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Abstract. Let R be an associative ring with identity. In this paper, we consider
generalizations of Gorenstein FP-injective R-modules and FP-injective com-
plexes, give the definitions and characterizations of strongly Gorenstein FP-
injective R-modules and strongly FP-injective complexes, which are induced
by strongly FP-injective modules. Then we investigate the strongly FP-injective
dimension of complexes.
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1 Introduction

Gorenstein homological theories play an important role in relative algebra. Aus-
lander [12] introduced the notion of G-dimension of finite R-modules over a com-
mutative Noetherian local ring. Auslander and Bridge [1] extended this notion
to two sided Noetherian rings. Enochs and Jenda [3] defined Gorenstein projec-
tive modules (not necessarily finitely generated) and Gorenstein injective mod-
ules over arbitrary ring. Later, many authors have studied and generalized these
notions successively.
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In 2013, as an extension of the notion of Gorenstein injective modules, Hu
and Zhang [8] introduced the notion of Gorenstein FP-injective R-modules over
a left coherent ring based on the complete hereditary cotorsion pair (FP, FZ) in
R-Mod. Here, the symbol FP (resp., FZ) stands for the subcategory of all FP-
projective (resp., Fl-injective) modules. Li et al. [9] give the definition of strongly
FP-injective modules, and proved that (11SFZ,SFZ) is a complete hereditary
cotorsion pair over arbitrary ring, where SFZ denotes the subcategory of all
strongly FP-injective modules. It is natural to consider another extension of Go-
renstein injective modules based on the cotorsion pair (11SFZ,SFZ), that is
called strongly Gorenstein FP-injective modules in this paper.

Rozas [11] systematically introduced projective complexes, injective complex-
es and flat complexes. Yang and Liu [16] give the definition of FP-injective com-
plexes. Wang and Liu [17] further investigated FP-injective dimension of com-
plexes. These works are based on a left coherent ring. One purpose of this paper
is to extend above works: we introduce and study strongly FP-injective com-
plexes and strongly FP-injective dimension of complexes over an arbitrary ring.

We now state the main results of this paper.

Theorem 1.1. Let M be an R-module. Then the following statements are equivalent:

(1) M is a strongly Gorenstein FP-injective module.

2) Me (MSFINSFI)! and there is an exact sequence ---— Nj — Ng— M —0
with each N; €11 SFINSFI, which is exact under Homg (MSFINSFI,—).

(3) There is an exact sequence S=---—S1—So—+S_1—+S_p—... witheach S;€e SFL
such that M= Im(So— S_1), which is exact under Homg(SGFZ,—).

(4) There is an exact sequence S=---—S1—So—+S_1—+S_p—... witheach S;€ SFL
such that M= Im(Sy—S_1), which is exact under Homg (1 SFINSFI,—).

Theorem 1.2. Let X be a complex. Then the following conditions are equivalent:

(1) Xis a flat complex.
(2) XT=Hom(X,D'(Q/Z)) is a strongly FP-injective complex.

Theorem 1.3. Assume that X is a strongly FP-injective complex and F is a finitely pre-
sented complex. Then Ext’Z(EX)=0.

Theorem 1.4. Let C be a complex and n an integer. Then the following assertions about
strongly FP-injective dimension of C are equivalent:

(1) SFZ-id(C) <n.
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(2) infH(C) > —nand Z_, (1) € SFI for each dg-injective resolution C — 1.

(3) infH(C) > —n and Z;(1) € SFI for every j < —n for each dg-injective resolution
C—L

(4) There exists a dg-injective resolution C—T such that H j (I/ )=0 for every j<—n—1
and Z_,(1)eSFI.

(56) There exists a dg-injective resolution C—1 such that H j (1) =0 for every j<—n—1
and Z; (1) € SFI for each j< —n.

The contents of the paper are summarized as follows. In Section 2, we collect
some known notions and results. In Section 3, we introduce strongly Gorenstein
FP-injective modules, then give some properties and characterizations of strongly
Gorenstein FP-injective modules. Section 4 is devoted to strongly FP-injective
complexes and strongly FP-injective dimension of complexes.

2 Preliminaries

Throughout this paper, R denotes an associative ring with identity, R-Mod de-
notes the category of all left R-modules. By a “module” we always mean a left
R-module. By the term “subcategory” we always mean a full additive subcate-
gory closed under isomorphisms.

2.1 Cotorsion pairs

Let A be an abelian category and X" a subcategory of 4. Define
Liy= {MGA | Exty (M,X)=0 for any object X € X},
tx= {MEA | Extfl(M,X) =0 for any object X € X}.

X+ and X1 are similarly defined. A pair (X,)) of subcategories of A is said to
be a cotorsion pair if X +1=) and 11 =X. The cotorsion pair (X,))) is said to be
hereditary if Ex’tf1 (X,Y)=0 for all objects Xe X and Y€). A morphism ¢p:M—X
with X € X is called an X-preenvelope of M if for any morphism f: M — X'
with X' € X, there is a morphism g: X — X such that g¢ = f. A monomorphism
@: M — B with B€ X is said to be a special X of M if ¢ is an X'-preenvelope of
M and coker f €11 X. Dually, an X-precover and special X-precover are similarly
defined. A cotorsion pair is said to be complete provided that every object of A
has a special Y-preenvelope and special X'-precover (for more details see [4]).



4 D. He, Y. Li and W. Pu / Commun. Math. Res., x (2025), pp. 1-20

2.2 FP-injective modules and strongly FP-injective modules

A module M is called FP-injective [14] if Extk(N,M) =0 for each finitely pre-
sented module N. FP-injective modules act in ways similar to injective modules.
Let /7 denote the subcategory of all FP-injective modules, and 7P denote the

collection of modules N such that Extk(N,M) =0 for any FP-injective module
M, that is called FP-projective module [10]. (FP,FZ) forms a complete hered-
itary cotorsion pair over a left coherent ring. A module M is called a strongly

FP-injective module [9], if Ex’c’R>1 (N,M)=0 for each finitely presented module N.
Our study of strongly Gorenstein FP-injective modules is related to the coherence
criteria obtained via strongly Gorenstein FP-injective modules in [2], which pro-
vide ring-theoretic contexts where our notions naturally arise. In what follows,
we denote by SFZ the subcategory of all strongly FP-injective modules. It is
obvious that ZC S FZ C F7Z, where Z denote the subcategory of all injective mod-
ules. Some results in [9] are spread out as follows, which will be used repeatedly
in the paper.

Lemma 2.1. The following statements are hold:

(1) SFTI is closed under extensions, products and cokernels of monomorphisms.

(2) A right R-module M is flat if and only if MT =Hompg(M,Q/Z) is a strongly
FP-injective left R-module.

(3) (MSFI,SFI) is a complete hereditary cotorsion pair.
Lemma 2.2. The following conditions are equivalent:
(1) R is a left coherent ring.
(2) SFI1=FI.
(3) Ewvery direct limit of strongly FP-injective left R-modules is FP-injective.

Lemma 2.3. Let 0—U — V — W — 0 be an exact sequence of R-Mod, and U a strongly
FP-injective module. Then V is a strongly FP-injective module if and only if W is
a strongly FP-injective module.

2.3 Complexes

Let C(R) denote the abelian category of complexes of left R-modules. A complex

of modules N

5;)1(—4— ‘513( (Sn—
"'_>Xn+14xn—>xn—1
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is denoted by X. The n-th cycle (resp., homology) module is defined as Kerd)}
(resp., Kers /IméY ;) and denoted by Z,,(X) (resp., Hy(X)). supX=sup{i|X; #0},
infX=inf{i|X; #0}. Given a module M, we use D"(M) to denote the complex
v =0 M—='M—0— .- with M in n-th and (n—1)-th positions. We also use
S"(M) to denote the complex with M in degree zero and 0 elsewhere. Let WV be
a subcategory of R-Mod. Then a complex X is said to be exact under Hompg (—, V)
if the complex Hompg (X, W) is exact for each W e W.

A morphism f:X—Y of complexes is a family of homomorphisms f=(f,:X,—
Yy )nez of modules satisfying 8Y f, = f,_15) for all n € Z. A quasi-isomorphism
f:X—=Y is a morphism such that the induced map H(f): H(X) — H(Y) is an
isomorphism for all n € Z.

For complexes X and Y, denote by Hom(X,Y) the complex of Z-modules with
n-th component Hom(X,Y), =[I;czHom(X;,Y,++) and differential

5n(f) = (57{—&-111 m— (_1)nfm—15£>

for any f eHom(X,Y),. It is easy to see that Hom(X,Y) = Zo(Hom(X,Y)). Let
Hom(X,Y)=Z(Hom(X,Y)). One checks that Hom(X,Y) can be made into a com-
plex in which Hom(X,Y), is the abelian group of morphisms from X to }~"Y
and whose boundary operator is given by 6,(f):X— Y~ ""DY where 6,(f) =
(=1)"5Y fy for all m € Z and f € Hom(X,Y),, in which ¥ ""Y is a complex sat-
isfying the condition that (}-""Y); =Y;;, and whose boundary operators are
(—1)‘”(5}% (for more details see [17]).

Following [5], a complex X is called finitely generated if, in the case where we
can write X=)_;.;Y; with Y; €C(R) subcomplexes of X, there exists a finite subset
J C I such that X= YierYj. A complex X is called finitely presented if X is finitely
generated and for every exact sequence of complexes 0 — K — L — X — 0 with L
tinitely generated, K is also finitely generated.

meZ

Lemma 2.4 ([5]). The following statements are hold:

(1) A complex X is finitely presented if and only if X is bounded and X, is finitely
presented in R-Mod for all n € Z.

(2) If M is a finitely presented module, then S'(M) and D'(M) are finitely presented
complexes for each i € Z.

Definition 2.1 ([17]). A complex X is called FP-injective if Ext!(F,X) =0 for all every
finitely presented complex F.

Lemma 2.5 ([17]). Let X be a complex. Then the following statements are equivalent:
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(1) Xis an FP-injective complex.
(2) Xis exact and Z,(X) is an FP-injective module for all n € Z.

(3) Xy is an FP-injective module for all n € Z and Hom (E X) is exact for each finitely
presented complex F.

Definition 2.2 ([8]). Let M be an R-module. M is called a Gorenstein FP-injective
module if there exists an exact sequence

Y="=Yr—=Y1=Yy—=>Y 1 =Y r—--

with Y; € FI when i >0 and Y; is injective when i <0 such that M= Im(Yy— Y_1),
and which remains exact whenever Homg (H,—) is applied for any H e FPNFZL. The
subcategory of all Gorenstein FP-injective modules is denoted by G F L.

3 Strongly Gorenstein FP-injective modules

We start this section with the following definition.

Definition 3.1. Let M be an R-module. Then M is said to be a strongly Gorenstein
FP-injective module if there exists an exact sequence

5K X X X
X=X X1 = Xg—=X 1 =X g—---

with X; € SFL when i >0 and X; is injective when i <0 such that M = Iméég, and X
stays exact under Hompg (S, —) for any S€'SFINSFI. This exact sequence is called

a complete SFI-T resolution. The subcategory of all strongly Gorenstein FP-injective
modules is denoted by SGFL.

Remark 3.1. It is obvious that Imé¥ is a strongly Gorenstein FP-injective module
for each i <0 in the above definition.

Lemma 3.1. Let M be a module. Then:

(1) M is strongly Gorenstein FP-injective if and only if M € (MSFINSFI)* and
there exists an exact sequence --- —S1 — So — M — 0 with each S; € SFZI, which
is exact under Homg (MSFINSFI,—).

(2) If M is a strongly FP-injective module, then M€ SGFT.
(3) If M is an injective module, then M€ SGFT.
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4)

Proof.

()

)
(4)

For each exact sequence 0 U —V —W — 0 with U € SFI and W e SGFI,
then Ve SGFT.

(1) (=) Let M be a strongly Gorenstein FP-injective module. Then there
exists an exact sequence

X O B
X==2Xo0>X1 = Xg—= X1 =X 20—

with X; € SFI when i > 0 and X; is injective when i <0 such that M =
Iméy, and X stays exact under Homg(S,—) for any S€eMSFINSFI. ltis
sufficient to prove that M € (11SFIZNSFI)+. Consider the short exact se-
quence 0 — M — X_; —Imé*; — 0. By applying the functor Homg(S,—) to
the sequence for any S €11 SFZNSFZ, we can get an exact sequence --- —
Homg (S,X_1) —Homg(S,IméX ) —Ext (S, M) —0. Since Homg (S,X_1) —
Homg (S,Imé%) is exact, so Exty(S,M) =0. By the shifting formula of di-
mension and Remark 3.1, itis easy to check that Ext?l(S,M )~Extg (S,IméX,)
for any i >0, hence M€ (MSFINSFI)*.

(<) Assume that M € (MSFINSFZ)* and there exists an exact se-
quence (¢)=---—S1—Sg— M—0 with each S;€ SFZ, which is exact under
Homg (HSFINSFI,—). Let

(1)=0->M—>S 1S r—---

be an injective resolution of M with S; an injective module for each i < —1.
Since M € (MSFINSFI)* and S; € (MSFINSFI)* for any i< —1, we
can get (&) is exact under Homg (11 SFINSFZ,—) by [13, Lemma 2.9].
Hence, M is strongly Gorenstein FP-injective by combining (¢) and (¢7).

Let M be a strongly FP-injective module. Then M € (11SFZ)* C (MSFIN
SFI)! by Lemma 2.1(3). Considering the exact sequence

(52):~-~—>O—>0—>M1—>MM—>0—>-~-,
one can check that (¢, ) is exact under Homg (11SFZNSFZ,—). According
to (1), we can know M e SGFT.
It is obvious.

Let 0+ U —V — W — 0 be an exact sequence with U € SFZ and W €
SGFIL. Since W € SGFI, there is an exact sequence 0 -+ K —S— W — 0
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with K€ SGFZ and S € SFZI by the proof of (1), which is exact under
Hompg (11SFINSFZ,—). Construct the pullback diagram (Diagram 1).

|
!

O S »ni— R O
o

K
0 > U > D >

,
e

|

0 » U >V >
|
0

Diagram 1: The pullback diagram of V—W and S—W.

Since U,S € SFI and SF7 is closed under extensions by Lemma 2.1, we
have D € SFZ. Note that the right column and the middle row are exact un-
der Homg(1'SFZNSFI,—). It is not difficult to get that the middle column is
also exact under Homg(11SFINSFZ,—). According to (1), we know U,W €
(MSFINSFI)', soVe(HMSFINSFI)*. Therefore, Ve SGFT by (1). O

Lemma 3.2. Let M be a module. Then:

(1) SGFTI is closed under extensions, cokernels of monomorphisms and summands.
(2) Every kernels in a complete SFL-I resolution is in SGFL.

(3) Let 0—U—V — W — 0 be an exact sequence of R-modules. If V,We SGFI,
then U € SGFT ifand only if Exty(N,U)=0 forany NeMSFINSFI.

Proof. In order to prove the conclusion, let us firstly prove that there exists an
exact sequence (17)=---— Nj — No— M—0 with each N;€1S FINSFZ such that
(17) is exact under Homg (11 SFINSFZ,—) forany MESGFT. By Lemma 3.1(1),
there is an exact sequence 0 — Ko — Sg — M — 0 with So € SFZ and Ko € SGFI.
Note that (11SFZ,SFT) is a complete hereditary cotorsion pair, there is a special
118 FT-precover of Sg, 0— Lo— Ng— So—0 with Ng€ 1 SFZ and Lo€SFZ. Since
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SFT is closed under extensions, so Ny € 11 SFZNSFZ. Construct the pullback
diagram (Diagram 2).

Diagram 2: The pullback diagram of Ny— Sy and Ky — Sp.

Since Loe SFZ and Ky € SGFT in the left column, one can see that Hye SGFZ
by Lemma 3.1(4). Because the middle column and the bottom row are exact un-
der Homg (11SFINSFZ,—), we can get 0 — Hy— Ng — M — 0 is exact under
HomR(Ll SFINSFI,—). Proceed the process to Hy, and so on, it is not difficult
to get an exact sequence (17)=---— N; — No— M —0 with each N;e " SFINSFT
such that (1) is exact under Homg (1'SFZNSFZ,—) for any M€ SGFT.

Let 0— U —V — W — 0 be an exact sequence of R-modules. If U, WeSGFZ,
then there exists exact sequences (1) =---— L1 > Ly—U—0and () =---—
N7 — No — W — 0 with each L;,N; €11 SFINSFT such that (1) and (1) are
exact under Hompg (11SFINSFZ,—). Note that SGFT is closed under arbitrary
products by Definition 3.1. According to [4, Lemma 8.2.11], we can obtain an
exact sequence (173) = -+ — D1 — Dy — M — 0 with each D; e '"SFZNSFZ such
that (173) is exact under Homg(1'SFZNSFZ,—). Because U,W € SGFZ and
(MSFINSFI)* is closed under extensions, one can see V (1M SFINSFI)*,
so Ve SGFT by Lemma 3.1(1). Hence, SGF7 is closed under extensions.

If U,V e SGFI, then there is an exact sequence 0 — Ko — So — V — 0 with Kp €
SGFT and Sy € SFI, which is exact under Homg (11SFINSFZ,—). Construct
the pullback diagram (Diagram 3).
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0 0
Ko Ko
0 > D > So > W > 0
|
0 > U > V > W > 0
0 0

Diagram 3: The pullback diagram of U—V and Sy — V.

Because the bottom row and the middle column are exact under Homg (11SFZ
NSFZ,—), so is the middle row. Since Ko,U € SGFZ and SGFT is closed under
extensions, one can get D € SGFZ. So there is an exact sequence (14) =+ —
H; — Hy — D — 0 with each H; €1 SFZNSFZT such that (14) is exact under
Hompg (1'SFZNSFZI,—). Combining (74) and 0 — D — Sg — W — 0, one eas-
ily check that there is an exact sequence (15) =--- — H; — Hy — So— W —0
with each H; and Sg in SFZ. By Lemma 3.1(1) and U,V € SGFZ, we get W €
(LlS}'I NSFL )L. Thus, We SGFZ. Therefore, SGFT is closed under cokernels
of monomorphisms.

Since SGF1 is closed under extensions and products, it is easy to prove that
SGF1 is also closed under summands by [7, Proposition 1.4].

(2) Let

N N
X=X X1 = Xg—=X 1 =X og—---

be a complete SFZ-T resolution and K, =KersX for all n € Z. One can get
Keréfleméffﬂ is a strongly Gorenstein FP-injective module for all n < —1 by
Remark 3.1. Suppose n >0, since X; e SFZC (MSFINSFI)™* foreachicZ and
X stays exact under Hompg (L18 FINSFI,—), we obtain that

Ext!(N,K;) =0, Exth(N,Ky)=Extk(N,Ky; 1)

for any N e SFINSFI and any j>1. So Ext];l(N,Kn) =0, which means K, €



D. He, Y. Li and W. Pu / Commun. Math. Res., x (2025), pp. 1-20 11

(LlS}"IﬂS}"I)L. By Lemma 3.1(1), one get K, € SGFT for any n>0. Therefore,
every kernel in any complete SFZ-T resolution is in SGFI.

(3) (=) Itis obvious by Lemma 3.1(1).

(<) Assume that Ext! (F,U) =0 for any F €1 SFINSFZ. Since W SGFZ,
there is an exact sequence 0 — K — N — W — 0 with KESGFZ and N e '"SFZN
S FT by the proof of (1) such that it is exact under Homg (11 SFZNSFZ,—). Con-
struct the pullback diagram (Diagram 4).

0 0
Diagram 4: The pullback diagram of V—W and N—W.

Since K,V € SGFZ, so B€ SGFT by (1). By assumption Ext' (N,U) =0, one
know U is a direct summand of B. Hence, U € SGFZ by (1). O

Theorem 3.1. Let M be a module. Then the following statements are equivalent:

(1) M is a strongly Gorenstein FP-injective module.

(2) M€ (MSFINSFI)* and there is an exact sequence -+ — S; — Sg— M — 0
with each S; € SFI, which is exact under Homg (M SFINSFI,—).

(3) There is an exact sequence ---—S1—So—S_1—S_o—--- witheach S;c SGFL
such that M =Im(So— S_1) which is exact under Homg(SGFZ,—).

(4) There is an exact sequence ---— S1—So—+S_1—+S_o— - witheach S;c SGFL
such that M=Im(Sy— S_1) which is exact under Homg (N SFINSFIL,-).
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Proof. (1)<(2) It is easy to prove it by Lemma 3.1. (1)=(3), (2)=-(4), and (3)=(4)
are trivial.

(4)=(1) Assume that there is an exact sequence
S=--—=51=250—>S_1—=>5 72—

with each S; € SGFZ such that M =Im(Sy — S_1) which is exact under
Hompg (1'SFZNSFZ,—). By Lemma3.1(1) and S;€e SGFZ, we get S; € (11SFIN
SFI)t for any i € Z. Meanwhile, S is exact under Homg (H'SFZNSFZ,—), it
is not difficult to obtain that Ext!(N,K;) =0 and Ext/I'{(N,Kn) = Ext}Q(N,KnH_l)
for any N € “"SFINSFI, any i,n € Z and j > 1, where K,=Ker(S, — S, _1). So
Extfl(N,Kn) =0, which means K, € (1'SFZNSFI)* for any n € Z. Of course
Me (MSFINSFI)*L. Since Sy € SGFZ, there is an exact sequence 0 — Sé —
No—+ S — 0 with No € SFZ and Sy € SGFZ, that is exact under Homg (11 SFZN
SFI,—). Construct the pullback diagram (Diagram 5).

0 0

Diagram 5: The pullback diagram of Kog— Sy and Ny — S.

Since the middle column and the bottom row of Diagram 5 are exact un-
der Homg (1 SFINSFI,—), so is the middle row. Note that My € SGFZT by
Lemma 3.2. Construct the pullback diagram (Diagram 6).

One can see that M; € SGFZ by Lemma 3.2. Since the bottom row and the
right column are exact under Hompg (MSFINSFI,—),sois the middle column.
Hence, the sequence - -- — S3— S — My — My — 0 is exact under Homg (11SFZN
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Diagram 6: The pullback diagram of My— Ky and S; — K.

SFI,—),whichis combined by ---— S3—5,—K; —0and 0—K; —M; — My —0.
Repeat the process of M to My, and so on, we can obtain an exact sequence --- —
Ny — N1 — No—M—0 with each N;€ SFI. Therefore, M is a strongly Gorenstein
FP-injective module by Lemma 3.1. ]

4 Strongly FP-injective complexes and strongly
FP-injective dimension of complexes

In this section, we introduce the concept of strongly FP-injective complexes, and
discuss some properties and characterizations of strongly FP-injective complexes
in virtue of the cotorsion pair (11SFZ,SFZ). Finally, we study strongly FP-
injective dimensions of complexes.

Definition 4.1. A complex X is called strongly FP-injective if X is exact and Z, (X) is
a strongly FP-injective module for all n € Z.

Proposition 4.1. Let X be a complex. If X is a strongly FP-injective complex, then X is
also an FP-injective complex.

Proof. Assume that X is a strongly FP-injective complex. By Definition 4.1, X is
exact and Z,(X) is a strongly FP-injective module for all n € Z. Since strongly FP-
injective modules are FP-injective, one can know Z, (X) is a strongly FP-injective
module for all n € Z. By Lemma 2.5, X is also an FP-injective complex. O
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Proposition 4.2. Let M be a module. Then the following conditions are equivalent:

(1) M is a strongly FP-injective module.
(2) D'(M) is a strongly FP-injective complex.

Recall that a complex X is a flat (resp., injective, projective) if and only if X is
exact and Z, (X) is a flat (resp., injective, projective) module for all n € Z.

Theorem 4.1. Let X be a complex. Then the following statements are equivalent:

(1) Xis a flat complex.
(2) X* =Hom(X,D'(Q/Z)) is a strongly FP-injective complex.

Proof. Assume that X="---— X1 — X, — X;;_1— ---. Then X* can be made into
the complex

... Hom (x,_f Dl(Q/Z)) —Hom (x,iDl(Q/Z))

—n+1

—>Hom<X, ZDl(Q/z)>+..

Leta~":Hom(X, "D'(Q/Z))~Homg(X-n,Q/Z), f=(fu)mez—a""(f)=f-n
for any n€Z. It is not difficult to prove that a ™" is an isomorphism for any n€Z,
and the following diagram is commutative:

Xt =--»Hom(X,Y, " DYQ/Z)}Hom(X,Y. "'D}(Q/Z)}Hom(X,y. " DY(Q/Z)) ---

La—n—l llx—n llx—n%—l

W= —Homg(X_,-1,Q/Z) — Homg(X_,,Q/Z) — Homg(X_,11,Q/Z) - ---
One can get isomorphisms
Zn(XT)2Z,(W)=Homg(Z,,Q/Z)=Z,(X)™,

when X is exact. By Lemma 2.1, we have Z,(X) is flat if and only if Z,(X)"
is strongly FP-injective. So Z,(X) is flat if and only if Z,(X") is strongly FP-
injective. Note that X is an exact complex if and only if W is an exact complex,
if and only if X* is exact. Therefore, X is a flat complex if and only if Xt =
Hom(X,D!(Q/Z)) is a strongly FP-injective complex. O
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Here are some characterizations of a left coherent ring.

Corollary 4.1. Let R be a ring and X a complex. Then the following assertions are
equivalent:

(1) Ris a left coherent ring.
(2) Xis an FP-injective complex if and only if X is a strongly FP-injective complex.
(3) Xis a strongly FP-injective complex if and only if X is a flat complex.

(4) Xis a strongly FP-injective complex if and only if X is a strongly FP-injective
complex.

(5) Xis a flat complex if and only if X is a flat complex.
Proof. It follows from Lemma 2.1, Theorem 3.1 and [17, Corollary 2.14]. O

Proposition 4.3. Let X be a strongly FP-injective complex. Then X, is a strongly FP-
injective module and Hom(F,X) is exact for any finitely presented complex F.

Proof. According to Proposition 4.1 and Lemma 2.5 one can get Hom (E X) is exact
for any finitely presented complex F. It is sufficient to prove that X, is a strongly
FP-injective module. Let

& &8 6%
X=X 353X DXg2X 19X g,
and 0 — Xni>V — U — 0 be an arbitrary extension of X, by U, in which U is
any finitely presented module. Since Kermr =Imd; C KersX | with 7: X, —
Cokerd is a canonical projective. By the factor lemma, there exists homological
morphism g:CokerdX— X, such that g=6X . Construct the pushout diagram
(Diagram 7). So Diagram 8 is commutative.
It is easy to get

o

X 6X h sX
H:..._>Xn+2jxn+1f +\1V s W 8 \Xn_z %Xn_3—>...

is a complex. Therefore, 0 X — H — D"(U) — 0 is a short exact sequence of
complexes. According to Lemma 2.4 and U is a finitely presented module, D" (U)
is a finitely presented complex. By applying the functor Hom(D"(U),—) to above
short exact sequence, one can get the following long exact sequence:

0—Hom(D"(U),X) —Hom(D"(U),H)
—Hom(D"(U),D™(U)) — Ext!(D"(U),X) = ---.
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0 —— Xy — 1% > U > 0
B
0O — X,q4 — W > U > 0

h

ok
J

CokerdX ——— CokerdX
0 0

Diagram 7: The pushout diagram of X;, — X;,_1 and X, —» V.

0 0 0 0 0 0
42 01 hrs Lo oo
X2 X1 Xn X1 X2 Xp-3 —
[ [ K K [ [
Lraes foma « gh L
Xn+2 n+1 Xn72 Xn73 —_—

Diagram 8: The joined diagram.

Noting that X is a strongly FP-injective complex, and strongly FP-injective com-
plexes are FP-injective, we know Ext!(D"(U),X) =0, which means 0 —+X—=H—
D"(U)—0 is split. So the n-th term 0— X,, -V —U —0 is split, and Ex’c’R>1 (u,X,)
=0. Thus, X, is a strongly FP-injective module. O

Gillespie introduced in [6] several classes of complexes associated to a cotor-
sion pair in an abelian category. Specializing to the cotorsion pair (*11SFZ,SFI),
Gillespie’s definition reduces to the following.
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Definition 4.2. Let R be a ring and X a complex.

(1) Xis called a 1S FI-complex if it is exact and Z;(X) €1 SFL for each i € Z.
(2) Xis called an S FZ-complex if it is exact and Z;(X) € SFT for eachi € Z.

(3) Xis called a dg-+1SFT complex if X;€1 SFI for each i € Z, and Hom(X,S) is
exact whenever S is an S F L-complex.

(4) Xis called a dg-SFI complex if X; € SFL for each i€ Z, and Hom(T,X) is exact
whenever T is a 1S FZ-complex.

Remark 4.1. (1) SFZ-complexes are coincide with strongly FP-injective com-
plexes.

(2) The class of all 1S ]-"I—complexes (resp., dg-T1SFZ complexes) is denoted

by LSFT (resp., dg—ilS}"I) Similarly, the class of all SFZ-complexes
(resp., dg-SFI complexes) is denoted by SFI (resp., dg- SFI)

Proposition 4.4. Let X be a complex. Then X admits a special 1S FZ-precover and
a special S FL-preenvelope.

Proof. Since (11SFZ,SF1T) is a complete hereditary cotorsion pair, it is easy to
prove that X admits a special 11SFZ-precover and a special gj:/l—preenvelope.
The proof is complete. O

According to [17, Lemma 3.2] and [15, Theorem 3.5], one can get the following
conclusion.

Theorem 4.2. Let R be a ring and X a complex. Then:

(1) Complexes that are bounded below and have components in “1SFT are dg--1SFT
complexes.

(2) Complexes that are bounded above and have components in SFL are dg-SFT
complexes.

(3) (1LSFZ, dg-S/ﬁ) and (dg-11SFZ, S/ﬁ) are complete hereditary cotorsion
pairs in C(R).

(4) dg-"SFINe="SFL and dg-gj-"/fﬂs — SFI, where & denotes the class of
exact complexes.
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Proof. Since (11SFZI,SFI) is a complete hereditary cotorsion pair, one can get
(1) and (3) by [17, Lemma 3.2], and (1SFZ, dg-gj:/l) and (dg-11SFZ, SFI)
are hereditary cotorsion pairs in C(R). According to [15, Theorem 3.5], it is not
difficult to prove that (11SFZ, dg—S/.)’\:/I) and (dg-11SFZ, S/ﬁ) are complete.
The proof is complete. O

Theorem 4.3. Assume that X is a strongly FP-injective complex and F is a finitely pre-
sented complex. Then Ext’Z(EX)=0.

Proof. Since F is a finitely presented complex, we have F is bounded and F, is
a finitely presented module for all n € Z by Lemma 2.4. According to Defini-
tion 4.1, it is easy to know F, €'1SFZ. Hence, F is a dg-'1SFZ complex by

Theorem 4.2(1). Note that (L1SFZ, dg-gj:/l ) is a complete hereditary cotorsion
pair, so we can get Ext'Z!(E,X) =0. O

Now let us introduce strongly FP-injective dimensions of complexes.

Definition 4.3. A morphism X — D is called a dg-SFL resolution of X, if X =D is
a quasi-isomorphism and D is a dg-S FL complex.

Proposition 4.5. Let R be a ring and X a complex. Then X has an injective dg-SFL
resolution.

Proof. Since dg-injective complexes are dg-SFZ complexes, and X has an injec-
tive dg-injective resolution, it is easy to get that X has an injective dg-SFZ reso-
lution. O

Definition 4.4. Let X be a complex and n an integer. The strongly FP-injective dimen-
sion of X, SFZL-id(X), is defined as follows:

S/.)"\-"/I-id(X) <n if there is a quasi-isomorphism X — D with D is a dg-S F I comp-
lex such that inf D> —n and Z;(D) eSFT for any integer i < —n.

If g]\-"/I—id(X) <n but g]-\"/I—id(X) <n—1 does not hold, then §]\-"/I—id(X) =n.

If g]\-"/I—id(X) <m for any integer m, then g]-\"/I—id(X) = —o0.

If g]\-"/I—id(X) <m does not hold for any integer m, then g]-\"/I—id(X) = +o0.

Theorem 4.4. Let C be a complex. Then the following statements are equivalent:
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(1) SFZ-d(C)<n.

(2) infH(C) > —nand Z_,, (1) eSFT for each dg-injective resolution C—1.

(3) infH(C) > —n and Z;(1) ESFT for any integer j < —n for each dg-injective reso-
lution C— 1.

(4) There exists a dg-injective resolution C —1 such that Hj(I/) =0 for any integer
j<-n—1land Z_,(I')eSFL.

(5) There exists a dg-injective resolution C—1 such that Hj(I/) =0 for any integer
j<—n—1and Zj(I/) €SFTI forany j< —n.

Proof. (1)=>(2) Assume that S/ﬁ-id(C) <n. Then there is a dg-SFZ resolution

CL.F such that infH (F)>—nand Z_,(F) eSFZ. For each dg-injective resolution
C-1, infH (I) =infH(C) =infH(F) > —n. By Proposition 4.5, we can assume f is
injective. Consider the exact sequence

0—-C—=F—=L—0

with L exact. By applying the functor Hom(—,I) to above sequence, we get the
following exact sequence:

0— Hom(L,I) = Hom(F,I) — Hom(C,I) — Ext!(L,I) 0.

Since I is dg-injective and L is exact, so Ext! (I,1) =0, and thus there exists a mor-
phism of complexes h:F — I such that hif =g. Note that f,g are both quasi-
isomorphisms, so is h. We can assume that / is injective (if not, let F— I be injec-
tive with [ an injective complex. Then F—1®] is an injective quasi-isomorphism).
Consider the short exact sequence 0 — F—I1— W — 0 with W an exact sequence.
Since F and I are both dg-SFZ complexes, so is W. According to Theorem 4.2(3),
we get W is an SFZ-complex. Consider the following short exact sequence of
modules:
0—-Z_,(F)—»Z_,(1)=>Z_,(W)—=0

with Z_, (W) and Z_,(F) strongly FP-injective modules. Hence, Z_,(I)e SFT
by Lemma 2.1.

(2)=(4) is obvious.

(4) = (1) Since dg-injective resolutions are dg-SFZ resolutions, it is easy to
prove (1) by Definition 4.3.

(2)=(3) and (4) = (5) One can easily prove them by Lemma 2.1.

(3)=(2) and (5) = (4) are clear. O
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