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Abstract. We investigate [?-contraction and time-asymptotic stability of large
shock for scalar viscous conservation laws with polynomial flux. For the flux
f(u) =uP (2 < p<4) in the regime of its strict convexity, we can prove
L%-contraction and time-asymptotic stability of arbitrarily large viscous shock
profile in H L_framework by using a-contraction method with time-dependent
shift and suitable weight function, which answers a question in [Blochas and
Cheng, arXiv2501.01537, 2025]. Additionally, if the initial perturbation belongs

to L', then L? time-asymptotic decay rate t~!/# can be obtained.
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1 Introduction

We are concerned with L?-contraction and time-asymptotic stability of arbitrarily
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large shock for the following scalar viscous conservation laws with polynomial
flux:

uptf(u)y=uyy, f(u)=uf, (t,x)€R;LxR,
u(0,x)=up(x), (1.1)

i o) =
where u(x) is the given initial data and u+ €R are the prescribed far-field states.
We focus on the case that the asymptotic state of the solution to (1.1) is the viscous
shock wave. Therefore, it is assumed that p > 1 such that f(u) = u? is strictly
convex for u >0, and that
O<uy<u_. (1.2)

Remark that for the special case p =2, that is, the classical Burgers equation,
f"(u)=2and f(u)=u? is always strictly convex for any u € R, and then we only
need to assume that v <u_.

It can be expected that the large-time asymptotic behavior of the solution
to (1.1) and (1.2) is determined by the following viscous shock profile U (x —st):

{ —su'+f(Uu)y=u’, /:d%" E=x—st,

U(j:oo):ui,

(1.3)

where s is the shock speed determined by the Rankine-Hugoniot condition

g fue) —flu) (1.4)

Uy —uU—

Integrating (1.3) over (+oo,¢], we can get the following first order ODE:

U'=h(U)=—s(U—ns)+f(U) — f (uz)
U [FDf ) ) )] 05

U—uy Uy —U_

Note that the strict convexity of the flux f(u) implies the above decreasing mono-
tonicity of the viscous shock profile U(¢). Moreover, the existence of the viscous
shock profile U(¢) to (1.3) is standard and it is unique up to any constant transla-
tion.

The stability of viscous shock wave for conservation laws has been exten-
sively studied since the pioneer works of Hopf [5], II'in and Oleinik [8] for one-
dimensional (1D) scalar equation. In 1976, Sattinger [25] introduced a semigroup
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approach to establish the stability of viscous shock waves to 1D parabolic equa-
tions, including (1.1), in certain weighted spaces. Then Matsumura and Nishi-
hara [23] and Goodman [3] independently proved the time-asymptotic stability
of viscous shock profile for 1D isentropic Navier-Stokes equations and viscous
conservation laws with artificial viscosity respectively, under the zero mass con-
ditions such that the anti-derivative method can be applied. Meanwhile, Nishi-
hara [24] proved the point-wise stability of viscous shock to 1D Burgers equa-
tion by virtue of the Hopf-Cole transformation and Kawashima-Matsumura [17]
turther obtained the convergence rate for the viscous shock to scalar equation
by weighted energy method and the stability of viscous shock to both 1D full
Navier-Stokes-Fourier equations and the discrete Broadwell model system. Note
that in all the above mentioned time-asymptotic results for viscous shock to the
system case, the crucial zero mass conditions are imposed to the initial perturba-
tions such that the anti-derivative variables can be well-defined. Then Liu [20],
Szepessy and Xin [27], Liu and Zeng [21] removed the zero mass conditions
in [3,17,23] by introducing the constant shift on the viscous shock and the cou-
pled diffusion waves in the transverse characteristic fields. And Mascia and Zum-
brun [22] established the spectral stability of viscous shocks for the 1D compress-
ible Navier-Stokes system, relaxing the zero mass conditions to a slightly weaker
spectral condition. More recently, Kang, Vasseur and Wang [15, 16] proved the
generic Riemann solutions (containing viscous shock wave, rarefaction wave,
and even viscous contact wave) to both barotropic compressible Navier-Stokes
equations [15] and full compressible Navier-Stokes(-Fourier) equations [16] with
the help of a-contraction method for the stability of viscous shock wave with
time-dependent shift invented in [12]. Remark that both [15] and [16] solve the
long-standing open problems for the time-asymptotic stability of the compos-
ite waves of Riemann profiles. In addition, Freistuhler and Serre [2] proved the
Ll-stability of viscous shock waves (see also Serre [26]), and Kenig and Merle [18]
proved LP-stability (1 < p < 4-c0) of viscous shock waves to scalar equation. For
multi-dimensional case, Goodman [4] proved nonlinear stability of planar shock
profile for viscous scalar conservation laws by using the anti-derivative tech-
niques and the shift function depending on both the time and the transverse
spatial variables. Then Humpherys, Lyng and Zumbrun [7] proved the spec-
tral stability of the planar viscous Navier-Stokes shock by the numerical Evans-
function method in R® and one can refer to the survey paper by Zumbrun [29] for
the related results and the references therein. Very recently, Wang and Wang [28]
proved the time-asymptotic stability of planar weak shock profile to 3D barotro-
pic compressible Navier-Stokes equations in R x T? under general H-initial per-
turbations by using a-contraction method.
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On the other hand, for scalar conservation laws with or without viscosity,
Kruzkov [19] proved the famous L!-contraction stability in quite general case.
However, Kruzkov’s theory is not valid for LP-contraction (for any p > 1), in par-
ticular, in the physical L?>-norm. With the time-dependent shift X(t) and possi-
ble weight function 4, Kang and Vasseur prove L2-contraction of arbitrarily large
shock to both 1D general inviscid system of hyperbolic conservation laws [11]
and 1D viscous Burgers equation [12], and the latter result is extended by Kang [9]
to scalar viscous conservation laws with general strictly convex flux, provided
that the viscous shock wave strength was sufficiently small. Then Kang, Vasseur
and Wang [14] prove L2-contraction of large planar shock to scalar multi-dimen-
sional viscous conservation laws by a special transformation and Kang and
Vasseur [13] obtain L?-contraction of small shock to 1D compressible barotropic
Navier-Stokes equations. Kang-Oh [10] obtained L? decay for large perturba-
tions of weak viscous shock for multi-dimensional Burgers equation. Note that
a-contraction theory has been well established at the inviscid level uniformly
in the shock amplitude [11], and at the viscous level only for small shocks [12]
even with small perturbations, except Kang and Vasseur’s work [12] on specific
Burgers’” equation for arbitrarily large shock. In fact, in the context of the vis-
cous model, a-contraction results in the large shock setting (even in the scalar
case) remain largely open. Very recently, Blochas and Cheng [1] showed that the
a-contraction property fails for large shock to certain kinds of viscous conserva-
tion laws, which showcases a “viscous destabilization” effect in the sense that
the a-contraction property is verified for the inviscid model for arbitrarily shock,
but can fail for the viscous one, and raised the open question of whether this
a-contraction property of large shock holds for scalar viscous conservation laws
with polynomial fluxes.

In the present paper, we aim to address the question in [1] under small H'
framework around the shock profile and further prove the time-asymptotic sta-
bility of this large shock with the time decay rate. Based on a-contraction method
with suitably chosen time-dependent shift and the weight function a, crucially
depending on the shock wave strength, we can establish L?-contraction for any
large shock to (1.1) with strictly convex fluxes of the polynomial form f(u) =
uP (2< p <4) and suitably small H! perturbations, and further prove L™ time-
asymptotic stability of this large shock profile with the time decay rate if the ini-
tial H!-perturbation additionally lies in L!. In fact, our proof is motivated by the
recent work of Huang, Wang and Zhang [6] for the time-asymptotic stability of
composite wave of large viscous Oleinik shock and rarefaction wave for the cubic
non-convex scalar viscous conservation laws.

Precisely, our main result can be stated as follows.



A.F Vasseur, Y. Wang and J. Zhang / Commun. Math. Anal. Appl,, 5 (2026), pp. 35-64 39

Theorem 1.1. For any given u satisfying (1.2), let U({) be viscous shock wave defined
in (1.3). Then there exists a positive constant €* such that if the initial data ug satisfies

[0 (-) =U(- = x0) | 1 (w) <€ (1.6)

for any initial shock location xo € R, then Cauchy problem (1.1) with p € [2,4] admits
a unique global-in-time classical solution u. Moreover, there exists an absolutely con-
tinuous shift X(t) (defined in (2.5)) and a smooth weight function a(U(¢)) : R — Ry
(defined in (2.4)) such that the following L?-contraction of arbitrarily large viscous shock
holds

%/]R“(U(x—sf—x(f)))!u(f/x)—U(x—st—X(t))lzdxgo, Vi>0.  (17)

Moreover, the time-asymptotic stability of large viscous shock holds

1 u(t U(x—st—=X(t))|= 1.8
A suplu(tx) —U(x—st=X(1) | =0 9

with
Jim [X(1)]=0. 19)

In addition, if ug(x) —U(x—x0) € L} (R), we have the following L*-time decay rate:

_ Cilluo(-) =U(- —x0) | 12(w)
)71+ CetV 4 Jug (1) = U (- —x0) [l 12w

Hu(t,-)—U(~—st—X(t))HLZ(]R , (110

where

C*:ZC[1+||uo(')—u('—x0)”L1(1R)+H“O(')_u('_xO)HHl(JR)}'

Remark 1.1. Since the weight function a(U(¢)) is bounded from below and abo-
ve, L?-contraction (1.7) implies the uniform L?-stability

/‘u(t,x)—U(x—st—X(t))‘degc*/ lug(x) —U(x—x)[?dx, Vt>0, (1.11)
R R

where the positive constant C*=C* (u4,u_,p) is independent of the time ¢ > 0.

Remark 1.2. The shift X(#) is proved to satisfy the time-asymptotic behavior (1.9),
which implies

that is, the shift X(t) grows at most sub-linearly with respect to the time t. There-
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fore, the shifted viscous shock wave U (x—st—X(t)) keeps the original traveling
wave profile time-asymptotically.

Notations. Throughout this paper, several positive generic uniform-in-time con-
stants are denoted by C. Denote LP(IR)(1 < p < +o0) and H!(R) as the usual
Lebesgue space and Sobolev space in R with the norm

1
P
= [177d) ", 1<p<iven,  Iflummesssupl (o],

xeR

and
1A= 2wy I Ty = AP+ (127 2.

For any function f:R™ xR — R and the shift function X(¢), we denote

FX0) = F(EEEX(D)).

2 Preliminaries and main result

In this section, we start with the construction of weight function a(U(¢)) and
shift function X(t). Then, we present the local existence of the solution and the
uniform-in-time a priori estimates, whose proofs are given in the subsequent sec-
tions. Finally, we give the proof of Theorem 1.1 by the continuity arguments.

For convenience, we rewrite the Eq. (1.1) through the coordinates transforma-
tion (t,x) — (t,{ =x—st), and then u(t,¢) :=u(t,¢+st) =u(t,x) satisfies

up—sug+f(u)g =ugg. (2.1)

And U~ X:=U(F—X(t)) satisfies

U X+ X (DU X —sU X+ f (U ) =UgZ" (2.2)

Then the perturbation ¢(t,¢):=u(t,&) —U(E—X(t)) satisfies
{4>f—s4>¢—>'<(t)ug"‘+ [flp+U) = F(U )] =z, (2.3a)
$(0,8) =o(&) :=uo(¢) —U(E—x0) (2.3b)

for any initial shock location xp€R. In the sequel, we always assume that p&[2,4]
for the polynomial flux f(u)=u”.
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2.1 Construction of weight function

Define the weight function a(U(¢)) as

_ (u——u)h(U) _ fU)—f(u)  fU) = f(ut)

a(U(©) = U—-u)(U-u_)  U-u_ U-u, @4)
Itis easy to check thatac C*(IR),a(U(¢))>c>0 for any {€R, thatis, U (u4,u_),
and ||a(U(Z))[|c1 gy < C. Notice that for the Burgers equation case (p =2), the
above weight function a = u_ —u is exactly the shock wave strength, which
means that there is no need for the weight and is consistent with the classical
result [12] for Burgers equation.

2.2 Construction of shift function

Define the shift function X(¢) as the solution to the following ODE:

. 4 _ _
{X(f)MA“(U X&) Uz X ()¢(t,E)dg,
X(O)ZXO,

(2.5)

where the initial shock location xy can be chosen arbitrarily with or without zero
mass condition.
Denote

¢X(1,8):=¢(t,EHX(H)) =u(t,E+X(1)) —U(E).

Then the perturbation equation (2.3) can be rewritten as

97 =X (1) (97 +Uz) —sg7 +[f(¢™ +U) — f(U)] =z (2:6)
By (2.5), we have
. _ 4 X
X(1) =~y J o (U@ U@ (10)de @7)
Substituting (2.7) into (2.6) gives that
42 +Ue)

¢}+m/H{a(U)Ug¢Xdé—s¢é‘+ [f(@*+U)—f(U)]e =% (2.8)
with the initial condition

P (E=0,8) =10 (+x0) ~U(E):= 5 ()- (29)
Note that both the non-local equation (2.8) for ¢* and the initial value ¢} (¢)
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in (2.9) are independent of the definition of the shift function X(t), even though
we still write as ¢X.
We reformulate the Cauchy problem at general initial time 7 >0, that is

4(px+Uz)
(P?(‘i‘m/]RLI(U)UCq)ng—S(pg
HAP*HU) - f(W)]e =%, t>7, (2.10)

PX(t=7,0)=¢7 (0).
The local existence of the strong solution
¢ € C([t,T+to];H'(R)) NL(T,T+tp; HA(R))

to the scalar nonlocal equation (2.8) can be stated as follows, whose proof will be
given in Appendix A.

Proposition 2.1. (Local Existence) For any M >0, there exists a positive constant to=
to(M), which is independent of T such that if ||¢pX|| Hi(R) < M, then the Cauchy problem

(2.8)-(2.9) has a unique strong solution ¢*(t,&) on the tzme interval [T, T+to] satisfying
X (t,¢) eC([t,T+to];H (R)) NL? (7, T+1to; H*(R)),

sup |9 (£,) | (r) <2M.
te[t, T+t

(2.11)

Then we can determine a unique shift function X(¢) by ODE (2.7) and the local
solution ¢(t,¢) :=u(t,&)—U(E—X(t)).
Proposition 2.2. (A Priori Estimates) For any given u+ satisfying (1.2), there ex-

ists a positive constant €y > 0 such that if the Cauchy problem (2.3) has a solution
$€C([0,T];H'(R))NL?(0,T;H*(R)) for some time T >0 with

N(T):= sup [l r) <eo,

0<t<T

then there exists a uniform-in-time positive constant Cy such that for all t € [0,T],

t
1p(6) 112 gy + / 1962yt | [ 92Uz dzas
+ /0 rx<f>|2drscou¢o||;1®, 12)
X(8)] <Collll 1= () (2.13)

The proof of Proposition 2.2 will be given in next section. Based on Proposi-
tions 2.1 and 2.2, we can prove Theorem 1.1 as follows.
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2.3 The continuity argument

By the continuity argument, we can extend the local solution to the global one for
all t € [0,+c0) as follows. Define

2
. . €0 60 i 60
€’ :=min 1 64C, [ M.——4,

where €y and Cy are given in Proposition 2.2. By (1.6),

H(P()J(HHl )= lloll gy <€ <Z( M),

and using the local existence result in Proposition 2.1, there exists a positive con-
stant Top=Typ(M) such that a unique solution on [0, Tp| satisfying

€
|t wy <5 tE0.To.

Note that
€0

||4’(tr')||H1(1R):H4’X(fz')||Hl(]R)§7, t€ [0, To].

Especially, since X(t) is absolutely continuous and ¢*€C([0,Ty]; H!(R)), we have
»€C([0,To);H'(R)). Consider the maximal existence time

TM::sup{t>O] sup ||¢(t, )||H1 <€0}
Te[0,4]

If Ty; < 0o, then the continuity argument implies that

sup (|¢(7,) [ 11 () = €0-
TG[O,TM]

By Proposition 2.2, it holds that

sup [l ) | r) < /Coll ool gy < 5

TG[O,TM}
which contradicts the fact sup._. €10,Tu] (T, ) |l (R) =€0- Therefore,

TMZOO.
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By Proposition 3.1, we have

d

%/]Ra(ll(x—st—X(t)))}u(t,x)—U(x—st—X(t))}degO, V>0, (2.14)

which verifies L2-contraction in Theorem 1.1. By using Proposition 2.2 again, we
have

suup 90t ) By | 11021130 gy 7
>0 0

« 2 —X 2
+/0 /]RfP | Uz |dZdT < Collgoll 1 g (2.15)

IX(5)| <Cllgp(t, )l (w), VE>0. (2.16)

2.4 Time-asymptotic behaviors

Now we justify the time-asymptotic behaviors (1.8) and (1.9). First we set
g(t):=llpe (t,)]1%.

From (2.15), it is obvious that
g(t) € L1(0,40).

Next we show that
g'(t) € L1(0,4+0).
By (3.36)-(3.38), we have

40 p _/+00 i 5
| g mlae= [l

+o0 .
< [ (1e By + RO P+ [ 92100 ¥ )t <-4

dt

Hence,
lim g(t)= lim ||¢z(t,-)[|*=0. (2.17)

t—+o0 t——+oc0
By Sobolev inequality, we have
1
' My oy < i 3|2 .
Jim 9t ) [y < lim V2]t )11 9 (2|

By (2.16) and (2.18), it holds that

N—=

=0. (2.18)

IX(5)| <Cllp(t, )Moy — 0 as t — oo (2.19)
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2.5 Decay estimate

Besides (1.6), if ug(x) —U(x—xo) €L (R), we first show that X(t) —xg is uniformly
bounded with respect to t € R". Rewrite u(t,x) —U(x—st—X(t)) as follows:
u(t,x)—U(x—st—X(t))
=u(t,x)—U(x—st—xg)+U(x—st—xp) —U(x—st—X(t)). (2.20)

L(tx) I(t,x)

By L'-contraction for solutions to the scalar viscous conservation laws [26], we
have

1 ()| ) < Mo () =U (- —x0) [ 11 (w)- (2.21)
Inspired by [12], we denote T=1(t) :=X(t) —xo and

It ey = [ 1U(E=T)~U(@) P =R(x).

Then we have

R )=z [ [U(é—r)—u(é)]%gﬂdé

:_2/ /C Tol(y (g‘: )d(j

—2// Uu)'(x)dydx,

which is strictly positive for 7> 0. Furthermore, if T>1, then we have

Roz2 [ [ W w)wy wdyix=p>o

Hence, for t>1,

R() > R(1)+B(r—1) > B(r—1),
R(7)
p

and then it holds that

I<t< +1.

Since

:/]Ryu@— (&)[2de = /|u U(G+1)]dg=R(~1),
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that is, R(7) is an even function with respect to T € R, we have for any 7< —1,
R(1) > R(1)+p(=1=1)=R(1)+p(|7[=1) = p(|7|-1).
On the other hand, it is obvious that for 7€ [—1,1],
R(t)>0>pB(|t|-1).
Therefore, we have for any T€R,

R(r)

17| < +1,

where »
X
=2 [ W)W )dydx>o0.
X
Equivalently, it holds that for any t € R,
HI2(t/') H%Z(]R) 41
p
Using the inequality (a+b)? > a?—2|ab| and (2.15), (2.21), we can get

() ey <2 [ 11 (40| 2 (t0) =+ [ (B(t) +12<t,x>)2dx

X(t) —xo| < (2.22)

2
<2 Bty I (1) gy + [ [(E0) = U (x—st=X(0))

=2 ot sy 1 ) n ey + [ 4221
< 2fu- | 0(-) = U= %0) 13y + Coll o3 e, 2.23)

where in the last inequality we use the fact that || I>(¢,-) ||Loo(]R) <l|u_—uy|. By
(2.22) and (2.23), we get that X () — x( is uniformly bounded and satisfies

[X(#) —xo| S%(Zlu——mllluo(-)—u( —x0) Iy +Collgollmr)) +1. (2:24)
Since U(x) is a monotone decreasing function, we have
It )0y =sgn(x(9) [ (U(E=7(5) ~U(@)de
—7( t
=sgn(T / / U(C+y)dydc
7(8)]
~Jo vz
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Then, using Fubini’s theorem to get
(8, )l r )y = [X(E) = xo|[u— — 1. (225)
By (2.21), (2.24) and (2.25), we have

1@t wy= (R 4+L) (&) |11 ()
<) )+ M2 (8 ) [ ) < Ca (2.26)

where
Cy=|Juo(-) =U(-—x0) [l 11 ()

1
B(Zlu——mHluo(-)—U( =0) [l 1w+ Collfoll () +1 |-

Then Gagliardo-Nirenberg interpolation inequality shows that

+lu—uyl

2 1
190 iz < ClOCEE gy 103008 1o -
By (2.26), we have
() ey < CllO A 21 e 103t i) < Call s 2y 227)

From the proof of Propositions 3.1 and 3.2 (see (3.26)) and (3.34), for positive
constant C we have

d 2
- / (Ca+1)(¢¥)2dE < —2 /R (9X)%de. (2.28)
Since 0 < c <a~X < C for positive constants ¢ and C, by (2.27) and (2.28), we have
d 2
aHCP(f")V CaX+1 |2 g,
2
< —2[|9x¢(t,) 172k R) S TG, ¢t ) 122w

<—Cs||¢(t,-)V/ Ca—X+1 HLz

which implies the decay estimate

o |60 vCa X FT | 2y
|p(t,)V/ Ca~ +1HL2 (2.29)
1—1—2C3tH4)0\/Ca X417 HLZ
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By (2.29) and the inequality 2(a+b)'/* >al/*+b/4, we have

Cillgoll r2(r)
t,- <
ot 2wy 1+ Cutt 4ol 2(r)

(2.30)

for some uniform-in-time positive constant C,. Thus, we complete the proof of
Theorem 1.1.

3 Uniform-in-time a priori estimates

In this section, we prove Proposition 2.2 for the uniform-in-time a priori esti-
mates. To do this, we assume that the Cauchy problem (2.3) has a solution ¢ €
C([0,T);H'(R))NL?(0,T; H2(R)) for some constant T > 0. First we prove L? rela-
tive entropy estimate for ¢ as follows.

Proposition 3.1. There exists a positive constant €1 >0 such that if
N(T):= sup [|¢(t) [l (r) < €1,
0<t<T

then for any t € [0,T|, it holds that

& [ (@%2ade <o, @)

t to.
0 ot [ [ U lgdcar+ [IX@PaT<Clgolay, 62
where the positive constant C is independent of T.

In order to prove Proposition 3.1, we need to use a Poincaré type inequality
and weighted energy method. Thus, we start with a Poincaré type inequality.

Lemma 3.1 ([13]). For any f:[0,1] — R satisfying

1
| v =9I )Py <+,
it holds that
1 r1
dy<; [ v=v)If ) Pay, 63

that is,

/Olfz(y)dy— (/Olf(y)dy)z < %/01}/(1—y)|f’(y)|2dy. (3.4)
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For simplicity, we denote
a X:=a(UX(g)) =a(U(E-X(1))).
Multiplying the Eq. (2.3a) by a~X¢, we can get

Bcpza"‘} =9ega T [ —f(UT)ega

+%X(t)¢2 (@) =X(OU; Xpa™ X = pezpaX. (3.5)

Integrating (3.5) over R with respect to ¢ and changing variable { — ¢ —X(t) and
denoting ¢X:=¢(t,e+X(t)), we have

{ / adé(} +/ [ ag—§a§¢ agf( u)+ f”z(U)UC dg

X005 [ (9" Pasde - / Paticde]
n / (%) 2dE+ / O(1)(¢¥)*Uzdg =0, (3.6)

where we have used the fact
a9l (U = f(U)]ede
= [ o (0¥ +)— FW)le
= [ atif 4>X+U)—f(u)—f’(u)4>x]d€

e [T ronan- s +U)}d5
= [ uéf[”f Hz(m /f / ]d§+ J oW @ uge. (3.7)
Let (e —u
y= u+—u__'

then we have §€ (—co,+00) <=y (0,1). Since yz=Uz/(uy —u_) >0, there exists
a unique inverse function {=¢(y) by the inverse function theorem. For any fixed

t >0, we denote
P(ty)=¢* (£5(y)a(U(E(y)))- (3.8)
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In order to use the weighted Poincaré inequality with ¢ (t,y), we first have

/sbaUdé 2(/<Pa dé) —2(/¢,ydy)2

22 [Py [ ) Pya-pd.  G9)
Furthermore, we have
2 / Ptydy= = - / (¢%)2a2Ude, (3.10)
and
[Py
e /[<¢ ) = ”ZI(;‘* W= /—}zdc

—/ a(¢F) 2dz— / (acg——) X)2dg. (3.11)
By (3.9)-(3.11), we have
X(t) [ x X\ 2
~52 etz [ a(9)’de> |

By (2.4), we have ag=a'(U)Ur and agz=a’(U)(f'(U)
(3.6) and (3.12), we can get

B/R((Px)zadg} +/( X2 [u+2a2u_+af"2(ll)+(%ﬂ_$)h(u)} iz

2X(0) [ (¢ Pagag S P x() 2+ [ om|@¥Pugldz<o, (313

where we have used the fact

X u_—u 2 .
_@/]R(anuﬁdgz( < +) |X(t)|2.

2&21/[6 a% X\2
o taem | (@)de (312)

—s)Ug+a" (U)Uz. Then from

Note that

P C W

Up—U_ 2

} h(U). (3.14)
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By direct calculations, we can obtain

_ |u _u—’ 7 !
g(u)__(u_u__SQ(u+_u)2 [(U—u_)(u+—U) (hh _(h )2)

+3h2+hh (uy +u_—2U)]

__ m(U), (3.15)

where
m(U):=U—u_)(uy —U) (hh" — (W')?) +30*+hh' (uy +u_—2U),  (3.16)
and h=h(U) is defined in (1.5).

Lemma 3.2. There exist positive constants = B(u,u—_,p) such that for any U €
[ty ,u_], it holds that g(U) < —B<0.

Proof. By (2.4), we have

a(us)=s—f"(uy)=

flug)—=f(u-)

Ui —uU_

—f'(u4)>0.

By (3.14), we have

(i) =2auy) [ Z002) o 00 |

_ 2a(u.) [f”(u+)(it——u+)+ f,(u+)_f(u+)—f(u—)}

U=y Uy —U_
:_% {f(”—)—f(u+)—f'(u+)(u_—u+)_%(u__u+)2}
:_(uz_a(_u;_z)z {f”(:+)(u—_u+)2+@(u_—u+)3} <0, (3.17)

where 0 € (u4,u_). On the other hand, by (2.4),

a(u_):f'(u_)—s:f'(u_)—f(u+)_f(u_) >0,

Uy —uU—

then we have

g(u_)zza(u_)[f”(u—)+ a(u_) }

4 Uy —U_

2 (P?—5p+4 (2— u2 h
:2a(u—){uf z(p 4p+ +(u_f)uu:+(u_—+u+)2)_( t }
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§2a(u_)[uii_2<(2_P)u++ 2 )_ o ]

u——uy  (u——uq)? (u——uy)?
2a(u_)

:ml(Z—P)u+(u——u+) Lk (Wl <0, (319)

-~

=iy (u—uy)
where we have used the fact that for any p € [2,4], forany 0<u; <u_,
Ii(u_,uy)<0.
Next, we claim that
vue (ug,u_), gU)<O0. (3.19)
To prove the claim (3.19), by (3.16), we first have

m(U) = [+ (u— = U)K [h+ (g —U)H' ]+ (U —u) (uy —U)RR" +21%. (3.20)

-~

11 12

First we estimate I;. Since for any U € (u4,u_), we have

(U) (u——U)H' (U)
—[h(u-)— h( )= (u——U)H (U)]
_ KU n"(U)
== (U= (U’
<k (2”) (1 —U)? <0, (321)

where U € [U,u_] and then W' (U) = f""(U) >0 for any p€[2,4].
On the other hand, we can calculate that

() + s () + P (2 (3:22)

£U) aty —U)+ £ (L)~ Flu +> S, u>2

(u
ey e () ey

Set z:=U/uy. Then we have U € (uy,u_) <= z€ (1,u_/uy). Define

— — —p2 —
H(z):= P 11(19 4)Zp+3r)2p Zp—1+p(P4 Dop-2_1
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It is obvious to compute that
H'(@) =) (p-0)2 423 pet (p-2)].

Since for any z € (1,u_ /u+), it holds that (p—4)z2+2(3—p)z+(p—2) <0. Hence,

for any p € [2,4], we can get H'(z) <0 for any z € (1,u_/uy). Therefore, we

have H(z) <H(1)=0 for any z€ (1,u_ /u4 ), which and (3.22) imply that for any

pel24],

h//(u)
4

Therefore, by (3.21) and (3.23), we have for any p € [2,4], for any U € (u,u_),
(h//)z

h(U)+ (uy —U)H (U) < — (uy —U)2<0, VYUE (uyu_). (3.23)

Li=[h+u_—Wh][h+ (uy —U)H] > (uy —U)*(u_—U)> (3.24)

By (3.20) and (3.24), we have for any p € [2,4],

//)2

m(U) =L+ 5> T ( — U2 (s~ U2 (U= ) (g — U R 4212,

(U (U —u_)(uy —U)]?
4

Hence, by (3.15), we proved the claim (3.19). From (3.17) and (3.18), we have
g(u+) <0. By the properties of continuous function over closed interval, there
exists a positive constant f=B(u_,uy,p) such that

g(U)<—B, VUEu ],
The proof is complete. O
Thus, by (3.13), we have

B/]R(fi’ adé} —I—ﬁ/ )?|Uz |d§_|_ ()/]R(fl’x)zagdé

=2|h+ >0, VYUE (uy,u_). (3.25)

A @y [ o) @ ugae <o (3.26)

On the other hand, we have

X0 [ (¢*Pacd
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4 /
< a1 e el o 10 Lo [, Ul [ (9)21Ulag
<Clgllinr [ (@) IUgldE <Cey [ (¢%)|Uiglae. (327)
By (3.26) and (3.27), we have

3 fu0ae] +p-cen [ (0Pt M k<o s

Integrating (3.28) with respect to t, then changing of variable { —¢—X(t), and
choosing the suitable smallness of €1, we can prove Proposition 3.1.

Proposition 3.2. There exists a positive constant €3 >0 such that if

N(T):= sup [|o(t,-) ]| (r) < €2,

0<t<T

then for any t € [0,T), it holds that

1906) o+ [ oz,
—X| 2 2 2
+ /0 /IR Uz dgar+ /0 X(0)Pdr<Clgollag,  (329)
where the positive constant C is independent of T.
Proof. Multiplying the Eq. (2.3a) by ¢, we can get
) _ U X)—f(U)zp—X(H) Uz Xp= 3.30
2 ), spep+[f(@+U) = f(U)]ep—X(H) Uz "= ez- (3.30)

Integrating (3.30) over R with respect to ¢ and changing variable { —¢—X(t) and
denoting ¢X:=¢(t,¢+X(t)), we have

1! u
5 @] + [P e [ ougae
x _
+ /IR o¥) e+ /IR O(1) (¢*)PUzdE =0, (3.31)
where we have used the fact

| 9LF@+U )= f(u)]cde
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= [ ¥ +w)—f(w)lede

_ /R U [f ¢X+u>— fU)—f'(U)gX)de

B f//

_ /]R (%) + / O(1)(¢*)3Uzde. (3.32)

By Cauchy inequality and Holder mequahty, we have

IX( (/ ¢ u,;dg)

/ PXUzdE <
= |X(2 __M ] (92uge. (333)
Hence, it holds that
l%/IR((PXPdC} t+/]R((P%()2dC§C [/]R(('bx)2|u§|d‘:+|x(t)|2} . (334)

Integrating (3.34) with respect to ¢, and combining with Proposition 3.1 we com-
plete the proof. O

Proposition 3.3. There exists a positive constant €3 > 0 such that if

N(T):= sup [|o(t,-) ]| (r) < €3,

0<t<T

then there exists a uniform-in-time positive constant C such that for all t € [0,T], it holds
that

26, )12+ [ e () PaT=Cllgol (339

Proof. Multiplying (2.3) by —¢¢z and integrating the resulted equation with re-
spect to ¢, we can obtain

3 9ell>+ 9ee 2= X() [ 9oty Xac
= [ (Flo=U™)=F(U™)) ggedte. (3:36)
On one hand, we have

L@+ —fu) i
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<2 [ |(Flg+u™)=f U Pde+2 [ 1F(p+U)pc P
<C [ 9*(U¥)de+Cllge|P<C [ 92Uz |dz+Clgel (3.37)

On the other hand, we have

. 1 .
(0 [ gsctis | < 3 e+ CIXC0) 338)

By Proposition 3.2 and (3.36)-(3.38), we prove Proposition 3.3. O

Therefore, Propositions 3.2 and 3.3 complete the proof of Proposition 2.2.

Appendix A

Proof of Proposition 2.1. Since both the non-local equation (2.8) for ¢* and the ini-
tial value ¢J(¢) in (2.9) are independent of the definition of the shift function
X(t), we will omit the superscript X for simplicity in this subsection. For any
initial time T >0, rewrite the Cauchy problem (2.10) as

st PG (U ()~ (W =0z, >,

P(t="1,8) =¢7(3).

For any M >0 with ||¢«[| 1 gy < M, define the solution space on the time interval
[T, T+1tg] for tp>0 as

(A1)

Y= {(PEC([T T+to];H' (R)) NL* (7, T+to; H*(R)) | sup [l (r) gM},
T<t<t+ty
Now we define a mapping 7 on the solution space Yf% . For any ¢(t,¢) € Yf%

define ¢(t,&) :=T ¢(t,&) be the solution to the linear equation

{@ SFi—re=— (P [ (W)Ut flg+)— (D], 57, (A2
P(t=17,8)=¢<($)- (A.2b)

First we prove that ¢(¢,&):=T ¢(t,&) € Yﬂg for suitably small tg=ty(M)>0. Multi-
plying the Eq. (A.2a) by ¢(t,¢) and integrating the resulting equation with respect
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to t and ¢ over [T,7+1ty] X R, we can arrive at
1. . T+t
SI91P+t0)+ [ g Pa
1 T+tg 5
=—||¢T||2—/ /cp[f(<i>+ll)—f(u)],;d§dt
/T+to ¢ 4>g+ug Pgette) o / U)Uspddt. (A3)

M_—M_|_

Now we estimate the last two terms on the right-hand side of (A.3). First it holds
that

[ ol fuazal

| [ Lot g (g )~ ) g et

/:+tO/R43[f'(<P+U)¢g +f”(91)u§¢]dgdt’
) [ 191111+ el

sup [[@1*+C(M)E 101130 k) (A4)

T<t<t+ty

<

0

<

&=

where and in the sequel C(M) is a generic positive constant depending on M and
we have used the fact

sup H‘P“L‘”(]R)SC sup ||(P||H1(]R)§CM

T<t<T+tg T<t<T+1)
On the other hand, we have
T+t (P (Pé—l_
d / U Uz pdzdt
’ / (i —u, )2 ¢ YUz ¢pdC ’
T+tp

e _u+ e / U§¢d§dt‘

T+tg

- _u+ e [ al u§¢d§dt'

sc' /T u43||||4>guu¢||mmdt'
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/T Hto( /R %d@) ( /]R augqbdc:f)zdt

+C

1 112 2 2 o oo 2
<1g_ Sup P[]+ C(M)t5 e |l +C/ (o[~ +1l¢ll~)dt
T<t<T+t) T
1 - s
<L sup (GO (0t B) 9B +C sup B (A5)
T<t<T+tp T<t<T+tg

Substituting (A.4) and (A.5) into (A.3), and then choosing a suitably small ¢ty =
to(M) >0, we have

5124 [ e l2dE < 202 A6
sup 312+ [ hglar<aa v

T<t<t+ty

Multiplying the Eq. (A.2a) by —¢zz and then integrating the resulting equation
with respect to t and ¢ over [T,T+ty] X R, we can obtain

1. - T+ty
SIFeP(+t0)+ [ et
1 T+t o
=5 (¢ ¢||2+/ /C,bgg flp+U)—f(U)]zddt
» /T+to P (Pe+Ug dg / ) Usgdede. A

M_—M_|_

First, it holds that

’/TTHO/]R@a;[f((l’JrU)—f(U)]gdgdt'

1 T+t T+t
§1_6/T ||<Pcc\|2dt+C/T /]R}[f(4>+u)—f(U)]¢yzdgdt
1 T+t T+t
<se [ IglParc) [T (gP+lge )

<L [T ar (vt 2 A8
=76/, H(PC,CH + ( )O sup H‘PHHl(]R)' (A.8)

T<t<T+1)

Next, we can calculate

’ /T+to Peede d(j / Uércpdédt’

u_—u+

gc/T el ezl 1@ =yt



A.F Vasseur, Y. Wang and J. Zhang / Commun. Math. Anal. Appl,, 5 (2026), pp. 35-64 59

1 T+ty ’ ) ”
<we | ldlPac) [ ige P
16 T T

1 T+ty
<ic )| IgeelPatCMte sup (93, (A.9)
16 /< T<t<T+ty
T+t u
’/ 0 (PC§ ¢ dg/ Ug(,‘bdédt’
u —u+

<c[” ||¢3¢gu\ | deas

1 T+
oo [ NeelParecro sup gl
16 J«

T<t<t+ty

1 ot o )
<ie ) gelPat+Cro sup Il (A.10)

‘ T<t<T+tg
Substituting (A.8), (A.9) and (A.10) into (A.7), and then choosing a suitably small
to=to(M) >0, we have

O T+t ’ )
sup IfellP+ [ ecl Pt <2m. (A1)
T<t<t+ty T

By (A.6) and (A.11), we have

B T+t B
sup (e + [ el gt <4M2 (A12)

T<t<t+ty

Therefore, we proved 43 € YzM

Yf% is a contraction mapping in C([t,T+ty];H' (R)) for suitably small ¢, > 0. For
this, for any ¢1,¢» € Yf:];/[ , denote @:=¢, — ¢y and ®:=T po— T 1 =P —P1. Then

we have

Next we prove that the above mapping 7 : YE% —

Ci)t—ci)gg—sci)g
_ 4Ug
—[f(<P2+U)—f(<P1+U)]§—m/ﬂaa(u)%q’d?
4 4P
—(u_‘fii)z/ma(u)ugqmg—m/ﬂaa(wu@%dé, (A.13a)
[ D(t=71,8)=0. (A.13b)

Multiplying the Eq. (A.13a) by ®, and then integrating the resulting equation
with respect to t and & over [t,T+1ty] xR, we have
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= T+t
%HCI)Hz(T—i—to)—i—[r ||<I>g||2dt
T+t 5
__/T ) /ﬂzq)[f(¢2+u)_f(¢1+u)]§d§dt

4 / o / %dé / a(U) U ddt

/ T ga® e / U) U ddt

1/l —1/[_|_

T+tg
4 /T /]R md@ /]R a(U) Uy dEdt. (A.14)

We estimate the right-hand side of (A.14) terms by terms. First, we have
T+t -
[ [t s
T+t _
S| [ el o+ uacar
T+t
<cM) [ e
1 rTtt+to » ’
<z IecPdcrcmty sup [, (A15)

T<t<T+1)

Then we have

’—4 / o / %d@ /]R a(U)UérCIDdCdt’
Hto( / ugcpdg) ( /]R a(U)UCCI)d(;‘) Zdt‘

<cu(_sup [BP+ sup [@]?). (A16)

T<t<T+1) T<t<T+1y

<C

Finally, it holds that
T+t cI)
’ 4 / R e / Ugd)dédt’

u —Ll+

o ( / c,bzgq)d(;‘) ( /]R a(U)U,;dDdg‘) 2dt‘

SC(M)f0< sup @[+ sup |02, (A17)

T<t<t+tg T<t<t+ty

<C
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T+t q)gci)
‘_4/7 /]Ri(u__u+)2d§Aa(U)U§¢1d§dt‘

T+t o
<cm) [ |llat

1 -
<z sup [OP+C(M)B sup ||| (A.18)

T<t<T-+tp T<t<T+tp

(0¢)

Substituting (A.15)-(A.18) into (A.14) and then taking t;, smaller than before if
needed, we have

- 1
sup ||q)||2§§ sup ||CI)||%{1(]R), (A.19)

T<t<T+1) T<t<T+1y

Multiplying the Eq. (A.13a) by —®gz, and then integrating the resulting equation
with respect to t and ¢ over [T, T+ty| X R, we can get

1, < T+
SN @clP(rto)+ [ g P
T+t0 -

:/ /q)gg[f ¢2+U)—f(<l>1+U)]gd§dt

T+t CI) U
+4/ 0/ e d/ U) U Pdgdt

1/l —1/[_|_
T+t )
+4 / ' / %, / U) U ®dcdt
1/l —1/[_|_
T+t CI)CI)
4 / ! / ey / U) Uz dcdt. (A.20)
u_—u+

We need to estimate the right-hand side of (A.20). First, it holds that

‘/Tr+to/]R(i>§g[f(<P2+U)—f(¢1+u)]§d§dt’

1 (T+to . T+tg
<we | WbeelPdrrcm) [ (101 + g )t

1 T+t
<1 | Dz ||?dt+C(M)tg sup  (||@]*+ (D¢ %) (A21)
T T<t<t+ty

Then we can compute that

/Hto / ezl g / U U DdEdt
u —Ll+ ¢
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1
SE sup || ®ge|*+Ct5 sup | @ fw g,
T<t<T+ty T<t<T+ty

1
—  sup ||<I>§§||2+Ct0 sup ||®||H1 (A.22)

1 T<t<t+ty T<t<t+tg

T+t CI)

M —M+

IN

gc/{ ||<i>g¢||||¢zg||||¢||Lw<mdt

1 T+ty
SE/T IPgel|*dt+C(M)to sup || @131 ), (A.23)

T<t<T+1)

T+t (O IH)
‘ / ’ / Sk / Ug(pldc:,‘dt‘
_—M+
<C [ I el

1 T+tg
<ie [ 1®glPaCt sup [ g, (A.24)
’ T<ISTHy

Substituting (A.21)-(A.24) into (A.20) and then taking ty suitably smaller than
before if needed, we have

1
sup [ ®¢|P< sup [} (A.25)
T<t<t+ty T<t<t+ty

By (A.19) and (A.25), we have

N

sup ||CT’”%11(1R)5§ sup ||CI>||%11(R). (A.26)
T<t<t+tg T<t<t+ty

Hence, the mapping 7 YZM—>Y2 71y is a contraction mapping in C([7,T+t]; H (R))

for suitably small tg=ty (M )>0 Therefore there exist a suitably small ty=ty(M)>0
and a unique fixed point ¢ € Yf% CC([tr,T+to];H (R)) for the mapping 7, that is

¢(t,8) =T ¢(t,8).

Then we finish the proof of Proposition 2.1. O



A.F Vasseur, Y. Wang and J. Zhang / Commun. Math. Anal. Appl,, 5 (2026), pp. 35-64 63

Acknowledgments

A. Vasseur was partially supported by the NSF Grants DMS 2219434 and 2306852.
Y. Wang was partially supported by the NSFC (Grant Nos. 12171459, 12288201,
12090014, 12421001) and by the CAS Project for Young Scientists in Basic Research
(Grant No. YSBR-031). J. Zhang was partially supported by the NSFC (Grant No.
12526618).

References

[1] P. Blochas and J. Cheng, Viscous destabilization for large shocks of conservation laws,
arXiv2501.01537, 2025.

[2] H. Freistiihler and D. Serre, L!-stability of shock waves in scalar viscous conservation
laws, Commun. Pure Appl. Math. 51 (1998), 291-301.

[3] J. Goodman, Nonlinear asymptotic stability of viscous shock profiles for conservation laws,
Arch. Ration. Mech. Anal. 95 (1986), 325-344.

[4] J. Goodman, Stability of viscous scalar shock fronts in several dimensions, Trans. Amer.
Math. Soc. 311 (1989), 683-695.

[5] E.Hopf, The partial differential equations u;+uu,=puyy, Commun. Pure. Appl. Math.
3 (1950), 201-230.

[6] F. M. Huang, Y. Wang, and J. Zhang, Time-asymptotic stability of composite waves of
degenerate Oleinik shock and rarefaction for non-convex conservation laws, Math. Ann.
392 (2025), 1-46.

[7] J. Humpherys, G. Lyng, and K. Zumbrun, Multidimensional stability of large-amplitude
Navier-Stokes shocks, Arch. Ration. Mech. Anal. 226 (2017), 923-973.

[8] A. M. I'in and O. A. Oleinik, Asymptotic behavior of solution of the Cauchy problem
for some quasilinear equations for large values of the time, Mat. Sb. (N.S.) 51(93) (1960),
191-216.

[9] M.-]. Kang, L? -type contraction for shocks of scalar viscous conservation laws with strictly
convex flux, J. Math. Pures Appl. 145 (2021), 1-43.

[10] M.-]. Kang and H. Oh, L? decay for large perturbations of viscous shocks for multi-D
Burgers equation, arXiv2430.08445, 2024.

[11] M.-J. Kang and A. Vasseur, Criteria on contractions for entropic discontinuities of systems
of conservation laws, Arch. Ration. Mech. Anal. 222(1) (2016), 343-391.

[12] M.-]. Kang and A. Vasseur, L?-contraction for shock waves of scalar viscous conservation
laws, Ann. Inst. H. Poincare C Anal. Non Lineaire 34 (1) (2017), 139-156.

[13] M.-J. Kang and A. Vasseur, Contraction property for large perturbations of shocks of the
barotropic Navier-Stokes system, ]J. Eur. Math. Soc. 23(2) (2020), 585-638.



64 A.F Vasseur, Y. Wang and J. Zhang / Commun. Math. Anal. Appl,, 5 (2026), pp. 35-64

[14] M.-]. Kang, A. Vasseur, and Y. Wang, L2-contraction of large planar shock waves for
multi-dimensional scalar viscous conservation laws, ]. Differential Equations 267(5)
(2019), 2737-2791.

[15] M.-J.Kang, A. Vasseur, and Y. Wang, Time-asymptotic stability of composite waves of vis-
cous shock and rarefaction for barotropic Navier-Stokes equations, Adv. Math. 419 (2023),
108963.

[16] M.-J. Kang, A. Vasseur, and Y. Wang, Time-Asymptotic stability of generic Riemann
solutions for compressible Navier-Stokes-Fourier equations, Arch. Ration. Mech. Anal.
249 (2025), 42.

[17] S. Kawashima and A. Matsumura, Asymptotic stability of traveling wave solutions of
systems for one-dimensional gas motion, Comm. Math. Phys. 101 (1985), 97-127.

[18] C. E. Kenig and F. Merle, Asymptotic stability and Liouville theorem for scalar viscous
conservation laws in cylinders, Commun. Pure Appl. Math. 59 (2006), 769-796.

[19] S. N. Kruzkov, First order quasilinear equations with several independent variables, Mat.
Sb. (N.S.) 81(123) (1970), 228-255.

[20] T.-P. Liu, Nonlinear stability of shock waves for viscous conservation laws, Bull. Amer.
Math. Soc. (N.S.) 12(2) (1985), 233-236.

[21] T.-P.Liu and Y. N. Zeng, Shock Waves in Conservation Laws With Physical Viscosity, in:
Memoirs of the American Mathematical Society, Vol. 234(1105), 2015.

[22] C. Mascia and K. Zumbrun, Stability of small-amplitude shock profiles of symmetric
hyperbolic-parabolic systems, Commun. Pure Appl. Math. 57 (2004), 841-876.

[23] A. Matsumura and K. Nishihara, On the stability of traveling wave solutions of a one-
dimensional model system for compressible viscous gas, Japan J. Appl. Math. 2 (1985),
17-25.

[24] K. Nishihara, A note on the stability of traveling wave solutions of the Burgers’ equation,
Japan J. Appl. Math. 2(1) (1985), 27-35.

[25] D. Sattinger, On the stability of waves of nonlinear parabolic systems, Adv. Math. 22(3)
(1976), 312-355.

[26] D. Serre, L!-stability of nonlinear waves in scalar conservation laws, in: Handbook of
Differential Equations: Evolutionary Equations, Vol. 1, North-Holland, 473-553,
2002.

[27] A. Szepessy and Z.-P. Xin, Nonlinear stability of viscous shock waves, Arch. Ration.
Mech. Anal. 122 (1993), 53-104.

[28] T. Wang and Y. Wang, Nonlinear stability of planar viscous shock wave to three-
dimensional compressible Navier-Stokes equations, ]J. Eur. Math. Soc., (2024), doi:
10.4171/JEMS/1486.

[29] K.Zumbrun, Planar stability criteria for viscous shock waves of systems with real viscosity,
in: Hyperbolic Systems of Balance Laws. Lecture Notes in Mathematics, Vol. 1911,
Springer, 229-326, 2007.



