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Abstract. We survey recent developments on the analysis of Gauss-Codazzi-
Ricci equations, the first-order PDE system arising from the classical problem
of isometric immersions in differential geometry, especially in the regime of
low Sobolev regularity. Such equations are not purely elliptic, parabolic, or hy-
perbolic in general, hence calling for analytical tools for PDEs of mixed types.
We discuss various recent contributions – in line with the pioneering works
[Chen et al., Proc. Amer. Math. Soc. 138 (2010), Commun. Math. Phys. 294 (2010)]
– on the weak continuity of Gauss-Codazzi-Ricci equations, the weak stability
of isometric immersions, and the fundamental theorem of submanifold theory
with low regularity. Two mixed-type PDE techniques are emphasised through-
out these developments: the method of compensated compactness and the the-
ory of Coulomb-Uhlenbeck gauges.
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1 Introduction

Isometric immersions and/or embeddings of Riemannian manifolds have long
been a central topic in global analysis and geometric PDEs. Studies on the exis-
tence, uniqueness, stability, and regularity of isometric immersions (embeddings)
of Riemannian manifolds into Euclidean spaces or general ambient manifolds
abound in the literature. These works have partially shaped the landscapes of
analysis, geometry, and PDE nowadays, and have found wide-ranged, in-depth
applications in mathematical relatively, continuum mechanics, and mathematical
biology, etc. Let us mention here the groundbreaking works of historical signif-
icance by Cartan [13], Weyl [83], Aleksandroff [2], Nirenberg [64], Nash [62, 63],
and Pogorelov [65], this list is by no means exhaustive. We also refer the reader
to Han and Hong [38] for a comprehensive survey, and the problem section in
Yau [85] for related questions.

This contribution focuses on isometric immersions of weak regularities. Con-
sider a compact Riemannian manifold (M,g) of dimension n ≥ 2. A mapping
Φ :M→R

n+k is an immersion if dΦ : TM→TR
n+k is injective and an isometry

if Φ#δ = g, where δ denotes the Euclidean metric on R
n+k and Φ# the pullback

under Φ. By “weak regularity” we usually mean Φ∈W2,p and g∈W1,p∩L∞ with
some p∈ [1,∞]. We emphasise the PDE approach throughout: all the results dis-
cussed in this survey are obtained by analysing weak (distributional) solutions to
the Gauss-Codazzi-Ricci equations and their variants associated to the isometric
immersions.

1.1 The PDE system

Gauss-Codazzi-Ricci equations are the compatibility equations of curvatures for
the existence of an isometric immersion Φ :(Mn,g)→R

n+k. In geometrical terms,
the intrinsic geometry of Φ is given by the metric g, while the extrinsic geome-
try is given by the second fundamental form II and the normal connection ∇⊥

(i.e. the orthogonal projection of the Levi-Civita connection on R
n+k to the nor-

mal bundle of Φ, which is trivial when the codimension k = 1). The curvature
components in the tangential and normal directions of Φ together constitute the
flat Riemann curvature on R

n+k. This gives rise to the Gauss-Codazzi-Ricci equa-
tions associated to Φ : (Mn,g)→R

n+k [31]
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