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Abstract. In this paper, we investigate reflected backward stochastic differen-
tial equations with a single, discontinuous barrier, driven by a right-continuous,
left-limited martingale within a general filtration. We establish the existence
and uniqueness of solutions under a stochastic Lipschitz condition on the gen-
erator and a reflection process that is right-continuous with left limits. As an ap-
plication, we use these results to determine fair pricing for American contin-
gent claim options in a financial market driven by Azéma’s martingale, incor-
porating elements of asymmetric information.
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1 Introduction

The notion of one barrier reflected backward stochastic differential equations
(RBSDEs) was introduced by El Karoui et al. [13] within the framework of a Brow-
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nian filtration associated with a standard Brownian motion (B;);<7. In this frame-
work, a solution to this equation, defined for a horizon time 0 < T < oo, a coeffi-
cient f, a terminal value ¢, and a barrier L = (L; )< is represented by a triple of
adapted processes (Yt,Zt,K) <7 such that

T T
Yt=€‘+/ f(s,Ys,Zs)ds+(1<T—1<t)—/ ZsdBs, Y;>L; Vt<T. (1.1)
t t

In other words, the solution to the equation satisfies a certain differential equation
and a reflecting boundary condition. In the Eq. (1.1), the non-decreasing contin-
uous process K is introduced to keep the state process Y above the barrier L in
a minimal energy. The process K only comes into play when Y reaches the ob-

stacle L, as indicated by the condition fOT(YS—LS)dKS = 0. El Karoui ef al. [13]
have shown that when the terminal value ¢ is square integrable, the coefficient f
is uniformly Lipschitz with respect to (y,z), and the barrier L is continuous, the
equation has a unique solution.

The literature on RBSDEs has seen numerous significant contributions. For
instance, Hamadene and Lepeltier [26] study the case where the barrier L is right-
continuous and left-upper semi-continuous, which implies positive jumps of L,
and also explore the applications of RBSDEs in mixed control or zero-sum games.
Meanwhile, Matoussi [36] establishes the existence of a solution to Eq. (1.1) when
the driver f has linear growth and is only continuous with respect to (y,z). Build-
ing on these works, Hamadeéne [25] investigates discontinuous RBSDEs with
a right-continuous and left-limited (RCLL) barrier under the same consideration
made in [13], linking the findings with stochastic mixed control problems.

RBSDEs have been studied in various stochastic settings beyond the classical
Brownian motion framework. Hamadene and Ouknine [27] considered the case
where the filtration is generated by a Brownian motion and an independent Pois-
son point process. They allowed the obstacle to have only inaccessible jumps and
established the existence and uniqueness of the reflected solution under the Lip-
schitz assumption on the coefficient. This work was later extended in [22,28] to
include barriers with general jumps that can be inaccessible or predictable. Other
interesting results on RBSDEs can be found in [15, 34].

The objective of this paper is to explore the problem of existence and unique-
ness for RBSDEs driven by a fairly RCLL general martingale with one reflected
RCLL obstacle in an arbitrary filtered probability space. Our work builds upon
and expands upon the results presented in previous studies such as [7,12,13,15,
22,25-28] (see also [19,32,42] for other related works). However, our approach
is more comprehensive and we encounter several challenges in our problem, in-

cluding:
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¢ Firstly, our filtration is general and must only satisfy the usual assumptions
and a quasi-left continuity condition. This is in contrast to previous stud-
ies, which require the filtration to be generated by or support a continuous
martingale and a random jump measure.

* Secondly, our generator satisfies a stochastic Lipschitz condition, which al-
lows us to handle more flexible financial market models with jumps.

* Finally, the jumps of the obstacles are general and can occur at either pre-
dictable or inaccessible stopping times, resulting in both types of jumps in
the state process of the solution.

This paper provides a comprehensive overview of the use of RBSDEs in general
tiltration to value American options between a company (or investors) and an in-
sider on the stock price of a given firm. Such problems arise frequently in real-
world economics, and a notable example is Albert Wiggin, who sold his stocks
(which can be considered as an American put option) to other investors on the
open market, using insider information about his bank, Chase National Bank, to
make bets on the stock market. When the market crashed in 1929, Wiggin's bets
paid off, and he made a substantial profit of $4 million by selling his stocks at
a higher price than he had purchased them for. This situation can be mathemat-
ically modeled by considering a market model where the dynamic of the com-
pany’s stock price is driven by Azéma’s martingale, and the filtration is the one
that contains the natural flow of information of the public market, i.e. the filtra-
tion generated by the Azéma’s martingale, as well as the additional information
carried by the insider. Emery introduced the solution to the so-called structure
equation in [21] and proved that it has the chaotic (particularly the predictable)
representation property. Therefore, it is reasonable to study RBSDEs driven by it
and to address the problem of the existence of a functional value for American
contingent claims in a general financial market driven by this martingale.

The paper is structured as follows. Section 2 provides relevant definitions,
notations, assumptions, and properties for our problem. In Section 3, we present
our main result on the existence and uniqueness of the solution to reflected BSDEs
with one lower reflecting RCLL barrier. To achieve this, we combine optimal stop-
ping theory with a convergence theorem for a monotonic sequence of processes.
Finally, in Section 4, we explore the pricing of American options in an insider
trading setting within a financial market model driven by Azéma’s martingale.
We introduce fundamental concepts, definitions, and mathematical modeling of
our problem and discuss the existence of a fair value function for these contracts.
This function is characterized as the solution to the RBSDE analyzed in Section 3.
Finally, we demonstrate the existence of the so called saddle point, provided that
the obstacle satisfies additional regularity trajectory assumptions.
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2 Preliminaries

Let (Q),.#7,F,IP) be a complete filtered probability space where the filtration [F:=
(1)t is quasi-left continuous and satisfies the usual conditions of right-continuity
and completeness with %1 =.%. The initial o-field .% is assumed to be trivial.
The equality X =Y between any two processes (X;); and (Y;); must be under-
stood in the indistinguishable sense i.e. P(w:X:(w)=Y;(w),Vt)=1. The same
signification holds for X <Y. For a given RCLL process (Y;);, Yi— =lim, Y is the
left limits of Y at ¢ (by convention, we set Yo =Yy and %y =.%). (Y_)=(Yi—):
is the left limited process and AY; =Y; —Y;_ the jump of Y at time ¢.

Next, for given two locally square integrable I[F-martingales M and N, we de-
note by (M,N) the predictable F-dual projection of the quadratic co-variation
process [M,N], by M€ the continuous part of M. Finally, for a finite variation pro-
cess (A¢)y, its total variation process would be denoted by (|A|¢)¢ and for x € R,
we remember that x™ =max(x,0),x~ =(—x)" = —min(x,0).

Let T > 0 be a fixed time horizon, we assume given an R-valued, square-
integrable F-martingale M := (M);<t on (Q),.%,F = (%#;);<1,IP). Since the filtra-
tion FF is right-continuous, there exists a modification of M with RCLL paths,
hence, we may assume throughout this paper that M is an RCLL process.

We denote by 7,/ the set of [0,T]-valued F-stopping times <y such that
71 <7 <77 as. for two [0,T|-valued F-stopping times 1 and 7, such that 1 <7,
a.s. and for .%;-progressively measurable RCLL processes (Y"),cn and Y, we say
that Y"—Y in UCP (uniformly on compacts in probability) if supy,,[Y—Y;|>—0
in probability IP for every ¢ > 0.

Remark 2.1. Note that, in one hand, [M]—(M) is a uniformly-integrable [F-martin-
gale, on the other hand, due to the quasi-left continuity of the filtration IF, that is,
Fo = F,_ for every F-predictable stopping time ¢, then, the square-integrable
F-martingales jump only at [F-totally inaccessible stopping times and the .%;-pre-
dictable, increasing process (M) has continuous paths (see [44, Chapter IV] for
more details).

In the current paper, we aim to explore on (Q),.%,(.%;);<T,IP) a reflected back-
ward stochastic differential equation driven by the square integrable RCLL mar-
tingale of the following form:

T
Y=g+ [ (Y Z)d(M)s+ (Kr—Ki)

T T
—/ ZSdMs—/ AN.,, 0<t<T. (2.1a)
t t
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Y, >L;, 0<t<T. (2.1b)
T
If K* is the continuous part of K, then / (Y;—L¢)dK; =0. (2.1¢)
0
If K* is the purely discontinuous part of K, then K is
predictable and K¢ = Y (Ys—Lso)™. (2.1d)
O<s<t

Next, we introduce the following processes and spaces to describe the parameters
and the solution of the Eq. (2.1).
Let B >0, (a;)i<T a non-negative .#;-adapted process and (A;);<T be the in-

creasing continuous process defined as A;:= [; ‘ a2d(M); for any + < T and we
introduce the following spaces:

o .72 the space of one-dimensional .%;-predictable RCLL increasing processes
(K¢)¢<T such that

||K||;Z=IE[ sup rKﬂ
0<t<T

. CKE: the space of R-valued .Z#;-progressively measurable processes (F;)i<T
such that

T
IFIE=E | [ eP1EPas] <o

by convention we set 6%:=%3.

e IL.2(.7;): the set of one-dimensional .#;-measurable square-integrable ran-
dom variables ¢.

J ]L%: the set of one-dimensional .#7-measurable random variables ¢ such that

I3 :=E [ePAT|¢]?] <oo

. 5”/52: the space of one-dimensional .%;-adapted RCLL processes (Y;);<T such
that

||Y||y2—1E{ sup eﬁAf|Yt|2} < 00.
0<t<T

. Yg'“: the space of one-dimensional .#;-adapted RCLL processes (Y )<t such
that

T
¥ 1= [ PP, <o
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. %’7;: the space of R-valued .%;-predictable processes (Z;);<T such that

T
12 =k | [ ez i) <o

by convention we set 2 := .

° M, ﬁzz the space of one dimensional square-integrable F-martingale (N;);<T
orthogonal to M such that

T
INIE=E| [ PN <o

by convention we set .4 := /3.

2,
. @%: (Yﬁzﬂyﬁ “) x%zxyzx///%

Remark 2.2. If the underlying filtration IF is not quasi-left continuous, the sharp
bracket (M), may not be continuous in general. Instead, we may assume as in [39,
Assumption 2.1 and Remark 2.1, p. 3], in the case of an n-dimensional, square-
integrable martingale M; = {(M},M%,...,Mf)*,O <t<T}, that d(M); =mym;dQy,
where Q is a bounded, .#;-adapted, continuous, increasing processes with Qp=0,
and (m;);<t an R"*"-dimensional, .#;-predictable process. Moreover, we may
assume that m is a symmetric R"*"-matrix.

Hypothesis on the data of the RBSDE (2.1). The triplet (¢, f,L) is such that:

(H1) The terminal variable ¢ € ]L%.

(H2) The driver f:Q)x[0,T] x R xR — R is such that:

(i) For all (y,z) the stochastic process f(-,y,z) is .#-progressively measur-
able.

(ii) There exists two non-negative .#;-adapted processes (k¢)i<7 and
(7t)t<T such that

+ forall t€[0,T],y, ¥ €Rand z,z €R,

f(tyz)—f(ty 2| <xily—y' | +7ilz—7],

+ there exists € >0 such that a2:=x;+72>¢ and f(-,0,0)/(«.) e,%’jgz.
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(H3) The barrier (Lt);<T is an real-valued .%;-progressively measurable RCLL
processes satisfying
(i) ¢> Lt P-as,,
(ii) E[supye, e [L][?] <o,
Definition 2.1. Let >0 and (a;);<T a non negative .F-adapted process. A solution

to the RBSDE (2.1) with jumps associated with parameters (¢, f,L) is a quintuplet of
processes (Y,Z,K,N) satisfying (2.1) and belongs to @%

According to our definition, the process Y’s jumping times are derived from
both those of the barrier L (predictable jumps) and those of its martingale part
process (inaccessible jumps).

Remark 2.3. (i) Recall that for any pair of F-semimartingales S' and S?, the
operation (S!,5?) — [S!,5?] is bilinear and symmetric. Therefore, we have the
following polarization identities:

[S'+8%]=[S"]+2[S",5%]+[S7,
[S' -5 =1[S"]—2[s",8%]+[S%].
Applying the second identity to the dynamic of the process (Y;);<T given by (2.1a)
with
(s1,5%) = (/ Z.dMs+N, / (s YS,ZS)d<M)S+K—YO),
the first to S! and taking into account the continuity of the process (M), the or-

thogonality between N and M arises from the property of martingale representa-
tion, and [30, Proposition 4.50(d), p. 53], yields to

Y= ¥ (8K [ |ZPdiMl+ [ aIN
0<s<-
Thus, the jump part of the process [Y] is described by
Y (A= Y (MK + Y |ZP(aM)P+ YD (ANG?, (22)
0<s<- O<s<- 0<s<- 0<s<-

and the path-by-path continuous part of t— [Y]; is given by

= [ 1ZPa(ME )+ [ d(NE)s
0 0

(For such a path-wise decomposition for the quadratic variation, the reader is
referred to [44, p. 70]).
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(i) For any process Z that belongs to .72, the process ([, ZsdMs)*—|, | Zs|*d[M];
is an [F-martingale [44, Theorem 27, p. 71], and we have

S
_E7 [/tT|ZS|2d[M]S} —E7 {/tT|ZS|2d<M>S}

(iii) Using the sharp bracket version of the Kunita-Watanabe inequality [44,
p. 148], for a jointly measurable process A such that A/« € 72 for some b >0,
we have

f2 L —ba, —baA 1( 2 A
d(M)s | <—=(e "1 —e 7"2)2 / e’
(tl xl >S)_\/E( ) t

(iv) We point out that, since ([M,N]|—(M,N)) is a martingale (see [30, Proposi-
tion 4.50(b), p. 53]). If Z is an element of ,%’?52, then

s
s

2\
d<M>s> . (2.3)

E7 [ / TeﬁASZSd[M,N]S} —F { / TeﬁASst<M,N>S} . (2.4)
t t

It should be noted that the last term is equal to zero when M and N are orthogonal
and . .
E7! { / P | Z |2d[M]s] =E” { / P4 Z, |2d<M>s} . (2.5)
t t

Remark 2.4 (Positioning Relative to Recent Work). To place our results in con-
text, we clarify the positioning of our contribution with respect to the related
works [16,17,20]. These papers by the present authors are subsequent exten-
sions of the results developed here to the doubly reflected setting (two RCLL
barriers), where additional issues arise, such as the interaction between obstacles
and a Dynkin-game interpretation. By contrast, the present manuscript develops
the foundational framework for the singly reflected case (one lower RCLL bar-
rier) under general assumptions, establishing existence, uniqueness, and the key
a priori estimates on which [16,17,20] build. In addition, the paper develops a co-
herent insider-type financial problem that motivates the analysis from the formu-
lation of the RBSDE and continues through the application in Section 4, thereby
showing how the abstract results of the next Section 3 can be implemented in
a concrete setting.
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3 BSDEs with one lower reflecting RCLL barrier

3.1 Uniqueness result

Let now (&, f,L) and (&', f’,L’) be two sets of data, each satisfying the above as-
sumptions (H1)-(H3). Let (Y}, Z,K,,Ni)i<7 (respectively (Y{,Z],K},N{)i<7) de-
note a solution of the RBSDE (2.1) with data (,f,L) (respectively (¢’,f’,L")) in
the sense of Definition 2.1. The following proposition will be useful for further
applications.

Proposition 3.1. Assume given two F-stopping times T,0 such that t€ J,' and o€ 7,1
Then, for any B> 2, there exists a constant Cg > 0 such that

(o
1E%[ sup eﬂAt|Yt—Y,{|2} +E7* U eﬁASa§|Ys—Yé|2d<M>s}
T

T<t<o
ag o a7 o
+E7 U eﬁAS|ZS—Z§|2d<M>S} +E7 [/ eﬁAsd[N—N’]s]
T T

f(8,Y5,Z5) — f'(s,Ys, Zs)
Xs

o 2
gcﬁ{mﬂf [ePA7| Y, — Y} 2] + E7* M ePAs d(M)S]

(%
LEF U ePAs ((Ly_ —L._)*dK,+ (L. _Ls—)+dKé)] }
T

Proof. Using It0’s formula [44, Theorem 33, p. 81], we can write for >0 and for
any T<t<go,

g g
A=Y+ [ Y mYPaAM)+ [ e 2o ZL P (M)

g o
+2/ eﬁAs|zs—z;|2d<M,N>g+/ PAd(NY + Y oA (AY,)?
t t

t<s<co

ag
— oPAo|Y, —Y! P42 /t PR (Y, —Y!) (f(5,Ye Zs) — f(5, Y., Z0)) d (M)
a
42 / P45 (Y, —Y!_)(dK,—dK])
a ag
2 /t ePA(Y,_ —Y!_)(Zs—Z])dM; —2 /t ePAs(Y,_ —Y!_)(dNs—dN!). (3.1)

By observing the integrability condition that the solution of BSDE (2.1) satisfies,
we can infer that the two terms located in the final line of (3.1) are uniformly
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integrable [F-martingales. Moreover, assumption (H2)(ii) and inequality 2ab <
0a®+b? /0, yields for any 6 >0,
2(Ys=Y9) (f(5,Y5,Zs) = £ (s, ¥, Z5))

< 2| Yo — Yo 124275 | Yo — YU | Zs — Z¢]

§2a§]YS—Y;]2+%|ZS—Z;|2. (3.2)
On the other hand,

2(Ys=Y9) (f (5,5, Ze) = f' (5,4, Z2))

2
(5,5, Z5) = (s, Y4, Zg)

1
<0a2|Y,—Y!|?+ "
S

. (3.3)

Note that the process (|(f(s,Y!,ZL) — f'(s,Y!,Z.)) / as|?)s< 1 satisfies the integrabil-
ity property of processes belonging to the space e%’jgz. Indeed, a simple calculation
yields to

'f(SIst,Zé)—f'(S/Ys'/ZQ) ?
Xs

L |f(0.0)

s

)
Since (Y,Y’,Z2,7") € (,Vﬁz,zx)z « (,%782)2 and £(-,0,0), f'(-,0,0) 6%2, we deduce that
E |:/Te,BAs f(S’YS/’ZQ)_f/(S/Ys{/Zé) 2

0

Ks
By contrast, we can derive, through the utilization of the Skorohod condition
(2.1¢), the following:

500
<6(a2|Ys 2+ | Zs||*+a2 | YI P+ |1 Z2)12) +6(‘f

d(M)S} < 0.

/ TePAs (Yo_ ! ) (dK,—dK')
—/ ePAs (Y,_ — Ly_ dK++/ ePAs (Ls— =Y, )dK]
/t eBAs(1] ! VK + / eBA(Y! 1! YK+ /tO(LS_—Lg_)(dKS—ng)
< /t (Lo —L._) (dK.—dKY). (34)
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After incorporating relations (2.2), (2.4), (2.5), (3.2)-(3.4) into Eq. (3.1) after com-
puting the conditional expectation on both sides, we can derive

P (o
Y=Y P+ (B (0 +2)) BT { | ey !2d<M>s}
Loz | [7 pa /2 a7 | [7 pa /
+ 5B /e | Zo— 7! 2d (M) | +E7 /te sd[N—N'l;

t
f(8,Y5,Z5) — f'(s,Ys, Zs)
Xs

<E”t [eﬁA”|Yg—YL’T!2} —|—§]E'/t [/ ePAs
t

2d<M>s]

o~ o
#2 ] [e (L L) (L) i)

Next, we choose 0 >0 such that >60+-2, and then take the conditional expectation
with respect to .7 to obtain

g
sup E7 [eﬁAt|Yt—YH2} +E7 {/ eﬁASa§|YS—YS']2d<M>S}
T

<t<o

(o (%
+E7T {/ €ﬂAS|Zs_Zé’2d<M>s} +E7 {/ eﬁASd[N_N/]S}
T T

- I 71N gt 17y (2
gcx%{lE% [P Yo —Yg|?] +E7 U e ocf s d<M>S]
T S
o
w7 [ (et i o a)| ®3)

By contrast, by combining Eq. (3.1) with the conditional expectation taken with
respect to .%;, along with (2.5) and (2.4), for all ¢ in the interval [t,0], P-a.s., we
obtain

Pt Y, —Y/!|?

o A, 17y (2
S]Eﬁt [eﬁATyg_gly.Z}_i_l]Eﬁt [/ eﬁAs f(S/YSIZS) f(S,YS,ZS) d<M>5:|
o T Xs
_ o
P [ (L a1 )]
T
o
+21E5“f[ sup /t P (Yoo —Y{)(Zs— ZL)dM }
T<t<o
_ o
+2]Eff{ sup /t P4 (Yo —Y{_)(dNs —dN) } (3.6)
<t<o
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Using the Burkholder-Davis-Gundy’s (BDG) inequality, we have
2E7* { sup

T<t<T :|

1
[ 2
(/ e?PAs|y, —Y;_|2|zs—z;|2d[M]s) ]
T

o
£ [ sup 4y v cace | [z ziann.]
<t<c T

ag
/ P4 (Yom — YL )(Zs— Z{)dMs
t

<2cE%*

<

I

Similarly, we get

2E7+ [ sup

<t<o

1
o 2
([ enine v papn - ]
T

a7 a7 v
E7* [ sup ePA1|Y,—Y] ﬂ +4c’E7 { / eﬁAsd[N—N']s} .
T

<t<o

T
[ e =¥ N~
t

<2cE7T

<

N

After once more computing the conditional expectation, this time with respect
to ., for both sides of Eq. (3.6) and subsequently selecting the same ¢ as previ-
ously determined by (3.5), we get

]Egzr[ sup eﬁAt|Yt—Yt’]2]

<t<o
o~ o o 7N gl ! 71\|2
SC/S{]EJT [eﬁAa|YU_Y‘/T|2] _i_]E,/r |:/ e/SAs |f(SIY5/Zs) lx; (S/YS/ZS)| d<M>S}
T S

g

+E7* [/ ePAs ((Ls— —L,_)TdK + (L} —Ls_)+d1<;)] }
T

This completes the proof of Proposition 3.1. O

Corollary 3.1. Assume (H1)-(H3). Then there exists at most one solution (Y,Z,K,N)
of the RBSDE (2.1) associated with (¢, f,L).

3.2 Existence result

The main result of the current section is given as follows.
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Theorem 3.1. Under assumptions (H1)-(H3), the RBSDE associated with (,f,L) ad-
mit a unique solution (Y,Z,K,N) € @% such that

T
]E{ sup eﬁAwYtlﬂ “EU eﬁ“‘saile|2d<M>s} +E[|Kr ]
0<t<T 0

+1EUOT€[5AS’ZS|2d<M>S} +]EUOTe/zAsd[N]s}

ﬁcﬁ{]E[eﬁAT!€|2]+1EUOTe/3As f(5,0,0)

2
- d(M)s} +1E{ sup eZﬁAt|Lﬂz] }
S

0<t<T

and the state process (Y} )< can be described as follows:

Y, =esssupE7" [ / g(s,Ys,Zs)d<M>s+LT1{T<T}+€1{7_T}} :

e

Part 1: The coefficient / does not depend on (v,z).

Let us begin by assuming that the function f is not a function of (y,z), that is,
for all t, y and z IP-a.s., the equality f(t,y,z) =g(f) holds true. In the forthcoming
outcome, we will demonstrate the existence of a solution to the RDBSDE that
corresponds to the set (&,g,L). Namely, the first main result of the current proof
is the following.

Theorem 3.2. The RBSDE associated with (¢,g,L) admit a unique solution (Y,Z,K,N)e
@% such that

T
E| sup e 0| +E| [ ey Pal] +E[IKa ]
0<t<T 0

+]E[/0Te/3As]Zs!2d<M>s] +]E{/0Te/3Asd[N]S}

2

8(s)

< Cﬁ{lE [PATIE)?] +E {/OTeﬁAS

Furthermore, the state process (Yi)i<T can be defined by utilizing the Snell envelope of
processes in the following manner:

d(M)S} —HE{ sup eZﬁAf|Lt+|2} }

Xs 0<t<T

T
Y, =esssupE [/ g(8)d(M)s+Slirery+8l—1y ]9}} . (3.7)

e v
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Proof. The proof of Theorem 3.2 will be established in five steps by combining two
key components: the theory of optimal stopping and a convergence theorem for
a monotonic sequence of processes. These tools enable us to determine whether
a solution exists and, if so, to explicitly find it using the formula (3.7).

Step 1: Construction of penalized BSDE and uniform estimation.
Let us begin with the sequence of penalized versions

Y[l=§—|—/tTg(s)d<M>s—l—n/tT(YS”—LS)_ds

T T
—/ Z;ZdMS—/ AN, 0<t<T, nel. (3.8)
t t

We denote K := nf(;(YS” —Lg) ds.
Based on the existence and uniqueness results provided in the Appendix 4.2.2,
the BSDE (3.8) possesses a unique solution

(Y", 2", N") € (SENI A NEE) x AE x M.

We first need some uniform estimation for the sequence of process
{Yn,Zn,Kn/Nn}nGIN-

Lemma 3.1. For any >0, there exists a constant Cg > 0 independent of n such that

sup{]E[ sup eﬁAt‘Yﬂz} +E {/Te/sASocf‘YﬂzﬂM)S} —HEDKSEH (3.9)
neN 0<t<T 0
T T
BAs |71 |2 BAs n
+1E[/0 eBAs| 71| d<M>S} +1E[/0 ePAGIN ]SH

g(s)]?

s

< Cﬁ{]E [eﬁATmz} LE [/OTe/SAs

d(M)S} —HE[ sup ezﬁAf|Lf|2} } =:Cg.
0<t<T

Proof. For n>0, using Itd’s formula we have
A n|2 T A n|2 T A n|2
A | Y1 +;3/t A 1| dAs—l-/t ePAs| Z1 2 (M),

T T
+ [Nt [P ZIAMNT - F P (aY)?

t<s<T

T T
—ePATIE2 42 [Py Ig(s)d (M), +2m [ PNV (¥~ L) ds
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T T
2 /t eBAYN ZMGM, 2 /t RN (3.10)

Taking the expectation on both sides, next using equalities (2.2), (2.4), (2.5), in-
equalities a(a—b)~ <bT(a—b)~,2ab<a*/e+eb? for any € >0, sharp bracket ver-
sion of the Kunita-Watanabe inequality, and the fact that stochastic integrals ap-
pearing on the right hand of (3.10) are all square-integrable IF-martingales, yields

] o

) T
<IE[ePA7|g)?] +B]E {/0 eP4s

Ygas}zdw)s] +E [/tTe/%As

g(s)]?

Xs

Zﬂzd(M)s} +E {/tTe/SASd[N”]S}

().

-I-e]El sup ezﬁAf(L;r)z} +11E[}K§—K?yz] (3.11)
0<t<T €

Furthermore, since the process ( [, Z}dMs)( [,dNI) — [, ZEd[M,N"]; is a uniform-
ly integrable martingale starting from zero [30, Proposition 4.50(a), p. 53], the
isometric formula and the orthogonality property (2.4), implies

w[ (e ) ([

—F {/tTZQd[M,N”]S] —F {/tTZ§d<M,N”>S} 0. (3.12)

From Egs. (3.8), by squaring and taking into account (3.12) and inequality (2.3),
we conclude that

E||Kf—K! |’
<a(e [ + 1w + b [eon ) aqan]
+E [/f!z;’}zd(M)S} +E qu[N"]SD. (3.13)

Choosing € >4V4/ and evolving inequalities (3.13), (3.12) to (3.11), we deduce
that

T T T
]E{/ eﬂAs‘ygas\de)S} +1EU eﬂAs‘yg\zds]+1E[/ eﬁAslzgfd(M)s}
0 0 0
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+1E[/Te/3Asd[N” ]+]EDK ]

0
gcﬁ{m[eﬂfwgm +E [/OTeﬁAs %

From this, the formula (3.10), Gronwall’s inequality and the Burkholder-Davis-
Gundy’s inequality, we deduce that for any n €N,

T
IE[ sup eﬁAfyy;«yz} +]E{/ ePAsa| Y1 2 (M) }HEUK ]
0<t<T 0

T
+E {/ ePAs
0

m—

The proof of lemma is complete. O

2

d(M)S} —HE{ sup ezﬁAt(Lj)z} }

0<t<T

ZZW(M)S} +E [/OTeﬁASd[N”]S}

@2

Xs

d<M>s] —I—]E[ sup ]eﬁAf(Lt)ﬂz} }

0<t<T

Step 2: Weak convergence of the sequence {Y”,Z",K",N" },cn to the solution
(Y,Z,K,N) of the classical BSDE (2.1a) associated with (&,g) along a subsequence.

First, it is clear, that f,11(s,y) < fu(s,y) for all y € R, P(dw)®dt-a.e. and each
n€IN. Hence, it follows from the comparison theorem (see Appendix 4.2.2) that
Y"1 >Y" as. Therefore, there exits an .%;-progressively measurable process
(Y:)i<T such that Y{* Y}, t <T, a.s. Fatou’s lemma combined with the uniform
estimation (3.9), gives

E [ sup eP4 |Yt|2} <11m1nf]E [ sup eﬁAt‘Y”‘ } <. (3.14)
0<t<T oo lo<t<T
Now, from the Hilbert structure of %’73, we can extract sub-sequence of {Z" },,en,

which weakly converge in the related spaces to some process (Z;);<T € Jfg—.

Our next topic is the convergence of the sequence of orthogonal martingales
{N"},en- Thanks to (3.9), we can conclude that

b pas 2
sup]E{ sup (/ erNS”) ]<oo,
neN  Lo<t<T \/0

which follows from the BDG inequality. Thus, there exists a square-integrable
F-martingale N such that the stochastic integrals | ePAs/24dN!" converge weakly
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to [;ePA/2dN; in IL2(Q),dIP). More precisely, the process N is defined as the
RCLL version of the square-integrable [F-martingale E[x |.%.], where x is an .#7-
measurable square-integrable random variable such that N} — N; weakly in
IL2(F7) for every T€ 7. The existence of such a modification is due to the right-
continuity of the filtration IF. From the fact that the set of orthogonal martingales
is closed and stable [44, Lemma 1, p. 180], we deduce that N is also orthogonal
to M. Thanks to the predictable representation property (see [39, Remark 2.1,
p- 323]), for any T € %T, the following weak convergence holds in le(ﬁ}):

T T T T
/ ZndM; — / ZdM,, / NI / AN, when n — -+co.
0 0 0 0

Since,

T T T
ngyg—yg—/o g(s)d(M)er/O zngs+/0 N,

by passing to the weak limit term-by-term in IL?(.%), we get
T T T

Since the processes (Y/');<t and (L)< are two optional processes, hence an ap-
plication of Fubini’s theorem for transition measures shows that (K}');<t is .%;-
adapted and then (K}');<r is .%;-predictable. Additional, the limit process K re-
mains an increasing .#;-predictable process since the sequence (K}');<r is increas-
ing predictable (K is equal to its dual predictable projection) with Kjj =0 and
[E[|KT|?] < 0. Furthermore, the processes Y and K are RCLL processes (see [43,
Lemma 2.2]) and then we get the following decomposition of Y:

T T T
Yt:§+/t g(s)d(M)SJr(KT—Kt)—/t ZSdMS—/t N, te[0,T].  (3.15)

Step 3: Strong convergence of {Y",Z",K",N"},cN to (Y,Z,K,N) in IL?(Q,dP)
along a subsequence.

We will now face new challenges because the sequence (Y"),cn and its weak
limit Y are just RCLL process. Their jumps are caused by the martingale M, the
added orthogonal martingale terms as well as the predictable process K (whe-
reas K" is continuous). More precisely, note that the processes Y" defined by (3.8)
has only totally inaccessible jumps, while the process Y solution of the general-
ized BSDE (3.15) has general jumps i.e. both the inaccessible and the predictable.
The latest of jumps are carried by K, which we would like to control. As in [45],
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it should be noted that we may demonstrate that the contribution of the jumps of
(Kt)t<T is mostly controlled on each interval |oy, 7] with sufficiently small total
length, where oy 7 are two .#;-predictable stopping times. In other words, for
any fixed A and § in [0,1], there exists a finite sequence (o, T )keo,... Ny such that

N
Ulewwl=[0,T], lo,tln]o,tl=0, Vi#j,
k=0

and
N 2 Ad
Z ]>T A, ZIE Yo AR <5
= k=0 0 <8<Tj

We are now looking into the convergence of the martingale parts. By applying
the same Itd’s formula to the semimartingale | Y/ —Y;|? given by (3.8)-(3.15) on
each sub interval 0 <o <7 <T, where o, T are two [F-predictable times, we obtain

}Y"—YU}ZJF/T (21— Z<)d(M,N" —=N)¢
+/ Zo— 7! Pd(M / SNt YD P (A X))
oc<s<T
:}Y”—YT}2+2/ (Y-, dK”—Z/ (Y —Y, )dK,
+2/ —Y,_)(Z" - zs)dMs+2/ (Yoo Y/ )d(N"—N)s.  (3.16)

Note that,

[ v yak= [Cage -k [T (e -vak,
(% (%

ag

and similarly to (2.2), we have
T T T
| A=K = [ (2-22)AMdK+ | ANGK,
g g - - g
- / AN"dK,— / AK,dKs.
o g

From this and [45, Lemma A.1], we get

IE{/;A(YS }:EVG A(Y.— YY) dKf}
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:115[ Y (Z,—Z!)AM:AK?+ Y ANGAK?

o<s<T o<s<T

— Y ANIAKE— Y (AKE)?

o<s<T o<s<T

:—IE[ y (AK;?)Z} .

o<s<T

After plugging this into (3.16) with (2.2), (2.4), (2.5) and taking into account both
side’s expectations, we get

E[|Ye Y, [F| +E UUT]ZQ—ZS]Zd<M>S] +IE [/;d[N”—N]s}

<E|[Y2-Y: || +2E {/{;(Yf—Ys)ng’} +E [ y (AK?)Z} . (317)

o<s<T

Now, for each o =0} and T =Ty, if we use estimate (3.17) it follows that

. 2
E 2/ 1zt~ ZPd (M), | +E
| k=07 %k

N
y / eﬁAsd[Nn—N]s] (3.18)
k=0"%%

Y Y (aKd)?

k=003 <s<T

+2E +E

F N )
<E Z ’Y%_Y’fk}
k=0

N T
Y [ vk
k=0" %%

At the current level, we want to show that fo Y!'ds / fo Ysds IP-a.s. First, note that,
the two stochastic integral [, (Y{ —Y;)ds is indistinguishable from the Lebesgue-
Stieltjes integral, computed path-by-path. Hence, the results of classical Dom-
inate convergence theorem holds also true. The sequence (Y"),en converges
to Y a.s. and Y" <Y a.s., moreover, from (3.14), we have

T
]E[/ |Ys|2ds] ST]E[ sup eﬁAs|Ys|2} < oo.
0 0<t<T

Thus, by applying the dominated convergence theorem for stochastic integrals,
we deduce that fo Y/'ds converges to fo Y;ds in UCP. Then, we can deduce that

Jo Y&ds converges to [, Ysds IP-a.s.
From (3.9), we have

T
E V yygfds} ngE[ sup b
0

Y! yz] <Te,
0<t<T
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where the constant &z is independent of n. Henceforth, applying once more the
dominated convergence theorem, we deduce that

T 2
lim 1EUO Y| ds] —0

n— 00

Using Holder’s inequality for stochastic integrals, Cauchy-Schwarz inequality for
random variables, inequalities (3.9), (3.14) and the convergence property above
with (a—b)" <a™ +1b|, we deduce that

T
]EUO \Yﬁ—Ys\ng}
< (e[ o] ) (6] 0]y
(e [T wfe] ) (<] 0o g 7] )

1
T 2
g\szc:ﬁ(lE[/ \YS"_YS‘ZD — 0 as n — +oo. (3.19)
0

Going back to (3.18), taking the convergence results (3.19) and the dominate con-
vergence theorem into account, we obtain

N g 5 N g
limsup { E Z/ 120 — Z,[2d(M), | +E 2/ d[N" — NI,
n——4o0 Ok k=0" %%
Z Y. (AkY)? <X
O(Tk<S<Tk

Hence, there exists N(A,6) € N such that for any n > N(A,d), we obtain

E [/{)T}zg—zs}zdw)s} +E UOTd[N”—N]S} < %

Using Chebyshev’s inequality, we can prove that

M) (Y @dP() { (w,8) €Qx 0,T] : |20 (w) ~ Ze(w) P25} <5

where dIP®d (M) is the positive measure on (QAx [0,T],.-# ®2%(]0,T])) defined for
any ¥ € .7 @%([0,T]) by

AP@d(M) (V)= VOTM(CU,SWM)S} ,



B. Elmansouri and M. El Otmani / Commun. Math. Anal. Appl., 5 (2026), pp. 115-153 135

and . \
]P{a)e() : / d[N" —N];(w) 25} <5
0
Thus, the sequence (Z"),eN (respectively ( [, OTd [N"—Ns)neN) converges in mea-
sure (respectively in probability) to Z (respectively zero). In one hand, since
(Z")yen is uniformly bounded in ,%’?52 which is obviously a subspace of 72, then
for any p€ 0,2, we have

n—+0o00

T
lim E U ]zg—zS]Pd<M>s] —0.
0

On the other hand, we can extract a sub-sequence ( fOTd[N " —NJs)ren that con-
verges almost surely to 0. Note the N"*—N is square integrable F-martingale
[44, Theorem 48, p. 37]. Using Cauchy-Schwarz and the BDG inequality, we can
deduce that there exists a universal constant c such that the following inequality
holds:

T
]E[ sup ]ka—Nsl} <cE [/ d[N”"—NL} +cE [(Ng"—NO)Z]
0<t<T 0
By construction, we know that N7¥ — Nz in L2(.%;) as k — +oco. Additionally,
considering the fact that .%y is the trivial o-field, we can conclude that Né‘ — Ny
in R. Consequently, it follows that E[(Ny* — Np)?] — 0 as k— +oo. Therefore, we
have

lim ]E{ sup ]N;’k—NS]] =0.

Step 4: Skorokhod condition.

Now, let us show the Skorokhod condition and that Y; > L, t € [0,T]. To that
end, we present the following family of random variables indexed on .%; stopping
times:

T
V(@)i=esssupE” | [ g(s)d(M).+ Lellprory +E1 oo

e gtk

T

—esssupE” | ["g&dM).+ Loy + i1y | - Go
TC %T 0

=:J(0)~ G, (3.20)

where G.:= [,¢(s)d(M)s and the process (Y;)i<t is the solution of BSDE (3.15)

constructed above. The latest equality is due to the fact that G, € .%, for every
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o€ L. Indeed, it is easy to show that (G;);<r is an .Z;-predictable process
and then the result is obtained directly from [30, Proposition 2.4]. Furthermore,
following Dellacherie-Lenglart’s terminology [9] it is clear that the family
{J(0),0 € Zi'} is a J! -supermartingale and from the fundamental aggregation
theorems for stochastic systems (see Dellacherie and Lenglart [9] or [11, Chap-
ter II] for more explicit details), there exist an RCLL .%;-optional process (J})i<r
such that J(0) = J P-a.s. for each o in J'. Then, the 7 -system Y can be
aggregated by an RCLL .%;-optional process (Y;);<7 such that Y;:= 5 —G; and
Y(0) =Y,. Now, we can deal with the aggregation version of the system (3.20)
defined by

— ar T
Y; =esssup B! {/t Q(s)d({M)s +LTH{T<T}+€H{T—T}:| =J; —G;. (3.21)
A

Let 7:= (t)e<, " := (7, )i<T and M*:= (M} );<1 be the processes defined as
follows:

t
’7t=/0 g(s)d{M)s+Lil oy +81—1y,
T
M= e+ [ g 7],

t
’7?:/0 g(s)d(M)s+ L Ny +E0g .
It is clear that
My <Jf=esssupE[y, | ] <esssupE[nT | F#]=:]}* P-as. (3.22)

T T
LIS LIS

From (2.3) we have, for any 7€ .7,

(5+/0Tg(5)d<M>s)2] §3(1E [ePAr|g?] +%1E UOTeﬁAs

Thus, (M}):<r is a square-integrable [F-martingale and

sup [ePAyT] eIL?(Fr).

0<t<T

8(s)

s

E

2d<M>S} )

Using (3.22) with Doob’s maximal inequality ([30, Theorem 1.43, p. 11]), we de-
duce that

IE[ . ”s*’z} = max (E[ sup eﬁASU:*!Z} ,IE[ sup yM;yZD < oo,

0<s<T 0<s<T 0<s<T
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Hence, the Snell envelope (J;)i<r of the process 7 satisfies E[sup,,-¢|J;|*] <o
and then it is of class 2([0,T]). Equivalently, the process JF=Y;+G; is an [F-super-
martingale of class 2([0,T]), so it has the following Doob-Meyer decomposition
[44, Theorem 8, p. 111]:

Ji=Jg+Mi—K;, 0<t<T, (3.23)

where K is a non-decreasing, RCLL, .#;-predictable process such that Ky =0 and
[E[|KT|?] <00 and M is a square-integrable F-martingale. Through the martingale
representation property, there exists a unique pair of processes (Z,N) € 2 x .4?
such that M; = fot Z.dM;+ fot dN;. Therefore, from (3.21) and (3.23), we conclude
that the process (Y;)o<;<r satisfies the following BSDE:

Y=+ / +(Ryp—K) / 7.dM,— / dN. (3.24)

The quadruplet (Y, Zt, Ni, Ki)i< 7 is uniquely determined by construction, thanks to
the strong convergence property satisfied by a subsequence {(Y",Z",K",N" )} ,,eN
as shown in Step 3. Thus, BSDEs (3.15) and (3.24) has the same solution, then, we
deduce that (Y,Z,K,N)=(Y,Z,K,N), and the limited process (Y;);<7 in the weak
sense of the increasing penalization schemes has the following expression:

T
Yf=esssqu1Eg t { /t g(s)d{M)s+Lcllyrory+81irory|. (3.25)
TeT;

From the very definition of the essential sup, we get for T=t,

Y;: > Ltﬂ{t<T} +‘:Il{t:T} > Ltl{t<T} +LT1{t:T} =L; IP-as.

It remains to show the minimality condition fOT(Yt_ —L;)dK; =0. For this,
note that, from (3.25), the state process (Y;);<T can be written as

Y, =R, (i7" +]E[g+/ |Jt]
where . (17*) is the Snell envelope of the reward process (7} )o<¢<T defined by

ni=mn—IE {C+/ Ift}

Using the Doob-Meyer decomposition to the [F-supermartingale 9. (17*) one more,
the martingale representation property, BSDE (3.15), and the fact that each .%;-
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predictable martingale of finite variation is constant [30, Corollary 3.16, p. 32], we
conclude that

R (1" {§+/ M} /zdes+/ AN, — K.

Recall that the process (K;);<r admits the unique decomposition K; = K% +K¢,
where (K¢);<r is the continuous part of (K;);<7 and (K¢) is its purely discontin-
uous part.

Now, making use of the results obtained in the optimal stopping theory (see
[28, Propositions (A2)-(A3)] or [11] for more details on the properties of the Snell
envelope), we obtain {AK? >0} C {:%_(y*)=#*} and

AKY = (17— R4 (")) +11{m*,:mt_(n*}-

Henceforth,

T
/ (Y=L )dki= Y (G —L)AK = Y (% (") — i) AKE =0,
0 0<i<T 0<t<T
It is easy to see that R(17* +K?) =9R(*)+K* and R(n*) + K = M —K° is a regular
F-supermartingale, i.e. P (R(7*)+K?)=R_ (5*)+K?, where P (R(17*)+K*) stands
for the F-predictable projection of the process 91(17*)+K? (for more information
on process projection, see [29, Section 1, Chapter V, p. 135]), then the stopping
time vy =inf{s>t:K{ > K{} AT is optimal after t and then

[ O+ K = (7)) ks
= [" o0 —maxc= [ (- Ldks =0

for any arbitrary ¢ € [0,T]. Thus, fOT(YS —Lg)dKE=0.

The constructed process (Y:,Z, Ky, Ni)i<T is then the unique solution of the
reflected BSDE associated with (¢,g,L). Furthermore, as we pass to the limit
on a subsequence using Fatou’s lemma, it becomes evident from (3.9) that the
quadruplet (Y, Zt, K¢, Ni )< satisfies

[ sup eﬁAt|Yt|2} +E {/ ﬁASa§|YS|2d<M>S}

0<t<T

+E UO eﬁAS|ZS|2d<M>s} +E[|Kr|*] +E [/OTeﬁAsd[N]s}
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2

g(s)

s

SC/;{]E [eﬁATmz} +E [/OTeﬁAS

d(M)s] +1E{ sup \eﬁAf(Lt)ﬂz] }

0<t<T

The proof of Theorem 3.2 is complete. O

Part 2: General case.

At this stage, we are ready to present the main result of this section. Specifi-
cally, we will establish the existence and uniqueness of a solution for the RBSDE
(2.1) by utilizing the results obtained in previous sections. This will be achieved
by identifying a fixed point of the contraction mapping defined by the function ¥
in the following manner.

Let B2:= ,Vg"“ X ,%’?52 X M l% endowed with the norm

(Y, Z,N)|g= <]E [/OTeﬁAs{|¢sts|2_|_|zs|2}d<M>s+d[N]s} ) %.

Let ¥ be the map from %‘/23 into itself which with (X,W,0) associates (Y,Z,N) =
¥ (X,W,0) ,where (Y,Z,N) is the solution of the doubly reflected BSDE associ-
ated with (¢, f(t,X;,W;),L). Let (X’,W’,0’) be another triple of ’B% and (Y',Z',N")=
¥(X' ,W,0").Set 6=6—-6&, for 6=Y,Z,K,N,X,W and O.

Using Itd’s formula, we obtain for any t <T,

BE {/()TeﬁASMSYSFd(M)S} +E {/OTeﬁAS|ZS|2d(M>S} +E {/OTeﬁAsd[Ns]s}

<2E UtTeﬁAsYs (f(s,Xs,WS)—f(s,Xé,Wé))d(M)s} +2F UtTeﬁAsYs_sz}

<lp-11E | [P lacT.Palr).

+ﬁﬂi UOTeﬁAS ({las X2+ !Wslz}d<M>s+d[O]s)] .

Here, we have relied on the hypotheses (H2)(ii) and the Skorokhod condition,
which implies

(Ys— =Y )(dK; —dK{) <0.
Choosing >4, then ¥ is a strict contraction mapping on the Banach space 52,
henceforth, there exists a triple of processes (Y, Zi,Ni)i<T that is a fixed point
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to such that ¥(Y,Z,N) = (Y,Z,N), which, with K, is the unique solution of the
doubly reflected BSDE associated with (§,f,L) and the sate (Y;)i<T can be ex-
pressed as

P T
Y;=esssupE”* [ /t 8(s,Ys, Zs)d(M)s+ Lell r o1y +G oty | -
TE._ZT

4 Application to computing American option prices
in financial markets driven by Azéma’s martingale

4.1 The Azéma martingale

Here we assume that the filtration G=(%;);<r is the one generated by the martin-
gale (M;);<T made right-continuous and complete, characterized by the so-called
structure equation

d[M,M];=dt—M;_dM;. (4.1)

The existence and (weak) uniqueness of a solution for the structure equation (4.1)
are guaranteed by the seminal works of Meyer [38] and Emery [21] respectively.

The unique solution (M;);<t of the Eq. (4.1) is called the Azéma martingale.
Recall that:

* The continuous and purely discontinuous parts of M are given by
dMg - ]]‘{Mt_:O}th/
AM] =111, 2oydM;.

e When M jumps at some stopping time 7 € .7, then

- T is totally inaccessible,
- the jump size AM is equal to —M_,
— after the jump, we get M =0.

* (M;);<T has the chaotic representation property (see [21, Proposition 6(ii),
p- 80]), in particular, it has the martingale’s predictable representation prop-
erty (the reader is referred to [40] for more details on the chaos representa-
tion and the references within it).

 Also, note that (M, M); =t is a consequence of the structure equation, since
(IM,M]¢—t)i<r is a true martingale. This is due to the boundedness of the
martingale (M;);<T, as shown in [21, p. 83].
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4.2 The market model

4.2.1 Problem definition and a real-life example

This section pertains to the evaluation of an American contingent claim that is
traded between two financial counterparts: a regular option seller, such as a com-
pany that employs investment and risk management strategies. The term “reg-
ular” implies that this investor has access to public information that is available
through the market. The other counterpart is an insider, who is the option buyer
and an individual with access to non-public information. In this context, the
insider is the holder in the given financial market that is driven by Azéma’s mar-
tingale (M )<, as defined above.

It is important to note that, in financial jargon and default risk modeling, an in-
sider is an individual who has access to confidential information about a com-
pany, which may include financial results, business plans, or upcoming events
that could have an impact on the company’s stock price.

For illustration, let us say an insider at a firm discovers that the company is set
to reveal a substantial advancement in a new product development that is pre-
dicted to greatly boost the stock price of the company. Before the announcement,
the insider chooses to purchase American call options on the company’s stock in
an effort to profit from the expected increase in the stock price.

This type of situation has been encountered many times in real economic
life. One well-known example of insider trading involving American options oc-
curred in the case of United States against Todd Newman. More precisely, in 2011,
two hedge fund analysts obtained private knowledge about impending earnings
statements from insiders of technology companies. They exploited this informa-
tion to trade American call options on the stocks of these companies before the
earnings reports were made public, and they profited handsomely as a result.

The aim of this section is to utilize the one reflected BSDEs explored in Sec-
tion 2 to calculate the fair value of the American option, which represents the
initial payment made by the holder at time ¢ =0.

4.2.2 Model formulation and solution approach

Market model. Let us now investigate the cost problem of an American option,
which involves a seller (a company) and a buyer (an insider) in a financial market
governed by the dynamics of the Azéma martingale (4.1). The evolution of the
flow of information is determined by the filtration G = (% );<T generated by M.
In order to do so, we consider a financial market comprising two derivative se-
curities — a non-risky asset (such as a bond) and a risky one (such as a stock) —
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and suppose that the prices of these securities are determined by the following
system of stochastic differential equations:

ds) =rSydt,  S)=1,

dS;=5;-dM;, So=1,

(4.2)

where (7¢);<T is a positive process representing the interest rate. On the other
hand, at time t =0, the buyer of the option knows, in addition to the public infor-
mation G, an .% -measurable random variable X. The “natural” filtration known
by the insider trader (buyer) is 2; =% Vo (X). Obviously, in our situation, the
problem of valuing the American contingent claims cannot be solved on either
(% )t<T or (2Z¢)<T1, but on the filtration that provides the total information, i.e. the
one that contains G and the set of additional information ¢(X). In other words, to
apply the standard results, we use the associated right and quasi-left-continuous
filtration, denoted by F = (%} )<

Fir=({%+eVo(X)}, te[0,T],
€>0
completed by all the IP-null sets of .#. This is known as the initial enlargement of
the filtration G by the random variable X.

Remark 4.1. ¢ Ingeneral, the semimartingale property is not always stable in
the enlarged filtration IF. More precisely, there is no theorem that guarantees
that every G-semimartingale is a [F-semimartingale. The latter property is
known as the (#”)-assumption. For more details about this assumption,
readers may consult [31,37,46] and the references therein.

* In our situation, the problem of valuing game contingent claims is well-
defined. This is because the (G,IP)-martingale (M;);<7 remains an (F,PP)-
martingale, due to the martingale representation property which is relaxed
in our case by introducing a new martingale orthogonal term in the defini-
tion of the solution. Therefore, we do not require any additional assump-
tions on the random variable X.

e Since the martingale (M;);<7 satisfies the structural equation (4.1) path by
path almost surely under dIP, we can deduce that M is also an Azéma mar-
tingale in the new filtration F.

¢ Several authors, including Akdim [1], Akdim, Diakhaby and Ouknine [2],
El Otmani [14] and Oksendal and Zhang [41], have explored the relation-
ship between the problem of insider trading and the theory of BSDEs.
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Completeness and free of arbitrage property of the market model (4.2).

* Note that the riskless asset price (S?);<r satisfies a certain form of a linear
Cauchy problem. To ensure the uniqueness of such a solution, we make
an additional assumption of continuous paths for the process (7¢)i<7, in
addition to the positivity assumption. Under these conditions, the process
(S9)<1 can be expressed as

S0—elomsds g<i<T.

e Observe that the risky asset price (S; )<t has the following closed form (see
[44, Theorem 37, p. 84]):

1
S,gzexp (Mt—i[M,M]g) 1—[ (1_Ms—)€AM5,
0<s<t

and we have the following proposition.

Proposition 4.1. The risky asset price (S¢)i<T is an (IF,IP)-martingale and satisfies Sy>0
forany t€[0,T).

Proof. Note that the dynamics of the process (S;);<T can be written in the follow-
ing integral form:

t
Si=1+ / Se_dMs, telo,T). (4.3)
0

Hence, as stated in the second point of Remark 4.1, we can conclude that (S;);<T is
an [F-local martingale. Next, we define the following sequence of stopping times:
T, =inf{t >0:|S;| >n} AT. It is clear that the sequence {7, },enN is increasing and
that 7, T a.s., since the trajectories of the process S are left-limited at each point
in [0,T]. For (4.3) and Fubini’s theorem, we can derive the inequality

’ /0 M, 2])

tAT,
§2<1+1E[/ |ss_|2dsD
0
! 2
:2<1+/0 ]E[|ss| 11{S<Tn}}ds).

Using Gronwall’s inequality and Fatou’s lemma, we obtain

£ 5 Pacey] <Else] <2 14

E[|S:[?] <liminf E [|st|211{t§,[n}] <28, vtelo,T).

Therefore, we can conclude that M is uniformly square integrable. Due to the
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uniform integrability, the local martingale M is a true martingale, as shown in [44,
Theorem 51, p. 38].

To show the second claim of Proposition 4.1, there are three different ways
that lead to the same result.

1. From the definition of the jumps of the martingale (M;);<1, we have AM =
M—M_, where M_:=(M;_)t€(0,T] is the left-limited process. Thus, AM
is a predictable process, and its jumps are exhausted by a countable set of
predictable stopping times. Since the jumps of the martingale M occur at
totally inaccessible stopping times, we have AM, =0 for every 7€ ;. Note
that in the latter equality, we have used the fact that every stopping time
can be decomposed into a predictable part and a totally inaccessible part
due to the quasi-left continuity of the filtration (see [8, Theorem 41, p. 58],
and [8, Theorem 51, p. 62]). Consequently, we obtain AM =0 <1 and then
5>0.

2. Since (M;)i<r is a square integrable RCLL martingale, then it is closed by
the square integrable random variable Mr. Using [10, Theorem 10, p. 83],
we may deduce that for every predicable stopping time 7, we have

AMT - _MT_ - _]E[MT | ﬁr_] a.s.

We know by the mentioned properties satisfied by the Azéma martingale M
that after a jump 7, we have M, =0. Henceforth, M._ =0 for every pre-
dictable stopping time 7. By the predictable section theorem [29, Theo-
rem 4.8, p. 115], we infer that M_ =0, which implies AM =0 and then S >0.

3. Using [29, Theorem 3.32, p. 95] , we deuce the existence of an increasing
sequence of F-stopping times {75 },cN such that {AM #0} ={M_ #0} =
Unenl[Ti]], where the sequence T is defined by: 75 =0 and 75 ; =

inf{s >15:|M;s_|>¢e} AT for each given e >0. Since M_ has finite left limits

on [0,T], {5} nen has no finite accumulation point. Therefore, 5 T P-a.s..

Furthermore, for any t€ [0,T],

lEl sup (AMr)‘L}

0<r<t

<y Bl sp oM)|-YE] sp (Moamp]

TE<r<tt At neN  LTi<r<t{ At

Tur1/\ T/
<2V E [ / Mi_d[M,MJu} ~YE [ / Mi_d<M,M>u}
T neN T
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n

C LA
<2) E l/TnHA Mﬁ_du} <27 Y |t At—TE]
neN Ti neN

Due to compactness and the right-continuous, left-limited property of the
trajectories of (M;)¢<T, the w-section

Dy:={s>0:|AM;s(w)|>€e}={s>0:|M;s_(w)|>€}

intersects with [0, T] at most finitely many points. Consequently, there exists
a constant C, such that

Y |t A= | S Ce(T—1).
nelN

Therefore, we can obtain

E { sup (AMr)‘ﬂ <2Cc€?, Ve>0.
0<r<t

By taking the limit as € 0, we deduce that AM =0 on each interval [0,¢] for

every t€[0,T]. Hence, AM=0 and S >0 always.

The proof is complete. O
We can now introduce the main result of this paragraph.
Proposition 4.2. The main characteristics of our market (F,IP,S°,S) are

1. The market model have no arbitrage opportunities: The risky asset being an (IF,IP)-
martingale.

2. Every contingent claim is redundant: Any bounded .#r-measurable random vari-
able ¢ can be written as a sum of a stochastic integral with respect to (St)i<T and
an orthogonal martingale (Ni)i<T.

Problem resolution: A RBSDE approach. Prior to delving into the pricing prob-
lem, let us introduce the following definition.

Definition 4.1. A progressively measurable process (¢¢)i<T is said to be left-upper
semi-continuous along stopping times (LUSCST) if for any stopping time 6 € 1 and
any non-decreasing sequence of stopping times {0, }nen € (Zp7)N such that 6" 6
IP-a.s., we have

limsupgg, <¢pp PP-a.s.

n—oo
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It is evident that the above definition incorporates predictable stopping times,
which are used to characterize jumps of purely-discontinuous .%;-predictable pro-
cesses. This fact is described in the following proposition, the proof of which is
omitted as it is straightforward.

Proposition 4.3. Let (¢t )¢<T be an RCLL process. Then (¢;)i<T is LUSCST if and only
if for each predictable stopping time o € F', Agy >0 P-a.s.

We will now consider the pricing of an American contingent claim {.7 (¢,7),t€
[0,T] and T € T} within the market dynamic model defined by (4.2). Suppose
a fixed instant t € [0,T] and that the buyer chooses to exercise the option at a stop-
ping time T € ;! In this case, the seller must pay the insider the amount

T(t,1) =e " T(ST) N frory+e NTL(St) N raTy-

Here, R; 7= ftT rsds is interpreted as the accumulated interest rate between times ¢
and T.

A reminder that the value process V:=(V});< of an American option is deter-
mined by taking the maximum value of the payoff at the time of exercise. Namely,

Vi=esssupE”! [T (t,T)].
e T

Through the lens of BSDEs, the pricing of an American option is related to the
solution of a linear RBSDE. Specifically, we consider the solution (Y, Zt, K¢, N¢ )<t
of the following RBSDE:

( T T T
Yt:g(ST)—/ rssts+(KT—Kt)—/ ZSdMS—/ AN, 0<t<T,
t t t
L(S)<Y; P-as., 0<t<T, (4.4)
T p—
/ (Yi—L(S))dKE =0, Ki= Y (Yi—L(S: ))
\ 0 0<s<t

Let us assume that there exists p>1 and Kp>0 such that
g(x)[+[L(x)| <xp(1+][x|F), VxeR.

Under this assumptions, the existence and uniqueness of the solution for the
RBSDE (4.4) is guaranteed by Theorem 3.1.
We can now present the main result of this section.
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Theorem 4.1. e The fair price V of the above game contingent claim equals Vy, where
(Vi) i< is the right-continuous process such that with P-probability one,

Vi=Y;=esssupE”![Z(t,T)] P-as.,
et

where the state process (Y )< is the first component of the solution of the RBSDE
(4.4).

 Suppose, in addition, that the process (L(S¢))i<T is LUSCST, i.e. in our circum-
stances L(St) may have only positive jumps at predictable points of discontinuity.
Then the stopping time ;' € 7, defined by 7, =inf{s>+:Y;=L(Ss) } AT is a saddle
point for the above American option which means that

E7 2t ) <E”[3(t,7})] P-as., VYneF,
and
Vi=E7[Z(t,77)] P-as.

Proof. Let (Yt,Zt,Kt, Nt )i<1 be a solution of the RBSDE (4.4). Using the integration
by parts formula, we obtain for any 0 € 7,1,

0 0 0
Y, —e Reoy,+ / e RisgK, — / e RisZ dAM, — / e RisgN, (4.5)
t t t

Let us fix some € >0 and set
T :=inf{s >t:Y; <L(Ss)+€}ANT.

For P-almost every w € Q), if s € [t,7¢(w)], then Ys > L(Ss) +¢, thus Y; > L(S;). It
follows that P-a.s., the continuous process K¢ is constant on [t,7f(w)] and K is
constant over [t,7f (w)[ a.s. Furthermore, since Yre . > L(S¢c)+€ a.s. and €>0
it follows that er— > L(Srf—)z then K? has no jump at 7, ie. AK%E =0. Hence,
IP-almost surely, K is constant on [t,7¢] and then dK; =0 for any s € [t,7f]. On
the other hand, using the definitions of 7{ and the right-continuity of L(S.), we

obtain
YTtegL(STte)—i—e on {77 <T}. 4.6)

It follows from (4.5) with 6 =1/, that

Yt :IEgt [YTte] IP-a.s.
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From (4.6), we also have that IP-a.s.
YTf :g(ST)l{Tf:T} +YTfIl{Tf<T}
<g(ST)Ngre—1y+ (L(Sze) +€) Lpzecy-

Thus,
Y; <E7[3(t,7f)]+€e P-as.

As a result, for each € >0,

Y; <esssupE”*[T(t,7)]+€ IP-as.

A
Tending € to zero, we get
Y; <esssupE”![T(t,7)]=V; P-as. (4.7)
A

On the other hand, going back to the BSDE (4.5), we deduce that, for each 6 € .7, r
Y, >E7 [eRuyy],
since |, tee_RfdeKS > 0. Then, using the following inequality:
e K0V > e TR e (Sp)Nyp_ry +e MOL(Sy) g7y P-ass.,
we deduce that, for every 6 € T,
Yi > E7[T(6,1)].

Thus, from the very definition of the essential supremum, we can easily conclude
that
Y; >esssupE7 [T(t,7)]=V; P-as. (4.8)
A
In force of inequalities (4.7) and (4.8), we obtain that Y; =V; P-a.s.

Suppose now that L(S;) is LUSCST. Then using Proposition 4.3 implies that
the reflection process (K, );<r is continuous on [0,T]. Indeed, let r € 7" be a nega-
tive predictable jump time of the lower barrier (L(S;));<r. From Proposition 4.3,
we get

AKG = (L(So—)=Yo) Mpy, —i(s, )y < (L(Se) = Yo) gy, —i(s, 31 =0.
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Hence, AK% =0 IP-a.s. and this holds for any predictable stopping time ¢. Conse-
quently, using section theorem (see [29, Theorem 4.10, p. 116]), we deduce that K
is a continuous process.

Again, thanks to the right continuity of Y and L(S.), we get

YTt* = L(ST;) on {’L’t* < T}.

By definition of 7, we have Y;>L(Ss) Vs€[t, 7| IP-a.s. Since (Yt,Zt,Kf,K;)th is
a solution of the DRBSDE (4.4), thus K is constant on [t,7;']. Hence, we obtain Y;=
E7t[%;(7},07)] a.s. Using the same arguments as in (4.8), one can demonstrate
that for each 7, € 7.7,

Y, =E7[%(t,7/)] >E7[3(t, ;)] [P-as.,

which yields that 7;" is a saddle point for the American contingent claim. O

Perspective and future work

In light of the literature on irregular obstacles (see, e.g. [3-6,18,23,24, 33, 35]), it
is natural to extend our analysis to reflected BSDEs driven by general RCLL mar-
tingales with a completely irregular barrier. A promising direction is to establish
existence and uniqueness under stochastic Lipschitz conditions on the driver in
this broader setting, and to analyze the associated optimal stopping problem via
an appropriate nonlinear expectation induced by classical BSDE driven by the
general RCLL martingale. Such an extension would connect the present results
to the irregular-obstacle framework and further develop the existing literature on
this topic.

Appendix A. Special BSDE without reflection driven
by an RCLL martingale

We provide a specific case of existence and uniqueness for BSDEs driven by the

RCLL martingale M in this section when the coefficient depends only on y. Con-
sider the following BSDE:

T T T T
Yt:(§+/t f(s,Ys)der/t g(s)d(M)s—/t ZSdMS—/t AN, 0<t<T. (A1)
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Theorem A.1 (Existence and Uniqueness Result). Assume that

(i) CE]L%.

i 80
(i) <= € 3 and f(-,0) €.
(iii) The driver f is uniformly Lipschitz continuous with respect to y, i.e. there exists
a positive constant « such that, almost every (w,t), forall y, y' €R,

f(ty) = fty) <xly—y|.
Then, the BSDE (A.1) admit a unique solution

2/
(Y,Z,N) € (FFNIF NCE) x o5 x M.
Theorem A.2 (Comparison Theorem). Let (Y!,Z!,N%),(Y?,Z2,N?) be solutions of
BSDE (A.1) associated with parameters (&1,f',¢) and (&2,f2,g), respectively. Assume
that &' < &2 and for any t >0, f1(t,y) < f2(t,y), for all y ER P-a.s. Then Y! <Y? a.s.
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