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Abstract. Nonlinear Gross-Pitaevskii-type models are frequently seen in the fields of
Bose-Einstein condensation and quantum mechanics. We derive error estimates for the
Lie-Trotter operator splitting spectral method for semiclassical sub-diffusive Gross-
Pitaevskii equation in the unbounded domain or with the periodic boundary condi-
tion. After establishing a priori estimates for the analytic solution in fractional Sobolev
space, the local error estimates for the Lie-Trotter splitting operator method are de-
rived. The related estimates for the Lie commutator of nonlocal linear operator and
nonlinear operator play key roles in deriving the local error estimates. We then obtain
the global error bounds for the fully discrete scheme based on the space approxima-
tion with mapped Chebyshev spectral-Galerkin methods in the case of the unbounded
domain and with Fourier spectral methods in the case of the periodic boundary con-
dition. Especially, their convergence orders with respect to the small (scaled) Planck
constant ε are obtained for the first time under the framework of Wentzel-Kramers-
Brillouin analysis. Numerical experiments verify and complement our theoretical re-
sults.
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1 Introduction

The aim of this article is to derive error estimates for Lie-Trotter operator splitting Fourier-
like spectral methods for the semiclassical sub-diffusive Gross-Pitaevskii equation
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iε∂tu
ε =

ε2s

2
(−∆)suε+Vuε+λ|uε|2uε, (x,t)∈R

d×(0,T], (1.1)

uε(x,0)=uε
0(x), x∈R

d (1.2)

in the unbounded domains R
d or with the periodic boundary condition

u(x+Lnj,t)=u(x,t), j=1,2,3,.. . , (1.3)

where ε is a small (scaled) Planck constant, 0< ε<1, i is the imaginary unit, uε =uε(x,t)
is the quantum mechanical wave function for the space variable x and the time variable
t, the real value function V =V(x) is electrostatic potential, the parameter s ∈ (0,1] de-
scribes the fractional dispersive nature of the equation, and nj is an orthonormal basis of

R
d for d=1,2,3 (the vector with all entries equal to 0 but the j-th equal to 1). In addition,

λ=±1 distinguishes between focusing (repulsive) λ=−1 and defocusing (attractive) λ=1
nonlinearities. The classical Schrödinger equation plays central role in a wide range of
applications and is originally derived from quantum mechanics. The space-fractional
Schrödinger equation (i.e. V ≡ 0) with 1/2 < s < 1 was first introduced in [32, 33] by
generalizing the Feynman path integral over Lévy trajectories. Recently, it has also been
used in the mathematical description of Boson-stars [17, 35] and in the continuum limit
of discrete models with long range interaction [29]. The time-dependent Gross-Pitaevskii
equation (SDGPE) also arises in the description of the macroscopic wave function of a
Bose-Einstein condensate when s=1. There has been much research on the existence of
standing waves of such equation and its fractional dynamics (see, e.g. [18, 19, 30, 45]).
Since it is difficult to find the solutions to such type of equations, several numerical
methods have been proposed to solve numerically them; see, e.g. finite difference meth-
ods [16, 28, 41, 49–51, 58], time-splitting spectral methods [4, 5, 14, 31, 37, 48, 56], Galerkin
finite element method [36], and Fourier pseudo-spectral method [22], and so on.

These numerical methods analyzed in the literature are based on the assumption that
the Planck constant ε is large. However, the Planck constant ε is small in the practi-
cal quantum mechanics. In this case, i.e. in the semiclassical regime, designing effi-
cient numerical methods and producing an accurate approximation of the solutions for
time-dependent Schrödinger equation is a formidable mathematical challenge (see, e.g.
[6, 15, 25–27, 34, 38, 39, 53]). As one of effective numerical methods for solving standard
semiclassical nonlinear Schrödinger equation (NLS, that is, s=1; see, e.g. [7, 8, 39]), oper-
ator splitting spectral methods have been examined by several authors for solving semi-
classical NLS (see, e.g. [4, 14, 31]). For the standard Gross-Pitaevskii equation (GPE), the
splitting methods are mainly used to deal with the nonlinear terms (see, e.g. [8, 38]). For
the SDGPE (1.1), this kind of methods become more appealing for they allow us to ef-
fectively deal with the nonlocal operator and the nonlinear terms simultaneously. How-
ever, to the best of our knowledge, no work has been done on the error estimates of the
operator splitting methods for the semiclassical SDGPE, and little is known about the
convergence order of the operator splitting methods with respect to the time step-size ∆t.
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Let tn = n∆t with ∆t being a time step-size. Wang et al. [53] derived the local error
bound of Lie-Trotter operator splitting method for linear semiclassical fractional Schrö-
dinger equation with 1/2< s≤1 in unbounded domains, which recovers the results ob-
tained in [11, 12] for standard linear Schrödinger equation (i.e. s=1)

∥∥un−uε(tn)
∥∥

L2(Rd)
≤C

∆t2

ε
, n≥1, (1.4)

where uε(tn) denotes the value of the analytic solution uε(x,t) at t = tn, un denotes the
splitting solution at t=tn satisfying exactly the Lie-Trotter splitting scheme (see Section 3)
with exact previous step uε(tn−1), and C is independent of ε and ∆t. Based on this local
error estimate, they also derived the global error bounds for the fully discrete Lie-Trotter
splitting Fourier spectral method for semiclassical linear fractional Schrödinger equation
with the periodic boundary condition on a truncated domain. As pointed out in [53],
however, using the local error estimate obtained in the unbounded domain to derive the
error estimate for the problem with the periodic boundary condition is not rigorous. In
this paper, we will address this question and obtain the local error estimate of Lie-Trotter
operator splitting method for semiclassical SDGPE in the unbounded domain or with the
periodic boundary condition

∥∥un−uε(tn)
∥∥

L2(Rd)
≤C

∆t2

ε2
, n≥1. (1.5)

This will be done by generalizing the Lie commutator estimates of the nonlocal linear
operator (−∆)s and the nonlinear operator λ|uε|2 and can be viewed as an extension of
those obtained in [12] for the standard nonlinear Schrödinger equation (i.e. s=1). Due to
the nonlocal property of the operator (−∆)s, however, such an extension is not straight-
forward. It depends on a formula for the fractional Laplacian (−∆)s of the product of
two functions and fractional mean value theorem.

Based on these local error estimates, the global error bounds for Lie-Trotter operator
splitting mapped Chebyshev spectral-Galerkin methods (respectively Lie-Trotter oper-
ator splitting Fourier spectral methods) for semiclassical nonlinear SDGPE in the un-
bounded domain (respectively with the periodic boundary condition) are obtained

∥∥uε(tn)−Uε,n
∥∥

L2 ≤C

(
∆t

ε2
+

1

(εM)4s

)
, (1.6)

where Uε,n is the fully discrete approximation of uε(tn). Estimate (1.6) will be numerically
illustrated by an example in Section 6.

The paper is organized as follows. We start in Section 2 by introducing some defini-
tions and notations related to the semiclassical SDGPE and fractional Sobolev space and
by presenting the a priori estimates for the analytic solution to the semiclassical SDGPE.
By estimating Lie commutator of a nonlocal linear operator and a nonlinear operator un-
der an abstract framework, in Section 3, we show that the local splitting error is bounded
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by C∆t2/ε2 for general nonlinear SDGPE and by C∆t2/ε for linear case, under the frame-
work of Wentzel-Kramers-Brillouin (WKB) analysis. The global error bounds for the fully
discrete mapped Chebyshev spectral-Galerkin methods are derived for SDGPE in the
unbounded domain in Section 4. In this section, the global error estimates for the fully
discrete Fourier spectral methods for semiclassical SDGPE with the periodic boundary
condition are also discussed. It is essential to bear in mind that these theoretical results
are obtained for the first time and not covered by those of published works. The numer-
ical tests for the semiclassical SDGPE (1.1) both in the unbounded domain and with the
periodic boundary condition are presented in Section 5 and verify our theoretical error
bounds. In Section 6, we finally conclude with some remarks.

2 Semiclassical sub-diffusive Gross-Pitaevskii equation

In this section, we introduce the spectral fractional Laplace operator (−∆)s and derive
the a priori estimates for the semiclassical SDGPE.

2.1 The spectral fractional Laplacian and the fractional Sobolev space

To treat both cases, the unbounded domain and the periodic domain, in uniform frame-
work, we let Ω =R

d or Ω = T
d with T = R/(2πZ) for the two different cases. Given

s ∈ (0,1], for u in the Schwartz class S(Rd), the fractional Laplacian (−∆)s of u on un-
bounded domain is defined by the Fourier transform

(−∆)su :=F−1
(
|ξ|2s û(ξ)

)
=

1

(2π)d/2

∫

Rd
û(ξ)|ξ|2seiξ·xdξ, (2.1)

and on a periodic domain T
d, is defined by the Fourier transform

(−∆)su :=F−1
(
|ξ|2s û(ξ)

)
=

1

(2π)d/2 ∑
ξ∈Zd

û(ξ)|ξ|2s eiξ·x, (2.2)

where the Fourier transform û≡Fu is given by

û(ξ)=
1

(2π)d/2

∫

Ω
u(x)e−iξ·xdx. (2.3)

The fractional Laplacian (−∆)s of u can be also equivalently defined by the point-wise
formula (see, e.g. [1, 2, 13, 19, 57])

(−∆)su(x) :=Cd,s p.v.
∫

Rd

u(x)−u(y)

|x−y|d+2s
dy, (2.4)

and

(−∆)su(x) :=Cd,s ∑
ξ∈Zd

p.v.
∫

Td

u(x)−u(y)

|x−y−ξ|d+2s
dy, (2.5)
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respectively, where the notation p.v. means that the integral is taken in the Cauchy prin-
cipal value sense, namely

p.v.
∫

Rd

u(x)−u(y)

|x−y|d+2s
dy= lim

ǫ→0

∫

Ω\B(x,ǫ)

u(x)−u(y)

|x−y|d+2s
dy, (2.6)

and Cd,s is a normalization constant, given by

Cd,s :=
4ssΓ(s+d/2)

πd/2Γ(1−s)
.

Here Γ(·) is the usual Gamma function. Thus, for evaluating fractional diffusion of u
at a spatial point, information involving all spatial points is needed. The reader may
refer, e.g. to [13, 43] for additional details.

We introduce the fractional Sobolev space (see, e.g. [13, 23, 52]) for Ω=R
d,

Hs(Ω) :=

{
u∈L2(Ω) :

∫

Ω
(1+|ξ|2)s|Fu(ξ)|2dξ<+∞

}
, (2.7)

which is endowed with the norm

‖u‖Hs(Ω)=

(∫

Ω
(1+|ξ|2)s|Fu(ξ)|2dξ

) 1
2

.

For Ω=T
d, we have

Hs(Ω) :=

{
u∈L2(Ω) : ∑

ξ∈Zd

∫

Ω
(1+|ξ|2)s|Fu(ξ)|2dξ<+∞

}
, (2.8)

which is endowed with the norm

‖u‖Hs(Ω)=

(

∑
ξ∈Zd

∫

Ω
(1+|ξ|2)s|Fu(ξ)|2dξ

) 1
2

.

In this paper, we will frequently use the fractional Sobolev semi-norm

|u|Hs(Ω)=
∥∥(−∆)

s
2 u
∥∥

L2(Ω)
,

and the inner product

(u,v)Hs(Ω)=
(
(−∆)

s
2 u,(−∆)

s
2 v
)

L2(Ω)
, u,v∈Hs(Ω).

For simplicity, in what follows ‖·‖L2(Ω) and the inner product (·,·)L2(Ω) will be denoted
by ‖·‖ and (·,·), respectively.
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2.2 Conservation properties of semiclassical SDGPE

Similar to the standard (s= 1) GPE, the SDGPE (1.1)-(1.2) has two important conserved
quantities.

Lemma 2.1. Let 0< s≤1 and uε(t) solve the problem (1.1)-(1.2). Then

‖uε(t)‖=‖uε
0‖, ∀t≥0. (2.9)

Proof. The proof is similar to that of the linear case given in [14]. Multiplying both sides
of (1.1) by ūε, where ūε is the complex conjugate of uε, integrating with respect to x, and
taking the imaginary part yields

d

dt
‖u(t)‖2 =0.

Then (2.9) is a direct result of the above equation.

From (2.9), we know that the mass of the wave function of the SDGPE (1.1)-(1.2) is
conserved for t≥0, similar to the standard (s=1) GPE,

Mε(t)=‖uε(t)‖2=
∫

Ω
|uε(x,t)|2dx=

∫

Ω
|uε(x,0)|2dx=Mε(0). (2.10)

The total energy (or Hamiltonian)

Es(t)=
∫

Ω

(
ε2s

2

∣∣(−∆)
s
2 uε
∣∣2+V|uε|2+ λ

2
|uε|4

)
dx (2.11)

has been also proved to be conserved in [14].

Lemma 2.2 ([14]). Let uε(t) solve the problem (1.1)-(1.2). Then we have conservation of energy

Es(t)=Es(0). (2.12)

Proof. The proof of this lemma is quite similar to the proof given in [14] for linear case
and so is omitted.

On basis of two conservation properties, (2.9) and (2.12), we show the a priori esti-
mates below, which is novel in semiclassical regime.

Theorem 2.1 (Hs(Ω) Estimate). Let 0<s≤1. Let uε(t) solve the problem (1.1)-(1.2) and satisfy
‖uε(t)‖L4(Ω)≤β for every t∈[0,T]. Suppose uε

0∈H2s(Ω) satisfies (2.18) and V∈L∞(Ω)∩L2(Ω).
Then there exists a positive constant δ1, independent of ε∈ (0,1] and s such that

|uε(t)|Hs(Ω)≤δ1ε−s (2.13)

for every t≥0 and every ε>0.
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Proof. It follows from (2.9) and (2.12) that

ε2s

2

∥∥(−∆)
s
2 uε
∥∥2≤Es(0)+C0‖uε‖2+|λ|‖uε‖4

L4(Ω)

=Es(0)+C0‖uε
0‖2+|λ|‖uε‖4

L4(Ω), (2.14)

where C0=‖V‖L∞(Ω). Then we have

|uε(t)|2Hs(Ω)≤C
(∥∥uε

0

∥∥2

Hs(Ω)
+ε−2s

∥∥uε
0

∥∥2
+ε−2s

∥∥uε
0

∥∥4

L4(Ω)
+ε−2s‖uε‖4

L4(Ω)

)
, (2.15)

and therefore (2.13), for (2.18) and ‖uε(t)‖L4(Ω)≤β.

Note that for the defocusing nonlinearities, we have ‖uε(t)‖L4(Ω)≤ β because of the
energy conservation (2.12).

2.3 Wentzel-Kramers-Brillouin analysis

Given (1.1) with initial datum of WKB type

uε(x,0)= a0(x)e
iφ0(x)

ε , (2.16)

the WKB method consists in seeking

uε(x,t)= aε(x,t)e
iφ(x,t)

ε , aε ≈ a+εa(1)+ε2a(2)+··· . (2.17)

Then from (2.16) we assume that there are positive constant δs>0 independent of ε and x
such that ∣∣uε

0

∣∣
Hks(Ω)

≤δsε
−ks, s∈ (1/2,1], k=1,2. (2.18)

With the WKB analysis carried out in [9], based on (2.17), we also assume that there are
positive constants β>0 and γ>0 independent of ε, x, t such that

|uε|Hks(Ω)≤βε−ks, s∈ (1/2,1], k=1,2,4, ∀t≥0, (2.19)

and for p=(p1,p2,··· ,pd), 0≤ pj <1, j=1,.. . ,d,

‖Dpuε(t)‖L∞(Ω)≤γε− p̂, p̂= max
1≤j≤d

(pj), ∀t≥0, (2.20)

where Dp :=(Dp1
x1

,··· ,Dpd
xd
)⊤ with Dpj

xj
being the partial Riemann-Liouville fractional deri-

vative of order pj and defined as [44],

Dpj
xj

f (x)=
1

Γ(1−pj)

∂

∂xj

∫ xj

0

f (x1,··· ,xj−1,y,xj+1,··· ,xd)

(xj−y)pj
dy. (2.21)

It should be pointed out that at present we can not obtain the estimate (2.19) and
(2.20) for the nonlinear SDGPE (1.1)-(1.2) with d=2,3 based on WKB analysis. This will
be a very involved work.
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3 Local error estimates of operator splitting for semiclassical

SDGPE

In this section, we consider the time discretization of semiclassical SDGPE (1.1) by expo-
nential operator splitting methods and derive the local error estimates for Lie-Trotter
operator splitting method. The method of operator splitting remains a very popular
method both for analysis and numerical computations of partial differential equations
(see, e.g. [21, 38, 54]). The basic idea of operator splitting is to split the original problem
into two or several subproblems so that a separate treatment of the subproblems can be
allowed for. In particular, this applies to the use of dedicated special numerical tech-
niques for each of the subproblems. For the general review of splitting methods, we refer
to [40].

3.1 Preparation: Lie derivatives

We use the calculus of Lie derivatives (see, e.g. [20, 24]). This calculus allows us to
formally extend arguments for the less involved linear case to nonlinear problem, see
also [38] and references given therein. The analytical solution of an initial value problem
of the form

d

dt
u(t)=F

(
u(t)

)
, t≥0, u(0)=u0, (3.1)

involving an unbounded nonlinear operator F : D(F)⊂X →X defined on a nonempty
subspace of the underlying Banach space (X ,‖·‖X ) is formally given by

u(t)= ϕt
F(u0), t≥0, (3.2)

the nonlinear evolution operator ϕt
F depends on time and acts on the initial value. For any

unbounded nonlinear operator G : D(G)⊂X→X , defined on a suitably chosen domain,
we consider the Lie derivative DF defined by

(DFG)(v)=
d

dt

∣∣∣
t=0

G
(

ϕt
F(v)

)
=G′(v)F(v), v∈X (3.3)

with G′ denoting the Fréchet derivative of G. Then the evolution operator and the Lie
derivative associated with F are given through the relation etDF G(v)=G(ϕt

F(v)) for t≥0.
In particular, for the identity operator Id, the solution ϕt

F(u0) can be written as etDF Id(u0).
The Lie commutator of two Lie derivatives is given by

[DF,DG](v)=DFDG(v)−DGDF(v)=G′(v)F(v)−F′(v)G(v), (3.4)

more generally, the iterated Lie commutators are defined through

ad
j
DF
(DG)=

[
DF,ad

j−1
DF

(DG)
]
, j≥1, (3.5)

where ad0
DF
(DG)=DG.
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3.2 Operator splitting for semiclassical SDGPE

To state the operator splitting methods for SDGPE (1.1)-(1.2), we explore an abstract
formulation of ordinary differential equations on function spaces. The initial-boundary
value problem (1.1)-(1.2) takes the form

d

dt
uε(t)=Auε(t)+Buε(t), 0< t≤T, uε(0)=uε

0 (3.6)

with the unbounded linear operator

A=− iε2s−1

2
(−∆)s (3.7)

comprising the fractional Laplacian (−∆)s and unbounded nonlinear multiplication op-
erator B with

Buε=− iV

ε
−iλε−1|uε|2uε, (3.8)

involving the potential and the cubic nonlinearity. The analytic solution of the evolution-
ary problem (3.6) is (formally) given by

uε(t)=eDA+Btuε
0 :=ΦA+B(t)u

ε
0. (3.9)

The operator splitting methods for solving semiclassical SDGPE (3.6) have the forms

uε(tn)≈
(
eb1DB∆tea1DA∆t ···ebkDB∆teakDA∆t

)n
uε

0, tn =n∆t, ∆t<1

with (real or complex) coefficients (aj,bj)
k
j=1. As the simplest operator splitting method,

the Lie-Trotter splitting method has the form, with k=1 and a1 =b1=1,

uε(tn)≈
(
eDB∆teDA∆t

)n
uε

0=
(
ΦB(∆t)ΦA(∆t)

)n
uε

0, tn =n∆t, ∆t<1, (3.10)

where ΦA(t) and ΦB(t) solve the following two subproblems, respectively,

ε∂tu
ε+

iε2s

2
(−∆)suε=0, t∈ (0,T], (3.11)

ε∂tu
ε+iV(x)uε+iλ|uε|2uε=0, t∈ (0,T]. (3.12)

The solution operator ΦA(t) of the free equation (3.11) can be expressed in terms

of Fourier transforms as F−1e−iε2s−1|ξ|2st/2F and approximately computed by fast Fourier
transform in a Fourier-like spectral method, whereas the exponential of B acts as point-
wise multiplication operator. More precisely, since |uε(x,t)| invariant in t, (3.12) can be
integrated exactly, i.e.

uε(x,t)=e(−iε−1V(x)−iε−1λ|uε(x,ts)|2)(t−ts)uε(x,ts), t≥ ts ≥0, x∈R
d. (3.13)
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These allow us to effectively deal with the nonlocal operator and the nonlinear terms
simultaneously. We also assume that the solution of the free equation (3.11) satisfies the
bound (2.20).

It is easy to show that the Lie-Trotter splitting conserves the mass, i.e.

Mε
n =
∥∥(ΦB(∆t)ΦA(∆t)

)n
uε

0

∥∥2
=‖uε(x,0)‖2 =Mε(0), n≥0. (3.14)

Note also that the energy functions corresponding to (3.11) and (3.12) are preserved, re-
spectively, i.e.

EA(t)=
∫

Ω

ε2s

2

∣∣(−∆)
s
2 uε(t)

∣∣2dx=
ε2s

2
‖uε(t)‖2

Hs(Ω)=EA(0),

EB(t)=
∫

Ω

(
V|uε(t)|2+ λ

2
|uε(t)|4

)
dx=EB(0). (3.15)

3.3 Lie commutator of nonlinear operators

To estimate the local error of Lie-Trotter operator splitting, we need to compute Lie com-
mutator of linear operator A and nonlinear operator B. It follows from (3.7) and (3.8)
that

A′(v)=− iε2s−1

2
(−∆)s, B′(v)=−iε−1

(
V+2λ|v|2+λv2(·)

)
. (3.16)

Then the Lie commutator can be calculated by

[DA,DB](v)=DADB(v)−DBDA(v)=B′(v)A(v)−A′(v)B(v)

=− ε2s−2

2

[
V(−∆)sv+2λ|v|2(−∆)sv+λv2(−∆)sv

−(−∆)s(Vv+2λ|v|2+λv2v)
]
. (3.17)

If B is linear, i.e. λ = 0, then for linear operators A and B, due to A′(v) = A as well as
B′(v)=B, the above relation reduces to

[DA,DB](v)=B′(v)A(v)−A′(v)B(v)=−[A,B]v=(BA−AB)v

=
ε2s−2

2

[
v(−∆)sV− Is(V,v)

]
, (3.18)

where, for an unbounded domain,

Is(u,v)=Cd,s p.v.
∫

Rd

[u(x)−u(y)][v(x)−v(y)]

|x−y|d+2s
dy, (3.19)

and for a periodic domain

Is(u,v)=Cd,s ∑
ξ∈Zd

p.v.
∫

Td

[u(x)−u(y)][v(x)−v(y)]

|x−y−ξ|d+2s
dy. (3.20)

The relation (3.18) in an unbounded domain has been obtained in [53] for linear problems.
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3.4 Local error estimates for Lie-Trotter operator splitting

In this section, we study the local error derived from operator splitting (3.10) for SDGPE
(1.1)-(1.2). To do this, we need several lemmas and some assumptions. We first make
several assumptions on the potential V and the wave function uε.

Following the spirit of [53], we assume that the potential V(x) in (1.1) belongs to
L∞(Ω)∩H2s(Ω), and there exists a positive constant C1>0 independent of ε such that the
following Lipschitz condition holds:

|V(x)−V(y)|≤C1|x−y|. (3.21)

We now present several useful lemmas.

Lemma 3.1 (see, e.g. [10,42]). Let u and v be such that (−∆)su and (−∆)sv exist in unbounded
domain R

d and ∫

Rd

∣∣(u(x)−u(y)
)(

v(x)−v(y)
)∣∣

|x−y|d+2s
dy<∞.

Then (−∆)s(uv) exists and is given by

(−∆)s(uv)=u(−∆)sv+v(−∆)su− Is(u,v), (3.22)

where Is(u,v) has been defined in (3.19).

When the fractional Laplacian (−∆)s is defined in a periodic domain, we can get the
formula (3.22), too.

Lemma 3.2. Let u and v be such that (−∆)su and (−∆)s exist in a periodic domain T
d and

∑
ξ∈Zd

p.v.
∫

Td

∣∣(u(x)−u(y)
)(

v(x)−v(y)
)∣∣

|x−y−ξ|d+2s
dy<∞.

Then (−∆)s(uv) exists and is given by (3.22) with Is(u,v) being defined in (3.20).

Proof. Using the definition (2.5) for the fractional Laplacian (−∆)s in periodic domain T
d,

the desired result (3.22) is obvious.

The following fractional mean value theorem on multivariate function f (x) has been
shown in [53].

Lemma 3.3 (Fractional Mean Value Theorem, [53]). Let f : Ω→Ω and its partial Riemann-
Liouville fractional derivatives Dαk

xk
f (x):Ω→Ω, k=1,2,.. . ,d, be continuous in their all variables.

Then we have, for h=(h1,h2,. . .,hd)
⊤,

f (x+h)= f (x)+
d

∑
k=1

1

Γ(1+αk)
h

αk

k Dαk
xk

f (x+θ⊤k h), 0<αk <1, (3.23)

where θk =(θk1,θk2,. . .,θkd)
⊤, k=1,2,.. . ,d with 0≤ θkj ≤1, j=1,2,.. . ,d.
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Noting the regularity estimate presented in Theorem 2.1, now we have the following
local error estimate for Lie-Trotter operator splitting method for semiclassical SDGPE.

Theorem 3.1 (Local Error Estimate). Let s∈ (1/2,1). Suppose V∈ L∞(Ω)∩H2s(Ω) satisfies
(3.21), uε

0 ∈ H2s(Ω) satisfies (2.18), the solution to the nonlinear SDGPE (1.1)-(1.2) satisfies
(2.19) and (2.20), and the solution of the free equation (3.11) satisfies (2.20). If ∆t=O(ε), then
the error after one step of the splitting (3.10) is bounded by

∥∥(ΦA+B(∆t)−ΦB(∆t)ΦA(∆t)
)
uε

0

∥∥≤C2
∆t2

ε
+C3

∆t2

ε2
, (3.24)

where C2 and C3 are independent of ε and ∆t.

Proof. It follows from (3.9) and (3.10) that

(
ΦA+B(t)−ΦB(t)ΦA(t)

)
uε

0

=
[
eDA+Bt−eDBteDAt

]
uε

0

=−
∫ t

0

∫ τ1

0
eτ1DBeτ2DA [DB,DA]e

(τ1−τ2)DAe(t−τ1)DA+Buε
0dτ2dτ1. (3.25)

From (3.17), employing Lemmas 3.1 and 3.2, we obtain

[DB,DA](v)=
ε2s−2

2

[
V(−∆)sv+2λ|v|2(−∆)sv+λv2(−∆)sv

−(−∆)s(Vv+2λ|v|2+λv2v)
]

=
ε2s−2

2

[
−v(−∆)sV+ Is(V,v)−2λv(−∆)sv−2λv(−∆)sv

+2λIs(v,v)+λvIs(v,v)+λIs(v
2,v)

]
. (3.26)

With

v=e(τ1−τ2)DAe(t−τ1)DA+Buε
0=e(τ1−τ2)DA uε(t−τ1),

in view of (2.20), we have ‖v‖L∞ ≤ γ. Using the same argument as that in [53], we can
bound ‖−v(−∆)sV‖+‖Is(V,v)‖ as

‖−v(−∆)sV‖+‖Is(V,v)‖≤Cε1−2s. (3.27)

For the third and fourth terms on the right hand side of (3.26), we employ the a priori
assumption (2.19) to obtain

‖v(−∆)sv‖+‖v(−∆)sv‖≤‖v‖‖(−∆)sv‖+‖v‖‖(−∆)s v‖≤Cε−2s. (3.28)

The remaining part of the proof is to estimate |Is(v,v̄)|, |Is(v,v)|, and |Is(v2,v̄)|. We
only consider the case of unbounded domain Ω=R

d. The case of periodic domain Ω=T
d
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is similar. We first estimate |Is(v,v̄)|

|Is(v,v̄)|≤
∣∣∣∣Cd,sp.v.

∫

Rd

[v(x)−v(y)][v̄(x)− v̄(y)]

|x−y|d+2s
dy

∣∣∣∣ . (3.29)

Setting y= x+εq, and employing fractional mean value Lemma 3.3, for x≤ ζ≤ x+εq, we
have

|Is(v,v̄)|≤Cd,sε
−2s
∫

Rd

|v(x)−v(x+εq)||v̄(x)− v̄(x+εq)|
|q|d+2s

dq

≤Cd,sε
−2s

(∫

|q|≥1

∣∣Dβ1 v(ζ)(εq)β̂1
∣∣∣∣Dβ1 v̄(ζ)(εq)β̂1

∣∣
Γ(1+ β̂1)|q|d+2s

dq

+
∫

|q|<1

∣∣Dβ2 v(ζ)(εq)β̂2
∣∣∣∣Dβ2 v̄(ζ)(εq)β̂2

∣∣
Γ(1+ β̂2)|q|d+2s

dq

)
, (3.30)

where
β1=(β̂1,. . ., β̂1)

⊤, β2=(β̂2,. . ., β̂2)
⊤.

Taking account into the assumptions, the bound (2.20), and s ∈ (1/2,1), we can choose
0< β̂1 < s and s< β̂2<1 such that

|Is(v,v̄)|≤C3ε−2s (3.31)

with C3>0, independent of ε. Similarly, we have |Is(v,v)|≤C3ε−2s. For |Is(v2,v̄)|, since

∣∣Is(v
2,v̄)

∣∣≤2Cd,sε
−2s‖v‖L∞(Rd)

∫

Rd

|v(x)−v(x+εq)||v̄(x)− v̄(x+εq)|
|q|d+2s

dq, (3.32)

we can obtain the same estimate as (3.31). Combining these estimates yields (3.24). This
completes the proof.

We end this section with some remarks.
The first remark is about linear problems. From the proof of Theorem 3.1, we can

easily obtain the local error estimate for the Lie-Trotter splitting for linear Schrödinger
equation

∥∥(ΦA+B(∆t)−ΦB(∆t)ΦA(∆t)
)
uε

0

∥∥≤C2
∆t2

ε
, (3.33)

which has been obtained in [53].
The second remark is about the comparison of theoretical and numerical results. For

semiclassical standard NLS (i.e. s= 1) with initial data (2.16) whose first spatial deriva-
tive involving 1/ε, Descombes and Thalhammer [12] showed that the local error can be
expressed by

∥∥(ΦA+B(∆t)−ΦB(∆t)ΦA(∆t)
)
uε

0

∥∥≤ c2
∆t2

ε2
+c3

∆t3

ε3
+c4

∆t4

ε4
+c5

∆t5

ε5
, (3.34)
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and found that it is not consistent with some numerical results which display the error
behaviour like O(ε−1) for a fixed time step-size ∆t=O(ε). To explain the numerical obser-
vations, they gave a heuristic consideration. However, a numerical example presented in
Section 5 illustrates that the local error estimate (3.24) is sharp for SDGPE with focusing
nonlinearity, that is, the error behaviour of the Lie-Trotter operator splitting method with
respect to the Planck constant ε is around O(ε−2) for a fixed time step-size ∆t=O(ε). Note
that when ∆t≤ ε, the local error estimate (3.34) is identical with our error estimate (3.24)
since in this case the term c2∆t2/ε2 i s dominant in the error estimate (3.34). Thus, on
the one hand, this verifies our theoretical results, but on the other hand this is may be
an indicator that the presented local error estimate can be improved for some special
cases.

4 Global error estimates for fully discrete approximation

In this section, we consider fully discrete approximation of SDGPE (1.1). With the oper-
ator splitting (3.10) for the time discretization, for the spatial discretization, it is natural
to use the Fourier-like spectral method because of the definitions of fractional Laplacian
(2.1) and (2.2).

4.1 Mapped Chebyshev spectral-Galerkin methods for SDGPE
in unbounded domain

In this section, we apply the operator splitting together with the Fourier-like mapped
Chebyshev spectral-Galerkin (MCSG) methods to SDGPE in an unbounded domain. For
this purpose, we introduce mapped Chebyshev functions (MCFs) and some notations
(see, e.g. [47, 48]).

4.1.1 The MCFs and MCF approximation

Let Tn(y)= cos(narccos(y)),y∈ω :=(−1,1), be the Chebyshev polynomial of degree n.
Introducing the one-to-one algebraic mapping

x=
y√

1−y2
, y=

x√
1+x2

, x∈R, y∈ω, (4.1)

we define the MCFs as, for x∈R and integer n≥0,

Tn(x)=

√
1−y2

√
cnπ/2

Tn(y)=
1√

cnπ/2

1√
1+x2

Tn

(
x√

1+x2

)
.

Using this definition and the well-known properties of Chebyshev polynomials the fol-
lowing important properties of the MCFs can be shown (see [47, 48]).
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Proposition 4.1. The MCFs are orthonormal in L2(R), and we have

Smn=Snm=
∫

R

T′
n(x)T′

mdx

=





1

cn

(
(4cn−1−cn−2)(n−1)2

16
+
(4cn+1−cn+2)(n+1)2

16
− cn

4

)
, if m=n,

1√
cncn+2

(
(cn−cn+2)(n+1)

8
− cn+1(n+1)2

4

)
, if m=n+2,

1√
cncn+4

(
cn+2(n+1)(n+3)

16

)
, if m=n+4.

(4.2)

Based on (4.2), we define S as a square matrix of order M+1 with entries given
by (4.2), and let I the identity matrix of the same size. Let E=(ejk)j,k=1,...,N be the matrix
formed by the orthonormal eigenvectors of S, and Σ=diag{λk} be the diagonal matrix
of the corresponding eigenvalues. Let us introduce the finite dimensional space

VM :={Tm(x) : 0≤m≤M}, M≥1.

Then Tm(x) form a basis of VM, and we have the following property.

Proposition 4.2 (See [48]). Let E=(e0,e1,··· ,eM),em =(e0m,e1m,··· ,eMm)
⊤, be the matrix of

the eigenvectors of S, i.e. Sem =λmem for 0≤m≤M. Define

T̂m(x) :=
M

∑
k=0

ekmTk(x), 0≤m≤M. (4.3)

Then {T̂m}M
m=0 form an equivalent basis of VM, and they are bi-orthogonal in the sense that

(T̂k,T̂m)=δkm, (T̂′
k,T̂′

m)=λkδkm, 0≤ k,m≤M. (4.4)

We further define the tensor product V
d
M of d copies of VM as

V
d
M :=VM⊗···⊗VM

with V
1
M = VM. Define the d-dimensional tensorial Fourier-like basis and denote the

vector of the corresponding eigenvalues by

T̂m(x)=
d

∏
j=1

T̂m j
(xj), x∈R

d, λm =(λm1
,··· ,λmd

)⊤. (4.5)

Define the index set ΨM as

ΨM :={m=(m1,··· ,md) : 0≤mj ≤M, 1≤ j≤d}. (4.6)
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Then, accordingly, we have

V
d
M ={T̂m(x),m∈ΨM}. (4.7)

We consider d-dimensional L2-orthogonal projection πd
M : L2(Rd)→V

d
M such that

∫

Rd

(
πd

Mu−u
)
(x)v(x)dx=0, ∀v∈V

d
M. (4.8)

To estimate the projection error, we need introduce some notations and spaces of func-
tions. Let

a(xj)=
dxj

dyj
=(1+xj)

3
2 , 1≤ j≤d.

We define the differential operators

Dxj
u :=∂xj

{
(1+xj)

1
2 u
}dxj

dyj
= a(xj)∂xj

{
(1+xj)

1
2 u
}

,

D
k j
xj

u := a(xj)∂xj

{
a(xj)∂xj

{
···
{

a(xj)∂xj

{
(1+xj)

1
2 u
}}

···
}}

, kj ≥1.

For the index k=(k1,k2,··· ,kd)
⊤, we further introduce the differential operator

Dk
x =Dk1

x1
···Dkd

xd
u.

Then with the weight function ρk(x)=∏
d
j=1(1+x2

j )
−k j , we define the d-dimensional Sobo-

lev space

Br(Rd)=
{

u : Dk
xu∈L2

ρk+1(R
d), 0≤|k|1 ≤ r

}
, r=0,1,2,.. . , (4.9)

equipped with the norm and semi-norm

‖u‖Br(Rd)=

(

∑
0≤|k|1≤r

∥∥Dk
xu
∥∥2

L2
ρ1+k(R

d)

) 1
2

, |u|Br(Rd)=

(
d

∑
j=1

∥∥Dk
xj

u
∥∥2

L2

ρ
1+rnj

(Rd)

) 1
2

.

Then the projection error in the fraction Sobolev norm, i.e. ‖πd
Mu−u‖Hs(Rd), has been

obtained in [48].

Lemma 4.1 ([48]). If u∈Br(Rd) with integer m≥1, then we have

∥∥πd
Mu−u

∥∥
Hs(Rd)

≤ cMs−r|u|Br(Rd), 0≤ s≤1, (4.10)

where c is a positive constant independent of M and u.
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To estimate the error of the interpolation operator, consider the Chebyshev-Gauss
quadrature nodes {yj}M

j=0 and weights {σj}M
j=0 on ω = (−1,1). The mapped nodes and

weights will be denoted by

xj =
yj√

1−y2
j

, ρj =
σj

1−y2
j

, 0≤ j≤M. (4.11)

After introducing the one-dimensional interpolation operator IM : C(R)→VM such that

IMu(xj)=u(xj), 0≤ j≤M, (4.12)

we consider the d-dimensional MCF interpolation Id
M : C(Rd)→V

d
M,

Id
Mu(xj)= I

(1)
M ◦···◦ I

(d)
M u(xj), j∈ΨM , (4.13)

where I
(k)
M , 1≤ k≤d, is the interpolation along xk-direction, and introduce a second semi-

norm of Br(Rd) for r≥1 as follows:

[[u]]Br(Rd) :=

{
|u|Br(Rd)+

d

∑
j=1

∑
m 6=j

∥∥Dr−1
xm

Dxj
u
∥∥2

Ld

ρ
1+(r−1)nk+nj

(Rd)

}
. (4.14)

Then the interpolation error can be bounded as follows.

Lemma 4.2 ([48]). If u∈Br(Rd) with integer r≥2, then we have

∥∥Id
Mu−u

∥∥
L2(Rd)

≤ cM−r[[u]]Br(Rd), (4.15)

where c is a positive constant independent of M and u.

4.1.2 Mapped Chebyshev spectral-Galerkin methods for SDGPE

Now we consider the fully discrete approximation of SDGPE based on Lie-Trotter oper-
ator splitting and mapped Chebyshev spectral-Galerkin methods. We seek Uε,n

M (x)∈V
d
M

as an approximate solution to subproblem (3.11) in unbounded domain such that

iε
(
∂tu

ε
M,v

)
=
(

Auε
M,v
)
=

ε2s

2

(
(−∆)suε

M,v
)
, ∀v∈V

d
M. (4.16)

Using the Fourier-like MCF basis, we write

uε
M(x,t)= ∑

k∈ΨM

ûε
k(t)T̂k(x), x∈R

d, t∈ [0,T]. (4.17)

Substituting it into (4.16) and taking the inner product with T̂m(x), in view of (4.4), yields

i
∂ûε

m(t)

∂t
=

ε2s

2
|λm|s1ûε

m(t), m∈ΨM. (4.18)
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As a consequence, we deduce from (4.18) that the solution for (4.16), i.e. the numerical
solution of (3.11), is given by

uε
M(x,t)=e−iA(t−tn−1)uε

M(x,tn−1)

= ∑
k∈ΨM

e−
iε2s

2 |λk|s1(t−tn−1)ûε
k(tn−1)T̂k(x), t≥ tn−1. (4.19)

Let {xm}m∈ΨM
be tensorial grids. We define the solution map related to (4.19)

Φh
A(∆t)v(x)= ∑

k∈ΨM

e−
iε2s

2 |λk |s1∆tv̂kT̂k(x), (4.20)

where {v̂k} are the MCF expansion coefficients computed from the sampling of v∈V
d
M

on the grids {xm}m∈ΨM
.

Now we consider the fully discrete approximation of the SDGPE (1.1)-(1.2) by the Lie-
Trotter operator splitting together with MCSG method as follows, from time t= tn−1 to
t= tn for any m∈ΨM,

Uε,∗
m =Φh

A(∆t)Uε,n−1
m , Uε,n

m =e−iε−1∆t(V+λ|Uε,∗
m |2)Uε,∗

m =Φh
B(∆t)Uε,∗

m . (4.21)

Let {xk,ρk}k∈ΨM
be the corresponding tensorial nodes and weights as in (4.11). We further

define

‖Uε,n‖2
l2 = ∑

k∈ΨM

∣∣Uε,n
k

∣∣2ρk :=
M1

∑
k1=0

···
Md

∑
kd=0

Un(xk1
,··· ,xkd

)ρk1
···ρkd

, (4.22)

where Uε,n
k =Uε,n(xk). Then it is easy to show the stability of the fully discrete approxi-

mation scheme (4.21).

Lemma 4.3. The Lie-Trotter operator splitting method has the normalisation conservation, i.e.

‖Uε,n‖2
l2 = ∑

k∈ΨM

∣∣Uε,n
k

∣∣2ρk = ∑
k∈ΨM

∣∣uε
0(xk)

∣∣2ρk =
∥∥uε

0

∥∥2

l2 , n≥0. (4.23)

4.1.3 Global error estimates for Lie-Trotter operator splitting MCSG methods

To show the global error bound of the Lie-Trotter operator splitting MCSG methods, in
view of (2.19), it is reasonable to assume that

|uε(x,t)|Br(Rd)≤Cε−r, [[uε(x,t)]]Br(Rd)≤Cε−r. (4.24)

With previous preparations, we have the following error estimates.
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Theorem 4.1 (Global Error Estimates). Let uε =uε(x,t) be the analytic solution of (1.1)-(1.2)
in unbounded domain Ω=R

d, and Uε,n be the discrete approximation given by (4.21). Assume
that the potential function V∈C2(Ω)∩H2s(Ω), and the solution uε ∈H4s(Ω). If

∆t=O(ε), h=O(ε), (4.25)

then we have ∥∥uε(tn)− Id
MUε,n

∥∥
l2 ≤C

(
∆t

ε2
+

1

(εM)4s

)
, (4.26)

where C is independent of ε, M,∆t. Especially, if λ≡0 (that is, the problem is linear), we have

∥∥uε(tn)− Id
MUε,n

∥∥
L2(Ω)

≤C

(
∆t

ε
+

1

(εM)4s

)
, (4.27)

where C is also independent of ε, M,∆t.

Proof. The proof of this theorem is almost the same as that of [53, Theorem 5.5]. The only
difference is the local error estimate (3.24) for semiclassical SDGPE.

4.2 Fourier spectral methods for SDGPE with periodic boundary condition

In this section, we consider applying the Lie-Trotter operator splitting Fourier spectral
methods for SDGPE (1.1) with a periodic boundary condition.

We define the index set Ψ∗
M as

Ψ∗
M :=

{
m=(m1,··· ,md) : −M

2
≤mj ≤

M

2
−1, 1≤ j≤d

}
. (4.28)

Let still Uε,n
j be an approximation of uε,n

j =uε(xj,tn), xj∈ΨM . We combine the time-splitting

(3.10) and spatial spectral discretization, resulting in the Lie-Trotter splitting Fourier spec-
tral method for the SDGPE (1.1) with the periodic boundary condition as follows:

Uε,∗
j = ∑

l∈Ψ∗
M

e−iε2s−1l2s ∆t
2 Ûε,n

l ϕl(xj), j∈ΨM , (4.29)

Uε,n+1
j =e

−i(V(xj)+λ|Uε,n
j |2) ∆t

ε Uε,∗
j , j∈ΨM , (4.30)

where ϕl(x) = eil(x+π), l ∈ Ψ∗
M, and Ûε,n

l , the discrete Fourier coefficient of Uε,n, are de-
fined as

Ûε,n
l =

1

Md ∑
j∈ΨM

Uε,n
j ϕ̄l(xj), Uε,0

j =uε
0(xj), l∈Ψ∗

M. (4.31)

The method (4.29)-(4.30) is based on fact that |Uε,n
j |2 = |Uε,n+1

j |2 and therefore explicit.

Since (4.30) integrates exactly (3.12), the only time discretization error of this method is
the splitting error. We also note that the above algorithm can be rewritten in the abstract
formula as

Uε,n+1
j =Φh

B(∆t)Φh
A(∆t)Uε,n

j , j∈ΨM . (4.32)
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4.2.1 Interpolation operator and projection operator

Let us introduce the trigonometric interpolation operator IM which is defined on ΨM by

IMu(x)= ∑
l∈Ψ∗

M

ûl ϕl(x), ûl =
1

Md ∑
j∈ΨM

u(xj)ϕ̄l(xj), l∈Ψ∗
M.

It is useful to note the following error estimate.

Lemma 4.4 (see, e.g. [46, 55]). Suppose that u∈Hr(Ω) with r>0, then the following estimate
holds:

‖IMu−u‖L2(Ω)≤C4M−r‖u‖Hr(Ω). (4.33)

The following conservation property can be proved easily.

Theorem 4.2 (Mass Conservation, see [53]). The operator splitting spectral scheme (4.29)-
(4.30) conserves the discrete mass, i.e.

‖Uε,n‖l2 =
∥∥uε

0

∥∥
l2 , n=1,2,.. . ,N, (4.34)

and consequently, in view of ‖IMu‖2
L2(Ω)

=‖u‖2
l2 ,

∥∥IMUε,n
∥∥

L2 =
∥∥IMUε,0

∥∥
L2 , n=1,2,.. .,N. (4.35)

Before we derive the global error bounds, we introduce some usual notations and
results. Similar to the case of unbounded domain, let

XM :=span

{
ϕl(x) : −M

2
≤ l≤ M

2
−1

}
,

and define the tensor product X
d
M of d copies of XM as

X
d
M :=XM⊗···⊗XM

with X
1
M =XM. Let PM : L2(Ω)→X

d
M be the L2-orthogonal projection, defined by

(u−PMu,v)L2(Ω)=0, ∀v∈X
d
M.

The following lemma bounds the error between PMu and u.

Lemma 4.5 (see, e.g. [3, 46]). Suppose that u∈ Hr(Ω) with r> 0, then the following estimate
holds:

‖PMu−u‖L2(Ω)≤C5M−r‖u‖Hr(Ω). (4.36)

The following lemma provides an upper bound for the error between the projection
operator PM and the interpolation operator IM.

Lemma 4.6 (see, e.g. [46]). Suppose that u∈Hr(Ω) with r>0, then the following estimate holds:

‖PMu−IMu‖L2(Ω)≤C6M−r‖u‖Hr(Ω). (4.37)
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4.2.2 Global error bounds for fully discrete approximation

Now following the idea and proof of [53], we have the following global error estimates.

Theorem 4.3 (Global Error Estimates). Let uε =uε(x,t) be the analytic solution of (1.1), and
Uε,n be the discrete approximation given by (4.29)-(4.30). Assume that the potential function
V∈C2(Ω)∩H2s(Ω), and the solution uε ∈H4s(Ω). If

∆t=O(ε), h=O(ε), (4.38)

then we have ∥∥uε(tn)−IMUε,n
∥∥

L2(Ω)
≤C

(
∆t

ε2
+

1

(εM)4s

)
, (4.39)

where C is independent of ε, M,∆t. Especially, if λ≡0 (that is, the problem is linear), we have

∥∥uε(tn)−IMUε,n
∥∥

L2(Ω)
≤C

(
∆t

ε
+

1

(εM)4s

)
, (4.40)

where C is also independent of ε, M,∆t.

We end this section with a few remarks about our results.
We first remark that to obtain a high accuracy numerical solution, we should choose

∆t and M satisfying

∆t≤ ε, M>
1

ε
. (4.41)

Under this condition, the Fourier-like spectral discretization will achieve spectral accu-
racy, independent of the fractional exponential s, provided that the analytic solution is
sufficiently regular. This can be observed from the space convergence order 4s, which
depends on the space regularity of the analytic solution to (1.1), of numerical method
in Theorems 4.1 and 4.3. We also observe from (4.39) that to obtain effective numerical
solution one needs to choose ∆t<ε−2 since in this case the global error will be less than 1.

It is important to realize that the convergence orders of the fully discrete Lie-Trotter
operator splitting methods with respect to the time step-size ∆t is 1, independent of the
fractional exponential s of Lalacian (−∆), for both linear and nonlinear SDGPE.

The third remark is about the convergence order with respect to the critical parame-
ter ε. When ∆t=O(ε) and h=O(ε), the convergence order of the fully discrete Lie-Trotter
operator splitting methods with respect to ε is −1 and −2 for both linear and nonlinear
SDGPE, respectively. As pointed out in [12], however, this can not explain some numer-
ical phenomena that the numerical convergence order of Lie-Trotter operator splitting
method is O(ε−1) but not O(ε−2) with respect to the critical parameter ε when it was
applied to some standard semiclassical NLS. For semiclassical nonlinear SDGPE, we ob-
serve these phenomena for several numerical examples but we also note that the error
behaviour like O(ε−2) for a numerical examples involving the focusing nonlinearity (see
numerical experiments in Section 5).
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5 Numerical examples

We study here the convergence orders corresponding to the error estimates on several
test cases. Let the convergence orders with respect to ∆t,h, and ε be calculated by

Order∆t= log2

(
E2∆t,h

ε /E∆t,h
ε

)
,

Orderh= logk

(
E∆t,kh

ε /E∆t,h
ε

)
, k>1,

Orderε= log2

(
E∆t,h

2ε /E∆t,h
ε

)
,

respectively, where E∆t,h
ε denotes the error ‖Uε(tn)−Uε,n‖l2 computed at t=T with time

step-size ∆t and space step-size h for SDGPE (1.1) with Planck constant ε.

Example 5.1 (Semiclassical Sub-Diffusive NLS in Unbounded Domain). We first consider
applying Lie-Trotter operator splitting MCSG method to one-dimensional semiclassical
sub-diffusive NLS (1.1)-(1.2) with V≡0 in the unbounded domain. Let T=0.5 and

√
a0(x)= e−x2

, φ0(x)=−log
(

exp(x)+exp(−x)
)
. (5.1)

We consider two types of nonlinearity: focusing (repulsive) nonlinearity λ =−1, and
defocusing (attractive) nonlinearity λ=+1.

In the focusing case λ=−1, we first test the convergence order to the time step-size ∆t
and space step number M. For the case of ε= 2−3, we view the numerical solution ob-
tained by using Lie-Trotter operator splitting MCSG method with M=250 and ∆t=2−13

as the reference solution. To observing the convergence order in time, we take M= 250
and ∆t varying from 2−3 to 2−8. For the convergence order in space, we take ∆t= 2−13

and M varying from 100 to 150. Moreover, we consider the case of ε=2−7 and view the
numerical solution by using Lie-Trotter operator splitting Fourier spectral method with
M = 250 and ∆t = 2−16 as the reference solution. Similarity, we take M = 250 and ∆t
varying from 2−8 to 2−13 to observe the convergence order in time, and ∆t=2−16 and M
varying from 100 to 150 to observe the convergence order in space. From Figs. 1 and 2,
we find the convergence order in time is order 1 and the convergence order in space is
slightly large than 4s, which is demonstrating the theoretical results in Theorem 4.3. It
can be also observed from Fig. 2 that the smaller the fractional exponential s, the greater
the errors, for both the cases of ε=2−3 and ε=2−7.

Now we consider the defocusing nonlinearity λ=1. We still consider two cases: ε=2−3

and ε=2−7 and perform the same computations as in the focusing nonlinearity λ=−1. All
of numerical results presented in Figs. 3 and 4 demonstrate that the convergence orders
of the Lie-Trotter splitting MCSG method for sub-diffusive NLS are consistent with the
theoretical results in Theorem 4.3.

To show the numerically observed orders with respect to ε, we let ε vary from 2−2 to
2−8. We views the numerical solution obtained by using Strang splitting MCSG method
with M= 250 and ∆t= 2−16 as the reference solution. The errors between the reference
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(a) Errors with respect to ∆t, where ε=2−3 (b) Errors with respect to ∆t, where ε=2−7

Figure 1: Errors of the Lie-Trotter splitting MCSG method for sub-diffusive NLS in the unbounded domain in
Example 5.1 with M=250 and λ=−1.

(a) Errors with respect to M, where ε=2−3 (b) Errors with respect to M, where ε=2−7

Figure 2: Errors of the Lie-Trotter splitting MCSG method for sub-diffusive NLS in unbounded domain in
Example 5.1 with λ=−1.

(a) Errors with respect to ∆t, where ε=2−3 (b) Errors with respect to ∆t, where ε=2−7

Figure 3: Errors of the Lie-Trotter splitting MCSG method for sub-diffusive NLS in the unbounded domain in
Example 5.1 with M=250 and λ=1.
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(a) Errors with respect to M, where ε=2−3 (b) Errors with respect to M, where ε=2−7

Figure 4: Errors of the Lie-Trotter splitting MCSG method for sub-diffusive NLS in the unbounded domain in
Example 5.1 with λ=1.

(a) Errors with respect to ε, where λ=−1 (b) Errors with respect to ε, where λ=1

Figure 5: Errors of the LTSFS method for sub-diffusive NLS in Example 5.1 with M=250 and ∆t=2−16.

solution and the numerical solution computed by Lie-Trotter splitting MCSG method
with M = 250 and ∆t= 2−16 are presented in Fig. 5. From these figure, it can be found
that the convergence order with respect to ε is of order −1, independent of the fractional
exponential s. This example illustrates that the theoretical analysis of numerical methods
with respect to the Planck constant ε seems to be improved.

Example 5.2 (Semiclassical Sub-Diffusive NLS in Periodic Domain). In the second exper-
iment, we consider semiclassical sub-diffusive NLS (1.1)-(1.2) with periodic boundary
condition L=4. In this case, we employ the Lie-Trotter splitting Fourier spectral (LTSFS)
method to solve it. Let still V≡0, T=0.5, and a0(x) and φ0(x) be chosen as in (5.1).

In the focusing case λ=−1, we first test the convergence order with respect to the time
step-size ∆t. Let ε=2−3. In this case, we view the numerical solution obtained by using
Strang splitting Fourier spectral method with h = 2−13 and ∆t = 2−13 as the reference
solution. For numerical solution produced by the LTSFS method, we let h = 2−13, and
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let ∆t vary from 2−3 to 2−8. We also consider the case of ε=2−7. In this case, we view the
numerical solution by using Strang splitting Fourier spectral method with h= 2−13 and
∆t=2−15 as the reference solution. For numerical solution, we let h=2−13, and let ∆t vary
from 2−7 to 2−12. The numerical results are presented in Fig. 6 and further demonstrate
that the LTSFS method is of order one with respect to ∆t for both ε = 2−3 and ε = 2−7.
We also observe from Fig. 5.2 that there is no attenuation behaviour for the errors of the
LTSFS method when ∆t> ε, that is, the condition ∆t≤ ε is necessary for the convergence
of the LTSFS method.

To show numerically the convergence orders with respect to ε, we let ε vary from 2−3

to 2−8. We still view the numerical solution by using Strang splitting Fourier spectral
method with h = 2−13 and ∆t = 2−13 as the reference solution. The errors between the
reference solution and the numerical solution computed by LTSFS method with h=2−13

and ∆t = 2−13 are presented in Fig. 7. From this figure, we observe the convergence
order of the LTSFS method is of order −2 with respect to ε, independent of the fractional
exponential s. This is coincident with our theoretical findings in Theorem 4.3.

(a) Errors with respect to ∆t, where ε=2−3 (b) Errors with respect to ∆t, where ε=2−7

Figure 6: Errors of the LTSFS method with h = 2−13 for nonlinear SDGPE in Example 5.2: (a) ε = 2−3,
(b) ε=2−7.

Figure 7: Errors of the LTSFS method for sub-diffusive NLS in Example 5.2, where h=∆t=2−13, λ=−1.
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Now we consider the defocusing nonlinearity λ=1. We still consider two cases: ε=2−3

and ε= 2−7 and perform the same computations as in the focusing nonlinearity λ=−1.
All of numerical results presented in Fig. 8 demonstrate that the convergence order of the
LTSFS method with respect to ∆t is 1, if the constraint (4.25) is satisfied.

When the small Planck constant vary from 2−3 to 2−8, the errors between the reference
solution and the numerical solution computed by the LTSFS method with h=∆t=2−13 are
presented in Fig. 9, from which we observe that the error bound provided in Theorem 4.3
is still valid. But the convergence order of the LTSFS method with respect to ε is larger
than −2 and seem to be around −1. To clearly show the convergence order of the method,
we also compute the cases s = 0.7 and s = 0.9 and list the numerical results in Table 1.
From this table, we seem to be able to conjecture that the convergence order of the LTSFS
method with respect to ε is −1 (the oscillation may arise from the coefficients C2 in (3.24)
or directly from the coefficients δi in priori estimates, since for different ε, the analytic
solutions to SDGPE (1.1)-(1.2) are different and therefore the coefficients δi are different).
This is also observed numerically for the case of s=1 in [12].

(a) Errors with respect to ∆t, where ε=2−3 (b) Errors with respect to ∆t, where ε=2−7

Figure 8: Errors of the LTSFS method for sub-diffusive NLS in Example 5.2, where h=2−13,λ=1.

Figure 9: Errors of the LTSFS method for sub-diffusive NLS in Example 5.2, where h=∆t=2−13, λ=1.
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Table 1: The convergence orders Orderε of LTSFS method with respect to ε in Example 5.2, where h=∆t=2−13,
λ=1.

ε s=0.6 s=0.7 s=0.8 s=0.9

2−3 − − − −
2−4 −1.4485 −1.2795 −1.1493 −0.9368

2−5 −1.3883 −1.2812 −1.2681 −1.1797

2−6 −1.2274 −1.1831 −1.2411 −1.3218

2−7 −1.0843 −1.1831 −1.1272 −1.2637

2−8 −1.3112 −0.9895 −1.0141 −1.1356

These imply that the numerical solution behaviour of the semiclassical sub-diffusive
NLS is certainly much more complicated compared to the linear case (see the numerical
results presented in [53] for linear case). On the one hand, this verifies our theoretical
results, but on the other hand this is may be an indicator that the presented analysis
can be improved for nonlinear case. We point out, though, that there is as yet no rig-
orous convergence result in the literature for the operator splitting spectral methods for
the semiclassical sub-diffusive NLS. It is the first time that a rigorous error analysis is
provided and numerically verified for the semiclassical sub-diffusive NLS.

Example 5.3 (Semiclassical SDGPE with a Potential V). In above two examples, the po-
tential function V is set to be zero. In this example, we consider the effect of the elec-
trostatic potential function V on the error behaviour of the numerical methods. For this
purpose, we choose V(x)=−x2/2 and initial datum as in Example 5.1. We let T=0.5. We
still consider the periodic boundary condition but with L=16.

We first show the convergence order of the LTSFS method with respect to ∆t. Since
the smaller the parameter ε, the more difficult it is to solve the semiclassical SDGPE, we
only consider the case of ε=2−7 in this experiment. We let h=2−11, which is smaller than
ε, and let ∆t vary from 2−7 to 2−12. The errors are presented in Fig. 10 from which the
correct order of convergence with respect to ∆t is observed for both focusing nonlinearity
λ=−1 and defocusing nonlinearity λ=+1.

To demonstrate the convergence order of the LTSFS method with respect to ε, we
let h = 2−11 and ∆t = 2−13. The parameter ε varies from 2−3 to 2−8. The numerical re-
sults are plotted in Fig. 11. The error behaviour of the LTSFS method for semiclassical
SDGPE (1.1) with potential function V=−x2/2 is the same as the method for semiclassi-
cal SDGPE with V(x)≡ 0. This implies that the influence of the nonlinear term λ|uε|2uε

in semiclassical SDGPE (1.1) on the error is stronger than that of linear term V(x).

6 Concluding remarks

The SDGPE has been widely applied in the fields of science and engineering. In this
work we studied the a priori estimates and numerical approximations of the solution
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(a) Errors with respect to ∆t, where λ=−1 (b) Errors with respect to ∆t, where λ=1

Figure 10: Errors of the LTSFS method for semiclassical SDGPE in Example 5.3, where h=2−11 and ε=2−7.

(a) Errors with respect to ε, where λ=−1 (b) Errors with respect to ε, where λ=1

Figure 11: Errors of the LTSFS method for semiclassical SDGPE in Example 5.3, where h=2−11 and ∆t=2−13.

to semiclassical SDGPE (1.1), where the Planck constant ε is so small that it introduces
difficulty in numerically solving such equation. We first established the a priori bounds
for the solution to semiclassical SDGPE (1.1), which are fundamental in studying numer-
ical error bounds. The local error bounds of Lie-Trotter operator splitting method for
semiclassical SDGPE by using Lie commutator estimates of nonlinear operator. Based
on these local error estimates, we derive the global error bounds for the fully discrete
Lie-Trotter splitting MCSG method for the SDGPE in the unbounded domain and for the
LTSFS approximation of the SDGPE with the periodic boundary condition. It was shown
that the convergence order of both the numerical methods with respect to ∆t is of order 1
independent of the fractional exponential s, and their convergence order with respect to
the critical parameter ε is −1 and −2 for linear and nonlinear cases, respectively. To the
best of our knowledge, this is the first paper where the theoretical analysis is made on the
local and global error bounds of the operator splitting methods for semiclassical SDGPE,
although the linear case has been investigated in [53].
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We have implemented various numerical experiments for the two methods for semi-
classical SDGPE (1.1), although there is no comparison between the numerical experi-
ments and the exact physical experiments. For semiclassical SDGPE with focusing non-
linearity λ=−1, these numerical experiments exactly verify the theoretical results. The
numerical results illustrate that our error estimates are also valid for semiclassical SDGPE
with defocusing nonlinearity λ=1. Still, with the numerical observation in this paper and
the numerical examples for standard Schrödinger equation (s= 1) in the literature (see,
e.g. [12] and their heuristic considerations), we conjecture that the convergence order of
the LTSFS method with respect to the critical parameter ε for nonlinear SDGPE (1.1) with
defocusing nonlinearity λ=1 is −1. This means that our results can be improved in this
case and there exist different error behaviours with the Planck constant ε between the
focusing and the defocusing nonlinearities. Studying these will be our future work.

It is well known that the Strang splitting method has higher convergence order than
the Lie-Trotter splitting method. Extending the numerical analysis presented in this pa-
per to the Strang splitting method will be another research work we are about to under-
take.

Acknowledgments

This work was supported by the National Natural Science Foundation of China (Grant
Nos. 12271367, 92470119), and by the Foundation of Shanghai Normal University on
interdisciplinary.

References

[1] M. Ainsworth and C. Glusa, Aspects of an adaptive finite element method for the fractional Lapla-
cian: A priori and a posteriori error estimates, efficient implementation and multigrid solver, Com-
put. Methods Appl. Mech. Engrg., 327:4–35, 2017.

[2] M. Ainsworth and C. Glusa, Hybrid finite element-spectral method for the fractional Laplacian:
Approximation theory and efficient solver, SIAM J. Sci. Comput., 40:A2383–A2405, 2018.

[3] M. Ainsworth and Z. P. Mao, Analysis and approximation of a fractional Cahn-Hilliard equation,
SIAM J. Numer. Anal., 55:1689–1718, 2017.

[4] X. Antoine, Q. Tang, and J. Tang, On the numerical solution and dynamical laws of nonlinear
fractional Schrödinger/Gross-Pitaevskii equations, Int. J. Comput. Math., 95:1423–1443, 2018.

[5] X. Antoine, Q. Tang, and Y. Zhang, On the ground states and dynamics of space fractional nonlin-
ear Schrödinger/Gross-Pitaevskii equations with rotation term and nonlocal nonlinear interactions,
J. Comput. Phys., 325:74–97, 2016.

[6] P. Bader, A. Iserles, K. Kropielnicka, and P. Singh, Efficient approximation for the semiclassical
Schrödinger equation, Found. Comput. Math., 14(4):689–720, 2014.

[7] W. Bao, S. Jin, and P. A. Markowich, On time-splitting spectral approximations for the Schrödinger
equation in the semiclassical regime, J. Comput. Phys., 175:487–524, 2002.

[8] W. Bao, S. Jin, and P. A. Markowich, Numerical study of time-splitting spectral discretizations
of nonlinear Schrödinger equations in the semiclassical regimes, SIAM J. Sci. Comput., 25:27–64,
2003.



30 W. Wang, Y. Huang and Y. Zhang / CSIAM Trans. Appl. Math., x (2025), pp. 1-32

[9] U. Biccari and A. B. Aceves, WKB expansion for a fractional Schrödinger equation with applica-
tions to controllability, arXiv:1809.08099, 2018.

[10] U. Biccari, M. Warma, and E. Zuazua, Local elliptic regularity for the Dirichlet fractional Lapla-
cian, Adv. Nonlinear Stud., 17:387–409, 2017.

[11] S. Descombes and M. Thalhammer, An exact local error representation of exponential operator
splitting methods for evolutionary problems and applications to linear Schrödinger equations in the
semi-classical regime, BIT, 50:729–749, 2010.

[12] S. Descombes and M. Thalhammer, The Lie–Trotter splitting for nonlinear evolutionary prob-
lems with critical parameters: A compact local error representation and application to nonlinear
Schrödinger equations in the semiclassical regime, IMA J. Numer. Anal., 33:722–745, 2013.

[13] E. Di Nezza, G. Palatucci, and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces,
Bull. Sci. Math., 136:521–573, 2012.

[14] S. Duo and Y. Zhang, Mass-conservative Fourier spectral methods for solving the fraction nonlinear
Schrödinger equation, Comput. Math. Appl., 71:2257–2271, 2016.

[15] E. Faou, Geometric Numerical Integration and Schrödinger Equations, in: Zurich Lectures in
Advanced Mathematics, EMS, 2012.

[16] N. J. Ford, M. M. Rodrigues, and N. Vieira, A numerical method for the fractional Schrödinger
type equation of spatial dimension two, Fract. Calc. Appl. Anal., 16:454–468, 2013.
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2000.

[33] N. Laskin, Fractional Schrödinger equation, Phys. Rev. E, 66:056108, 2002.
[34] C. Lasser and C. Lubich, Computing quantum dynamics in the semiclassical regime, Acta Numer.,

29:229–401, 2020.
[35] E. Lenzmann, Well-posedness for semi-relativistic Hartree equations of critical type, Math. Phys.

Anal. Geom., 10:43–64, 2007.
[36] M. Li, C. Huang, and P. Wang, Galerkin finite element method for nonlinear fractional Schrödinger

equations, Numer. Algorithms, 74:499–525, 2017.
[37] X. Liang, A. Q. M. Khaliq, H. Bhatt, and K. M. Furati, The locally extrapolated exponential

splitting scheme for multi-dimensional nonlinear space-fractional Schrödinger equations, Numer.
Algorithms, 76:939–958, 2017.

[38] C. Lubich, From Quantum to Classical Molecular Dynamics: Reduced Models and Numerical Anal-
ysis, in: Zurich Lectures in Advanced Mathematics, EMS, 2008.

[39] P. A. Markowich, P. Pietra, and C. Pohl, Numerical approximation of quadratic observables of
Schrödinger-type equations in the semi-classical limit, Numer. Math., 81:595–630, 1999.

[40] R. I. McLachlan and G. R. W. Quispel, Splitting methods, Acta Numer., 11:341–434, 2002.
[41] M. Ran and C. Zhang, A conservative difference scheme for solving the strongly coupled nonlinear

fractional Schrödinger equations, Commun. Nonlinear Sci. Numer. Simul., 41:64–83, 2016.
[42] X. Ros-Oton and J. Serra, The Dirichlet problem for the fractional Laplacian: Regularity up to the

boundary, J. Math. Pures Appl., 101:275–302, 2014.
[43] X. Ros-Oton and J. Serra, The Pohozaev identity for the fractional Laplacian, Arch. Ration. Mech.

Anal., 213:587–628, 2014.
[44] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional Integrals and Derivatives: Theory and

Applications, Gordon and Breach Science Publishers, 1993.
[45] S. Secchi and M. Squassina, Soliton dynamics for fractional Schrödinger equations, Appl. Anal.,

93:1702–1729, 2014.
[46] J. Shen, T. Tang, and L. L. Wang, Spectral Methods: Algorithms, Analyses and Applications,

Springer, 2011.
[47] J. Shen, L. L. Wang, and H. Yu, Approximations by orthonormal mapped Chebyshev functions for

higher-dimensional problems in unbounded domains, J. Comput. Appl. Math., 265:264–275, 2014.
[48] C. Sheng, J. Shen, T. Tang, L. L. Wang, and H. Yuan, Fast Fourier-like mapped Chebyshev

spectral-Galerkin methods for PDEs with integral fractional Laplacian in unbounded domains, SIAM
J. Numer. Anal., 58:2435–2464, 2020.

[49] D. Wang, A. Xiao, and W. Yang, Crank-Nicolson difference scheme for the coupled nonlinear
Schrödinger equations with the Riesz space fractional derivative, J. Comput. Phys., 242:670–681,
2013.

[50] H. Wang and N. Du, Fast alternating-direction finite difference methods for three-dimensional
space-fractional Schrödinger equations, J. Comput. Phys., 258:305–318, 2014.

[51] P. Wang and C. Huang, An energy conservative difference scheme for the nonlinear fractional
Schrödinger equations, J. Comput. Phys., 293:238–251, 2015.

[52] W. Wang and Y. Huang, Analytical and numerical dissipativity for the space-fractional Allen-Cahn
equation, Math. Comput. Simulation, 207:80–96, 2023.



32 W. Wang, Y. Huang and Y. Zhang / CSIAM Trans. Appl. Math., x (2025), pp. 1-32

[53] W. Wang, Y. Huang, and J. Tang, Lie-Trotter operator splitting spectral method for linear semiclas-
sical fractional Schrödinger equation, Comput. Math. Appl., 113:117–129, 2022.

[54] W. Wang and J. Tang, Efficient exponential splitting spectral methods for linear Schrödinger equa-
tion in the semiclassical regime, Appl. Numer. Math., 153:132–146, 2020.

[55] X. M. Xiang, Numerical Analysis of Spectral Methods, Science Press, 2000.
[56] S. Zhai, D. Wang, Z. Weng, and X. Zhao, Error analysis and numerical simulations of Strang

splitting method for space fractional nonlinear Schrödinger equation, J. Sci. Comput., 81:965–989,
2019.

[57] Y. M. Zhang, Y. Li, Y. X. Yu, and W. S. Wang, Implicit Runge-Kutta with spectral Galerkin methods
for the fractional diffusion equation with spectral fractional Laplacian, Numer. Methods Partial
Differential Equations, 40(3):e23074, 2023.

[58] X. Zhao, Z. Sun, and Z. Hao, A fourth-order compact ADI scheme for two-dimensional nonlinear
space fractional Schrödinger equations, SIAM J. Sci. Comput., 36:A2865–A2886, 2014.


