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Abstract. In an open bounded real interval, this manuscript studies the evolu-
tion system

um+txutt = (’y(@)uxf)x+ (’?(@)Mx)x,
Oy =DO,+T(0)1,,

which arises as a model for the generation of heat during propagation of acous-
tic waves in a standard linear solid.

A statement in local existence and uniqueness of classical solutions is derived
for arbitrary D >0 and « >0, for sufficiently smooth v,% and I" with ¢ >0,7 >0
and I' >0 on [0,00), and for all suitably regular initial data of arbitrary size.
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1 Introduction

This manuscript is concerned with the initial-boundary value problem

(

\

ugr iy = (Y(O)uy) +(F(@O)uy) ,  x€Q, >0,
O =DOy+T(0)u?,, xeQ), t>0,
uy,=0, O,=0, x€d), t>0,
(u,up,u,0)(x,0) = (ug, uor, Uort, B0 ) (x), x€Q,

(1.1)
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which arises as a simplified model for heat generation during acoustic wave
propagation in so-called standard linear solids. Indeed, assuming a one-dimen-
sional material to be of Zener type suggests to consider the displacement vari-
able u to be determined by the third-order hyperbolic equation in (1.1), where
recent experimental observations suggest certain dependencies on the tempera-
ture © in the elastic parameters 4 and 7 related to stiffness and viscosity near
relevant operating points [24]. In slight modification of a more complex model,
(1.1) moreover assumes elastic behavior to be dominant as compared to mechan-
ical losses, so that additional and temporally nonlocal contributions to the source
in the heat subsystem of (1.1) can be neglected. For more details on the modeling
background, we may refer to [9,17]; we note that of predominant application rel-
evance in purely thermomechanical settings seem scenarios in which I'~+y, while
including interaction with electric fields, such as of interest in the modeling of
heat generation in piezoceramics, leads to choices with 4(®) =ay(®)+d with
some a>0 and d >0 (see, e.g. [22,44] for corresponding considerations detailed
for a second-order relative of (1.1)).

In contrast to classical models for thermoviscoelastic evolution in Kelvin-Voigt
materials which have undergone a thorough mathematical analysis over the past
decades [4, 8,18, 33,39, 40], third-order models of the form in (1.1) seem to have
become objects of study only in more recent literature. Despite the potential of
the Zener modeling approach to appropriately capture key properties of stan-
dard linear solids such as instantaneous elastic responses and stress relaxation,
a corresponding description by means of Moore-Gibson-Thompson equations
such as in (1.1) to date seems to have mainly concentrated on linear cases (cf.,
e.g.[1,3,21,42]).

The mathematical analysis of acoustic problems containing Moore-Gibson-
Thompson type subsystems thus seems to have focused on models for wave
propagation in non-solid materials in which u can be chosen to represent a scalar
pressure variable so far, and in which interaction with temperature fields,
if of relevance at all, commonly leads to different types of couplings. Accord-
ingly, analytical studies have been concerned with aspects of stability and large
time decay in linear Moore-Gibson-Thompson problems in various special frame-
works both in bounded n-dimensional domains [11, 20, 26, 31] and the entire
space R" [11, 12], partially also including certain memory terms [2, 19, 29, 30];
studies on nonlinear relatives have mainly addressed semilinear situations that
involve various types of source terms depending either on the solution itself or
some of its derivatives, focusing either on questions of local and global
solvability [27,28,38,41], or on the occurrence of blow-up phenomena [11, 13,
14,34,37].
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Quasilinear couplings of acoustic systems to temperature fields such asin (1.1),
however, seem to have been examined mainly in frameworks of second-order
models for the evolution of the respective mechanical parts. For the so-called
Westervelt-Pennes system which can be viewed as a second-order relative of
(1.1) that involves a slightly less destabilizing heat source but additionally con-
tains a second-order nonlinear forcing term in the corresponding wave part, re-
sults inter alia on global small-data solutions have been achieved in the litera-
ture of the past five years [5, 6,10, 35,36]; also recently, a different class of exam-
ples for second-order modifications of (1.1) which involve quasilinear interaction
with a temperature variable, actually addressing Kelvin-Voigt type simplifica-
tions of (1.1), has been examined with regard to issues from basic existence and
nonexistence theory in various contributions [15,16,22,32,43,45]. Only very re-
cently, in [7] a similar type of quasilinear coupling has been studied in the con-
text of a third-order wave equation, and a statement on local existence of certain
small-data solutions for the resulting so-called Moore-Gibson-Thompson-Pennes
system has been derived there.

Main results. For the quasilinear Zener-type model (1.1), however, available
knowledge from mathematical analysis so far seems to reduce to a result on local
existence in a suitably generalized framework of solvability. In particular, in [17]
the following statement in this regard has been achieved, particularly covering
initial data of arbitrary size unlike the approach in [7]; in formulating this and
throughout the sequel, for a fixed bounded interval QCR and arbitrary p & (1,00]
we let
2P () 2 I¢
Wil (Q):= {quW P(Q)) | =5, =0 ona()}.

Proposition 1.1. Let (3 C R be an open bounded interval, let D >0 and « >0, let
v €C%([0,00)),7 € C?([0,00) and T € C([0,00) be such that v >0,7 >0 and T >0 on
[0,00), and let

u EWR(Q), ug EWFA(Q), uo eW(Q), @eWy™(Q)  (12)

satisfy ©y >0 in Q). Then there exist Tmax € (0,00] and uniquely determined functions u
and © with

(4 €CO([0, Tmax); Wi (Q))),
1t € CO([0, Trmax); CH(Q)) VL, ([0, Tinax ); W (Q0)),
Uy € CO (ﬁx [Oszax)) ALY ((O/Tmax)}wl'z (Q))/

loc

(1.3)

| ©€C([0, Trmax);C*(Q)) NC (Q % (0, Trnax) ) "W, (X [0, Trnax) )

loc
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such that © >0 in Q) x (0, Tmax), that if Tmax < 0o, then

limsup { || (- 1) w2 (o) + 1 (S 8) [ wrz i) FNOC D llwzm(y f =00, (1.4)

t /" Tmax

and that (u,®) forms a strong solution of (1.1) in the sense that u(-,0)=ug and us(-,0)=

uos in Q), that
T T
- - -0)+ //
o oo g0 [ f g

:—/()T/Q’Y(@)uxtﬁox—/;/g’?(@)uxﬁox (1.5)

for each ¢ € C¥(QA%[0,T)), and that O = DOy +T(®)u2, in QO x (0,T) as well as
©y=00n 90 x(0,T).

Due to an apparent lack of appropriate smoothing in the hyperbolic subsys-
tem of (1.1), we do not expect assumptions on the initial data as mild as those
in (1.2) to entail solution regularity substantially beyond that described by (1.3);
in particular, it is to be suspected that the hypotheses in (1.2) are insufficient to
generate classical solutions.

The purpose of the present manuscript now consists in making sure that suit-
ably enhanced regularity requirements on the initial data as well as the parameter
functions in (1.1) indeed ensure the existence actually also of classical solutions.
This will be addressed by examining short-time evolution properties of function-
als of the form

1 1 ~ B
v()i=5 [ 1at3 [ 1O+ [ F@ursieants [ (1L6)

with suitably large B > 0. As to be detailed in Lemma 3.3, namely, on the ba-
sis of some lower-order regularity properties, gathered in the course of a local-
in-time analysis in [17] (see Lemma 2.2 below), suitably regularized variants of
these quantities can be seen to grow in a suitably controllable extent on small
timescales. This observation will form the core of our reasoning toward the fol-
lowing main result of this manuscript, asserting local classical solvability along
with a handy extensibility criterion.

Theorem 1.1. Let (Y CIR be an open bounded interval, let D >0 and a >0, and suppose
that
v€C3([0,00)) issuchthat y>0 on [0,00),

¥e€C3([0,00)) issuchthat >0 on [0,00), (1.7)
IreC!([0,00)) issuchthat T>0 on [0,00),
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and that
((up €W (Q)NW32(Q),
ot €W (Q)NW32(Q), 08
o € W2 (Q) NIWI2(Q), |
| @ EWF®(Q) issuchthat ©y>0 in Q.
Then there exist Tmax € (0,00] as well as uniquely determined functions
1 € CO([0, Tmax); C2(€2) ) NL® ((0, Trmax ); W32 (Q2)), 1.9
© € C%([0, Tmax);C1(Q2) ) NC? (A (0, Tmax)) "W, (2% [0, Trnax))
such that
U € o ( [O/ Tmax);cz (ﬁ)) NL® ((O/ Tmax);w3’2 (Q)) ’ (1.10)
st € C° ([0, Tmax);C* () ) N L2 ((0, Tmax); W () (1.11)
as well as o
g € CO (A% [0, Tmnax) ) ML= ((0, Tmax ); W2 (QY)), (1.12)

that (u,0) solves (1.1) in the classical sense in Q3 x (0, Tmax ), and that if Tmax < 00, then

timsup { |1 (- £) lws 2y + 1 (- 8) [ weo gy + 1O ) Iy } =00 (113)

t /" Tmax

2 Preliminaries

Let us briefly recall and adapt from [17] some steps toward the design of a suit-
able parabolic regularization of (1.1), and import some preliminary estimates that
have been gained in [17] actually under less restrictive assumptions than those
made here.

Specifically, here and below we consider the open interval QCR as well as the
constants D >0 and « > 0 fixed, let ,% and I satisfy (1.7), and suppose that the
initial data ug, ugs, o and g are such that (1.2) holds. Unless otherwise stated,
we shall additionally assume that

/uo=/ uOt:/MOtt:Q 2.1)
0 0 0

Then using standard smoothing procedures yields families (¥e).c (0,1)CC™([0,0)),
(7e)ee(0,1) CC*([0,00)), (Ve )ee(0,1) CC*([0,00)) and (I'e)ee (0,1) CC*([0,00)) as well
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as approximations (1o¢)ee(0,1) CC*(€2), (V0e)ec(0,1) CC*(Q), (Woe )ec 0,1) CC*(QY),

(®Os)se(o,1) C C*®(Q)) of the initial distributions ug,vg:= ug and wg := g of the
displacement variable and its first and second order time derivatives, as well as
the initial temperature ©y such that

Ye>0, 7.>0, Te>0 on [0,00), Vee€(0,1), (2.2)

that ugex, Voex, Woex and Ope, have compact support in ) and g, >0 with

/ uo€:/ 008:/ w()e:(), VEE (0,1), (2.3)
Q Q Q
and that as ¢ \,0 we have

Je — 7 in G ([0,00)), (2.4)
I. - I' in C},.([0,0))
and )
Uge — U n W3’2(Q),
Ve — Ut n W3'2(Q),
(2.5)
Woe — Ugy In WZ’Z(Q),
| @ = O in W>*(Q)
as well as
Velgeex — 0 in L2(Q)). (2.6)

As seen in [17, Lemma 3.1], the parabolic the regularization of (1.1), as given for
e€(0,1) by

(Wer = eWerx+ (Ve(Oe)ex) 4+ (Te(Op)ter) —awe, x€Q, >0, (27a)
Vgt = EVexx + W, xeQ, t>0, (2.7b)
Ugt = EUgxx Vg, xeQ), t>0, (270
Opt = DOpyy +T(Or )07, xeQ, t>0, (2.7d)
Wex = Vex = Uexy = Oy =0, x€adQ, t>0, (2.7¢)

[ (We, Ve, Ue,Of) (x,0) = (Woe, V0e, toe, e ) (X), xeQ), (2.79)

then admits local smooth solutions in the following sense.
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Lemma 2.1. Let e€ (0,1). Then there exist Tmaxe € (0,00] and

(

we € C21 (X [0, Tmaxe) ) NC® (A% (0, Tmaxe) ),
0 € C2 (X [0, Tmax,e) ) NC® (X (0, Tmaxye) ),
e € C21(QAX [0, Tmax,e) ) NC (% (0, Tmaxye) ),
®: € C*1 (%[0, Tmaxe) ) NC® (X (0, Trnax )

(2.8)

\

such that ©g >0 in QX (0, Tmax), that (we,ve,ue, Op) solves (2.7) classically in Q) x
(0, Tmax,c ), and that if Tmax e < 00, then

1imsup{ ||w8(-,t) HW”(Q) + HU&('/t) le,Z(Q)

t/‘ Tmax,s

Hlue () iz i) + 19 (1) iz ) b =o°- (29)

Moreover,
ZLE ./t Z’E '/t —_— ug ',t —0, ;te Ollmaxg . 2.10

Now under assumptions actually less restrictive than those in (1.7), (1.8), (2.2),
(2.4)-(2.6), in [17, Corollary 3.12] these solutions have been found to enjoy the
following basic regularity properties on appropriately short time intervals.

Lemma 2.2. There exist ¢,€(0,1), T, >0and C>0 such that Tmax > T for all e€(0,¢,),
and that

[we( )Wz <C, VEE(0,Tx), e€(0,e), (2.11)
[0:(-,)llw22(0) <C, Vte(0,Ty), e€(0e0), (2.12)
e ()220 <C, - VEE(0,Ty), e€(0ey), (2.13)
1Ot ()] 1) <C, VE€(0,Ty), e€(0,e4), (2.14)
1@c(- ) lwaeo(a) SC, VEE(O,T.), €€ (0e). (2.15)

As a consequence of accordingly implied compactness properties, these ap-
proximate solutions approach strong solutions of the original problem (1.1). With
regard to the topological framework, the following statement in this regard col-
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lects from a corresponding more comprehensive result in [17, Lemma 3.14] only
what will be needed later on.

Lemma 2.3. Let e, and Ty be as in Lemma 2.2. Then there exist (¢;)jen C (0,€+) and
a strong solution (u,0) of (1.1), in the sense specified Proposition 1.1 such that £;\,0 as
j— 0o and

ue — uin C°([0,T.];CH(QY)), (2.16)
ve — u in C°([0,T.];CH(Q)), (2.17)
we — uy in CO(QAx0,T4]), (2.18)
QO - ® in CO(Ox[0,T.]) (2.19)

as e=¢; \[0.

3 Short-time analysis of a higher-order quasi-energy
functional

A first e-independent estimate beyond those from Lemma 2.2 makes use of the
diffusion mechanism in the heat subsystem of (2.7), and does actually not rely on
the sharpened assumptions made e.g. in (1.8).

Lemma 3.1. There exists C >0 such that if we let e, and T be as in Lemma 2.2, then

/T*/ ®%,..<C, Vee(0,c,). 3.1)

Proof. Testing the Eq. (2.7d) in a straightforward manner, we see that thanks to
Young's inequality,

1d
2dt/ ®gxx /®sxxx®sxt
_/ ®sxxx'{D®sxxx +2I (®e)vsxvsxx+ré(®s)®sxvgx
1
< __/ ®sxxx / r2 ®€ exx B/QFf (®€)®ng§x (3'2)

for all t € (0, Tmax,c) and e€ (0,1). Here, (2.14) and (2.15) together with the fact that
I — T in C'([0,00)) as e \,0 ensure the existence of c; >0 and ¢, >0 such that
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I2(@,)<ci;, T'?(0.)0%<c, in Ox(0,T,), Veec(0,e),

whereas (2.12) in conjunction with the continuity of the embedding W??2(Q)) —
WL*(Q) provides c3 >0 and c4 > 0 such that whenever e € (0,¢,),

/Qvgxxgc?,, VEE(0,T,), [vex|<cs in Qx(0,T.).

Consequently, (3.2) implies that

8C1C3Ci 2c2cjﬂQ]

dt/®sxx+D/ ®sxxx D ’ VtE(OIT‘k)/ 56(015*)/

which upon an integration using (2.5) entails (3.1), because [0, Tmax,e) 2t— [ © 2
is continuous according to (2.8). O

A second preparation for our energy analysis utilizes parabolic theory in re-
cording two regularity properties of third-order spatial derivatives. For fixed
g€ (0,1), in Lemma 3.3 these will be used in asserting continuity of an approxi-
mate counterpart of the functional in (1.6) at the initial instant.

Lemma 3.2. For each e € (0,1) the solution of (2.7) from Lemma 2.1 has the additional
properties that

VUexxx € CO (6 X [0/ Tmax,s))/ (3'3)
Uerrx € CO (X [0, Tmax,e)) - (3.4)

Proof. We take an arbitrary a € (3/2,2), and then choose p >1 large enough and
¢ >0 suitably small such that

Za—% >340, (3.5)

and defining A as the realization of —&(-)yy+1 under homogeneous Neumann
boundary conditions in L? (Q), with domain thus given by D(A)={pcW?7(Q) |
¢x =00n 00}, we let A* denote the corresponding fractional power. For fixed
e€(0,1) and T € (0, Tmax,), Lemma 2.1 then asserts that Av,+ Aw, is continuous
in O x [0,T] and hence particularly belongs to L*((0,T);LF(Q)). As furthermore
the inclusion vg., € Cy°(Q2) warrants that A*vp, € LP(Q)), we can draw on standard
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smoothing properties of the analytic semigroup (e~!4);>¢ [23] and the fact that
for each B € R the corresponding fractional power AP commutes with e~'4 on
D(AP). On the basis of a Duhamel representation associated with the identity
Vet =— A0 +0.+w,, namely, we thereby see that with some ¢1(¢)>0and cp(¢,T)>0
we have

t
| A%0e(-,t) HLP(Q) = HA“e_tAvog—i—/O A% =50 A0y (L s) +w(-,s) s

LP(Q)

t
e_tAA“Uog—l—/O Ao =9 A AL (-8) +we(-,5) bds

Lr(Q)
<ci(e) HA(XUOEHLP(Q)

t
+C1(€)/O (=)' Ave (-,5) + Awe (-,5) | 1y () ds
t
<ea(eT)+0a(e,T) / (t—s)'=*ds, Vte(0,T).
0

As 1—a > —1, we thus infer that A*v. € L*°((0,T);LP(Q2)), whence using that
(3.5) implies that D(A%) < C3+%(Q)) [25], we obtain that v, € L®((0,T);C3+?(Q)).
As from Lemma 2.1 we already know that v, € C°([0,T];C°(Q))), by compact-
ness of the first of the two continuous embeddings C3+?(Q)) — C3(Q) — C°(Q)
we may employ a straightforward interpolation argument relying on an asso-
ciated Ehrling type inequality to see that, in fact, v, € C°([0,T];C3(Q))). Since
T €(0, Tmax,c) Was arbitrary, this entails (3.3), whereas (3.4) can be verified in much
the same manner. O

We are now prepared for the core step of our analysis, further developing
the basic information from Lemma 2.2 so as to yield e-independent estimates at
an enhanced level of regularity.

Lemma 3.3. Let ¢, and T, be as in Lemma 2.2. Then there exist e, € (0,€4) and C >0
such that

/Qw?:xx('/t) <C, Vte (OIT*)I ee (015**), (3.6)
/Qvgxxx('/t) <C, Vte (O/T*)/ ec (015**), (3.7)

/Q 2, () <C, Vte(O,T.), £€(0,ex). (3.8)
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Proof. Let us first employ Lemma 2.2 to fix positive constants c;,i € {1,...,8} such
that

/Q oy <1, /Q 2 <cy, Vte(0,Ty), e€(0,e4), (3.9)
|Vex| <3, |ttex | <cq4 in Ox(0,T,), Vee(0,e), (3.10)
and that
O <c5, [Ox|<cs, [Oexx|<c7, |Og|<cg in Ox(0,T.), Vec(0,&), (3.11)
whence according to (2.4) we can find €, € (0,¢,) and ¢;>0,i€{9,...,18} such that

o< 7e(O¢) <c10, €11 <7e(Og) <cp in Ox(0,T,) Vee(0,e.), (3.12)

that
7:(@e) [ <c1z, |72 ()| <cra, |7 (@) <c15 (3.13)
in Ox(0,T,), Vee(0,e.), '
17:(@e) | <cie, 7% (@) <cr7, |70 (@) <cig (3.14)

in Ox(0,T,), Vee(0,ca).

We now go back to the Eq. (2.7a) to see upon multiplying by weyxxy and integrat-
ing by parts that since wey = wWext =0 on 0Q X (0, Tmax,¢) for all e€ (0,1),

1d
5%/ exx — /wexxxwext

- / Wexxx* {swsxx —XWe+Ye (®s)7)sxx + r)’é (®S)®sxvsx
+')’e ®s)uexx+r/fé(®e)®exuex}x

——€/ wsxxx /wsxx

/
_/Q')’e O vsxxxwexxx_z/ Ve ®e OexVexxWexxx
/
_/ ’)’g ®s exx Oex Wexxx — /')’ ®ngsstxxx
/ ’)’s usxxstxxx 2/ ®sxusxstxxx

/ ®e Oexx UexWexxx — / AH ®s ®gxuestxxx (3.15)
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for all t € (0, Tmax,¢) and €€ (0,1), and that here, in line with the Eq. (2.7b), Young’s
inequality as well as (3.11)-(3.13),

_/ Ve ®s OexxxWexxx
/’)’e e)Vexxx {stxxt gvsxxxxx}
stv
Zdt/()ry sxxx /’)’s EXXX
_5/ Ve ®s ngxxx_s/ ')’g ®e Oex Vexxx Vexxxx

g_idt/ Ye ®8 sxxx /’)’s O ®8tvsxxx

7 (O
) / r)’E exxxx + 7 ,)Z ((® S)) nggxxx

C9€
__EE/ ')’8 sxxx 2 exxxx+c19/ Ye ®€ sxxx (3'16)

for all € (0,T,) and €€ (0,4 ) with

2.2
cgC13 C6C13

C19:=
because €4 <1 and Vexxy =0 on dQ X (0, Tmax,¢) for all e€ (0,1) by (2.7). Similarly,
using that also Ugxxx =0 on 0Q X (0, Tmax,) for all e € (0,1), we find that for all
t€(0,Tmax,) and e€(0,1),

- /()'?e(®s)usxxstxxx
_/Q'/);e(@e)uexxx'{Uexxxt_evsxxxxx}
d [ . -
:_E/Q')’e(@e)uexxxvexxx+/Q')’e(@)e)usxxxtvsxxx
+/Q'/)7é(®s)®stusxxxvsxxx
_5/0'/)’\8(68)usxxxxvexxxx_5/()§é(®s)®sxusxxxvsxxxx/

where by the Eq. (2.7c) and, again, the fact that vgyyy =0 on 9Q) x (0, Tmax,¢) for all
e€(0,1),

/Q '/)78 (®e ) Uexxxt Vexxx
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= /Q Ye (®s) : {stxx + EUexxxxx } *Oexxx
= /Q Ye(Oe) vgxxx —¢€ /Q ¥e(Oe) UexrxxVexxax

~/
—& /Q Ve (®s ) OexUexxxxVexxx

for all t € (0, Tmax,c) and e € (0,1). Once more due to Young’s inequality and the
restriction that ¢, <1, and thanks to (3.12), (3.14) and (3.11), we thereby see that

_/Q;))s(®s)usxxstxxx

——E/A(G))u v —i—/A(@)v2

T Q')’e e )JUexxxVexxx Q')’e e )Ucxxx
+/Q'/)’\é(®s)®stuexxxvsxxx_25/0'/)78(®8)usxxxxvexxxx
_"3/ ;)’\é(®s)®exuexxxvsxxxx_5/ '/fé(@)e)@exuexxxxvexxx

/ ')’s usxxxvsxxx+/ ')’s sxxx+/ r)’E sxxx

1 [ 75 (0 C9€
1 o) ')’Es((® )) ®st exxx+z sxxxx / sxxxx

C9€ A/Z 2,2
+ 4 sxxxx"' / ®sx EXXX

+

A (CF
+ / Ye ®€ sxxx+ 4 0 ')’ss((®s)) ®gx gxxxx

2 2
<—— / ')’s uexxx Vexxx+ CZO/ 78 Vgxxx TC21 /Q Ueyxx

C9&
tome /Q et [ e VIE(OT), €€ (0e0) (3.17)
with 2.2 2.2 2 2.2
c _cge C6C6 4c czc
4C9 C9 C9 4C9

In the fourth, fifth and sixth summands on the right of (3.15), we first integrate
by parts and then again employ Young’s inequality to see, repeatedly using (3.9)-
(3.13), that for all t€ (0,T,) and e€ (0,¢),

-2 /Q ')’é (@)e ) OexVexxWexxx



104

with

that

with

and that
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:2/ ACH! @sxvgxxxngx-l-Z/ Y (Oe) Oexx VexxWexx
+2 / v (@, @ngsxxwexx

<3 [ whot / 120008ty
+ [ 1200202+ [ 12(0:) 0k

§3/ngxx+cz3/ﬂ')’e Q) stxx+C24

Ceci 22 22
3= 0913’ C24:=C1C7C13+C1C6C g,
/
_/Q’)’s(®s)®sxxvsxwexxx
:/ ’)’é(®s)®sxxvsxxwexx+/Q’)’é(®s)®gxxxvgxw8xx
+/ ,), ®e Oex Ocxx VexWexx
<3/ wsxx+4/ ’)’ ®€ ®3:xx Uexx
41 [ 1200ttt [ 12Ok R,

Sg/ngxx_"C%/Q@gxxx_"c%l VtE(O,T*), 86(0,8.)

22 22 20200
._ 93013 _cscyy | c5Cecrcy, Q)
C25:= i’ Co6 = 4 1 ’

/')’ ®s ®ngestxxx
_/ ')’ ®e ®ngexstxx+2/ ')’ ®s Oex Ocxx VexWexx

+/ '7/” ®£ ®ngestxx

(3.18)

(3.19)
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<3/ wsxx+ /7//2 ®4 gxx
+/ 7//2 ®€ ®gx®§xxvsx+ / 7///2 ®8)®va‘§x

§3/ng'xx+‘327' Vte(0,Ty), €€(0,¢e)

with
clcgcﬁ 22022 C§C20%5|Q|
Co7:= — +c5cec7014| Q)+ -
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(3.20)

In quite the same fashion, we can estimate the three rightmost expressions in

(3.15) so as to verify that

-2 / Ye(O¢) OcxUexx Wexxx
=2 [ 7(O0)Ourtterestens +2 /Q F2(0) Oy theryWers
+2 / Y (@) O ey Wexx
<3 [ @t [ FAO)OR
+ [ 72Ot [ 72Ok
§3/ngxx+c28/0u€xxx+c29, Vte (0,T), €€ (0,¢0)

with
e 22 22 42
C28:=CgClg, €29:=C2C7C76+C2C6CT7,
that

/ ®e OpexxUex Wexxx

:/Q’}’e s sxxusxstxx+/Q'/)?é((as)(asxxxusstxx
+ / '/fg ®e Oex Opxx Uex Wexx

<3 / wsxx+ 4 / Alz ®gxx E:xx

1/ ~
+Z/Q7/2(®8)®gxxxusx+ / /2 ®€)®gx®gxxu§x

(3.21)
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<3 /Q WR..+C30 /Q @2, +cz, VIE(O,T,), ec(0,e) (3.22)
with 2.2 22 22020
Ca0i= €416 - cacyely | C4Cec7Cty |
' 4 7 ) 4 4 ’

and that for all t € (0,T,) and e € (0,¢.),
/A" O ) O thex Weyrx
/ (@) @2, theyy Wery +2 / 7 (O¢) Oey Ocy exWery
-I-/ Y (©) O3 Uex Wexx
<3 [ whty [ 3OOk,

+/ AHZ ®2 ®gxxusx+1/0;)/\g/2 (®€)®qugx

§3/ wsxx+c32/ (3.23)
0
where ) > 62
C2C6C17 2202 C4C6C18’Q’
Cap 1= —— =+ 2c2c3c2, Q) + -

In summary, from (3.15)-(3.23) we obtain that for all t€ (0,T,) and e€ (0,¢.),

d (1 1 ~
E{E/ngxx+E/Q')’e(@)e)vgxxx‘|‘/Q')’s(®s)uexxxvsxxx}
te [ whta [ vk
<18/ ngx—F €19 +C20+C23 /78 gxxx
+(co14c /u +c s/u2
(21 28) O XXX 22 0 exxxX
+(c25+¢30) /Q @ x +Coa+Cag+Ca7+Ca0+ 031+ 032, (3.24)

and in order to suitably cope with the third and fourth summand on the right-
hand side herein, we once more use the Eq. (2.7c) to see in a straightforward
manner that, again since Ueyyy =0 on 90 X (0, Tmax,¢) for all e€ (0,1),

1d ’
> dt /Q Ugxxx = /Q Uexyxx {Eusxxxxx +stxx}
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2
=—€/ u +/ UexxxVexxx
o e o

1 1
2 2 2
< _E/Q Ugxxxx + E /Q Ugxxx + E /Qvexxx

1 1
S_E/ngxxxx"i'i/ngxxx_"z—(:g/ﬂf)’E(@E)vgxxx

for all t € (0,T,) and e € (0,4 ). Choosing B >0 large enough such that

B_ 2
B>cp, 12%92,
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(3.25)

from (3.24), we thus infer upon dropping two nonnegative summands on its left-

hand side and using the first inequality in (3.25) that

1 1 ~
ye(t) ::E/()ngx+§/Q')’s(®s)vgxxx+/Q')’e(®e)uexxxvsxxx
B 2
—|—E/ngxxx, te[0,Tx), €€(0,es),
satisfies
yé(t)S18/ngxx+c33/ﬂr)’s(®s)vgxxx+C34/ngxxx+hs(t)

for all t€(0,T,) and e€ (0,¢, ), where

B B
C33::c19+62o+C23+2—, C34:=0C1+Co8+ 7,
Co9 2

and where Lemma 3.1 yields c35 >0 such that

(3.26)

hs(t)::(C25+C30)/Q®gxxx+C24+C26+CZ7+C29+C31+C32/ te(0,T.), e€(0,¢)

has the property that

T
/ he()dt<css, Vee(0,¢.).
0

(3.27)

Now thanks to (3.12) and the second restriction in (3.25), Young’s inequality en-
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sures that for all t € (0,T,) and e € (0,¢.),
/ wsxx —"_ / f)/s ®8 exxx r)/g exxx / EXXX
4 @) ')’e 2

—2/ wsxx+ /r)/g €XXX 12/() €XXX+2/ €XXX

— 2 / E.XX + / ’)/E €X.XX + 4 / E.XX.X’ (328)
so that from (3.26) we infer that if we let

4c
C36 ::36+4C33+%,

then
yL(t) <cagye(t)+he(t), Vte(0,Ty), e€(0,es),

and hence,

y() C36t+/ C36t5 dS
§yg( )- C36T*+C35e‘:36T*, VtG(O,T*), e€(0,¢eq)
due to (3.27), because Lemma 3.2 in conjunction with (2.8) ensures continuity
of ye on [0,T,]. Since limsup,. ,v¢(0) is finite by (2.5) and (2.4), and since thus

SUP,¢ () Ye(0) < oo for all suitably small €€ (0,1), in view of (3.28) this readily
entails the existence of e, € (0,&«) and C >0 such that (3.6)-(3.8) hold. O

4 Proof of Theorem 1.1

Combining the estimates from Lemma 3.3 with suitable embedding properties
available in the considered one-dimensional setting, still for initial data with van-
ishing averages we can readily confirm that under the current regularity assump-
tions on the data the strong solution approximated in Lemma 2.3 in fact exhibits
smoothness properties compatible with those from the statement of Theorem 1.1.

Lemma 4.1. If (2.1) holds, then the strong solution (u,®) obtained in Proposition 1.1
has the additional properties that

ue C([0,T.];C*H(Q)) ML= ((0, T.);W2(Q2)), (4.1)
ur € C°([0,T];C2(Q0)) NL™((0, Tw); W3(QY)), (4.2)

nL (Q)
up € C°([0, T.J;CH(Q)) NL® ((0, Tw ); W22 (Q)) (4.3)
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as well as
u € CO(QAX [0, T.])NL®((0, T, );W'2(Q2)), (4.4)

and (u,0) actually solves (1.1) in the classical sense in (3 x (0,T).

Proof. From (3.8) and Lemma 2.2 we obtain c; > 0 such that with ¢,, found in
Lemma 3.3 we have

||ue (-, ) ||W3,z(Q) <c1, Vte[0,T.], €€(0,64x), 4.5)

and we claim that this implies that if we let (¢;)jen C (0,1) be as in Lemma 2.3,
then
ue — u in C°([0,T.];C*(QQ)) as e=¢; \0. (4.6)

In fact, given 17>0 we may rely on the compactness of the embedding W32(Q)) —
C2(Q) to find cp(77) >0 such that

ol < g9l +elelom, YoeWw?@), @)

and we thereupon make use of (2.16) in fixing &, € (0,1) such that

N

e2() e (-8) = 1o () ) < (4.8)

forall t€[0,Tx],e€ (¢;)jenM(0,ey),€ €(¢j)jenMN(0,€y). A combination of (4.7) with
(4.8) then shows that

e (- t) =1t (1) [| 2 )
< ilHue(vt) — e (4, 8)[lwsa (o) Fe2 () llue (+/8) = tter (-, £) | o1
<L { e ooy e (1) lwsaqy +ea(n) e, 8) =t (1) | n

§4ic1'(c1+c1)+gz Vte[0,Tu], Ve (e))jenn(0,ey), € € (g))jenN(0ey)

meaning that (ue,)jen forms a Cauchy sequence in the Banach pace Co([0,Ty;

C2(Q))) which hence must satisfy (4.6).
Likewise, (3.7) in conjunction with Lemma 2.2 provides c3 >0 such that

||Ug(',t)||W3,2(Q)§C3, VtE[O,T], 86(0,8**),
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whence arguing as above we infer from the convergence property in (2.17) that
ve — up in C°([0,T.J;C*(Q)) as e=¢;\,0. (4.9)
Finally, (3.6) and Lemma 2.2 warrant the existence of c4 >0 fulfilling
(1) lwazioy Sca VEEWT], €€ (0es),

and now drawing on the compactness of the embedding W22(Q)) — C!(Q)) and
the continuity of the inclusion C!(Q)—C?%(Q)), we therefore obtain recalling (2.18)
that

we — uy in CO([0,T.];CH(Q)) as e=¢;\,0. (4.10)
The inclusions in (4.1)-(4.3) thus become obvious, so that since (4.6), (4.9), (4.10)
and (2.19) in conjunction with (2.7) imply that u(-,0) = ug,u¢(-,0) = uo;, t(-,0) =
upyr and O(-,0) =0y in (), it remains to observe that by (1.5), the identity

Ut = — KUt +')’(®)uxxt + '7/ (@))@x Uxt +'/)>(®)uxx + '/)’\/ (@))@x Uy (4.11)

holds in the sense of distributions on Qx (0,T,). Therefore, namely, (4.1)-(4.3)
ensure that 1 enjoys the regularity property in (4.4), and that (4.11) is actually
satisfied at each point in Q% (0,T,). Since Proposition 1.1 has already asserted
that the second sub-problem of (1.1) is satisfied in the classical sense, the proof is
complete. O

The essence of our main result has thus actually been achieved already.

Proof of Theorem 1.1. For initial data satisfying (1.8) and (2.1), we only need to
combine the outcome of Lemma 4.1 with a standard extension argument; de-
tails for a corresponding construction addressing the closely related scenario of
Proposition 1.1 can be found in [17, Proof of Theorem 1.1]. General initial data
merely satisfying (1.8) can thereupon readily be dealt with by applying the above
to 170 =Uug—Yo, itv()t =Uor—W1 and iZOtt =Uor — Y2, with

1 1 1
]/03:@/0710/ y1:=@/gum, yztzﬁ/guom

by thereupon letting (i,®) denote the corresponding solution of

( T+ iy = (’}’(@)ﬁxt)x‘i‘(;)’\(@)ﬁx)x/ x€Q, te(0,Tmax),
©;=D0O,, +T(0)i2,, xeQ, t€(0,Tmax),
I, =0, ©,=0, x€dQ), t€(0,Tmax),

L (ﬁ/ﬁt/ﬁtt/@) (X,O) == (ﬁOIﬁOtlﬁOttléo) (x)/ xXe Q/




T. Fricke and M. Winkler / Commun. Math. Anal. Appl., 5 (2026), pp. 91-114 111

maximally extended up to some Tmax € (0,00], and by defining u(x,t) :==u(x,t)+
y(t) as well as O(x,t) :=O(x,t) for (x,t) € QA x [0, Tmax), where y € C*([0,00)) de-
notes the solution of ¥ (t)+ay” (f)=0in (0,00) satisfying y(0)=yo, ' (0)=y; and
v(0) =12 -

Acknowledgments

The authors warmly thank the reviewer for several useful remarks.

They moreover acknowledge support of the Deutsche Forschungsgemeins-
chaft (Project No. 444955436), and they declare that they have no conflict of inter-
est.

References

[1] E. Adachi, R. Quintanilla, and Y. Ueda, Decay structure of the Zener-type viscoelastic
plate with type 1I heat conduction in the whole space, Commun. Math. Anal. Appl. 4
(2025), 296-306.

[2] M. O. Alves, A. H. Caixeta, M. A. Jorge Silva, and J. H. Rodrigues, Moore-Gib-
son-Thompson equation with memory in a history framework: A semigroup approach,
Z. Angew. Math. Phys. 69 (2018), 106.

[3] M.S. Alves, C. Buriol, M. V. Ferreira, J. E. Mufioz Rivera, M. Septlveda, and O. Vera,
Asymptotic behaviour for the vibrations modeled by the standard linear solid model with
a thermal effect, J. Math. Anal. Appl. 399 (2013), 472-479.

[4] R. Badal, M. Friedrich, and M. Krucik, Nonlinear and linearized models in thermouvis-
coelasticity, Arch. Ration. Mech. Anal. 247 (2023), 5.

[5] I. Benabbas and B. Said-Houari, The Westervelt-Pennes-Cattaneo model of nonlinear
thermo-acoustics: Local well-posedness and singular limit for vanishing relaxation time,
SIAM J. Math. Anal. 56 (2024), 2968-3003.

[6] I. Benabbas and B. Said-Houari, Global existence and asymptotic behavior of the Wester-
velt-hyperbolic Pennes system, Z. Angew. Math. Phys. 76 (2025), 129.

[7] I. Benabbas and B. Said-Houari, Local well-posedness of a coupled Jordan-Moore-Gibson-
Thompson-Pennes model of nonlinear ultrasonic heating, Nonlinear Anal. Real World
Appl. 90 (2026), 104546.

[8] D. Blanchard and O. Guibé, Existence of a solution for a nonlinear system in thermovis-
coelasticity, Adv. Differential Equations 5 (2000), 1221-1252.

[9] B. Boley and ]. Weiner, Theory of Thermal Stresses, in: Dover Civil and Mechanical
Engineering, Dover Publications, 2012.



112 T. Fricke and M. Winkler / Commun. Math. Anal. Appl., 5 (2026), pp. 91-114

[10] J. Careaga, V. Nikoli¢, and B. Said-Houari, Westervelt-based modeling of ultrasound-
enhanced drug delivery, ]. Nonlinear Sci. 35 (2025), 61.

[11] W. Chen and R. Ikehata, The Cauchy problem for the Moore-Gibson-Thompson equation
in the dissipative case, J. Differential Equations 292 (2021), 176-219.

[12] W.Chen, M. Ma, and X. Qin, LP-L7 estimates for the dissipative and conservative Moore-
Gibson-Thompson equations, . Math. Phys. 66 (2025), 071515.

[13] W. Chen and A. Palmieri, Nonexistence of global solutions for the semilinear Moore-Gib-
son-Thompson equation in the conservative case, Discrete Contin. Dyn. Syst. 40 (2020),
5513-5540.

[14] W. Chen and A. Palmieri, A blow-up result for the semilinear Moore-Gibson-Thompson
equation with nonlinearity of derivative type in the conservative case, Evol. Equ. Control
Theory 10 (2021), 673-687.

[15] L. Claes, J. Lankeit, and M. Winkler, A model for heat generation by acoustic waves in
piezoelectric materials: Global large-data solutions, Math. Models Methods Appl. Sci. 35
(2025), 2465-2512.

[16] L. Claes and M. Winkler, Describing smooth small-data solutions to a quasilinear hyper-
bolic-parabolic system by W' enerqy analysis, Nonlinear Anal. Real World Appl. 91
(2026), 104580.

[17] L. Claes and M. Winkler, Local strong solutions in a quasilinear Moore-Gibson-Thompson
type model for thermoviscoelastic evolution in a standard linear solid, preprint, Univer-
sitdt Paderborn, 2026.

[18] C. M. Dafermos, Global smooth solutions to the initial boundary value problem for the equ-
ations of one-dimensional thermoviscoelasticity, SIAM J. Math. Anal. 13 (1982), 397-408.

[19] F. Dell’Oro, 1. Lasiecka, and V. Pata, The Moore-Gibson-Thompson equation with mem-
ory in the critical case, ]. Differential Equations 261 (2016), 4188—-4222.

[20] E. Dell'Oro and V. Pata, On the Moore-Gibson-Thompson equation and its relation to
linear viscoelasticity, Appl. Math. Optim. 76 (2017), 641-655.

[21] E. Dell’Oro and V. Pata, On the Moore-Gibson-Thompson equation with thermal effects of
Gurtin-Pipkin type, Discrete Contin. Dyn. Syst. Ser. S 16 (2023), 3459-3472.

[22] T. Fricke, Local and global solvability in a viscous wave equation involving general
temperature-dependence, Acta Appl. Math., 200 (2025), 1.

[23] A. Friedman, Partial Differential Equations, Holt, Rinehart & Winston, 1969.

[24] O. Friesen, L. Claes, C. Scheidemann, N. Feldmann, T. Hemsel, and B. Henning,
Estimation of temperature-dependent piezoelectric material parameters using ring-shaped
specimens, in: 2023 International Congress on Ultrasonics, Vol. 2822, IOP Publishing,
(2024), 012125.

[25] D. Henry, Geometric Theory of Semilinear Parabolic Equations, in: Lecture Notes in
Mathematics, Vol. 840, Springer, 1981.

[26] B. Kaltenbacher, I. Lasiecka, and R. Marchand, Wellposedness and exponential decay
rates for the Moore-Gibson-Thompson equation arising in high intensity ultrasound, Con-



T. Fricke and M. Winkler / Commun. Math. Anal. Appl., 5 (2026), pp. 91-114 113

trol Cybernet. 40 (2011), 971-988.

[27] B. Kaltenbacher, I. Lasiecka, and M. K. Pospieszalska, Well-posedness and exponential
decay of the energy in the nonlinear Jordan-Moore-Gibson-Thompson equation arising in
high intensity ultrasound, Math. Models Methods Appl. Sci. 22 (2012), 1250035.

[28] B. Kaltenbacher and V. Nikoli¢, The Jordan-Moore-Gibson-Thompson equation: Well-
posedness with quadratic gradient nonlinearity and singular limit for vanishing relaxation
time, Math. Models Methods Appl. Sci. 29 (2019), 2523-2556.

[29] I Lasiecka and X. Wang, Moore-Gibson-Thompson equation with memory, part II: Gen-
eral decay of energy, ]. Differential Equations 259 (2015), 7610-7635.

[30] I Lasiecka and X. Wang, Moore-Gibson-Thompson equation with memory, part I: Expo-
nential decay of energy, Z. Angew. Math. Phys. 67 (2016), 17.

[31] R. Marchand, T. McDevitt, and R. Triggiani, An abstract semigroup approach to the
third-order Moore-Gibson-Thompson partial differential equation arising in high-intensity
ultrasound: Structural decomposition, spectral analysis, exponential stability, Math.
Methods Appl. Sci. 35 (2012), 1896-1929.

[32] E. Meyer, Large time existence in a thermoviscoelastic evolution problem with mildly
temperature-dependent parameters, preprint, Universitdt Paderborn, 2026.

[33] A. Mielke and T. Roubicek, Thermouviscoelasticity in Kelvin-Voigt rheology at large
strains, Arch. Ration. Mech. Anal. 238 (2020), 1-45.

[34] S. Ming, H. Yang, X. Fan, and J. Yao, Blow-up and lifespan estimates of solutions to
semilinear Moore-Gibson-Thompson equations, Nonlinear Anal. Real World Appl. 62
(2021), 103360.

[35] V. Nikoli¢ and B. Said-Houari, Local well-posedness of a coupled Westervelt-Pennes
model of nonlinear ultrasonic heating, Nonlinearity 35 (2022), 5749-5780.

[36] V. Nikoli¢ and B. Said-Houari, The Westervelt-Pennes model of nonlinear thermoacous-
tics: Global solvability and asymptotic behavior, ]. Differential Equations 336 (2022),
628-653.

[37] V. Nikoli¢ and M. Winkler, L* blow-up in the Jordan-Moore-Gibson-Thompson equation,
Nonlinear Anal. 247 (2024), 113600.

[38] R. Racke and B. Said-Houari, Global well-posedness of the Cauchy problem for the
3D Jordan-Moore-Gibson-Thompson equation, Commun. Contemp. Math. 23 (2021),
2050069.

[39] R. Racke and S. Zheng, Global existence and assymptotic behavior in nonlinear thermo-
viscoelasticity, J. Differential Equations 134 (1997), 46-67.

[40] T. Roubicek, Thermo-visco-elasticity at small strains with L'-data, Quart. Appl. Math.
67 (2009), 47-71.

[41] B. Said-Houari, Global well-posedness of the Cauchy problem for the Jordan-Moore-Gib-
son-Thompson equation with arbitrarily large higher-order Sobolev norms, Discrete Con-
tin. Dyn. Syst. 42 (2022), 4615-4635.

[42] D. Wang, W. Liu, and R. Racke, Decay properties for the Cauchy problem of the linear



114 T. Fricke and M. Winkler / Commun. Math. Anal. Appl., 5 (2026), pp. 91-114

JMGT-viscoelastic plate with heat conduction, J. Math. Anal. Appl. 525 (2023), 127232.

[43] M. Winkler, Rough data in an evolution system generalizing 1D thermoviscoelasticity with
temperature-dependent parameters, Appl. Math. Optim. 91 (2025), 44.

[44] M. Winkler, Large-data solutions in one-dimensional thermouviscoelasticity involving
temperature-dependent viscosities, Z. Angew. Math. Phys. 76 (2025), 192.

[45] M. Winkler, Hotspot formation driven by temperature-dependent coefficients in one-
dimensional thermouviscoelasticity, preprint, Universitdt Paderborn, 2026.



