Commun. Math. Anal. Appl. Vol. 5, No. 1, pp. 35-64
doi: 10.4208 /cmaa.2025-0021 February 2026

L>-Contraction and Asymptotic Stability
of Large Shock for Scalar Viscous
Conservation Laws

Alexis F. Vasseur!, Yi Wang?? and Jian Zhang**

! Department of Mathematics, The University of Texas at Austin,
Austin, TX 78712, USA.

2 State KS/ Laboratory of Mathematical Sciences and Institute
of Applie Mathematzcs AMSS, Chinese Academy of Sciences, Beijing

100190, P. R. China.

3 School of Mathematical Sciences, University of Chinese Academy of
Sciences, Beijing 101408, P. R. China.

% School of Mathematical Sciences, Chengdu University of Technology,
Chengdu 610059, P. R. China.

Received 3 September 2025; Accepted 10 October 2025

Abstract. We investigate [?-contraction and time-asymptotic stability of large
shock for scalar viscous conservation laws with polynomial flux. For the flux
f(u) =uP (2 < p<4) in the regime of its strict convexity, we can prove
L%-contraction and time-asymptotic stability of arbitrarily large viscous shock
profile in H L_framework by using a-contraction method with time-dependent
shift and suitable weight function, which answers a question in [Blochas and
Cheng, arXiv2501.01537, 2025]. Additionally, if the initial perturbation belongs

to L', then L? time-asymptotic decay rate t~!/# can be obtained.
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1 Introduction

We are concerned with L?-contraction and time-asymptotic stability of arbitrarily
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large shock for the following scalar viscous conservation laws with polynomial
flux:

uptf(u)y=uyy, f(u)=uf, (t,x)€R;LxR,
u(0,x)=up(x), (1.1)

i o) =
where u(x) is the given initial data and u+ €R are the prescribed far-field states.
We focus on the case that the asymptotic state of the solution to (1.1) is the viscous
shock wave. Therefore, it is assumed that p > 1 such that f(u) = u? is strictly
convex for u >0, and that
O<uy<u_. (1.2)

Remark that for the special case p =2, that is, the classical Burgers equation,
f"(u)=2and f(u)=u? is always strictly convex for any u € R, and then we only
need to assume that v <u_.

It can be expected that the large-time asymptotic behavior of the solution
to (1.1) and (1.2) is determined by the following viscous shock profile U (x —st):

{ —su'+f(Uu)y=u’, /:d%" E=x—st,

U(j:oo):ui,

(1.3)

where s is the shock speed determined by the Rankine-Hugoniot condition

g fue) —flu) (1.4)

Uy —uU—

Integrating (1.3) over (+oo,¢], we can get the following first order ODE:

U'=h(U)=—s(U—ns)+f(U) — f (uz)
U [FDf ) ) )] 05

U—uy Uy —U_

Note that the strict convexity of the flux f(u) implies the above decreasing mono-
tonicity of the viscous shock profile U(¢). Moreover, the existence of the viscous
shock profile U(¢) to (1.3) is standard and it is unique up to any constant transla-
tion.

The stability of viscous shock wave for conservation laws has been exten-
sively studied since the pioneer works of Hopf [5], II'in and Oleinik [8] for one-
dimensional (1D) scalar equation. In 1976, Sattinger [25] introduced a semigroup



