdy≤CH

(

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy

)

(p−2)(1+s)
4s

×
(

∫

R2
|u|2 dxdy

)

p
2 −

(p−2)(1+s)
4s

for all u∈H1,s(R2) and the sharp constant CH is

C−1
H =(2ps)−1

(

(p−2)(s+1)
)

(p−2)(1+s)
4s

(

2(1+s)−p(1−s)
)

4s−(p−2)(1+s)
4s ‖ν‖p−2

L2 .

For any (u,v)∈P , equation P(u,v)=0 suggests that one or more of the following

must be true:

(i)
1

3

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxd

]

≤ (p−2)(1+s)

2sp
µ1‖u‖p

p,

(ii)
1

3

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy
]

≤ (q−2)(1+s)

2sq
µ2‖v‖q

q,

(iii)
1

3

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

≤ (r1+r2−2)(1+s)

2s
β
∫

R2
|u|r1 |v|r2 dxdy.

We now analyze each case separately.

Case (i): Let u,v∈Da×Db then ‖u‖2
2 ≤ a and ‖v‖2

2 ≤ b. Now if (i) holds, we have

that

1

3

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

≤ (p−2)(1+s)

2sp
µ1CH

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy

]

(p−2)(1+s)
4s
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×
[

∫

R2
|u|2dxdy

]

p
2 −

(p−2)(1+s)
4s

≤ (p−2)(1+s)

2sp
µ1CH

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
+|∂xv|2+

∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

(p−2)(1+s)
4s

×
[

∫

R2

(

|u|2+|v|2
)

dxdy

]

p
2−

(p−2)(1+s)
4s

.

By
2(1+3s)

1+s
< p,q,r1+r2<2s=

2(1+s)

1−s
,

we have that
(p−2)(1+s)

4s
>1,

p

2
− (p−2)(1+s)

4s
>0.

Hence, we get

[

∫

R2

(

|∂xu|2+
∣

∣

∣
(−∆)

s
2
y u

∣

∣

∣

2)

dxdy+
∫

R2

(

|∂xv|2+|(−∆)yv|2
)

dxdy

]

≥
(

3(p−2)(1+s)

2sp
µ1CH

)− 4s
(1+s)(p−2)−4s

[

∫

R2
(|u|2+|v|2)dxdy

]− 2sp−(p−2)(1+s)
(1+s)(p−2)−4s

≥
(

3(p−2)(1+s)

2sp
µ1CH

)− 4s
(1+s)(p−2)−4s

[

1

a+b

]

2sp−(p−2)(1+s)
(1+s)(p−2)−4s

. (3.7)

Case (ii): Similarly, if (ii) holds, we have

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣

∣
(−∆)

s
2
y v

∣

∣

∣

2)

dxdy

]

≥
(

3(q−2)(1+s)

2sq
µ2CH

)− 4s
(1+s)(q−2)−4s

[

∫

R2
(|u|2+|v|2)dxdy

]− 2sq−(q−2)(1+s)
(1+s)(q−2)−4s

≥
(

3(q−2)(1+s)

2sq
µ2CH

)− 4s
(1+s)(q−2)−4s

[

1

a+b

]

2sq−(q−2)(1+s)
(1+s)(q−2)−4s

. (3.8)

Case (iii): In the event that (iii) holds, Hölder’s inequality shows that

[

∫

R2

(

|∂xu|2+|(−∆)
s
2
y u|2

)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]
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≥
(

3(r1+r2−2)(1+s)

2s
βCH

)− 4s
(1+s)(r1+r2−2)−4s

×
[

∫

R2
(|u|2+|v|2)dxdy

]− 2s(r1+r2)−(r1+r2−2)(1+s)

(1+s)(r1+r2−2)−4s

≥
(

3(r1+r2−2)(1+s)

2s
βCH

)− 4s
(1+s)(r1+r2−2)−4s

[

1

a+b

]

2s(r1+r2)−(r1+r2−2)(1+s)
(1+s)(r1+r2−2)−4s

. (3.9)

In each of the above cases from (3.7)-(3.9), we can find some δ(a,b)>0 such that

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

≥δ(a,b)

for all (u,v)∈P(a,b) . This finishes the proof.

Corollary 3.3. For any (a,b)∈R
+×R

+,

C(a,b)= inf
(0,0) 6=(u,v)∈Da×Db

max
t>0

J(ut,vt)>0.

Proof. For any (u,v)∈P(a,b) , by Lemmas 3.3 and 3.4, we have that

J(u,v)≥C0

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

≥C0δ(a,b)>0.

Hence, C(a,b) is well defined and C(a,b)≥C0δ(a,b)>0. Furthermore, by Corollary 3.1,

one can see that

inf
P(a,b)

J(u,v)= inf
(0,0) 6=(u,v)∈Da×Db

max
t>0

J(ut,vt).

This finishes the proof.

In conclusion of this section, we demonstrate that every critical point of J re-
stricted to P(a,b) is a critical point of J restricted to Da×Db. This suggests, specif-
ically, that a ground state for problem (1.4) is a minimizer of C(a,b).

Lemma 3.5. For any (u,v)∈P which is a critical point of J|P(a,b)
satisfying φ′′

(u,v)(1) 6=0,

then there exist λ1,λ2∈R such that

J′(u,v)+λ1(u,0)+λ2(0,v)=0.
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Proof. First of all, it is evident that there is λ1,λ2,µ∈R such that

J′(u,v)+λ1(u,0)+λ2(0,v)+µP′(u,v)=0 (3.10)

in D
−1, the dual space of D. Thus, all we have to do is demonstrate that µ= 0.

Let us demonstrate the following functional using (3.10) as:

ψ(u,v) := J(u,v)+
1

2

∫

R2
λ1|u|2+

1

2

∫

R2
λ2|v|2+µP(u,v).

Given (u,v) solves (3.10), it follows that t= 1 is a critical point of φ̃(u,v) : R
+→R

defined by

φ̃(u,v)(t) :=ψ(ut ,vt)=φ(u,v)(t)+
1

2

∫

R2
λ1|u|2+λ2|v|2+µtφ′

(u,v)(t).

Now, we have

φ̃′
(u,v)(t)=

d

dt
ψ(ut,vt)=(1+µ)φ′

(u,v)(t)+µφ′′
(u,v)(t).

We obtain that µφ′′
(u,v)(1)=0 by substituting t=1 and φ′

(u,v)(1)=P(u,v)=0. This

says that φ′′
(u,v)(1) 6=0 implies µ=0.

Lemma 3.6. For any (u,v)∈P , we have φ′′
(u,v)(1)<0.

Proof. Through direct calculation, we obtain that

φ′′
(u,v)(1)= s(2s−1)

[

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
+|∂xv|2+

∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

− (p−2)(1+s)

2p

(p−2)(1+s)−2

2
µ1

∫

R2
|u|pdxdy

− (q−2)(1+s)

2q

(q−2)(1+s)−2

2
µ2

∫

R2
|u|qdxdy

− (r1+r2−2)(1+s)

2

(r1+r2−2)(1+s)−2

2
β

(

∫

R2
|u|r1 |v|r2 dxdy

)

.

In contrast, we have for any (u,v)∈P ,

s
∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
+|∂xv|2+

∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

=
(1+s)(p−2)

2p
µ1

∫

R2
|u|p dxdy+

(1+s)(q−2)

2q
µ2

∫

R2
|v|q dxdy

+
(1+s)(r1+r2−2)

2
β
∫

R2
|u|r1 |v|r2 dxdy.
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Using this, we can rewrite

φ′′
(u,v)(1)=−[(p−2)(1+s)−4s]

(p−2)(1+s)

4p
µ1

∫

R2
|u|pdxdy

−[(q−2)(1+s)−4s]
(q−2)(1+s)

4q
µ2

∫

R2
|u|qdxdy

−[(r1+r2−2)(1+s)−4s]
(r1+r2−2)(1+s)

4
β
∫

R2
|u|r1 |v|r2 dxdy.

Imposing the conditions

2(1+3s)

1+s
< p,q,r1+r2<2s=

2(1+s)

1−s

and (u,v) 6=(0,0) in above, we conclude that φ′′
(u,v)(1)<0.

Assume that (u∗,v∗) and (u#,v#) is the Steiner symmetrization of u and v for
any (u,v)∈P(a,b) with respect to x and y, respectively. Notice that (u∗)# =(u#)∗

is a function symmetric to both x and y. For a detailed study on Steiner sym-
metrization, we refer [22]. Following is an immediate outcome.

Lemma 3.7. Let
2(1+3s)

1+s
< p,q,r1+r2<2s=

2(1+s)

1−s
.

For any (u,v)∈P(a,b), there exists a unique t0=t(u∗,v∗)∈(0,1] such that ((ut)∗,(vt)∗)∈
P(a,b) and J((ut)∗,(vt)∗)≤ J(u,v) with respect to x. A similar result holds for the sym-

metrization with respect to y.

Proof. For any (u,v) ∈ P(a,b), we have (u,v) 6= (0,0). So by ‖u∗‖2
2 = ‖u‖2

2 and

‖v∗‖2
2 = ‖v‖2

2, we see that (u∗,v∗) ∈ (Da×Db)\{(0,0)}. Then by Corollary 3.1,

there exists a unique t0= t(u∗ ,v∗)>0 such that (u∗
t ,v∗t )∈P(a,b). By applying the re-

sult from [9, Proposition 3.1], we obtain that P(u∗,v∗)≤P(u,v)=0. Consequently,

by Corollary 3.1, it follows that t(u∗,v∗) ≤ 1. Moreover, as noted, we also have

J(u∗,v∗)≤ J(u,v) for every (u,v) 6=(0,0), again using the result from [9, Proposi-

tion 3.1]. Finally, combining these observations with the fact that

(u∗)k =(uk)
∗, ∀k∈R

+,

where uk(x,y)= k(1+s)/2u(ks x,ky). We finally obtain that

max
k>0

J
(

(u∗)k,(v∗)k

)

= J
(

(u∗)t,(v
∗)t

)

= J
(

(ut)
∗,(vt)

∗)

≤ J(ut,vt)≤max
k>0

J(uk ,vk)= J(u,v).

This finishes the proof.
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Remark 3.1. Specifically, Lemma 3.7 suggests that a pair (u,v)∈D of Steiner sym-

metric functions would attain C(a,b).

4 Existence of a special (PS)-sequence

In this segment, we establish the existence of a special Palais-Smale sequence for J
restricted to Da×Db at level C(a,b). For this, we first define the class of paths

Γ(a,b)=
{

g∈C([0,1],Da×Db) : g(0)∈L(a,b) and P
(

g(1)
)

<0
}

,

where

L(a,b) :=

{

(u,v)∈D :
∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
+|∂xv|2+

∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy≤ 1

2
δ(a,b)

}

.

Observe that ∅ 6=Γ(a,b). In fact, L(a,b) 6=∅, and we know that the set where P<0

is non-void from Corollary 3.1 since the map (u,v)→ (ut ,vt) is a continuous and
one-one map. Subsequently, we define

γ(a,b)= inf
g∈Γ(a,b)

max
t∈[0,1]

J
(

g(t)
)

,

and we claim that
γ(a,b)=C(a,b).

We can see that P>0 on L(a,b) as a consequences of combining Corollary 3.1 with

Lemma 3.4. Consequently, due to continuity of g, there exists a t∈ [0,1] such that
P(g(t)) = 0 for any g∈ Γ(a,b). It suggests that C(a,b) ≤ γ(a,b). On the other hand,
Corollary 3.1 yields the converse inequality which is γ(a,b)≤C(a,b). The equality
γ(a,b)=C(a,b) leads us to the conclusion that

inf
(u,v)∈P(a,b)

J(u,v)≥γ(a,b).

We note that we can now apply [8, Theorem 4.1] which asserts that for any col-
lection of pathways {gn}⊂Γ(a,b) such that as n→∞,

max
[0,1]

J(gn(t)) → C(a,b), (4.1)

there exists a sequence {(un,vn)}⊂D such that as n→∞,

(i) J(un,vn) → C(a,b),
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(ii) J′(un,vn)
∣

∣

Da×Db
→ 0,

(iii) dist
(

(un,vn),P(a,b)

)

→0,

(iv) dist
(

(un,vn),gn[0,1]
)

→ 0.

Due to Lemma 3.7, let ((u∗
n)

#,(v∗n)
#)⊂P(a,b) be a minimizing sequence for C(a,b).

Now, let {gn}⊂Γ(a,b) be the sequence of pathways as follows:

gn(t)=
(

(u∗
n)

#
kn

1+tkn
2
,(v∗n)

#
kn

1+tkn
2

)

,

where
(u∗

n)
#
kn

1+tkn
2
=
(

kn
1+tkn

2

)
1+s

2 (u∗
n)

#
((

kn
1+tkn

2

)s
x,
(

kn
1+tkn

2

)

y
)

,

k1 > 0 sufficiently tiny and k2 > 0 sufficiently large. Hence, gn(0) ∈ L(a,b) and

P(gn(1))<0 which states that gn ∈Γ(a,b). Now by using the Corollary 3.3 we can

say that sequence {gn} satisfies (4.1) i.e.

max
[0,1]

J
(

gn(t)
)

→ C(a,b).

By the help of (i)-(ii) we can see that {(un,vn)}⊂D is a Palais-Smale sequence for J
restricted to Da×Db at the level C(a,b). The property (iii), combined with the fact

that J is coercive on P(a,b) (see Corollary 3.2) and that J′ and P′ take bounded sets

into bounded set implies that {(un,vn)}⊂D is bounded and that P(un,vn)→ 0.
Now by compactness of the embedding, for each n∈N, there exists kn∈(kn

1 ,kn
1+kn

2 )
such that

dist
(

(un,vn),gn([0,1])
)

=
∥

∥(un,vn)−
(

(u∗
n)

#
kn

,(v∗n)
#
kn

)∥

∥. (4.2)

Up to a subsequence we can assume that ((u∗
n)

#
kn

,(v∗n)
#
kn
)⇀ (u,v) weakly in D

and ((u∗
n)

#
kn

,(v∗n)
#
kn
)→(u,v) strongly in Lη(R2)×Lη(R2) for all 2<η<2s. The fact

that the functions are radial leads to this strong convergence. The Palais-Smale
sequence {(un,vn)}⊂D exhibits convergence properties as a result of (4.2). We
have, after summarizing, a bounded sequence {(un,vn)}⊂ Da×Db such that as
n→∞, there hold

(i) J(un,vn)→C(a,b),

(ii) J′(un,vn)+λ1,n(un,0)+λ2,n(0,vn)→0 in D
−1 for some real sequences {λ1,n}

and {λ2,n},

(iii) P(un,vn)→0,

(iv) (un,vn)⇀(u,v) weakly in D and (un,vn)→(u,v) strongly in Lη(R2)×Lη(R2)
for all 2<η<2s. Additionally, we get u≥0 and v≥0.
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4.1 Estimation of C(a,b)

With the help of zp,µ,a defined in (2.6) and βp,µ,a,r defined in (2.10), we can observe
that

βp,µ,a,r =
1

2
λ

p−2−r
p−2 µ

r
p−2 inf

h∈H1,s(R2)\{0}

[

∫

R2

(

|∂xh|2+
∣

∣(−∆)
s
2
y h

∣

∣

2
)

dxdy

]

∫

R2
ur

ph2dxdy
.

Now substituting the value of λ (see (2.7)), we obtain that

βp,µ,a,r =
1

2
µ

r(1+s)−4s
(1+s)(p−2)−4s‖u‖

4s(p−2−r)
(1+s)(p−2)−4s

2 a
− 2s(p−2−r)

(1+s)(p−2)−4s

× inf
h∈H1,s(R2)\{0}

∫

R2

(

|∂xh|2+|(−∆)s/2
y h|2

)

dxdy
∫

R2
ur

p h2 dxdy
.

Lemma 4.1. For p∈ (2,+∞),µ,a,r>0, it holds that βp,µ,a,r =0.

Proof. We remark that the embedding H1,s(R2) →֒ L∞(R2) does not hold true,

so there exists a sequence {ψn}⊂H1,s(R2) with ‖ψn‖H1,s = 1, but ‖ψn‖∞ →∞ as

n→∞. In particular, by the property of rearrangement, without loss of generality,

we can assume that ψn=(ψ∗
n)

#. So we have that

ψn(x)=ψn(|x|), ψn(0)=‖ψn‖∞.

Now we set

hn(x)=

{

ψn(0), if |x|≤n,

ψn(|x|−n), if |x|≥n.

Then, we have

‖∂xhn‖2
2+

∥

∥(−∆)
s
2
y hn

∥

∥

2

2
=‖∂xψn‖2

2+
∥

∥(−∆)
s
2
y ψn

∥

∥

2

2
≤‖ψn‖2

H1,s =1

and
∫

R2
ur

p(x)h
2
n(x)dxdy≥

∫

|x|≤n
ψ2

n(0)u
r
p(x)dx

=‖ψn‖2
∞

∫

|x|≤n
ur

p(x)dxdy → ∞ as n → ∞.
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This implies

inf
0 6=h∈H1,s(R2)

[

∫

R2

(

|∂xh|2+
∣

∣(−∆)s/2
y h

∣

∣

2
)

dxdy

]

∫

R2
ur

p h2dxdy
=0,

that is, we get βp,µ,a,r =0. This finishes the proof.

Lemma 4.2. The following results hold:

(i) If 1<r1<2, then C(a,b)<mq,µ2,b. If r1=2, then C(a,b)<mq,µ2,b provided β>βq,µ2,b,r2
.

(ii) If 1<r2<2, then C(a,b)<mp,µ1,a. If r2=2, then C(a,b)<mp,µ1,a provided β>βp,µ1,a,r1
.

Proof. We will show the proof of only result (ii), the proof of (i) being identical in

nature. We write z:=zp,µ1,a in order to keep things simple. Let for any h∈H1,s(R2)

with ‖h‖2
2 = 1, we have that (z,lh)∈ Da×Db provided |l|<

√
b. For any l, there

exists a unique t= t(l)>0 such that (zt,lht)∈P(a,b), where t= t(l) is determined

by
∫

R2

(

|∂xz|2+
∣

∣(−∆)
s
2
y z

∣

∣

2
)

dxdy+ l2
∫

R2

(

|∂xh|2+
∣

∣(−∆)
s
2
y h

∣

∣

2
)

dxdy

=
(p−2)(1+s)

2ps
µ1‖z‖p

p t
(p−2)(1+s)−4s

2 +
(q−2)(1+s)

2qs
µ2‖h‖q

q lq t
(q−2)(1+s)−4s

2

+
(r1+r2−2)(1+s)

2s
β

(

∫

R2
|z|r1 |h|r2 dxdy

)

lr2 t
(r1+r2−2)(1+s)−4s

2 .

From the implicit function theorem, we know that t(l)∈C1 locally around l = 0.

Taking the derivative with respect to l on both sides, we obtain that

t′(l)=
Ph(l)

Qh(l)
,

where

Ph(l) :=2l
∫

R2

(

∣

∣∂xh|2+
∣

∣(−∆)
s
2
y h

∣

∣

2
)

dxdy

− (q−2)(1+s)

2s
µ2‖h‖q

q |l|q−2l t
(q−2)(1+s)−4s

2

− (r1+r2−2)(1+s)

2s
βr2

(

∫

R2
|z|r1 |h|r2 dxdy

)

|l|r2−2l t
(r1+r2−2)(1+s)−4s

2 ,
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Qh(l) :=
(p−2)(1+s)−4s

2

(p−2)(1+s)

2ps
µ1‖z‖p

p t
(p−2)(1+s)−4s−2

2

+
(q−2)(1+s)−4s

2

(q−2)(1+s)

2qs
µ2‖h‖q

q lq t
(q−2)(1+s)−4s−2

2

+
(r1+r2−2)(1+s)−4s

2

(r1+r2−2)(1+s)

2s
β

(

∫

R2
|z|r1 |h|r2 dxdy

)

× lr2 t
(r1+r2−2)(1+s)−4s−2

2s .

Case (i): 1< r2<2. In such a case, for |l| small,

Ph(l)=− (r1+r2−2)(1+s)

2s
βr2

(

∫

R2
|z|r1 |h|r2 dxdy

)

|l|r2−2l
(

1+o(1)
)

,

Qh(l)=
(p−2)(1+s)−4s

2

(p−2)(1+s)

2ps
µ1‖z‖p

p

(

1+o(1)
)

.

So

t′(l)=−Mhr2|l|r2−2l
(

1+o(1)
)

,

where

Mh :=
(r1+r2−2)(1+s)β

∫

R2
|z|r1 |h|r2 dxdy

(

(p−2)(1+s)−4s
)

s
∫

R2

(

|∂xz|2+
∣

∣(−∆)s/2
y z

∣

∣

2)
dxdy

.

Then, we get

t(l)=1−Mh |l|r2
(

1+o(1)
)

,

and for any τ>0,

t(l)τ =1−τMh|l|r2
(

1+o(1)
)

.

Thus, we have

J(zt(l),lht(l))− J(z,0)

=
1

2

(

t2s(l)−1
)

∫

R2

(

|∂xz|2+
∣

∣(−∆)
s
2
y z

∣

∣

2
)

dxdy−µ1

p
‖z‖p

p

(

t(l)
(p−2)(1+s)

2 −1
)

+
1

2
l2t2s(l)

∫

R2

(

|∂xh|2+
∣

∣(−∆)
s
2
y h

∣

∣

2
)

dxdy−µ2

q
‖h‖q

q lqt(l)
(q−2)(1+s)

2

−β
∫

R2
|z|r1 |h|r2 dxdy |l|r2 t(l)

(r1+r2−2)(1+s)
2

=−s
∫

R2

(

|∂xz|2+
∣

∣(−∆)
s
2
y z

∣

∣

2
)

dxdy Mh|l|r2 o(1)
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−β
∫

R2
|z|r1 |h|r2 dxdy |l|r2

(

1+o(1)
)

=−β
∫

R2
|z|r1 |h|r2 dxdy |l|r2

(

1+o(1)
)

.

Hence, if 1< r2<2, by taking l close to 0, we obtain that

C(a,b)≤ J(zt(l),lht(l))< J(z,0)=mp,µ1 ,a.

Case (ii): r2=2. In such a case, we have, for l>0 small,

Ph(l)=

[

2
∫

R2

(

∣

∣∂xh|2+
∣

∣(−∆)
s
2
y h

∣

∣

2
)

dxdy− (1+s)

s
βr1

∫

R2
|z|r1 |h|2dxdy

]

l
(

1+o(1)
)

,

and

t′(l)= M̄h l
(

1+o(1)
)

,

where

M̄h :=
2s

∫

R2

(

|∂xh|2+
∣

∣(−∆)s/2
y h

∣

∣

2
)

dxdy−(1+s)βr1

∫

R2
|z|r1 |h|2dxdy

((p−2)(1+s)−4s)/2s
∫

R2

(

|∂xz|2+
∣

∣(−∆)s/2
y z

∣

∣

2)
dxdy

.

Then, we have

t(l)=1+
1

2
M̄h l2

(

1+o(1)
)

,

and for any τ>0,

t(l)τ =1+
τ

2
M̄h l2

(

1+o(1)
)

.

Thus, using the same reasoning as in the 1<r2<2 case, we arrive at the conclusion

that

J
(

zt(l),lht(l)

)

− J(z,0)

=
1

2

(

t2s(l)−1
)

∫

R2

(

|∂xz|2+
∣

∣(−∆)
s
2
y z

∣

∣

2
)

dxdy−µ1

p
‖z‖p

p

(

t(l)
(p−2)(1+s)

2 −1
)

+
1

2
l2t(l)2s

∫

R2

(

|∂xh|2+
∣

∣(−∆)
s
2
y h

∣

∣

2
)

dxdy−µ2

q
‖h‖q

qlqt(l)
(q−2)(1+s)

2

−β
∫

R2
|z|r1 |h|2 dxdy |l|2t(l)

r1(1+s)
2

=

[

1

2

∫

R2

(

|∂xh|2+
∣

∣(−∆)
s
2
y h

∣

∣

2
)

dxdy−β
∫

R2
|z|r1 |h|2 dxdy

]

l2
(

1+o(1)
)

.
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Then for any β>βp,µ1 ,a,r1
, there exists some h∈H1,s(R2) such that

1

2

∫

R2

(

|∂xh|2+
∣

∣(−∆)
s
2
y h

∣

∣

2
)

dxdy−β
∫

R2
|z|r1 |h|2dxdy<0,

and for such a h and |l| small, we have J(zt(l),lht(l))− J(z,0)<0. Hence, we have

C(a,b)<mp,µ1,a.

This finishes the proof.

5 Proof of main theorem

The following outcome will directly lead to Theorem 2.1.

Theorem 5.1. Let
2(1+3s)

1+s
< p,q,r1+r2<2s=

2(1+s)

1−s

and µ1,µ2, β, a,b ∈R
+. Let {(un,vn)} ⊂ Da×Db be a bounded sequence such that as

n→∞, there hold

(i) J(un,vn)→C(a,b),

(ii) J′(un,vn)+λ1,n(un,0)+λ2,n(0,vn)→0 in D
−1 for some real sequences {λ1,n}

and {λ2,n},

(iii) P(un,vn)→0,

(iv) (un,vn)⇀ (u,v) weakly in D and (un,vn)→ (u,v) strongly in Lη(R2)×Lη(R2)
for all 2<η<2s. In addition u≥0 and v≥0.

Assume that

C(a,b)<min{mp,µ1,a,mq,µ2,b}, (5.1)

where mp,µ1,a := J(zp,µ1 ,a,0) and mq,µ2,b := J(0,zq,µ2,b). Then, up to a subsequence,

(un,vn)→ (u,v) in D as n→∞ and (u,v)∈Sa×Sb.

Proof. Without loss of generality, we may assume that (un,vn) 6=(0,0) for all n∈N,

since J(un,vn)→ Ca,b > 0 = J(0,0), see Corollary 3.3. First note that (ii) can be

rewritten as : there exists sequences {λ1,n} and {λ2,n} such that
{

−∂xxun+(−∆)s
yun+λ1,nun−µ1u

p−1
n −βr1ur1−1

n vr2
n = o(1),

−∂xxvn+(−∆)s
yvn+λ2,nvn−µ2v

q−1
n −βr2ur1

n vr2−1
n = o(1).
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From the boundedness of {(un,vn)}⊂D, it follows that {λ1,n} and {λ2,n} are also

bounded and we can assume that λ1,n → λ1 and λ2,n → λ2 for some λ1,λ2. We

claim that

u 6=0, v 6=0. (5.2)

If not, without loss of generality, we may assume that u= 0. Then we have that

v 6=0. If not, from P(un,vn)→0 we get that
∫

R2

(

|∂xun|2+
∣

∣(−∆)
s
2
y un

∣

∣

2
)

dxdy+
∫

R2

(

|∂xvn|2+
∣

∣(−∆)
s
2
y vn

∣

∣

2
)

dxdy

=
(p−2)(1+s)

2ps
µ1‖un‖p

p+
(q−2)(1+s)

2qs
µ2‖vn‖q

q

+
(r1+r2−1)(1+s)

2s
β
∫

R2
|un|r1 |vn|r2 dxdy+o(1)= o(1),

where we have used that

‖un‖p
p= o(1), ‖vn‖q

q= o(1),
∫

R2
ur1

n vr2
n dx= o(1)

by the Hölder’s inequality and Gagliardo-Nirenberg inequality. This contradicts

Lemma 3.4, which proves the claim. Now we know that

0<‖v‖2
2≤ liminf

n→∞
‖vn‖2

2,

which implies v is a non-trivial (non-negative) solution to

−∂xxv+(−∆)s
yv+λ2v=µ2vq−1 in R

2, v∈H1,s(R2). (5.3)

Recalling the Pohozaev identity
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy=
(q−2)(1+s)

2qs
µ2‖v‖q

q,

and (5.3), we deduce that

λ2‖v‖2
2=

2qs−(q−2)(1+s)

2qs
µ2‖v‖q

q >0.

Hence, λ2>0. So by
∫

R2

(

|∂xvn|2+
∣

∣(−∆)
s
2
y vn

∣

∣

2
)

dxdy+λ2,n‖vn‖2
2

=µ2‖vn‖q
q+βr2

∫

R2
ur1

n vr2
n dxdy+o(1)=µ2‖v‖q

q+o(1)

=
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy+λ2‖v‖2
2+o(1).
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We have that vn → v in H1,s(R2). Now using that P(un,vn)→ 0, and un → 0 in

Lη(R2) for all 2<η<2s, it is easy to prove that

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy=0.

So, we have

J(0,v)= lim
n→∞

J(un,vn)=C(a,b).

Put δ := ‖v‖2
2, then δ ∈ (0,b]. By Lemma 2.1, one has that v= zq,µ2,δ and C(a,b)=

J(0,v)=mq,µ2,δ. However, by Lemma 2.2(i), and (5.1) we have mq,µ2,δ ≥mq,µ2,b >

C(a,b), a contradiction. This ends the proof of (5.2) and thus

0<‖u‖2
2 ≤ liminf

n→∞
‖un‖2

2, 0<‖v‖2
2≤ liminf

n→∞
‖vn‖2

2.

Now, from the convergence properties (iv), we deduce that (u,v) is a non-trivial,

solution to (3.3). In particular it holds that P(u,v)=0 and by

∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

≤ o(1)+
∫

R2

(

|∂xun|2+
∣

∣(−∆)
s
2
y un

∣

∣

2
)

dxdy+
∫

R2

(

|∂xvn|2+
∣

∣(−∆)
s
2
y vn

∣

∣

2
)

dxdy

= o(1)+
(p−2)(1+s)

2ps
µ1‖un‖p

p+
(q−2)(1+s)

2qs
µ2‖vn‖q

q

+
(r1+r2−2)(1+s)

2s
β
∫

R2
|un|r1 |vn|r2 dxdy

= o(1)+
(p−2)(1+s)

2ps
µ1‖u‖p

p+
(q−2)(1+s)

2qs
µ2‖v‖q

q

+
(r1+r2−2)(1+s)

2s
β
∫

R2
|u|r1 |v|r2 dxdy

= o(1)+
∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy.

We obtain that
∫

R2

(

|∂xun|2+
∣

∣(−∆)
s
2
y un

∣

∣

2
)

dxdy →
∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy,
∫

R2

(

|∂xvn|2+big|(−∆)
s
2
y vn

∣

∣

2
)

dxdy →
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy.
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Hence, J(u,v)= limn→∞ J(un,vn)=C(a,b). Recalling (3.3), we conclude that λ1>0,

λ2>0. Then by
∫

R2

(

|∂xun|2+
∣

∣(−∆)
s
2
y un

∣

∣

2
)

dxdy+λ1,n‖un‖2
2

=µ1‖un‖p
p+βr2

∫

R2
ur1

n vr1
n dxdy+o(1)

=µ1‖u‖p
p+βr2

∫

R2
ur1

n vr1
n dxdy+o(1)

=
∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+λ1‖u‖2
2+o(1),

we obtain that un→u in H1,s(R2). Similarly, we can prove that vn→v in H1,s(R2).
To obtain that (u,v) ∈ Sa×Sb and complete the proof we shall use Lemma 5.1

below.

Lemma 5.1. Let (u,v),λ1 ,λ2 be as given by Theorem 5.1. Then λ1 > 0 implies u∈ Sa

and λ2>0 implies that v∈Sb.

Proof. Suppose that λ1>0, we shall prove that u∈Sa . If not, δ:=‖u‖2
2∈(0,a). Then

for l>0 small enough, we still have that ((1+l)u,v)∈(Da×Db)\{(0,0)}. For any

given l, by Corollary 3.1, there exists a unique t= t(l)>0 such that ((1+l)ut ,vt)∈
P(a,b). Precisely, t= t(l) is determined by

(1+ l)2
∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy+
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

=
(p−2)(1+s)

2ps
µ1‖u‖p

p t
(p−2)(1+s)−4s

2 (1+ l)p+
(q−2)(1+s)

2qs
µ2‖v‖q

q t
(q−2)(1+s)−4s

2

+
(r1+r2−2)(1+s)

2s
β

(

∫

R2
|u|r1 |v|r2dxdy

)

t
(r1+r2−2)(1+s)−4s

2 (1+ l)r1 .

From the Implicit Function Theorem, we have that t(l)∈C1 . Then, since

J
(

(1+ l)ut,vt

)

=
1

2

[

(1+ l)2t2s
∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy

+t2s
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

−µ1

p
‖u‖p

p(1+ l)pt
(p−2)(1+s)

2 −µ2

q
‖v‖q

qt
(q−2)(1+s)

2

−β

(

∫

R2
|u|r1 |v|r2 dxdy

)

(1+ l)r1 t
(r1+r2−2)(1+s)

2 .
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Now, we have
d

dl
J
(

(1+ l)ut,vt

)

=(1+ l)t2s
∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy−µ1‖u‖p
p(1+ l)p−1t

(p−2)(1+s)
2

−βr1

(

∫

R2
|u|r1 |v|r2 dxdy

)

(1+ l)r1−1t
(r1+r2−2)(1+s)

2

+

[

s(1+ l)2t2s−1
∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy

+st2s−1
∫

R2

(

|∂xv|2+
∣

∣(−∆)
s
2
y v

∣

∣

2
)

dxdy

]

t′

− (p−2)(1+s)

2p
µ1‖u‖p

p(1+ l)pt
(p−2)(1+s)−2

2 t′− (q−2)(1+s)

2q
µ2‖v‖q

q t
(q−2)(1+s)−2

2 t′

− (r1+r2−2)(1+s)

2
β

(

∫

R2
|u|r1 |v|r2 dxdy

)

(1+ l)r1 t
(r1+r2−2)(1+s)−2

2 t′,

where t= t(l) and t′= t′(l). Putting l=0 and noting that t(0)=1, we have that
d

dl
J
(

(1+ l)ut(l),vt(l)

)∣

∣

l=0

=
∫

R2

(

|∂xu|2+
∣

∣(−∆)
s
2
y u

∣

∣

2
)

dxdy−µ1‖u‖p
p

−βr1

∫

R2
|u|r1 |v|r2dxdy+P(u,v)t′(0)−λ1‖u‖2

2.

Then, we get

C(a,b)≤ J
(

(1+ l)ut(l),vt(l)

)

< J(u,v)=C(a,b)

for l>0 small enough, a contradiction. Similarly, using that λ2>0, we can prove

that v∈Sb.

Proof of Theorem 2.1. Under the assumptions, by Lemma 4.2, we have that C(a,b)<

min{mp,µ1,a,mq,µ2,b}. Consider the Palais-Smale sequence {(un,vn)} ⊂ D, which

may be found in Section 4. By Theorem 5.1, we know that (un,vn)→(u,v)∈Sa×Sb;

specifically, (u,v) ∈ Pa,b and J(u,v) = C(a,b). Using Remark 3.1, we infer that J,

restricted to P(a,b), admits a minimum composed of Steiner symmetric functions,

denoted as (u,v). Lemmas 3.5 and 3.6 demonstrate that this minimum is a critical

point of J restricted to Da×Db. Consequently, the related Lagrange multipliers λ1

and λ2 are strictly positive, as proven in Theorem 5.1. Thus, we have shown that

(λ1,λ2,u,v)∈R
2×D

is a ground state of problem (1.4) with the desired symmetry properties.
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