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Abstract. Let R be an associative ring with identity. In this paper, we consider
generalizations of Gorenstein FP-injective R-modules and FP-injective com-
plexes, give the definitions and characterizations of strongly Gorenstein FP-
injective R-modules and strongly FP-injective complexes, which are induced
by strongly FP-injective modules. Then we investigate the strongly FP-injective
dimension of complexes.
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1 Introduction

Gorenstein homological theories play an important role in relative algebra. Aus-
lander [12] introduced the notion of G-dimension of finite R-modules over a com-
mutative Noetherian local ring. Auslander and Bridge [1] extended this notion
to two sided Noetherian rings. Enochs and Jenda [3] defined Gorenstein projec-
tive modules (not necessarily finitely generated) and Gorenstein injective mod-
ules over arbitrary ring. Later, many authors have studied and generalized these
notions successively.
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In 2013, as an extension of the notion of Gorenstein injective modules, Hu
and Zhang [8] introduced the notion of Gorenstein FP-injective R-modules over
a left coherent ring based on the complete hereditary cotorsion pair (FP ,FI) in
R-Mod. Here, the symbol FP (resp., FI) stands for the subcategory of all FP-
projective (resp., FI-injective) modules. Li et al. [9] give the definition of strongly
FP-injective modules, and proved that (⊥1SFI ,SFI) is a complete hereditary
cotorsion pair over arbitrary ring, where SFI denotes the subcategory of all
strongly FP-injective modules. It is natural to consider another extension of Go-
renstein injective modules based on the cotorsion pair (⊥1SFI ,SFI), that is
called strongly Gorenstein FP-injective modules in this paper.

Rozas [11] systematically introduced projective complexes, injective complex-
es and flat complexes. Yang and Liu [16] give the definition of FP-injective com-
plexes. Wang and Liu [17] further investigated FP-injective dimension of com-
plexes. These works are based on a left coherent ring. One purpose of this paper
is to extend above works: we introduce and study strongly FP-injective com-
plexes and strongly FP-injective dimension of complexes over an arbitrary ring.

We now state the main results of this paper.

Theorem 1.1. Let M be an R-module. Then the following statements are equivalent:

(1) M is a strongly Gorenstein FP-injective module.

(2) M∈ (⊥1SFI∩SFI)⊥ and there is an exact sequence ···→N1 →N0 → M→ 0

with each Ni ∈
⊥1 SFI∩SFI , which is exact under HomR(

⊥1SFI∩SFI ,−).

(3) There is an exact sequence S=···→S1→S0→S−1→S−2→. . . with each Si∈SFI
such that M∼= Im(S0→S−1), which is exact under HomR(SGFI ,−).

(4) There is an exact sequence S=···→S1→S0→S−1→S−2→. . . with each Si∈SFI
such that M∼= Im(S0→S−1), which is exact under HomR(

⊥1SFI∩SFI ,−).

Theorem 1.2. Let X be a complex. Then the following conditions are equivalent:

(1) X is a flat complex.

(2) X+=Hom(X,D1(Q/Z)) is a strongly FP-injective complex.

Theorem 1.3. Assume that X is a strongly FP-injective complex and F is a finitely pre-

sented complex. Then Exti>1(F,X)=0.

Theorem 1.4. Let C be a complex and n an integer. Then the following assertions about

strongly FP-injective dimension of C are equivalent:

(1) S̃FI-id(C) 6n.
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(2) infH(C)>−n and Z−n(I)∈SFI for each dg-injective resolution C→ I.

(3) infH(C)>−n and Zj(I)∈SFI for every j6−n for each dg-injective resolution

C→ I.

(4) There exists a dg-injective resolution C→I
′
such that Hj(I

′
)=0 for every j6−n−1

and Z−n(I
′
)∈SFI .

(5) There exists a dg-injective resolution C→I
′
such that Hj(I

′
)=0 for every j6−n−1

and Zj(I
′
)∈SFI for each j6−n.

The contents of the paper are summarized as follows. In Section 2, we collect
some known notions and results. In Section 3, we introduce strongly Gorenstein
FP-injective modules, then give some properties and characterizations of strongly
Gorenstein FP-injective modules. Section 4 is devoted to strongly FP-injective
complexes and strongly FP-injective dimension of complexes.

2 Preliminaries

Throughout this paper, R denotes an associative ring with identity, R-Mod de-
notes the category of all left R-modules. By a “module” we always mean a left
R-module. By the term “subcategory” we always mean a full additive subcate-
gory closed under isomorphisms.

2.1 Cotorsion pairs

Let A be an abelian category and X a subcategory of A. Define

⊥1X =
{

M∈A | Ext1
A(M,X)=0 for any object X∈X

}

,

⊥X =
{

M∈A | Exti>1
A (M,X)=0 for any object X∈X

}

.

X⊥ and X⊥1 are similarly defined. A pair (X ,Y) of subcategories of A is said to
be a cotorsion pair if X⊥1 =Y and ⊥1Y=X . The cotorsion pair (X ,Y) is said to be

hereditary if Exti>1
A (X,Y)=0 for all objects X∈X and Y∈Y . A morphism ϕ:M→X

with X ∈ X is called an X -preenvelope of M if for any morphism f : M → X
′

with X
′
∈X , there is a morphism g : X→X

′
such that gϕ= f . A monomorphism

ϕ : M→ B with B∈X is said to be a special X of M if ϕ is an X -preenvelope of
M and coker f ∈⊥1X . Dually, an X -precover and special X -precover are similarly
defined. A cotorsion pair is said to be complete provided that every object of A
has a special Y-preenvelope and special X -precover (for more details see [4]).
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2.2 FP-injective modules and strongly FP-injective modules

A module M is called FP-injective [14] if Ext1
R(N,M) = 0 for each finitely pre-

sented module N. FP-injective modules act in ways similar to injective modules.
Let FI denote the subcategory of all FP-injective modules, and FP denote the

collection of modules N such that Ext1
R(N,M) = 0 for any FP-injective module

M, that is called FP-projective module [10]. (FP ,FI) forms a complete hered-
itary cotorsion pair over a left coherent ring. A module M is called a strongly

FP-injective module [9], if Exti>1
R (N,M)=0 for each finitely presented module N.

Our study of strongly Gorenstein FP-injective modules is related to the coherence
criteria obtained via strongly Gorenstein FP-injective modules in [2], which pro-
vide ring-theoretic contexts where our notions naturally arise. In what follows,
we denote by SFI the subcategory of all strongly FP-injective modules. It is
obvious that I⊆SFI⊆FI , where I denote the subcategory of all injective mod-
ules. Some results in [9] are spread out as follows, which will be used repeatedly
in the paper.

Lemma 2.1. The following statements are hold:

(1) SFI is closed under extensions, products and cokernels of monomorphisms.

(2) A right R-module M is flat if and only if M+ =HomR(M,Q/Z) is a strongly

FP-injective left R-module.

(3) (⊥1SFI ,SFI) is a complete hereditary cotorsion pair.

Lemma 2.2. The following conditions are equivalent:

(1) R is a left coherent ring.

(2) SFI=FI .

(3) Every direct limit of strongly FP-injective left R-modules is FP-injective.

Lemma 2.3. Let 0→U→V→W→0 be an exact sequence of R-Mod, and U a strongly

FP-injective module. Then V is a strongly FP-injective module if and only if W is

a strongly FP-injective module.

2.3 Complexes

Let C(R) denote the abelian category of complexes of left R-modules. A complex
of modules

···−→Xn+1

δX
n+1
−→Xn

δX
n−→Xn−1

δX
n−1
−→···
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is denoted by X. The n-th cycle (resp., homology) module is defined as KerδX
n

(resp., KerδX
n /ImδX

n+1) and denoted by Zn(X) (resp., Hn(X)). supX=sup{i|Xi 6=0},
infX=inf{i|Xi 6= 0}. Given a module M, we use Dn(M) to denote the complex
···→0→M→1 M→0→··· with M in n-th and (n−1)-th positions. We also use
Sn(M) to denote the complex with M in degree zero and 0 elsewhere. Let W be
a subcategory of R-Mod. Then a complex X is said to be exact under HomR(−,W)
if the complex HomR(X,W) is exact for each W∈W .

A morphism f :X→Y of complexes is a family of homomorphisms f=( fn :Xn→
Yn)n∈Z of modules satisfying δY

n fn = fn−1δX
n for all n∈Z. A quasi-isomorphism

f : X → Y is a morphism such that the induced map H( f ) : H(X)→ H(Y) is an
isomorphism for all n∈Z.

For complexes X and Y, denote by Hom(X,Y) the complex of Z-modules with
n-th component Hom(X,Y)n =∏t∈ZHom(Xt,Yn+t) and differential

δn( f )=
(

δY
n+m fm−(−1)n fm−1δX

m

)

m∈Z

for any f ∈Hom(X,Y)n. It is easy to see that Hom(X,Y) = Z0(Hom(X,Y)). Let
Hom(X,Y)=Z(Hom(X,Y)). One checks that Hom(X,Y) can be made into a com-
plex in which Hom(X,Y)n is the abelian group of morphisms from X to ∑

−nY

and whose boundary operator is given by δn( f ) : X→∑
−(n−1)Y where δn( f )m =

(−1)nδY fm for all m ∈ Z and f ∈Hom(X,Y)n, in which ∑
−nY is a complex sat-

isfying the condition that (∑−nY)i = Yi+n and whose boundary operators are
(−1)−nδY

i+n (for more details see [17]).
Following [5], a complex X is called finitely generated if, in the case where we

can write X=∑i∈I Yi with Yi∈C(R) subcomplexes of X, there exists a finite subset
J⊆ I such that X=∑ j∈J Yj. A complex X is called finitely presented if X is finitely
generated and for every exact sequence of complexes 0→K→L→X→ 0 with L
finitely generated, K is also finitely generated.

Lemma 2.4 ([5]). The following statements are hold:

(1) A complex X is finitely presented if and only if X is bounded and Xn is finitely

presented in R-Mod for all n∈Z.

(2) If M is a finitely presented module, then Si(M) and Di(M) are finitely presented

complexes for each i∈Z.

Definition 2.1 ([17]). A complex X is called FP-injective if Ext1(F,X)= 0 for all every

finitely presented complex F.

Lemma 2.5 ([17]). Let X be a complex. Then the following statements are equivalent:
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(1) X is an FP-injective complex.

(2) X is exact and Zn(X) is an FP-injective module for all n∈Z.

(3) Xn is an FP-injective module for all n∈Z and Hom(F,X) is exact for each finitely

presented complex F.

Definition 2.2 ([8]). Let M be an R-module. M is called a Gorenstein FP-injective

module if there exists an exact sequence

Y= ···→Y2→Y1→Y0→Y−1→Y−2→···

with Yi ∈FI when i> 0 and Yi is injective when i< 0 such that M∼= Im(Y0 →Y−1),
and which remains exact whenever HomR(H,−) is applied for any H∈FP∩FI . The

subcategory of all Gorenstein FP-injective modules is denoted by GFI .

3 Strongly Gorenstein FP-injective modules

We start this section with the following definition.

Definition 3.1. Let M be an R-module. Then M is said to be a strongly Gorenstein

FP-injective module if there exists an exact sequence

X= ···→X2
δX

2→X1
δX

1→X0
δX

0→X−1

δX
−1
→X−2→···

with Xi ∈SFI when i> 0 and Xi is injective when i< 0 such that M∼= ImδX
0 , and X

stays exact under HomR(S,−) for any S∈⊥1SFI∩SFI . This exact sequence is called

a complete SFI-I resolution. The subcategory of all strongly Gorenstein FP-injective

modules is denoted by SGFI .

Remark 3.1. It is obvious that ImδX
i is a strongly Gorenstein FP-injective module

for each i60 in the above definition.

Lemma 3.1. Let M be a module. Then:

(1) M is strongly Gorenstein FP-injective if and only if M∈ (⊥1SFI∩SFI)⊥ and

there exists an exact sequence ···→S1→S0→M→0 with each Si ∈SFI , which

is exact under HomR(
⊥1SFI∩SFI ,−).

(2) If M is a strongly FP-injective module, then M∈SGFI .

(3) If M is an injective module, then M∈SGFI .
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(4) For each exact sequence 0→U →V →W → 0 with U ∈SFI and W ∈SGFI ,

then V∈SGFI .

Proof. (1) (⇒) Let M be a strongly Gorenstein FP-injective module. Then there

exists an exact sequence

X= ···→X2
δX

2→X1
δX

1→X0
δX

0→X−1

δX
−1
→X−2→···

with Xi ∈ SFI when i > 0 and Xi is injective when i < 0 such that M ∼=
ImδX

0 , and X stays exact under HomR(S,−) for any S∈⊥1SFI∩SFI . It is

sufficient to prove that M∈ (⊥1SFI∩SFI)⊥. Consider the short exact se-

quence 0→M→X−1→ ImδX
−1→0. By applying the functor HomR(S,−) to

the sequence for any S∈⊥1 SFI∩SFI , we can get an exact sequence ···→
HomR(S,X−1)→HomR(S,ImδX

−1)→Ext1
R(S,M)→0. Since HomR(S,X−1)→

HomR(S,ImδX
−1) is exact, so Ext1

R(S,M)= 0. By the shifting formula of di-

mension and Remark 3.1, it is easy to check that Exti+1
R (S,M)∼=Ext1

R(S,ImδX
−i)

for any i>0, hence M∈ (⊥1SFI∩SFI)⊥.

(⇐) Assume that M ∈ (⊥1SFI∩SFI)⊥ and there exists an exact se-

quence (ξ)=···→S1→S0→M→0 with each Si∈SFI , which is exact under

HomR(
⊥1SFI∩SFI ,−). Let

(ξ1)=0→M→S−1 →S−2→···

be an injective resolution of M with Si an injective module for each i6−1.

Since M∈ (⊥1SFI∩SFI)⊥ and Si ∈ (⊥1SFI∩SFI)⊥ for any i6−1, we

can get (ξ1) is exact under HomR(
⊥1SFI∩SFI ,−) by [13, Lemma 2.9].

Hence, M is strongly Gorenstein FP-injective by combining (ξ) and (ξ1).

(2) Let M be a strongly FP-injective module. Then M∈ (⊥1SFI)⊥⊆ (⊥1SFI∩
SFI)⊥ by Lemma 2.1(3). Considering the exact sequence

(ξ2)= ···→0→0→M
1M→M→0→··· ,

one can check that (ξ2) is exact under HomR(
⊥1SFI∩SFI ,−). According

to (1), we can know M∈SGFI .

(3) It is obvious.

(4) Let 0 → U → V → W → 0 be an exact sequence with U ∈ SFI and W ∈
SGFI . Since W ∈ SGFI , there is an exact sequence 0→ K → S →W → 0
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with K ∈ SGFI and S ∈ SFI by the proof of (1), which is exact under

HomR(
⊥1SFI∩SFI ,−). Construct the pullback diagram (Diagram 1).

0 0




y





y

K K




y





y

0 −−−→ U −−−→ D −−−→ S −−−→ 0
∥

∥

∥





y





y

0 −−−→ U −−−→ V −−−→ W −−−→ 0




y





y

0 0

Diagram 1: The pullback diagram of V→W and S→W.

Since U,S ∈ SFI and SFI is closed under extensions by Lemma 2.1, we

have D ∈ SFI . Note that the right column and the middle row are exact un-

der HomR(
⊥1SFI∩SFI ,−). It is not difficult to get that the middle column is

also exact under HomR(
⊥1SFI∩SFI ,−). According to (1), we know U,W ∈

(⊥1SFI∩SFI)⊥, so V∈ (⊥1SFI∩SFI)⊥. Therefore, V∈SGFI by (1).

Lemma 3.2. Let M be a module. Then:

(1) SGFI is closed under extensions, cokernels of monomorphisms and summands.

(2) Every kernels in a complete SFI-I resolution is in SGFI .

(3) Let 0→U →V →W → 0 be an exact sequence of R-modules. If V,W ∈SGFI ,

then U∈SGFI if and only if Ext1
R(N,U)=0 for any N∈⊥1SFI∩SFI .

Proof. In order to prove the conclusion, let us firstly prove that there exists an

exact sequence (η)=···→N1→N0→M→0 with each Ni∈
⊥1SFI∩SFI such that

(η) is exact under HomR(
⊥1SFI∩SFI ,−) for any M∈SGFI . By Lemma 3.1(1),

there is an exact sequence 0→K0 →S0 →M→0 with S0 ∈SFI and K0 ∈SGFI .

Note that (⊥1SFI ,SFI) is a complete hereditary cotorsion pair, there is a special
⊥1SFI-precover of S0, 0→L0→N0→S0→0 with N0∈

⊥1SFI and L0∈SFI . Since
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SFI is closed under extensions, so N0 ∈
⊥1SFI∩SFI . Construct the pullback

diagram (Diagram 2).

0 0




y





y

L0 L0




y





y

0 −−−→ H0 −−−→ N0 −−−→ M −−−→ 0




y





y

∥

∥

∥

0 −−−→ K0 −−−→ S0 −−−→ M −−−→ 0




y





y

0 0

Diagram 2: The pullback diagram of N0→S0 and K0→S0.

Since L0∈SFI and K0∈SGFI in the left column, one can see that H0∈SGFI
by Lemma 3.1(4). Because the middle column and the bottom row are exact un-

der HomR(
⊥1SFI∩SFI ,−), we can get 0→ H0 → N0 → M → 0 is exact under

HomR(
⊥1SFI∩SFI ,−). Proceed the process to H0, and so on, it is not difficult

to get an exact sequence (η)=···→N1→N0→M→0 with each Ni∈
⊥1SFI∩SFI

such that (η) is exact under HomR(
⊥1SFI∩SFI ,−) for any M∈SGFI .

Let 0→U→V→W→0 be an exact sequence of R-modules. If U,W∈SGFI ,

then there exists exact sequences (η1)= ··· → L1 → L0 →U → 0 and (η2)= ···→
N1 → N0 →W → 0 with each Li,Ni ∈

⊥1SFI∩SFI such that (η1) and (η2) are

exact under HomR(
⊥1SFI∩SFI ,−). Note that SGFI is closed under arbitrary

products by Definition 3.1. According to [4, Lemma 8.2.11], we can obtain an

exact sequence (η3)= ···→D1→D0→M→0 with each Di ∈
⊥1SFI∩SFI such

that (η3) is exact under HomR(
⊥1SFI∩SFI ,−). Because U,W ∈ SGFI and

(⊥1SFI∩SFI)⊥ is closed under extensions, one can see V ∈(⊥1SFI∩SFI)⊥,

so V∈SGFI by Lemma 3.1(1). Hence, SGFI is closed under extensions.

If U,V∈SGFI , then there is an exact sequence 0→K0→S0→V→0 with K0∈
SGFI and S0∈SFI , which is exact under HomR(

⊥1SFI∩SFI ,−). Construct

the pullback diagram (Diagram 3).
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0 0




y





y

K0 K0




y





y

0 −−−→ D −−−→ S0 −−−→ W −−−→ 0




y





y

∥

∥

∥

0 −−−→ U −−−→ V −−−→ W −−−→ 0




y





y

0 0

Diagram 3: The pullback diagram of U→V and S0 →V.

Because the bottom row and the middle column are exact under HomR(
⊥1SFI

∩SFI ,−), so is the middle row. Since K0,U∈SGFI and SGFI is closed under

extensions, one can get D ∈ SGFI . So there is an exact sequence (η4) = ··· →
H1 → H0 → D → 0 with each Hi ∈

⊥1 SFI∩SFI such that (η4) is exact under

HomR(
⊥1SFI∩SFI ,−). Combining (η4) and 0 → D → S0 →W → 0, one eas-

ily check that there is an exact sequence (η5) = ··· → H1 → H0 → S0 → W → 0

with each Hi and S0 in SFI . By Lemma 3.1(1) and U,V ∈ SGFI , we get W ∈
(⊥1SFI∩SFI)⊥. Thus, W∈SGFI . Therefore, SGFI is closed under cokernels

of monomorphisms.

Since SGFI is closed under extensions and products, it is easy to prove that

SGFI is also closed under summands by [7, Proposition 1.4].

(2) Let

X= ···→X2
δX

2→X1
δX

1→X0
δX

0→X−1

δX
−1
→X−2→···

be a complete SFI-I resolution and Kn =KerδX
n for all n ∈ Z. One can get

KerδX
n =ImδX

n+1 is a strongly Gorenstein FP-injective module for all n 6−1 by

Remark 3.1. Suppose n>0, since Xi∈SFI⊆ (⊥1SFI∩SFI)⊥ for each i∈Z and

X stays exact under HomR(
⊥1SFI∩SFI ,−), we obtain that

Ext1(N,Ki)=0, Ext
j
R(N,Kn)∼=Ext1

R(N,Kn+j−1)

for any N∈⊥1SFI∩SFI and any j>1. So Ext
j>1
R (N,Kn)=0, which means Kn ∈
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(⊥1SFI∩SFI)⊥. By Lemma 3.1(1), one get Kn∈SGFI for any n>0. Therefore,

every kernel in any complete SFI-I resolution is in SGFI .

(3) (⇒) It is obvious by Lemma 3.1(1).

(⇐) Assume that Ext1(F,U)=0 for any F∈⊥1 SFI∩SFI . Since W∈SGFI ,

there is an exact sequence 0→K→N→W→0 with K∈SGFI and N∈⊥1SFI∩
SFI by the proof of (1) such that it is exact under HomR(

⊥1SFI∩SFI ,−). Con-

struct the pullback diagram (Diagram 4).

0 0




y





y

K K




y





y

0 −−−→ U −−−→ B −−−→ N −−−→ 0
∥

∥

∥





y





y

0 −−−→ U −−−→ V −−−→ W −−−→ 0




y





y

0 0

Diagram 4: The pullback diagram of V→W and N→W.

Since K,V ∈SGFI , so B∈SGFI by (1). By assumption Ext1(N,U)= 0, one

know U is a direct summand of B. Hence, U∈SGFI by (1).

Theorem 3.1. Let M be a module. Then the following statements are equivalent:

(1) M is a strongly Gorenstein FP-injective module.

(2) M ∈ (⊥1SFI∩SFI)⊥ and there is an exact sequence ···→ S1 → S0 → M → 0

with each Si ∈SFI , which is exact under HomR(
⊥1SFI∩SFI ,−).

(3) There is an exact sequence ···→S1→S0→S−1→S−2→··· with each Si∈SGFI
such that M∼=Im(S0→S−1) which is exact under HomR(SGFI ,−).

(4) There is an exact sequence ···→S1→S0→S−1→S−2→··· with each Si∈SGFI
such that M∼=Im(S0→S−1) which is exact under HomR(

⊥1SFI∩SFI ,−).
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Proof. (1)⇔(2) It is easy to prove it by Lemma 3.1. (1)⇒(3), (2)⇒(4), and (3)⇒(4)

are trivial.

(4)⇒(1) Assume that there is an exact sequence

S= ···→S1→S0→S−1→S−2→···

with each Si ∈ SGFI such that M ∼=Im(S0 → S−1) which is exact under

HomR(
⊥1SFI∩SFI ,−). By Lemma 3.1(1) and Si∈SGFI , we get Si∈(

⊥1SFI∩
SFI)⊥ for any i ∈Z. Meanwhile, S is exact under HomR(

⊥1SFI∩SFI ,−), it

is not difficult to obtain that Ext1(N,Ki) = 0 and Ext
j
R(N,Kn)∼= Ext1

R(N,Kn+j−1)

for any N ∈⊥1SFI∩SFI , any i,n∈Z and j> 1, where Kn=Ker(Sn → Sn−1). So

Ext
j>1
R (N,Kn)= 0, which means Kn ∈ (⊥1SFI∩SFI)⊥ for any n∈Z. Of course

M ∈ (⊥1SFI∩SFI)⊥. Since S0 ∈ SGFI , there is an exact sequence 0→ S
′

0 →

N0→S0 →0 with N0∈SFI and S
′

0∈SGFI , that is exact under HomR(
⊥1SFI∩

SFI ,−). Construct the pullback diagram (Diagram 5).

0 0




y





y

S
′

0 S
′

0




y





y

0 −−−→ M0 −−−→ N0 −−−→ M −−−→ 0




y





y

∥

∥

∥

0 −−−→ K0 −−−→ S0 −−−→ M −−−→ 0




y





y

0 0

Diagram 5: The pullback diagram of K0→S0 and N0→S0.

Since the middle column and the bottom row of Diagram 5 are exact un-

der HomR(
⊥1SFI∩SFI ,−), so is the middle row. Note that M0 ∈ SGFI by

Lemma 3.2. Construct the pullback diagram (Diagram 6).

One can see that M1 ∈SGFI by Lemma 3.2. Since the bottom row and the

right column are exact under HomR(
⊥1SFI∩SFI ,−), so is the middle column.

Hence, the sequence ···→S3→S2→M1→M0→0 is exact under HomR(
⊥1SFI∩
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0 0




y





y

K1 K1




y





y

0 −−−→ S
′

0 −−−→ M1 −−−→ S1 −−−→ 0
∥

∥

∥





y





y

0 −−−→ S
′

0 −−−→ M0 −−−→ K0 −−−→ 0




y





y

0 0

Diagram 6: The pullback diagram of M0→K0 and S1→K0.

SFI ,−), which is combined by ···→S3→S2→K1→0 and 0→K1→M1→M0→0.

Repeat the process of M to M0, and so on, we can obtain an exact sequence ···→
N2→N1→N0→M→0 with each Ni∈SFI . Therefore, M is a strongly Gorenstein

FP-injective module by Lemma 3.1.

4 Strongly FP-injective complexes and strongly

FP-injective dimension of complexes

In this section, we introduce the concept of strongly FP-injective complexes, and
discuss some properties and characterizations of strongly FP-injective complexes
in virtue of the cotorsion pair (⊥1SFI ,SFI). Finally, we study strongly FP-
injective dimensions of complexes.

Definition 4.1. A complex X is called strongly FP-injective if X is exact and Zn(X) is

a strongly FP-injective module for all n∈Z.

Proposition 4.1. Let X be a complex. If X is a strongly FP-injective complex, then X is

also an FP-injective complex.

Proof. Assume that X is a strongly FP-injective complex. By Definition 4.1, X is

exact and Zn(X) is a strongly FP-injective module for all n∈Z. Since strongly FP-

injective modules are FP-injective, one can know Zn(X) is a strongly FP-injective

module for all n∈Z. By Lemma 2.5, X is also an FP-injective complex.
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Proposition 4.2. Let M be a module. Then the following conditions are equivalent:

(1) M is a strongly FP-injective module.

(2) Di(M) is a strongly FP-injective complex.

Recall that a complex X is a flat (resp., injective, projective) if and only if X is
exact and Zn(X) is a flat (resp., injective, projective) module for all n∈Z.

Theorem 4.1. Let X be a complex. Then the following statements are equivalent:

(1) X is a flat complex.

(2) X+=Hom(X,D1(Q/Z)) is a strongly FP-injective complex.

Proof. Assume that X= ···→Xn+1→Xn→Xn−1→···. Then X+ can be made into

the complex

···→Hom

(

X,

−n−1

∑ D1(Q/Z)

)

→Hom

(

X,

−n

∑D1(Q/Z)

)

→Hom

(

X,

−n+1

∑ D1(Q/Z)

)

→···

Let α−n :Hom(X,∑
−n

D1(Q/Z))→HomR(X−n,Q/Z), f=( fm)m∈Z→α−n( f )= f−n

for any n∈Z. It is not difficult to prove that α−n is an isomorphism for any n∈Z,
and the following diagram is commutative:

X+= ··· // Hom(X,∑
−n−1

D1(Q/Z))

α−n−1

��

// Hom(X,∑
−n

D1(Q/Z))

α−n

��

// Hom(X,∑
−n+1

D1(Q/Z))

α−n+1

��

// ···

W= ··· // HomR(X−n−1,Q/Z) // HomR(X−n,Q/Z) // HomR(X−n+1,Q/Z) // ···

One can get isomorphisms

Zn(X
+)∼=Zn(W)∼=HomR(Zn,Q/Z)∼=Zn(X)

+,

when X is exact. By Lemma 2.1, we have Zn(X) is flat if and only if Zn(X)+

is strongly FP-injective. So Zn(X) is flat if and only if Zn(X
+) is strongly FP-

injective. Note that X is an exact complex if and only if W is an exact complex,

if and only if X+ is exact. Therefore, X is a flat complex if and only if X+ =
Hom(X,D1(Q/Z)) is a strongly FP-injective complex.
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Here are some characterizations of a left coherent ring.

Corollary 4.1. Let R be a ring and X a complex. Then the following assertions are

equivalent:

(1) R is a left coherent ring.

(2) X is an FP-injective complex if and only if X is a strongly FP-injective complex.

(3) X is a strongly FP-injective complex if and only if X+ is a flat complex.

(4) X is a strongly FP-injective complex if and only if X++ is a strongly FP-injective

complex.

(5) X is a flat complex if and only if X+ is a flat complex.

Proof. It follows from Lemma 2.1, Theorem 3.1 and [17, Corollary 2.14].

Proposition 4.3. Let X be a strongly FP-injective complex. Then Xn is a strongly FP-

injective module and Hom(F,X) is exact for any finitely presented complex F.

Proof. According to Proposition 4.1 and Lemma 2.5 one can get Hom(F,X) is exact

for any finitely presented complex F. It is sufficient to prove that Xn is a strongly

FP-injective module. Let

X= ···→X2
δX

2→X1
δX

1→X0
δX

0→X−1

δX
−1
→X−2→··· ,

and 0 → Xn
f
→V → U → 0 be an arbitrary extension of Xn by U, in which U is

any finitely presented module. Since Kerπ = ImδX
n ⊆ KerδX

n−1 with π : Xn−1 →

CokerδX
n is a canonical projective. By the factor lemma, there exists homological

morphism g :CokerδX
n →Xn−2 such that gπ=δX

n−1. Construct the pushout diagram

(Diagram 7). So Diagram 8 is commutative.

It is easy to get

H= ···→Xn+2

δX
n+2
−→Xn+1

f δX
n+1

−→V
α

−→W
gh
−→Xn−2

δX
n−2
−→Xn−3→···

is a complex. Therefore, 0→ X → H → Dn(U)→ 0 is a short exact sequence of

complexes. According to Lemma 2.4 and U is a finitely presented module, Dn(U)
is a finitely presented complex. By applying the functor Hom(Dn(U),−) to above

short exact sequence, one can get the following long exact sequence:

0→Hom(Dn(U),X)→Hom(Dn(U),H)

→Hom(Dn(U),Dn(U))→Ext1(Dn(U),X)→··· .
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0 −−−→ Xn

f

−−−→ V −−−→ U −−−→ 0




y

δX
n





y

α

∥

∥

∥

0 −−−→ Xn−1

β

−−−→ W −−−→ U −−−→ 0




y

π





y

h

CokerδX
n CokerδX

n




y





y

0 0

Diagram 7: The pushout diagram of Xn →Xn−1 and Xn →V.

0 0 0 0 0 0




y





y





y





y





y





y

··· −−−−→ Xn+2

δX
n+2

−−−−→ Xn+1

δX
n+1

−−−−→ Xn

δX
n

−−−−→ Xn−1

δX
n−1

−−−−→ Xn−2

δX
n−2

−−−−→ Xn−3 −−−−→ ···




y

1





y

1





y

1





y

1





y

1





y

1

··· −−−−→ Xn+2

δX
n+2

−−−−→ Xn+1

f δX
n+1

−−−−→ V
α

−−−−→ W
gh

−−−−→ Xn−2

δX
n−2

−−−−→ Xn−3 −−−−→ ···




y





y





y





y





y





y

··· −−−−→ 0 −−−−→ 0 −−−−→ U
1

−−−−→ U −−−−→ 0 −−−−→ 0 −−−−→ ···




y





y





y





y





y





y

0 0 0 0 0 0

Diagram 8: The joined diagram.

Noting that X is a strongly FP-injective complex, and strongly FP-injective com-

plexes are FP-injective, we know Ext1(Dn(U),X)=0, which means 0→X→H→
Dn(U)→0 is split. So the n-th term 0→Xn→V→U→0 is split, and Exti>1

R (U,Xn)
=0. Thus, Xn is a strongly FP-injective module.

Gillespie introduced in [6] several classes of complexes associated to a cotor-
sion pair in an abelian category. Specializing to the cotorsion pair (⊥1SFI ,SFI),
Gillespie’s definition reduces to the following.
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Definition 4.2. Let R be a ring and X a complex.

(1) X is called a ⊥1SFI-complex if it is exact and Zi(X)∈
⊥1 SFI for each i∈Z.

(2) X is called an SFI-complex if it is exact and Zi(X)∈SFI for each i∈Z.

(3) X is called a dg-⊥1SFI complex if Xi∈
⊥1 SFI for each i∈Z, and Hom(X,S) is

exact whenever S is an SFI-complex.

(4) X is called a dg-SFI complex if Xi∈SFI for each i∈Z, and Hom(T,X) is exact

whenever T is a ⊥1SFI-complex.

Remark 4.1. (1) SFI-complexes are coincide with strongly FP-injective com-

plexes.

(2) The class of all ⊥1SFI-complexes (resp., dg-⊥1SFI complexes) is denoted

by ⊥̃1SFI (resp., dg-⊥̃1SFI). Similarly, the class of all SFI-complexes

(resp., dg-SFI complexes) is denoted by S̃FI (resp., dg-S̃FI ).

Proposition 4.4. Let X be a complex. Then X admits a special ⊥̃1SFI-precover and

a special S̃FI-preenvelope.

Proof. Since (⊥1SFI ,SFI) is a complete hereditary cotorsion pair, it is easy to

prove that X admits a special ⊥̃1SFI-precover and a special S̃FI-preenvelope.

The proof is complete.

According to [17, Lemma 3.2] and [15, Theorem 3.5], one can get the following
conclusion.

Theorem 4.2. Let R be a ring and X a complex. Then:

(1) Complexes that are bounded below and have components in ⊥1SFI are dg-⊥1SFI
complexes.

(2) Complexes that are bounded above and have components in SFI are dg-SFI
complexes.

(3) (⊥̃1SFI , dg-S̃FI) and (dg-⊥̃1SFI , S̃FI) are complete hereditary cotorsion

pairs in C(R).

(4) dg-⊥̃1SFI∩ε = ⊥̃1SFI and dg-S̃FI∩ε = S̃FI , where ε denotes the class of

exact complexes.
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Proof. Since (⊥1SFI ,SFI) is a complete hereditary cotorsion pair, one can get

(1) and (3) by [17, Lemma 3.2], and (⊥̃1SFI , dg-S̃FI) and (dg-⊥̃1SFI , S̃FI)
are hereditary cotorsion pairs in C(R). According to [15, Theorem 3.5], it is not

difficult to prove that (⊥̃1SFI , dg-S̃FI) and (dg-⊥̃1SFI , S̃FI) are complete.

The proof is complete.

Theorem 4.3. Assume that X is a strongly FP-injective complex and F is a finitely pre-

sented complex. Then Exti>1(F,X)=0.

Proof. Since F is a finitely presented complex, we have F is bounded and Fn is

a finitely presented module for all n ∈ Z by Lemma 2.4. According to Defini-

tion 4.1, it is easy to know Fn ∈⊥1SFI . Hence, F is a dg-⊥1SFI complex by

Theorem 4.2(1). Note that (⊥̃1SFI , dg-S̃FI) is a complete hereditary cotorsion

pair, so we can get Exti>1(F,X)=0.

Now let us introduce strongly FP-injective dimensions of complexes.

Definition 4.3. A morphism X →D is called a dg-SFI resolution of X, if X→D is

a quasi-isomorphism and D is a dg-SFI complex.

Proposition 4.5. Let R be a ring and X a complex. Then X has an injective dg-SFI
resolution.

Proof. Since dg-injective complexes are dg-SFI complexes, and X has an injec-

tive dg-injective resolution, it is easy to get that X has an injective dg-SFI reso-

lution.

Definition 4.4. Let X be a complex and n an integer. The strongly FP-injective dimen-

sion of X, S̃FI-id(X), is defined as follows:

• S̃FI-id(X)6n if there is a quasi-isomorphism X→D with D is a dg-SFI comp-

lex such that inf D>−n and Zi(D)∈SFI for any integer i6−n.

• If S̃FI-id(X)6n but S̃FI-id(X)6n−1 does not hold, then S̃FI-id(X)=n.

• If S̃FI-id(X)6m for any integer m, then S̃FI-id(X)=−∞.

• If S̃FI-id(X)6m does not hold for any integer m, then S̃FI-id(X)=+∞.

Theorem 4.4. Let C be a complex. Then the following statements are equivalent:
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(1) S̃FI-id(C)6n.

(2) infH(C)>−n and Z−n(I)∈SFI for each dg-injective resolution C→ I.

(3) infH(C)>−n and Zj(I)∈SFI for any integer j6−n for each dg-injective reso-

lution C→ I.

(4) There exists a dg-injective resolution C→ I
′

such that Hj(I
′
)= 0 for any integer

j6−n−1 and Z−n(I
′
)∈SFI .

(5) There exists a dg-injective resolution C→ I
′

such that Hj(I
′
)= 0 for any integer

j6−n−1 and Zj(I
′
)∈SFI for any j6−n.

Proof. (1)⇒ (2) Assume that S̃FI-id(C)6n. Then there is a dg-SFI resolution

C
f
→F such that infH(F)>−n and Z−n(F)∈SFI . For each dg-injective resolution

C
g
→I, infH(I)= infH(C)= infH(F) >−n. By Proposition 4.5, we can assume f is

injective. Consider the exact sequence

0→C→F→L→0

with L exact. By applying the functor Hom(−,I) to above sequence, we get the

following exact sequence:

0→Hom(L,I)→Hom(F,I)→Hom(C,I)→Ext1(L,I)→0.

Since I is dg-injective and L is exact, so Ext1(L,I)=0, and thus there exists a mor-

phism of complexes h : F → I such that h f = g. Note that f ,g are both quasi-

isomorphisms, so is h. We can assume that h is injective (if not, let F→ I be injec-

tive with I an injective complex. Then F→I⊕I is an injective quasi-isomorphism).

Consider the short exact sequence 0→F→ I→W→0 with W an exact sequence.

Since F and I are both dg-SFI complexes, so is W. According to Theorem 4.2(3),

we get W is an SFI-complex. Consider the following short exact sequence of

modules:

0→Z−n(F)→Z−n(I)→Z−n(W)→0

with Z−n(W) and Z−n(F) strongly FP-injective modules. Hence, Z−n(I)∈ SFI
by Lemma 2.1.

(2)⇒ (4) is obvious.

(4)⇒ (1) Since dg-injective resolutions are dg-SFI resolutions, it is easy to

prove (1) by Definition 4.3.

(2)⇒ (3) and (4)⇒ (5) One can easily prove them by Lemma 2.1.

(3)⇒ (2) and (5)⇒ (4) are clear.
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