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Abstract. In this work, we develop and analyze a family of up to fourth-order, uncon-
ditionally energy-stable, single-step schemes for solving gradient flows with global
Lipschitz continuity. To address the exponential damping/growth behavior observed
in Lawson’s integrating factor Runge-Kutta approach, we propose a novel strategy to
maintain the original system’s steady state, leading to the construction of an exponen-
tial Runge-Kutta (ERK) framework. By integrating the linear stabilization technique,
we provide a unified framework for examining the energy stability of the ERK method.
Moreover, we show that certain specific ERK schemes achieve unconditional energy
stability when a sufficiently large stabilization parameter is utilized. As a case study,
using the no-slope-selection thin film growth equation, we conduct an optimal rate
convergence analysis and error estimate for a particular three-stage, third-order ERK
scheme coupled with Fourier pseudo-spectral discretization. This is accomplished
through rigorous eigenvalue estimation and nonlinear analysis. Numerical experi-
ments are presented to confirm the high-order accuracy and energy stability of the
proposed schemes.

AMS subject classifications: 65M12, 65M15, 65M70
Key words: Gradient flows, exponential Runge-Kutta method, unconditional energy stability,
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1 Introduction

Gradient flows represent a significant class of physical models driven by free energy,
characterized by a specific dissipation mechanism. Numerous challenges in fluid dy-
namics and material science can be effectively represented through gradient flow equa-
tions. Specifically, one main characteristic of this problem from a physical aspect is that
the energy functional is decreasing all the time. Therefore, it is essential to develop ef-
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ficient and accurate numerical schemes that preserve the energy dissipation property at
the discrete level. The primary objective of this paper is to develop a class of high order,
unconditionally energy stable schemes for gradient flows. To illustrate the main idea, we
consider a general gradient flow model with total free energy in the following form:

E(u)=
∫

Ω

1

2
u·Lu+F(u)dx, (1.1)

where Ω is a bounded domain, L is a symmetric non-negative operator and F(u) is a non-
linear potential function. With a specific symmetric non-negative operator G that com-
mutes with L, the gradient flow can be expressed with respect to the aforementioned
energy as follows:

ut=−G δE(u)

δu
=−G

(
Lu+ f (u)

)
, (1.2)

where f (u) := F′(u). A common choice for the operator G is 1 or −∆, corresponding to
the L2 gradient flow and H−1 gradient flow, respectively.

Gradient flow models often exhibit strong stiffness and nonlinearity, and their steady
states, which typically require long-time simulations to reach, are of considerable inter-
est in practice. Therefore, there is a significant demand for numerical algorithms that
are both efficient and accurate. Additionally, to avoid nonphysical phenomena appear-
ing in the numerical solution, it is essential to preserve the energy dissipation during the
numerical simulation. Consequently, various strategies have been designed to solve gra-
dient flows, such as the nonlinear convex splitting scheme [8, 36, 43, 44], linear splitting
(stabilization) technique [11, 34, 39], invariant energy quadratization (IEQ) method [45],
and scalar auxiliary variable (SAV) algorithm [37, 38]. Among these, the nonlinear con-
vex splitting method is known for its capacity to ensure unconditional energy stabil-
ity and unique solvability. However, these methods often require solving nonlinear
systems at each time step. By reformulating the energy functionals, Yang, Shen, and
co-authors [37, 38, 45, 46] successively proposed the IEQ method and the SAV method.
These methods can be conveniently utilized to construct schemes that are linearly solv-
able and unconditionally energy stable, albeit with the energy in these schemes being
in a modified form. In recent years, the linear splitting (stabilization) technique has re-
ceived much attention because of its capability to enlarge the stability region of linear
implicit schemes. As a result, a large number of linearly implicit schemes, including
the implicit-explicit Runge-Kutta (IMEX RK), exponential differencing (ETD) multi-step
(MS), and ETD Runge-Kutta (ETDRK) schemes, have attracted considerable interest for
solving gradient flow problems [6,21,40]. For general gradient flow equations with global
Lipschitz assumptions, Fu and Yang [10] established the unconditional energy stability
for a second-order stabilization ETDRK scheme with respect to the original energy. Intro-
ducing a third-order accurate Douglas-Dupont stabilization term, Cheng et al. [4] derived
energy stability for a third-order ETDMS scheme regarding a modified energy with a few
numerical correction terms. Recently, based on the global Lipschitz condition and the use
of linear stabilization terms, Fu et al. [9] developed a four-stage, third-order stabilization
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implicit-explicit Runge-Kutta (IMEX RK) scheme with unconditional energy stability for
gradient flow models. Nevertheless, constructing a fourth-order energy-stable scheme
remains a challenging task.

This study aims to construct a novel energy-stable exponential RK framework with
high-order accuracy while preserving the energy dissipation property for gradient flow
equations. In recent years, Lawson’s integrating factor Runge-Kutta (IFRK) framework
[24] has gained popularity because of its unconditional contractivity and asymptotic sta-
bility for semi-linear problems [33]. Additionally, it is known for its capability to preserve
the strong stability of hyperbolic conservation laws [18] and the maximum principles of
Allen-Cahn type equations [20, 41, 47, 50, 52–54]. However, the drawbacks of the IFRK
method are also quite apparent, with the notable one being the occurrence of an expo-
nential damping/growth phenomenon [16,25]. Although this phenomenon can suppress
numerical instability, it tends to oversmooth the numerical solution, resulting in devia-
tions from the solution of the original problem and rendering it unreliable. In this work,
we develop a new strategy to tackle this issue and construct a class of unconditionally
energy-stable schemes for general gradient flows with improved accuracy. Specifically,
we take the no-slope-selection (NSS) thin film equation as an example to carry out rigor-
ous error analysis. The main contributions of this work include:

• By carefully combining exponential and linear functions to approximate exponen-
tial functions in each IFRK stage, we develop a novel exponential Runge-Kutta
framework. This framework eliminates the exponential damping/growth phe-
nomenon in the IFRK method while maintaining the original steady states (equi-
libria).

• A unified framework is presented to examine the energy stability of the proposed
ERK schemes. We demonstrate that the novel ERK schemes, incorporating a series
of up to fourth-order RK coefficients, ensure the dissipation of the original energy
for the gradient flow without any time-step restrictions.

The rest of this paper is organized as follows. In Section 2, we provide a succinct
review of the linear splitting (stabilization) method for general gradient flows. Follow-
ing this, an analysis of the exponential effects stemming from Lawson’s IFRK method is
conducted, leading to the construction of the ERK framework. In section 3, we explore
the energy stability of the ERK scheme within a unified framework. Section 4 presents
generic order conditions to determine the truncation error of ERK schemes and subse-
quently provides the convergence analysis for the NSS equation. In Section 5, various
numerical experiments are presented to verify the high-order accuracy, efficiency, and
unconditional energy stability. Finally, some concluding remarks are given in Section 6.

2 Lawson’s IFRK method and improvements

In this section, we provide a brief overview of Lawson’s IFRK method and proceed to
analyze the exponential damping/growth phenomenon in IFRK schemes, aiming to pin-
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point its fundamental cause. Following this analysis, we propose a novel strategy to
eliminate the exponential effect by constructing a set of nonlinear approximations to sub-
stitute the exponential functions used in the IFRK methods. The implementation of this
innovative approach paves the way for the development of the equilibrium-preserving
ERK framework.

2.1 The linear splitting (stabilization) method

After implementing an appropriate spatial discretization (e.g. the Fourier collocation
discretization as outlined in Section 4.1) of the gradient flow equation (1.2), we present
a semi-discrete system in the following form:

ut=−GN

(
LNu+ f (u)

)
, t∈ (0,T], (2.1)

where u is the semi-discrete solution, the symbols GN and LN represent symmetric posi-
tive (semi)-definite matrices that commute and arise from the discretization of G and L,
respectively. Consequently, the discrete total energy with respect to (2.1) can be written as

EN(u)=
1

2
〈u,LNu〉+〈F(u),1〉, (2.2)

where 〈·,·〉 denotes the discrete L2 inner product. To simplify the argument, we assume
that the function f is globally Lipschitz continuous with a Lipschitz constant ℓ, i.e.

F(a)−F(b)≤ f (b)(a−b)+
ℓ

2
(a−b)2, ∀a,b∈R. (2.3)

By introducing κGN(u−u) with κ ≥ 0, we consider the following stabilization semi-
discretization:

ut=−Lκu+Nκ(u), (2.4)

where Lκ = GN(LN+κ I) and Nκ(u) = GN(κu− f (u)). During computation, since Lκ is
linear and stiff, −Lκu can be integrated exactly, and the nonlinear part Nκ(u) is typically
treated explicitly for efficiency. Therefore, the linear splitting method allows us to use
exponential integrators to solve the problem. In addition, κ acts as a stabilization factor
to enhance the dissipation of the linear part so as to bound the Lipschitz growth of non-
linear terms in the analysis and practice. In fact, stabilization is widely used to construct
energy-stable schemes, and numerical experiments demonstrate that stabilization will
significantly improve numerical performance, which we will illustrate in the following
section in detail.

Remark 2.1. In this study, we assume that the nonlinear term f is globally Lipschitz
continuous, which is crucial for the subsequent energy stability analysis. However, in
the majority of gradient flow models, this criterion is not naturally satisfied. Instead,
since for most classical gradient flow equations, the nonlinear potential function satisfies
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local Lipschitz continuity, therefore, deriving an appropriate maximum norm bound for
the numerical solution could effectively justify the assumption.

A considerable amount of research has been devoted to evaluating the maximum
norm bound of numerical solutions or, more broadly, to conducting global-in-time energy
stability for some specific gradient flow equations. The Allen-Cahn (AC) type equation,
which inherently possesses the maximum bound principle (MBP), has spurred consider-
able effort in constructing numerical schemes that preserve both MBP as well as energy
stability [6, 15, 19, 20, 48]. For Cahn-Hilliard (CH) equation, Li et al. [27–29] utilized har-
monic analysis in borderline spaces to deduce a maximum bound for the numerical so-
lution in a first-order scheme and hence establish the unconditional energy stability and
characterize the stabilization parameter. More recently, by fully utilizing the H2 regular-
ity assumption brought by the free energy and Sobolev embedding inequality, Li et al. [30]
and Zhang et al. [51] established the uniform-in-time energy stability for the exponential
time difference (ETD) numerical scheme and IMEX RK scheme for the phase field crystal
equation (PFC) [30]. Moreover, different from the aforementioned model, the no-slope-
selection (NSS) thin film model [21] meets the Lipschitz assumption with respect to ∇u,
that is

〈F(∇u)−F(∇v),1〉≤〈u−v, f (∇v)〉+ ℓ

2
‖∇(u−v)‖2,

where ℓ= 1/8. Given that the nonlinear energy potential function for the NSS equation
is a bit special, we intend to provide a more detailed discussion of the NSS equation in
Section 4.

2.2 Exponential effect of integrating factor method

We divide the time interval into a series of nodes {tn|tn=nτ,n=0,1,.. .,[T/τ]}, where τ>0
represents the time step size. Denoting v(t)= etLκ u(t) in (2.4), we obtain an equivalent
system in the following form by the variation-of-constants method:

{
vt=etLκ Nκ(e−tLκ v), t∈ (0,T],

v(0)=u0.
(2.5)

Then, solving system (2.5) using the standard explicit s-stage, p-th-order RK method and
transforming the solution back via the inverse relation u(t)=e−tLκ v(t), we obtain





un,0=un,

un,i=e−ciτLκ

(
un+τ

i−1

∑
j=0

ai,je
cjτLκ Nκ(un,j)

)
, i=1,.. . ,s,

un+1=un,s.

(2.6)

Here, the underlying RK coefficients ai,j ≥0 are constrained by certain accuracy require-
ments. The intermediate solution un,i are approximations to u(tn,i) with tn,i = tn+ciτ,
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and the abscissas are defined as follows: c0 = 0, ci =∑
i−1
j=0 ai,j for 1≤ i ≤ s, and cs = 1 for

consistency. The formulation (2.6) is denoted as Lawson’s IFRK method [24].
Although IFRK schemes offer advantages in dealing with the stiffness [14, 23, 24],

they fail to preserve the equilibria of the semi-discrete equation. To illustrate this issue,
we denote u∗ as a nontrivial equilibrium state to (2.5), i.e. Lκu∗= Nκ(u∗). Denoting the
discrete Fourier transform of u∗ as û∗ and assuming that ûn,j = û∗ for j= 0,1,.. . ,i−1, we
apply the discrete Fourier transform to the formulation (2.6) and obtain

(ûn,i)k,l =e−ciτΛk,l

(
(ûn)k,l+τ

i−1

∑
j=0

ai,je
cjτΛk,l

[(
N̂κ(un,j)

)
−Λk,l(ûn,j)k,l︸ ︷︷ ︸
=0

+Λk,l(ûn,j)k,l

])

=e−ciτΛk,l

(
1+τ

i−1

∑
j=0

ai,je
cjτΛk,l Λk,l

)
(û∗)k,l, i≤ s,

where {Λk,l} are the eigenvalues of Lκ. The nonlinear term is evaluated in the physical
space and subsequently transformed into the Fourier space.

Because

e−ciτΛk,l

(
1+τ

i−1

∑
j=0

ai,je
cjτΛk,l Λk,l

)
6=1

unless ciτΛk,l = 0, the IFRK method (2.6) cannot preserve the equilibrium state and will
introduce unwanted exponential damping effect into the Fourier modes of the state when
ci> cj for i> j (or growth if ci< cj), especially when τΛk,l is large. Although the exponen-
tial damping effect could help to suppress numerical instabilities such as those arising
from the aliasing error or under-resolution [16], it would lead to a time-step-dependent
smoothing of the high gradient associated with the interfacial layers [25]. This results in
a discrepancy between numerical and analytical solutions at high wavenumbers.

Example 2.1. To demonstrate the exponential effect of IFRK schemes, we consider the 1D
Cahn-Hillard equation, which is a classical gradient flow equation with

G=−∆, L=−ε2∆, F(u)=
1

4
(1−u2)2

in (1.1)-(1.2). The domain is set as Ω= (−1,1) with periodic boundary conditions, and
the initial condition is chosen as

u0(x)= tanh

(
0.5−|x|√

2ε

)
,

which is a local minimum of the energy functional and the profile exhibits two equilib-
rium interfaces at x=±0.5.

We selected the following parameters: ε=0.02,τ=0.0001,κ=0, and final time T=0.2.
The spatial discretization is carried out using the Fourier pseudo-spectral method in
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Figure 1: (a): Plot of the amplitude spectrum with respect to the initial condition and the solutions obtained
by IFRK(1,1) method. (b): Profiles of the solution obtained by IFRK schemes for ε=0.02. (c): Absolute errors
of the obtained solutions versus the initial condition.

Section 4.1 with N = 2048. Fig. 1 presents the results computed using some first- to
third-order IFRK schemes (with underlying explicit Euler coefficient, Heun’s second- and
third-order RK coefficients ([12, p. 135])). In Fig. 1(a), we present the amplitude spectrum
of the initial condition and the solutions obtained from the IFRK(1,1) method at t=0.2. It
is evident that the amplitude of the solution obtained from the IFRK(1,1) method is atten-
uated at high frequencies due to the exponential effect. Consequently, the IFRK schemes
fail to preserve the equilibrium state, even in the absence of a stabilization term, as shown
in Fig. 1(b). Although applying higher-order IFRK schemes could improve the accuracy,
significant errors caused by exponential damping persisted near the interfacial regions
(x≈±0.5).

2.3 A novel exponential Runge-Kutta framework

In this section, our objective is to construct a framework that removes the exponential ef-
fect from the IFRK approach. Previous studies [17,23,25,49] have made efforts to address
the exponential effect. To address this issue, we denote ψi(τLκ) as an approximation to
eciτLκ in (2.6), and ensure that it satisfies the following conditions for the Fourier modes:

ψ−1
i (τΛk,l)

(
1+τ

i−1

∑
j=0

ai,je
cjτΛk,l Λk,l

)
≡1, i=1,.. . ,s.

Hence, ψi(τLκ) can be directly formulated using a combination of exponential and linear
functions in the following manner:

ψi(τLκ)= I+τ
i−1

∑
j=0

ai,je
cjτLκ Lκ , i=1,.. . ,s. (2.7)
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In turn, by substituting the function ψi(τLκ) for eciτLκ in the IFRK formulation (2.6), we
obtain the following modification:

un,i=ψ−1
i (τLκ)

(
un+τ

i−1

∑
j=0

ai,je
cjτLκ Nκ(un,j)

)
, i=1,.. . ,s. (2.8)

To confirm that (2.8) preserves the equilibrium as well as eliminates the exponential
effect in the IFRK framework, we assume un,j=u∗ for j=0,1,.. . ,i−1. This yields

un,i=ψ−1
i (τLκ)

(
u∗+τ

i−1

∑
j=0

ai,je
cjτLκ Nκ(u

∗)

)

=ψ−1
i (τLκ)

(
I+τ

i−1

∑
j=0

ai,je
cjτLκ Lκ

)

︸ ︷︷ ︸
≡I

u∗=u∗, i=1,.. . ,s.

Thus, the approximations ψi(τLκ) in (2.7) effectively address the issue outlined in the
previous subsection. For brevity, we denote the improved formulation (2.8) as the expo-
nential Runge-Kutta (ERK) method, as the approximations ψi(τLκ) are constructed using
exponential functions.

Remark 2.2. It is worth noting that the formulation constructed in (2.7) is indeed an ap-
proximation to eciτLκ . This can be illustrated by considering the following differential
equation: 




d

dt
Ψ(t)= LκetLκ , t∈ (0,τ],

Ψ(0)= I

with the exact solution Ψ(t)=etLκ . It is clear that ψi(τLκ) is the corresponding i-th stage
approximation obtained by discretizing the above equation using the underlying explicit
Runge-Kutta method.

Remark 2.3. In the existing literature, various approaches have been proposed to allevi-
ate or eliminate exponential effects by approximating exponential functions within the in-
tegrating factor framework. For further details, interested readers may consult the works
of [5, 17, 25, 53]. Our approach is distinctive in that it replaces only one exponential func-
tion in each IFRK stage, enabling the derivation of up to fourth-order unconditionally
energy-stable schemes. Moreover, the accuracy tests in Section 5.1 will illustrate that our
ERK schemes demonstrate superior accuracy compared to the original IFRK schemes.

We now revisit Example 2.1 and adopt first- to third-order ERK schemes to solve the
problem. By employing the same parameter settings, we present the numerical result
in Fig. 2. The amplitude spectrum of the solutions obtained from the ERK(1,1) scheme
overlapped with those of the initial condition. Furthermore, all ERK schemes are able to
effectively preserve the initial equilibrium state, with the absolute error staying within
machine accuracy.
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Figure 2: (a): Plot of the amplitude spectrum with respect to the initial condition and the solutions obtained
by ERK(1,1). (b): Profiles of the solution obtained by the ERK schemes for ε= 0.02. (c): Absolute errors of
the obtained solutions versus the initial condition.

3 Energy stability of ERK schemes

In this section, we aim to present a theoretical framework to examine that a specific class
of the RK coefficients can enable the proposed ERK scheme to unconditionally preserve
the original energy dissipation law for gradient flows, provided the stabilization param-
eter κ is chosen appropriately.

First, we present some preliminary results of ERK schemes, which will facilitate the
construction of the main result.

Lemma 3.1. Let un,i be the i-th-stage solution obtained by ERK schemes. It holds that

−Lκun,i+Nκ(un,i−1)=τ−1
i

∑
k=0

ωi,k(τLκ)un,k (3.1)

with
i

∑
k=0

ωi,k(τLκ)=0, i=1,.. . ,s,

where ωi,k(τLκ) depend on the RK coefficients ai,j and τLκ.

Proof. We prove this theorem by induction. When i=1, we have

−Lκun,1+Nκ(un,0)=−Lκun,1+(τa1,0 I)−1
(
ψ1(τLκ)un,1−un,0

)

=(τa1,0 I)−1
((−a1,0τLκ+ψ1(τLκ)

)
un,1−un,0

)

=τ−1
(
ω1,1(τLκ)un,1+ω1,0(τLκ)un,0

)
,

where

ω1,1(τLκ)=(a1,0 I)−1
(
−a1,0τLκ+ψ1(τLκ)

)
, ω1,0(τLκ)=−(a1,0 I)−1.

By recalling the definition of ψ1(τLκ), it is clear that ω1,1(τLκ)+ω1,0(τLκ)=0.
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We assume the result holds for i=1,.. . ,ℓ−1, ℓ≤ s, then

Nκ(un,ℓ−1)=τ−1
ℓ

∑
k=0

ωℓ,k(τLκ)un,k+Lκun,j.

For case i= ℓ, we obtain

−Lκun,ℓ+Nκ(un,ℓ−1)

=−Lκun,ℓ+
(
aℓ,ℓ−1ecℓ−1τLκ τ

)−1

[
ψℓ(τLκ)un,ℓ−un,0−τ

ℓ−2

∑
j=0

aℓ,je
cjτLκ Nκ(un,j)

]

=−Lκun,ℓ+
(
aℓ,ℓ−1ecℓ−1τLκ τ

)−1

[
ψℓ(τLκ)un,ℓ−un,0

−τ
ℓ−2

∑
j=0

aℓ,je
cjτLκ

(
τ−1

j

∑
k=0

ωj,k(τLκ)un,k+Lκun,j

)]
.

Thus, Lκun,ℓ+Nκ(un,ℓ−1) is decomposed into a combination of un,k with k= 0,.. . ,ℓ, and
the summation of coefficients satisfies

τ−1
ℓ

∑
k=0

ωℓ,k=−Lκ+
(
aℓ,ℓ−1ecℓ−1τLκ τ

)−1

[
ψℓ(τLκ)− I−τ

ℓ−2

∑
j=0

aℓ,je
cjτLκ Lκ

]

=
(
aℓ,ℓ−1e−cℓ−1τLκ τ

)−1

[
ψℓ(τLκ)− I−τ

ℓ−1

∑
j=0

aℓ,je
−cjτLκ Lκ

]
=0,

where the last equality is obtained using the definition of ψℓ(τLκ). This completes the
proof.

Lemma 3.2. The i-th stage solution un,i obtained by the ERK method satisfies the following
relationship:

−Lκun,i+Nκ(un,i−1)=τ−1
i

∑
j=1

∆i,j(τLκ)(un,j−un,j−1) (3.2)

with

∆i,j(τLκ)=
i

∑
k=j

ωi,k(τLκ), j=1,.. . ,i,

where ωi,k are the expansion coefficients of Lκun,i+Nκ(un,i−1) in (3.1).

Proof. By utilizing the Lemma 3.1 and noting that ωi,k satisfy ∑
i
k=0ωi,k=0, we can directly

obtain

−Lκun,i+Nκ(un,i−1)

=τ−1
i

∑
k=0

ωi,k(τLκ)un,k=τ−1
i

∑
k=1

ωi,k(τLκ)un,k−τ−1
i

∑
k=1

ωi,k(τLκ)un,0
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=τ−1
i

∑
k=2

ωi,k(τLκ)un,k−τ−1
i

∑
k=2

ωi,k(τLκ)un,1+τ−1
i

∑
k=1

ωi,k(τLκ)(un,1−un,0)

···

=τ−1ωi,i(τLκ)(un,i−un,i−1)+···+τ−1
i

∑
k=1

ωi,k(τLκ)(un,1−un,0)

=τ−1
i

∑
j=1

∆i,j(τLκ)(un,j−un,j−1),

and the proof is complete.

Lemma 3.3. Consider the semi-discrete system (2.1) of gradient flows, assuming that the sta-
bilization parameter satisfies κ ≥ ℓ/2, where ℓ is defined in (2.3), then the two adjacent stage
solutions obtained by the ERK method satisfy the following relationship:

EN(un,i)−EN(un,i−1)

≤−
〈
un,i−un,i−1,G−1

N

(
−Lκun,i+Nκ(un,i−1)

)〉

=−
〈

un,i−un,i−1,τ−1G−1
N

i

∑
j=1

∆i,j(τLκ)(un,j−un,j−1)

〉
, i=1,.. . ,s,

where the coefficients ∆i,j are defined in (3.2).

Proof. According to the Lipschitz continuity assumption for f , given any u,v∈Mh, we
have

〈F(v)−F(u),1〉≤〈v−u, f (u)〉+ ℓ

2
〈v−u,v−u〉

=−
〈

G−1
N Nκ(u),v−u

〉
+κ〈u,v−u〉+ ℓ

2

〈
v−u,v−u

〉
. (3.3)

On the other hand, for the difference of linear parts, it holds that

1

2
(〈v,LNv〉−〈u,LNu〉)

= 〈v−u,LNv〉− 1

2
〈v−u,LN(v−u)〉

=−
〈
v−u,−G−1

N Lκv
〉
−κ〈v,v−u〉− 1

2
〈v−u,LN(v−u)〉. (3.4)

By assuming that κ≥ ℓ/2 and then adding (3.3) and (3.4), we obtain following result:

EN(v)−EN(u)≤−
〈
v−u,G−1

N (−Lκv+Nκu)
〉
−
(

κ− ℓ

2

)
‖v−u‖2

− 1

2
〈v−u,LN(v−u)〉. (3.5)
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Letting v=un,i, u=un,i−1, and substituting Eq. (3.2) into (3.5) gives

EN(un,i)−EN(un,i−1)

≤−〈un,i−un,i−1,G−1
N

(−Lκun,i+Nκ(un,i−1)
)〉

=−
〈

un,i−un,i−1,τ−1G−1
N

i

∑
j=1

∆i,j(τLκ)(un,j−un,j−1)

〉
.

This completes the proof.

To facilitate the derivation of the main energy stability result, we define the notation
δU=[un,1−un,0,. . .,un,s−un,s−1]

⊤ and GN= Is⊗GN, where Is is the identity matrix in R
s×s.

In addition, we introduce the lower triangular matrix M(z)= (∆i,j(z))1≤j≤i,1≤i≤s, which
we refer to as the energy stability matrix, and denote its associate symmetric matrix by
S(z)=(1/2)(M(z)+M(z)⊤).

Theorem 3.1. Under the assumption that the stabilization parameter satisfies κ ≥ ℓ/2 and the
matrix S(z) is positive (semi)-definite for z≥0, the stabilization ERK(s,p) method is energy-stable
without any time step constrain.

Proof. According to the assumption on κ and applying the Lemma 3.3, the energy differ-
ence can be bounded by a quadratic form

EN(un,s)−EN(un,0)=
s

∑
i=1

E(un,i)−E(un,i−1)

≤−
s

∑
i=1

〈
un,i−un,i−1,τ−1G−1

N

i

∑
j=1

∆i,j(τLκ)(un,j−un,j−1)

〉

=−〈δU,(τGN)
−1M(τLκ)δU

〉

=−〈δU,(τGN)
−1S(τLκ)δU

〉
.

The last equality hold since G−1
N is symmetric, and commutes with M(τLκ). Since GN ,τLκ

are positive (semi)-definite, and the matrix S(z) is assumed to be positive (semi)-definite
for z≥0, we complete the proof.

Based on the aforementioned results, for any ERK scheme with specified RK coeffi-
cients, it is sufficient to verify the positive definiteness of the corresponding energy stabil-
ity matrix M(z) and its associate symmetric matrix S(z) to examine the energy stability
of the ERK scheme. In the subsequent section, we will introduce first- to fourth-order
ERK schemes and conduct a case-by-case energy stability analysis.

Example 3.1 (ERK(1,1) Scheme). According to (2.8), we reformulate the first stage of the
ERK scheme as

Nκ(un,0=(a1,0τ I)−1
(
ψ1(τLκ)un,1−un,0

)
.
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Upon performing a calculation, we obtain

−Lκun,1+Nκ(un,0)=(a1,0τ I)−1(un,1−un,0)

=τ−1∆1,1(τLκ)(un,1−un,0),

where ∆1,1(τLκ) = (a1,0 I)−1. Consequently, the energy stability matrix of ERK(1,1) is
M(z)=(a1,0)

−1. Given that a1,0 =1 for the underlying RK(1,1) (explicit Euler) coefficient,
S(z)= 1 is obviously positive definite. Therefore, it follows that the ERK(1,1) scheme is
unconditionally energy stable.

Example 3.2 (ERK(2,2) Scheme). According to the second stage of the ERK scheme, we
have

Nκ(un,1)=
(
a2,1τec1τLκ

)−1(
ψ2(τLκ)un,2−un,0−a2,0τNκ(un,0)

)
.

In turn, a careful calculation yields

−Lκun,2+Nκ(un,1)=−Lκun,2+
(
a2,1τec1τLκ

)−1(
ψ2(τLκ)un,2−un,0−a2,0τNκ(un,0)

)

=
(
a2,1τec1τLκ

)−1
(I+a2,0τLκ)un,2−

(
a2,1τec1τLκ

)−1
un,0

−
(
a2,0a−1

1,0 I
)(

a2,1τec1τLκ
)−1(

ψ1(τLκ)un,1−un,0

)

=
(
a2,1τec1τLκ

)−1
(I+a2,0τLκ)(un,2−un,1)

+
(
a2,1a1,0τec1τLκ

)−1
(a1,0−a2,0)I(un,1−un,0)

=τ−1∆2,2(τLκ)(un,2−un,1)+τ−1∆2,1(τLκ)(un,1−un,0),

where we have

∆2,1(z)=
(

a2,1a1,0ec1z
)−1

(a1,0−a2,0),

∆2,2(z)=
(

a2,1ec1z
)−1

(a2,0z+1).

As a result, the energy stability matrix of ERK(2,2) are presented as follows:

M(z)=

[
∆1,1(z) 0
∆2,1(z) ∆2,2(z)

]
=




1

a1,0
0

a1,0−a2,0

a2,1a1,0ec1z

1+a2,0z

a2,1ec1z


.

Consider the following one parameter two-stage, second-order RK coefficients:

0 0 0
α α 0

1− 1

2α

1

2α

, (3.6)
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and substituting these coefficients into the energy stability matrix, we compute the se-
quential principal minor of the associate symmetric matrix S(z), which are

D1=
1

α
, D2=

−α4+2α3−2α2+α(2αz+2α−z)eαz+α−1/4

α2e2αz
.

After careful verification, we conclude that the second leading principal minor, D2, is
nonnegative and monotonically increasing with respect to z for 1/2≤α≤2.185425. Thus,
the first leading principle minor, D1, is naturally nonnegative. The ERK(2,2) is uncon-
ditional energy stable within the aforementioned range of α, which includes some well-
known schemes such as the midpoint scheme (α=1/2), Ralston’s scheme (α=3/4), and
Heun’s second-order scheme (α=1).

Example 3.3 (ERK(3,3) Scheme). For a three-stage ERK scheme, we can reformulate the
nonlinear term Nκ(un,2) as

Nκ(un,2)=
(
a3,2τec2τLκ

)−1(
ψ3(τLκ)un,3−un,0−a3,0τNκ(un,0)−a3,1τec1τLκ Nκ(un,1)

)
,

which will result in the following formulation:

−Lκun,3+Nκ(un,2)

=−Lκun,3+
(
a3,2τec2τLκ

)−1(
ψ3(τLκ)un,3−un,0−a3,0τNκ(un,0)−a3,1τec1τLκ Nκ(un,1)

)

=
(
a3,2τec2τLκ

)−1(
I+a3,0τLκ+a3,1τec1τLκ Lκ

)
un,3−

(
a3,2τec2τLκ

)−1
un,0

−(a3,0a−1
1,0 I
)(

a3,2τec2τLκ
)−1(

ψ1(τLκ)un,1−un,0

)

−
(
a3,2τec2τLκ

)−1
a3,1τec1τLκ

(
a2,1τec1τLκ

)−1

×(ψ2(τLκ)un,2−un,0−a2,0τ(a1,0τ)−1
(
ψ1(τLκ)un,1−un,0

))

=
(
a3,2τec2τLκ

)−1(
I+a3,0τLκ+a3,1τec1τLκ Lκ

)
(un,3−un,2)

+
(
a3,2a2,1τec2τLκ

)−1(
(a2,1−a3,1)I+(a3,0a2,1−a3,1a2,0)τLκ

)
(un,2−un,1)

+
(
a3,2a2,1a1,0τec2τLκ

)−1
(a3,1a2,0+a2,1a1,0−a3,1a1,0−a3,0a2,1)I(un,1−un,0)

=τ−1∆3,3(τLκ)(un,3−un,2)+τ−1∆3,2(τLκ)(un,2−un,1)+τ−1∆3,1(τLκ)(un,1−un,0).

Thus, the following entries are obtained:

∆3,1(z)=
(

a3,2a2,1a1,0ec2z
)−1

(a3,1a2,0+a2,1a1,0−a3,1a1,0−a3,0a2,1),

∆3,2(z)=
(

a3,2a2,1ec2z
)−1(

(a3,0a2,1−a3,1a2,0)z+a2,1−a3,1

)
,

∆3,3(z)=
(

a3,2ec2z
)−1(

a3,1ec1zz+a3,0z+1
)
,
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and the energy stability matrix corresponding to ERK(3,3) is

M(z)=




1

a1,0
0 0

a1,0−a2,0

a2,1a1,0ec1z

1+a2,0z

a2,1ec1z
0

m1

a3,2a2,1a1,0ec2z

m2

a3,2a2,1ec2z

m3

a3,2ec2z




,

where

m1= a3,1a2,0+a2,1a1,0−a3,1a1,0−a3,0a2,1,

m2=(a2,1−a3,1)+(a3,0a2,1−a3,1a2,0)z,

m3=1+a3,0z+a3,1ec1zz.

Consider the following two classical three-stage, third-order RK coefficients:

0 0 0 0
1

3

1

3
0 0

2

3
0

2

3
0

1
1

4
0

3

4

,

0 0 0 0
8

15

8

15
0 0

2

3

1

4

5

12
0

1
1

4
0

3

4

,

Heun’s third-order scheme Wray’s third-order scheme

(3.7)

and we present eigenvalues of the corresponding symmetric matrices S(z) separately in
Fig. 3. It is evident that all eigenvalues are nonnegative, confirming that the ERK(3,3)
scheme under the aforementioned RK coefficients is unconditionally energy stable.

Figure 3: Eigenvalues of S(s) corresponding to ERK(3,3).
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Example 3.4 (ERK(4,4) Scheme). For a four-stage ERK scheme, we can similarly obtain
the expansion of the nonlinear term Nκ(un,3) as

Nκ(un,3)=
(
a4,3τec3τLκ

)−1(
ψ4(τLκ)un,4−un,0−a4,0τNκ(un,0)

−a4,1τec1τLκ Nκ(un,1)−a4,2τec2τLκ Nκ(un,2)
)
,

which will yield the following formulation after careful calculation:

−Lκun,4+Nκ(un,3)

=−Lκun,4+
(
a4,3τec3τLκ

)−1(
ψ4(τLκ)un,4−un,0−a4,0τNκ(un,0)

−a4,1τec1τLκ Nκ(un,1)−a4,2τec2τLκ Nκ(un,2)
)

=
(
a4,3τec3τLκ

)−1(
I+a4,0τLκ+a4,1τec1τLκ Lκ+a4,2τec2τLκ Lκ

)
(un,4−un,3)

+
(
a4,3a3,2τec3τLκ

)−1(
(a3,2−a4,2)I+(a3,2a4,0−a4,2a3,0)τLκ

+(a4,1a3,2−a4,2a3,1)τec1τLκ Lκ

)
(un,3−un,2)

+
(
a4,3a3,2a2,1τec3τLκ

)−1(
(a42a31−a4,2a2,1−a4,1a3,2+a3,2a2,1)I

+(a4,2a3,1a2,0−a4,1a3,2a2,0−a4,2a3,0a2,1

+a4,0a3,2a2,1)τLκ

)
(un,2−un,1)

+
(
a4,3a3,2a2,1a1,0τec3τLκ

)−1(
(a3,2a2,1a1,0−a4,2a2,1a1,0+a4,2a3,1a1,0

−a1,0a3,2a4,1−a2,0a3,1a4,2+a2,0a3,2a4,1

+a2,1a3,0a4,2−a2,1a3,2a4,0)I
)
(un,1−un,0)

=τ−1
(
∆4,4(τLκ)(un,4−un,3)+∆4,3(τLκ)(un,3−un,2)

+∆4,2(τLκ)(un,2−un,1)+∆4,1(τLκ)(un,1−un,0)
)
.

Consequently, the following entries are established for the fourth row of the energy sta-
bility matrix:

∆4,1(z)=
(

a4,3a3,2a2,1a1,0ec3z
)−1(

a3,2a2,1a1,0−a4,2a2,1a1,0+a4,2a3,1a1,0

−a1,0a3,2a4,1−a2,0a3,1a4,2+a2,0a3,2a4,1

+a2,1a3,0a4,2−a2,1a3,2a4,0

)
,

∆4,2(z)=(a4,3a3,2a2,1ec3z)−1
(
(a4,2a3,1a2,0−a4,1a3,2a2,0−a4,2a3,0a2,1

+a4,0a3,2a2,1)z+a42a31−a4,2a2,1

−a4,1a3,2+a3,2a2,1

)
,

∆4,3(z)=
(

a4,3a3,2ec3z
)−1(

(a4,1a3,2−a4,2a3,1)e
c1zz+(a3,2a4,0−a4,2a3,0)z

+a3,2−a4,2

)
,

∆4,4(z)=
(

a4,3ec3z
)−1(

a4,1ec1zz+a4,2ec2zz+a4,0z+1
)
.
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Consider the classical RK(4,4) coefficients

0 0 0 0 0
1

2

1

2
0 0 0

1

2
0

1

2
0 0

1 0 0 1 0

1
1

6

1

3

1

3

1

6

,

and its energy stability matrix

M(z)=




2 0 0 0

2e−
z
2 2e−

z
2 0 0

e−
z
2 e−

z
2 e−

z
2 0

−2e−z ze−z
(
2e

z
2 z+z+4

)
e−z

(
4e

z
2 z+z+6

)
e−z


.

We present the corresponding eigenvalue of S(z) in Fig. 4. It is observed that the eigen-
value is not always nonnegative for z≥ 0. Therefore, the ERK(4,4) can not theoretically
guarantee energy stability.

Figure 4: Eigenvalues of S(z) corresponding to ERK(4,4).

Example 3.5 (ERK(5,4) Scheme). To avoid the tedious of presenting the formulation and
to conserve space, we directly give the entries for the fifth row of the energy stability
matrix as follows:

∆5,1(z)=
(
a5,4a4,3a3,2a2,1a1,0ec4z

)−1

×(a1,0a2,1a3,2a4,3−a1,0a2,1a3,2a5,3+a1,0a2,1a4,2a5,3−a1,0a2,1a4,3a5,2

−a1,0a3,1a4,2a5,3+a1,0a3,1a4,3a5,2+a1,0a3,2a4,1a5,3−a1,0a3,2a4,3a5,1
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+a2,0a3,1a4,2a5,3−a2,0a3,1a4,3a5,2−a2,0a3,2a4,1a5,3+a2,0a3,2a4,3a5,1

−a2,1a3,0a4,2a5,3+a2,1a3,0a4,3a5,2+a2,1a3,2a4,0a5,3−a2,1a3,2a4,3a5,0),

∆5,2(z)=
(
a5,4a4,3a3,2a2,1ec4z

)−1

×(a2,0a3,1a4,3a5,2z−a2,0a3,1a4,2a5,3z+a2,0a3,2a4,1a5,3z−a2,0a3,2a4,3a5,1z

+a2,1a3,0a4,2a5,3z−a2,1a3,0a4,3a5,2z−a2,1a3,2a4,0a5,3z+a2,1a3,2a4,3a5,0z

+a2,1a3,2a4,3−a2,1a3,2a5,3+a2,1a4,2a5,3−a2,1a4,3a5,2−a3,1a4,2a5,3

+a3,1a4,3a5,2+a3,2a4,1a5,3−a3,2a4,3a5,1),

∆5,3(z)=
(
a5,4a4,3a3,2ec4z

)−1

×
(
(a3,1a4,2a5,3−a3,1a4,3a5,2−a3,2a4,1a5,3+a3,2a4,3a5,1)e

c1zz

+(a3,0a4,2a5,3−a3,0a4,3a5,2−a3,2a4,0a5,3+a3,2a4,3a5,0)z

+a3,2a4,3−a3,2a5,3+a4,2a5,3−a4,3a5,2

)
,

∆5,4(z)=
(
a5,4a4,3ec4z

)−1

×
(
(a4,3a5,1−a4,1a5,3)e

c1zz+(a4,3a5,2−a4,2a5,3)e
c2zz

+(a4,3a5,0−a4,0a5,3)z+a4,3−a5,3

)
,

∆5,5(z)=
(
a5,4ec4z

)−1
(a5,1ec1zz+a5,2ec2zz+a5,3ec3zz+a5,0z+1).

We introduce a specific five-stage, fourth-order RK coefficients, commonly referred to
as SSPRK+(5,4) [18] with nondecreasing abscissas c≈ [0,0.4549,0.5165,0.5165,0.9903]⊤

c0 0 0 0 0 0

c1 0.454933915986784 0 0 0 0

c2 0.196211867856647 0.320289519000399 0 0 0

c3 0.080487729600967 0.131385407421748 0.30462824983433 0 0

c4 0.063305675368379 0.103338011789111 0.23959797583628 0.584088613339939 0

1 0.163796836877076 0.231812658796517 0.12523964308588 0.305307460173213 0.173843401067318

In Fig. 5, we show the eigenvalues of the corresponding S(z), in which the minimum
eigenvalue is calculated as 0. It is evident that all eigenvalues are nonnegative, indicating
that the ERK(5,4) scheme with the above RK coefficients is unconditionally energy stable.

Remark 3.1. In this section, we introduce a set of RK coefficients that could theoretically
guarantee the unconditional energy stability of the proposed ERK scheme. To avoid con-
fusion and to facilitate the analysis in the subsequent sections, unless stated otherwise,
we will refer the ERK(2,2) schemes based on Heun’s second-order RK coefficients (i.e.
chosen α = 1 in (3.6)) and the ERK(3,3) scheme utilizing Heun’s third-order RK coeffi-
cients (3.7).

Remark 3.2. As a classical numerical scheme, the multi-step method has been extensively
studied and proven to possess certain discrete gradient structures [2, 3, 13, 31, 32], which
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Figure 5: Eigenvalues of S(z) corresponding to ERK(5,4).

preserves the energy dissipation for gradient flow equations with respect to the origi-
nal energy added numerical correction terms. In contrast to the previous research that
focused on multi-step schemes, our proposed method can maintain the original energy
dissipation without incorporating additional terms. Furthermore, the multi-step scheme
requires solving nonlinear equations at each time step since it is typically constructed
based on the convex splitting scheme, and the ghost point problem at the initial stage
has always been a difficulty that hinders the construction of a high-order scheme. Our
proposed framework can easily construct linear, high-order, and unconditional energy-
stable schemes. Therefore, the ERK schemes we constructed are superior to the tradi-
tional multi-step method when dealing with the gradient flow equation.

4 Convergence analysis

In this section, we give a rigorous convergence estimate for ERK schemes. Although
the analysis is akin for different gradient flow equations, there are some differences in
details. Therefore, we choose the no-slope selection (NSS) thin film growth equation as
an example, whose nonlinear term naturally satisfies the Lipschitz condition, to conduct
the estimate.

The NSS equation, as a class of L2 gradient flow model of the energy functional (1.1)
with

L= ε2∆2, F(u)=−1

2
ln(1+|∇u|2),

and

f (u)=∇·
( ∇u

1+|∇u|2
)

in (1.2), has a wide range of applications in the fields of physics and material science.
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4.1 The Fourier pseudo-spectral discretization

Without loss of generality and to facilitate the subsequent analysis, we impose peri-
odic boundary conditions for the NSS equation and employ the Fourier pseudo-spectral
method to construct the spatial approximation on a 2D rectangular domain

Ω=(x0,x0+Lx)×(y0,y0+Ly).

The results for 3D could be obtained similarly without difficulties. To facilitate the repre-
sentation of the collocation method, we denote Nx and Ny as two positive even integers
and introduce the following index sets:

SN ={(p,q)∈Z
2 |0≤ p≤Nx−1, 0≤q≤Ny−1},

ŜN =

{
(k,l)∈Z

2
∣∣− Nx

2
≤ k≤ Nx

2
−1,−Ny

2
≤ l≤ Ny

2
−1

}
.

The domain Ω is uniformly divided into an Nx×Ny mesh ΩN , which consists of a set
of nodes (xp,yq) with xp = x0+phx ,yq = y0+qhy, and (p,q)∈SN . Here, hx = Lx/Nx and
hy = Ly/Ny represent the mesh size in each direction. In addition, the two-dimensional
periodic grid function space is denoted as MN , i.e.

MN =
{

v : ΩN →R |vp+mNx,q+nNy =vp,q, ∀(p,q)∈SN , (m,n)∈Z
2
}

.

For any v,w∈MN , we denote the discrete L2 inner product 〈·,·〉, discrete L2 inner product
‖·‖, and the L∞ norm as follows:

〈v,w〉=hxhy ∑
(p,q)∈SN

vp,qwp,q, ‖v‖=
√

〈v,v〉, ‖v‖∞ = max
(p,q)∈SN

|vp,q|.

For a periodic grid function g∈MN , we define its discrete Fourier expansion as

gp,q = ∑
(k,l)∈ŜN

ĝk,le
iµxk(xp−x0)+iµyl(yq−y0), (p,q)∈SN ,

where µx = 2π/Lx, and µy = 2π/Ly. The coefficients ĝk,l are obtained using the discrete
Fourier transform (DFT) as follows:

ĝk,l =
1

NxNy
∑

(p,q)∈SN

fp,qe−iµxk(xp−x0)−iµyl(yq−y0), (k,l)∈ŜN .

The Fourier collocation approximations to the first- and second-order partial derivatives
in the x-direction, respectively, become

(Dxg)p,q= ∑
(k,l)∈ŜN

(iµxk)ĝk,le
iµxk(xp−x0)+iµyl(yq−y0),

(
D2

xg
)

p,q
= ∑

(k,l)∈ŜN

(−µ2
xk2
)

ĝk,le
iµxk(xp−x0)+iµyl(yq−y0).
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Naturally, the differential operator in the y-direction can be defined in the same way.
Therefore, for any g∈MN , (g1,g2)⊤∈MN×MN, the discrete gradient, divergence, and
Laplace operator are given respectively by

∇N g=

(
Dxg

Dyg

)
, ∇N ·

(
g1

g2

)
=Dxg1+Dyg2, ∆N g=

(
D2

xg+D2
yg
)
.

The following proposition collects some useful corollaries without proof.

Proposition 4.1. The grid functions and the discrete differential operators have the following
properties:

(i) 〈v,w〉= LxLy∑(k,l)∈ŜN
v̂k,lŵk,l for any v,w∈MN.

(ii) 〈∆Nv,w〉=−〈∇Nv,∇Nw〉= 〈v,∆Nw〉 for any v,w∈MN .

(iii) 〈∆Nv,1〉=0 for any v∈MN .

(iv) ∆N is negative semi-definite on MN .

By applying the above Fourier pseudo-spectral discretization, adding and subtracting
the stabilization term κ∆N u, we obtain the corresponding semi-discrete system (2.1) for
the NSS equation with

Lκ := ε2∆2
N−κ∆N , Nκ(u) :=−∇N ·βκ(∇Nu),

βκ(v)=β(v)+κv, β(v) :=
v

1+|v|2 .

Here, we denote the eigenvalues of −∆N and Lκ as

λk,l =
(
µ2

xk2+µ2
yl2
)

and Λk,l = ε2λ2
k,l+κλk,l ,

respectively, for (k,l)∈ ŜN in Fourier space.

Remark 4.1. In this study, we only consider the equation imposed with periodic bound-
ary conditions and utilize the Fourier spectral collocation method for spatial discretiza-
tion. This approach facilitates theoretical analysis and allows us to ignore the spatial
discretization error relative to the temporal part, especially when a sufficiently fine mesh
is employed in numerical experiments. For other boundary conditions, such as the Neu-
mann or Dirichlet ones, similar theoretical techniques could be applied. For instance,
when the homogeneous Neumann boundary condition is imposed, the solution could
be approximated by the Fourier cosine transformation. The theoretical technique can be
similarly applied, and spectral accuracy could also be achievable for spatial discretiza-
tion in experiments. A similar conclusion is also applicable if the homogeneous Dirichlet
boundary conditions are imposed, in which we will take the Fourier sine transformation
to approximate the corresponding solution.
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4.2 Truncation error of the ERK framework

To determine the accuracy of the ERK schemes, we first establish generic order conditions
for an ERK(s,p) scheme. Subsequently, to avoid an excessive discussion length, we focus
on the convergence analysis for the third-order ERK method underlying Heun’s third-
order coefficients in (3.7) for solving the NSS equation. To some extent, the analysis for
other ERK schemes follows a similar approach, and we leave the details to the interested
reader.

We begin by proposing the following lemma to illustrate that the ERK scheme can be
reformulated as the standard explicit RK-type with parametric coefficients.

Lemma 4.1. The ERK scheme (2.8) can be reformulated into the following standard explicit RK-
type: 




un,0=un,

un,i=un+τ
i−1

∑
j=0

âi,j(τLκ)
(
−Lκun,j+Nκ(un,j)

)
, i=1,.. . ,s,

un+1=un,i,

(4.1)

where the coefficients âi,j(τLκ) are explicitly formulated as

âi,j(τLκ)=ψ−1
i (τLκ)

[
ai,je

cjτLκ+τLκ

i−1

∑
k=j+1

ai,keckτLκ âk,j(τLκ)

]
. (4.2)

Proof. We prove this by induction. First, we reformulate the first stage of the ERK scheme
as follows:

un,1=ψ−1
1 (τLκ)

[
un+τa1,0Nκ(u

n)
]

=un+ψ−1
1 (τLκ)

[(
1−ψ1(τLκ)

)
un+τa1,0Nκ(u

n)
]

=un+ψ−1
1 (τLκ)

[
−τa1,0Lκun+τa1,0Nκ(u

n)
]

=un+ψ−1
1 (τLκ)τa1,0

(
−Lκun+Nκ(u

n)
)
.

Denoting â1,0(τLκ)=ψ−1
1 (τLκ)a1,0, we obtain

un,1=un+τâ1,0(τLκ)
(
−Lκun+Nκ(u

n)
)
. (4.3)

Assume that

un,j=un+τ
j−1

∑
k=0

âj,k(τLκ)
(
−Lκun,k+Nκ(un,k)

)
, j=1,.. . ,i−1. (4.4)

By using the induction assumption and definition (2.7) of the operator ψi(·), we can
derive

un,i=ψ−1
i (τLκ)

[
un+τ

i−1

∑
j=0

ai,je
cjτLκ Nκ(un,j)

]
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=un+ψ−1
i (τLκ)

[
−τ

i−1

∑
j=0

ai,je
cjτLκ Lκun+τ

i−1

∑
j=0

ai,je
cjτLκ Nκ(un,j)

]

=un+ψ−1
i (τLκ)

[
−τ

i−1

∑
j=0

ai,je
cjτLκ Lκ

(
un,j−τ

j−1

∑
k=0

âj,k(τLκ)
(
−Lκun,k+Nκ(un,k)

)
)

+τ
i−1

∑
j=0

ai,je
cjτLκ Nκ(un,j)

]

=un+τψ−1
i (τLκ)

i−1

∑
j=0

[
ai,je

cjτLκ+τLκ

i−1

∑
k=j+1

ai,keckτLκ âk,j(τLκ)

]
(
−Lκun,j+Nκ(un,j)

)

=un+τ
i−1

∑
j=0

âi,j(τLκ)
(−Lκun,j+Nκ(un,j)

)

(the summation ∑
i−1
k=j+1 is not performed for j= i−1). The result is proven.

To analyze the order conditions of ERK schemes, we introduce the following au-
tonomous ordinary differential equation (ODE) with an additional stabilization term
κ(u−u),κ>0, i.e. {

ut= f (u)+κu−κu, ∀t∈ (0,T],

u(0)=u0.
(4.5)

Solving this equation using the ERK scheme and utilizing Lemma 4.1, we obtain the
following discretization:





un,0=un,

un,i=un+τ
i−1

∑
j=0

âi,j(τκ) f (un,j), i=1,.. . ,s,

un+1=un,s,

(4.6)

where

âi,j(τκ)=ψ−1
i (ciτκ)

[
ai,je

cjτκ+τκ
i−1

∑
k=j+1

ai,keckτκ âk,j(τκ)

]
.

The parametric Butcher tableau is given by

c ĉ Â

cs ĉs b̂⊤
=

c0 ĉ0 0 0 0 0
c1 ĉ1 â1,0 0 0 0
...

...
...

...
. . . 0

cs−1 ĉs−1 âs−1,0 âs−1,1 . . . 0

cs ĉs âs,0 âs,1 . . . âs,s−1

, (4.7)
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where âi,j represents the abbreviation of âi,j(τκ), and the new parametric abscissas are ob-

tained by ĉi(τκ)=∑
i−1
j=0 âij(τκ). Subsequently, we study the accuracy of the ERK scheme.

Lemma 4.2. Assume the problem (4.5) has an exact solution u ∈ Cp+1[0,T] and un = u(tn).
If the s-stage ERK scheme meets the p-th-order condition (s= p, p≤3) in Table 1, then the ERK
has a O(τp+1) local truncation error, which is

u(tn+1)−un+1=O(τp+1).

Proof. The proof follows similar idea as that of [48, Lemma 3.1]. The details are skipped
for the sake of brevity.

Table 1: Order condition for ERK scheme.

Scheme ERK(1,1) ERK(2,2) ERK(3,3)

Order condition

1 − ĉ1=O(τ) 1− ĉ2=O(τ2), 1− ĉ3=O(τ3),
1

2
− â2,1ĉ1=O(τ)

1

2
− â3,1ĉ1− â3,2ĉ2=O(τ2),

1

3
− â3,1ĉ2

1− â3,2ĉ2
2=O(τ),

1

6
− â3,2â2,1ĉ1=O(τ)

Remark 4.2. Through the use of symbolic mathematical tools, we have confirmed that
all the first- to fourth-order RK coefficients mentioned in the preceding section, which
adhere to the unconditional energy stability conditions of the ERK method, also fulfill
the corresponding order conditions. For ease of reference, unless stated otherwise, in
the subsequent sections of this paper, we denote by ERK(2,2), ERK(3,3) and ERK(5,4) the
ERK schemes based on Heun’s second- and third-order, and five stage, fourth-order RK
coefficients, respectively.

4.3 Convergence estimate for the ERK(3,3) scheme

We first introduce a lemma concerning the nonlinear function in the NSS equation, which
holds significant importance in the following analysis.

Lemma 4.3 ([21]). For the mapping

β :R2 → R
2, β(v)=

v

1+|v|2 ,

the corresponding Jacobian matrix at v=(v1,v2) is

∇β(v)=
1

(1+|v|2)2

(
1−v2

1+v2
2 −2v1v2

−2v1v2 1+v2
1−v2

2

)
.
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The eigenvalues of ∇β(v) are

µ1(v)=
1−|v|2

(1+|v|2)2
, µ2(v)=

1

1+|v|2 ,

and they satisfy −1/8≤µ1(v)≤µ2(v)≤1. Then, we have

|β(v)−β(w)|≤ |v−w|, ∀v,w∈R
2. (4.8)

In the rest of this section, we will conduct the convergence estimate for the NSS equa-
tion in detail. With a sufficiently smooth initial data u0, we assume the exact solution of
the NSS equation preserves a regularity of class R

ue∈R :=H4(0,T;C1)∩H3(0,T;Hm0+3)∩L∞(0,T;Hm0+5).

At the same time, we denote Un as the interpolation values of the exact solution ue at
the mesh ΩN at the fixed time tn. This means Un

p,q :=ue(xp,yq,tn), (p,q)∈SN . The initial
data is given by

U0
p,q=u0

p,q :=u0(xp,yq). (4.9)

For the exact solution ue and its interpolation U, the ERK(3,3) scheme is considered, and
a careful consistency analysis implies that





Un,1=ψ−1
1 (τLκ)

(
Un+

1

3
τNκ(Un)

)
,

Un,2=ψ−1
2 (τLκ)

(
Un+

2

3
τe

1
3 τLκ Nκ(Un,1)

)
,

Un+1=ψ−1
3 (τLκ)

(
Un+

1

4
τNκ(Un)+

3

4
τe

2
3 τLκ Nκ(Un,2)

)
+τRn

(4.10)

with ‖∇N Rn‖2 ≤C(τ3+hm). Here, according to (2.7), the functions ψi(·) have following
form:

ψ1(z)=1+
1

3
z, ψ2(z)=1+

2

3
e

1
3 zz, ψ3(z)=1+

1

4
z+

3

4
e

2
3 zz.

Notice that the profiles Un,1 and Un,2 are the reference solutions constructed based on the
exact interpolation solution Un.

To facilitate the convergence analysis for the ERK(3,3) scheme, we present the follow-
ing preliminary estimates that are needed in the later analysis.

Proposition 4.2. For any z ≥ 0 and m = 1,2,3, ψm(z)> 0 are increasing and have following
estimates:

0≤ψ
− 1

2
1 (z)

(
z

ψ1(z)−1

) 1
2

≤
√

3, (4.11)
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0≤e
1
3 zψ

− 1
2

2 (z)

(
z

ψ2(z)−1

) 1
2

≤
√

6

2
, (4.12)

0≤ψ
− 1

2
3 (z)

(
z

ψ3(z)−1

) 1
2

≤1, (4.13)

0≤e
2
3 zψ

− 1
2

3 (z)

(
z

ψ3(z)−1

) 1
2

≤1. (4.14)

Lemma 4.4. For any periodic grid function v,w∈MN and m=1,2,3, we have

〈Gmv,−∆Nv〉= ε2τ
∥∥(G∗

m)
1
2 ∇N∆Nv

∥∥2
+κτ

∥∥(G∗
m)

1
2 ∆Nv

∥∥2
, (4.15)

〈Gmψm(τLκ)v,−∆Nv〉+‖∇N(w−v)‖2≥〈Gmw,−∆Nw〉, (4.16)

where the operators Gm and G∗
m are defined as

Gm :=1−ψ−1
m (τLκ), G∗

m :=
1−ψ−1

m (τLκ)

τLκ
.

Proof. According to the definition, the discrete Fourier expansion of −ψ−1
m (τLκ)∆Nv is

(
−ψ−1

m ∆Nv
)

i,j
= ∑

k,l∈ŜN

ψ−1
m (τΛk,l)λk,l v̂k,le

iµxk(xi−x0)+iµy(yj−y0).

Consequentially, for identity (4.15), the Parserval theorem yields

〈Gmv,−∆Nv〉=τ
〈(

1−ψ−1
m (τLκ)

)
(τLκ)

−1Lκv,−∆Nv
〉

=τLxLy ∑
k,l∈Ŝh

1−ψ−1
m (τΛk,l)

τΛk,l
Λk,lλk,l|v̂k,l |2

=τLxLy ∑
k,l∈Ŝh

1−ψ−1
m (τΛk,l)

τΛk,l

(
ε2λ3

k,l+κλ2
k,l

)|v̂k,l |2

= ε2τ

∥∥∥∥∥

(
1−ψ−1

m (τLκ)

τLκ

) 1
2

∇N∆Nv

∥∥∥∥∥

2

+κτ

∥∥∥∥∥

(
1−ψ−1

m (τLκ)

τLκ

) 1
2

∆Nv

∥∥∥∥∥

2

,

where the last identity holds because all the eigenvalues of (1−ψ−1
m (τLκ))/(τLκ) are

non-negative.

The inequality (4.16) can be derived in the same manner as follows:

〈Gmψm(τLκ)v,−∆Nv〉+‖∇N(w−v)‖2

= LxLy ∑
k,l∈Ŝh

(
1−ψ−1

m (τΛk,l)
)
ψm(τΛk,l)λk,l |v̂k,l |2+LxLy ∑

k,l∈Ŝh

λk,l |ŵk,l− v̂k,l |2
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= LxLy ∑
k,l∈Ŝh

(
1−ψ−1

m (τΛk,l)
)
λk,l

[
ψm(τΛk,l)|v̂k,l |2+

1

1−ψ−1
m (τΛk,l)

|ŵk,l− v̂k,l |2
]

= LxLy ∑
k,l∈Ŝh

(
1−ψ−1

m (τΛk,l)
)
λk,l

[
|v̂k,l |2+|ŵk,l− v̂k,l |2

+(ψm(τΛk,l)−1)|v̂k,l |2+
1

ψm(τΛk,l)−1
|ŵk,l− v̂k,l |2

︸ ︷︷ ︸
≥2|v̂k,l||ŵk,l−v̂k,l|

]

≥ LxLy ∑
k,l∈Ŝh

(
1−ψ−1

m (τΛk,l)
)
λk,l |ŵk,l|2

=
〈
(1−ψ−1

m (τLκ))w,−∆Nw
〉
.

This completes the proof.

For notational convenience, we denote

en =Un−un, en,i=Un,i−un,i, ∀n≥0, i=1,2. (4.17)

In turn, subtracting the numerical solution (2.8) from (4.10) leads to the error equation





en,1=ψ−1
1 (τLκ)

(
en+

1

3
τ
(

Nκ(Un)−Nκ(un)
))

,

en,2=ψ−1
2 (τLκ)

(
en+

2

3
τe

1
3 τLκ

(
Nκ(Un,1)−Nκ(un,1)

))
,

en+1=ψ−1
3 (τLκ)

(
en+

1

4
τ
(

Nκ(Un)−Nκ(un)
)

+
3

4
τe

2
3 τLκ

(
Nκ(Un,2)−Nκ(un,2)

))
+τRn

(4.18)

with ‖∇N Rn‖≤C(τ3+hm).

Theorem 4.1. Given initial data u0 ∈Cm0+5
per (Ω), and suppose the unique solution for the NSS

equation equipped with periodic boundary conditions is of regularity class R. Let un denote the
numerical solution computed by the ERK(3,3) scheme (2.8). Then, if τ and h are sufficiently
small, the following convergence estimate holds:

∥∥∇Nek
∥∥+
(

1

4
ε2τ

k

∑
j=1

∥∥(G∗
3)

1
2 ∇N∆Nej

∥∥2

) 1
2

≤C∗(τ3+hm), ∀τk≤T. (4.19)

Proof. For the first stage of the error equation (4.18), due to the current form not revealing
a clear relationship between the linear and nonlinear parts, we denote e∗n,1 =ψ−1

1 (τLκ)en
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and rewrite the error equation as the following two-substage system:

e∗n,1−en =
(
ψ−1

1 (τLκ)− I
)
en, (4.20)

en,1−e∗n,1=
1

3
τψ−1

1 (τLκ)
(

Nκ(U
n)−Nκ(u

n)
)
. (4.21)

Taking inner product of (4.20) with −∆N(e
∗
n,1+en) indicates that

〈
e∗n,1−en,−∆N

(
e∗n,1+en

)〉
+
〈

G1en,−∆N

(
e∗n,1+en

)〉
=0. (4.22)

The first term can be analyzed with the help of the summation by parts formula

〈
e∗n,1−en,−∆N

(
e∗n,1+en

)〉
=
∥∥∇Ne∗n,1

∥∥2−
∥∥∇Nen

∥∥2
. (4.23)

For the second part, according to inequality (4.15), we have

〈
G1en,−∆N

(
e∗n,1+en

)〉

=
〈

G1en,−∆Ne∗n,1

〉
+ε2τ

∥∥(G∗
1)

1
2 ∇N∆Nen

∥∥2
+κτ

∥∥(G∗
1)

1
2 ∆Nen

∥∥2
. (4.24)

Therefore, substituting (4.23) and (4.24) into (4.22) implies that

∥∥∇Ne∗n,1

∥∥2−
∥∥∇Nen

∥∥2
+
〈

G1en,−∆Ne∗n,1

〉

+ε2τ
∥∥(G∗

1 )
1
2 ∇N∆Nen

∥∥2
+κτ

∥∥(G∗
1)

1
2 ∆Nen

∥∥2
=0. (4.25)

For the second substage (4.21), taking inner product with −2∆Nen,1 gives

〈
en,1−e∗n,1,−2∆Nen,1

〉
=

2

3
τ
〈

ψ−1
1 (τLκ)

(
Nκ(U

n)−Nκ(u
n)
)
,−∆Nen,1

〉
. (4.26)

Based on (4.16) and (4.25), the term on the left-hand side implies that

〈
en,1−e∗n,1,−2∆Nen,1

〉

=‖∇Nen,1‖2−‖∇Ne∗n,1‖2+‖∇N(en,1−e∗n.1)‖2

=‖∇Nen,1‖2−
∥∥∇Nen

∥∥2
+ε2τ

∥∥(G∗
1)

1
2 ∇N∆Nen

∥∥2
+κτ

∥∥(G∗
1)

1
2 ∆Nen

∥∥2

+
〈

G1en,−∆Ne∗n,1

〉
+‖∇N(en,1−e∗n.1)‖2

≥‖∇Nen,1‖2−
∥∥∇Nen

∥∥2
+ε2τ

∥∥(G∗
1)

1
2 ∇N∆Nen

∥∥2
+κτ

∥∥(G∗
1)

1
2 ∆Nen

∥∥2

+ε2τ
∥∥(G∗

1)
1
2 ∇N∆Nen,1

∥∥2
+κτ

∥∥(G∗
1)

1
2 ∆Nen,1

∥∥2
. (4.27)

Moreover, for the nonlinear error inner product, applying the summation by parts for-
mula and Lemma 4.3 indicates that

2

3
τ
〈

ψ−1
1 (τLκ)

(
Nκ(U

n)−Nκ(u
n)
)
,−∆Nen,1

〉
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=
2

3
τ
〈

ψ−1
1 (τLκ)∇N ·

(
βκ

(
∇NUn

)
−βκ

(
∇Nun

))
,∆Nen,1

〉
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. (4.28)

Here, the second-to-last inequality utilizes the operator estimate (4.11) (in Proposi-
tion 4.2).

Combining (4.26) with (4.27), (4.28) and eliminating the term ε2τ‖(G∗
1)

1/2∇N∆Nen,1‖/2
on the right hand leads to
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.

As a direct result, we obtain a preliminary H1 error estimate in the first ERK stage

‖∇Nen,1‖2≤
(

1+
2

3
(κ+1)2ε−2τ

)∥∥∇Nen
∥∥2

.

By imposing the time step constraint τ≤ (15/8)(κ+1)−2ε2, we obtain
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3
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) 1
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For the second stage of the error equation (4.18), we also decompose it into linear and
nonlinear substages

e∗n,2−en =
(
ψ−1

2 (τLκ)− I
)
en, (4.30)
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3
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1
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)
. (4.31)

By employing the same procedure as in (4.25) and (4.26), we obtain
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. (4.32)
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For the nonlinear error inner product on the right-hand side, according to the operator
estimate (4.12) and the preliminary error estimate (4.29), we obtain
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A substitution into (4.32) yields
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Therefore, a preliminary H1 error estimate has been derived in the second ERK stage,
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provided that τ≤ (1/9)(κ+1)−2ε2.
The analysis in the third stage of the error equation (4.18) follows a similar idea.

Again, we decompose the error equation into linear and nonlinear substages

e∗n,3−en =
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en (4.34)
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For formulation (4.35), repeating the procedure in (4.25) and (4.26) yields
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By combining the operator estimates (4.13) and (4.14) and the preliminary error esti-
mate (4.33), the analysis for the two nonlinear error inner product terms can be similarly
established
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The truncation error inner product term can be bound straightforwardly
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Hence, we derive the following estimate:
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In turn, by using the discrete Grönwall inequality, we obtain the error estimate
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) 1
2
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because ‖∇N Rn‖≤C(τ3+hm). Thus, the proof is completed.

5 Numerical experiments

This section presents a series of numerical experiments using the ERK schemes. Initially,
we verify the convergence rates and subsequently conduct a long-time simulation for the
NSS equation to confirm the energy dissipation characteristics of the proposed schemes.
Furthermore, the long-time simulation also reveals other physical properties, such as the
logarithmic decay for the energy, along with power laws governing the growth of surface
roughness and mound width.

In our experiments, we use the fast Fourier transform (FFT) to ensure computational
efficiency. It is noteworthy that the calculation of exponential functions eciτΛk,l may ex-
ceed the effective range of the floating-point number calculations in a computer, espe-
cially considering that the eigenvalues Λk,l of the operator Lκ are non-negative. To ensure
that scheme (2.8) can be effectively implemented, assuming ci≤1, i=1,.. . ,s, we multiplied
both sides by e−τLκ in each stage of the scheme. This indicated that during the computa-
tion, we used its equivalent form

un,i= ψ̂−1
i (τLκ)

(
e−τLκ un+τ

i−1

∑
j=0

ai,je
(cj−1)τLκ Nκ(un,j)

)
, i=1,.. . ,s,

where

ψ̂i(τLκ)=e−τLκ+τ
i−1

∑
j=0

ai,je
(cj−1)τLκ Lκ .

5.1 Accuracy tests

Example 5.1. In this example, consider the NSS equation on the domain Ω=(0,2π)2 with
ε2=0.01 and T=0.05. The initial condition is set as

u0(x,y)=0.1sin2xsin3y (5.1)

on the uniform mesh N=Nx =Ny, with N=256. To facilitate the evaluation of accuracy
and efficiency, we regraded the result obtained by the ETDRK4 scheme [22] with κ = 0
and τ=2−8δ/5 as the reference solution. Subsequently, numerical simulations is carried
out with κ = 1/16 and various time step sizes τ = 2−kδ, k= 0,1,.. . ,8, and the error with
respect to the L2 and H1 errors is computed with respect to τ.
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We conduct the numerical solution separately using the ERK and IFRK schemes,
both based on the same underlying RK coefficients. For comparison, we also evalu-
ated up-to-third order energy-stable ETDRK schemes [1,10] and the fourth-order ETDRK
schemes [22].

The L2 and H1 errors are shown in Fig. 6. It is evident that all schemes achieve perfect
first- to fourth-order convergence rates in the time direction. Notably, due to the preser-
vation of equilibria, the ERK and ETDRK schemes present higher accuracy than the IFRK
schemes. Additionally, although the ERK(3,3) schemes and ETDRK3 schemes demon-
strate similar accuracy, the coefficients of the ERK(3,3) scheme are sparser than the ET-
DRK3 scheme. Thus, the ERK(3,3) scheme requires less CPU time than the IFRK(3,3) and
ETDRK3 schemes to achieve the same level of accuracy as shown in the figure. Moreover,
when comparing the ERK(5,4) and ETDRK4 schemes, the accuracy results are compara-
ble. Although the ERK(5,4) scheme involves computing one additional stage compared
to the ETDRK4 scheme, leading to slightly lower efficiency, it can theoretically guarantee
energy stability, which the ETDRK4 cannot.

Figure 6: Discrete L2 error (left) and H1 error (right) computed by the ERK and ETDRK schemes at T=0.05

plotted versus the time step τ=2−kδ for k=0,1,. . .,8 and δ=0.005 with a spatial resolution of N=256.

5.2 Coarsening, energy dissipation, and other physical quantities

Example 5.2. For the NSS equation, we are not only interested in the property of energy
dissipation, but also in the scaling laws [35, 42] that govern the energy, average surface
roughness, and average slope, which have attracted significant interest from a physi-
cal perspective. In this example, we aim to present the numerical simulation using the
ERK(3,3) scheme for the NSS equation to observe the long-term behavior of the solu-
tion. Concurrently, we want to demonstrate the unconditional energy stability of the
ERK scheme in long-term simulations, while also emphasizing its ability to maintain
other physical properties. The surface diffusion coefficient is set to be ε= 0.02, the do-
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main is taken to be (0,L)2 with L= 12.8, and the initial condition is set to be a random
state by random numbers varying uniformly from −0.001 to 0.001. The uniform spatial
resolution is given by h= L/N, where N = 512, which is sufficient to capture the small
structures in the solution for the given value of ε.

First, we consider the following important physical quantities in the NSS equation:
(a) the energy E(t), (b) the mass, (c) the average surface roughness

h(t)= |Ω|− 1
2 ‖u(·,t)−ū(t)‖, ū(t)= |Ω|−1

∫

Ω
u(x,t)dx,

and (d) the average slope m(t)= |Ω|−1/2‖∇u(·,t)‖. Here, the surface roughness and av-
erage slope were discretized as follows:

hN(t)=

√
1

NxNy
∑

(i,j)∈SN

|ui,j(t)−ūN(t)|2,

ūN(t)=
1

Nx Ny
∑

(i,j)∈SN

ui,j(t),

mN(t)=

√
1

N2 ∑
(i,j)∈SN

∣∣(∇Nu(t)
)

i,j

∣∣2.

According to previous work [26], the no-slope-selection equation satisfies the following
scaling laws:

E(t)∼O(−lnt), h(t)∼O(t 1
2
)
, m(t)∼O(t 1

4
)
.

To facilitate the long-time simulation, we employed different time step sizes. Specifi-
cally, we set τ=0.004 for the time interval [0,400], τ=0.04 for the time interval [400,6000],
τ=0.1 for the time interval [6000,100000], and τ=0.5 for the time interval [100000,300000].
At each new time step, we initialized the numerical scheme by applying the final time
output of the previous period as the initial data u0. In Fig. 7, we display the snapshots
of the height function u at different times, clearly illustrating the coarsening dynamics
within the system. It can be seen in the earlier period that there were many hills (red)
and valleys (blue) in the profile, while at the final time t = 300000, the system reached
saturation and a distinct one-hill-valley structure emerged, indicating that further coars-
ening was not possible.

The long-term characteristics of the solution, such as the rate of energy decay, the rate
of average height growth, and the rate of mound width growth, offer valuable insights
into the behavior of the system and are of great interest to the surface physics community.
In Fig. 8, we present the semi-log plots of the energy data, the log-log plots of the average
surface roughness data, and the log-log plot of the average mound width data, with
the given physical parameter ε= 0.02. The corresponding fitting lines were obtained by
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Figure 7: Snapshots of the numerical solution u at the indicated time with ε=0.02.

sampling the computed data up to time t=400 and performing the least squares fit. We
utilized the following forms for the fitting line:

E(t)= ae lnt+be, h(t)= ahtbh , m(t)= amtbm , (5.2)

and the following parameters were obtained:

(ae,be)=(−40.170,−151.974), (ah,bh)=(0.411,0.503), (am,bm)=(4.266,0.251),

which clearly demonstrate scaling laws respectively. In addition, we present the evolu-
tion error of the mass in Fig. 8, which, despite the cumulative errors caused by long-term
simulations, verified the mass conservation property of ERK schemes.

Finally, we recall the lower bound of the energy [2]:

E(t)≥ L2

2
ln

(
4ε2π2

L2
− 4ε2π2

L2
+1

)
=: γ. (5.3)

Since the energy is bounded below, it could not keep decreasing at the rate of −lnt, and
this fact can be found in the energy profile, where the decreasing rate begins to deviate
significantly from the theoretical prediction. Regardless of the later time deviation from
the accepted rates, the energy at which the system saturated is roughly consistent with
the predicted minimum energy (5.3).

Example 5.3. In this example, we consider the phase field crystal (PFC) equation, which
is a classical six-order in space model designed for studying the dynamics of atomic-
scale crystal growth on a diffusive time scale. Introduced by Elder et al. [7], the PFC
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(a) (b)

(c) (d)

Figure 8: (a): Semi-log plot of the temporal evolution of the energy E(t) for ε=0.2. The energy decreases like
−lnt until saturation, and the dotted line denotes the minimum energy reached by the numerical simulation.
(b): Log-log plot of the temporal evolution error of the mass. (c): Log-log plot of the average surface roughness

u, denoted as h(t), which grows like t1/2. (d): Log-log plot of the average mound width, denoted as m(t),
which grows like t1/4.

equation serves as an H−1 gradient flow model for the energy functional (1.1), with the
linear operator L= (1+∆)2 and nonlinear potential F(u) = u4/4−εu2/2, where ε> 0 is
a constant parameter. We intend to simulate the evolution of polycrystals by utilizing the
PFC equation in a cubic domain. The specific procedures are detailed as follows. First,
we construct three crystallites oriented with distinct directions by simulating the phase
separation in a small domain Ω=(0,32)3, which is initiated with a random constant state
u0(x,y)=0.285+0.1×rand(x,y), and then we evolve it to a periodic body-centered-cubic
(BCC) crystal lattice. Note that rand(x,y) represents a uniformly distributed random
variable within the range (−1,1). Following this, the three BCC crystallites are superim-
posed into a uniform density field u0(x,y) = 0.285 within a larger domain Ω= (0,128)3

and simulate the growth and interactions of crystallites in a super-cooled liquid.
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Initially, we simulate the phase separations using the ERK(5,4) scheme present in
Example 3.5 with τ = 0.1 from a random initial state in the domain Ω = (0,32)3, with
N = 64, ε= 0.25, and terminal time T = 1500. Noting that the numerical solution consis-
tently remains below 1, we set κ=2 for simulation. The snapshots of the crystallite growth
are presented in Fig. 9, which clearly depicts the transformation of the system from a dis-
ordered state to a steady condition exhibiting a regular BCC pattern at T = 1500. This
state is selected as the initial crystallite for the subsequent crystal growth simulation in
a larger domain. Fig. 10 illustrates the dissipation of energy (top row) and conservation
of mass (bottom row) as the dynamics evolve. The marked points on the energy curve
correspond to the captured moments depicted in Fig. 9.

In addition, we simulate the interaction between the three crystallites within a larger
domain Ω = (0,128)3 using the ERK(5, 4) scheme with τ = 1, N = 256, and final time
T = 1000. The three crystallites are injected into a uniform density field u0 = 0.285 and
positioned at (32,96,96), (96,96,96) and (64,32,32), respectively. The evolution of crystal
growth at time instants t=0,80,150, and 1000 is depicted in Fig. 11. The crystalline phases
continue to expand and interact at approximately t=80, ultimately overspreading the en-
tire domain and forming a prominent grain boundary. Fig. 10 demonstrates a monotone
energy dissipation and the mass conservation to machine accuracy. We also note that due
to the differing initial BCC patterns, the energy experiences a rapid decline in the initial
stage. Consequently, this accelerates the process of reaching the equilibrium energy level
in a large domain.

Figure 9: Snapshots of isosurfaces (first and third columns) and slice views (second and fourth columns) of
3D crystal growth, at t = 400,500,1500, computed using the ERK(5,4) scheme with random initial states.
Parameters: ε=0.25,κ=2.
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Figure 10: Evolution of the energy (top row) and relative mass error (bottom row) of the 3D crystal growth,

computed by the ERK(5,4) scheme with random initial states in Ω=(0,32)3 (left and middle columns), and

initial BCC patterns in Ω=(0,128)3 (right column). Parameters: ε=0.25,κ=2.

Figure 11: Snapshots of isosurfaces (top row) and slice views (bottom row) illustrating the 3D crystal growth
at time instants t=0,80,150,1000 computed by the ERK(5,4) scheme, starting with three initial BCC patterns.
Parameters: ε=0.25,κ=2.

6 Conclusions

In this article, we have proposed and analyzed a novel class of up to fourth-order energy-
stable ERK schemes for gradient flow equations, specifically targeting those nonlinear
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terms that satisfy the global Lipschitz continuity. By examining the exponential de-
cay/growth phenomenon within the IFRK framework, we devised novel approximations
that combine exponential and linear functions to address this issue effectively. This led
to the development of the ERK framework.

Furthermore, by utilizing the linear splitting (stabilization) technique, we presented
a unified analytical framework to examine the energy stability for the ERK schemes un-
derlying specific RK coefficients. Additionally, leveraging the rooted tree theory, we de-
rived generic order conditions and determined the truncation error of ERK schemes with
specific RK coefficients. By decomposing each stage of the ERK(3,3) scheme into a two-
substage system and employing a meticulous Fourier eigenvalue estimate for these op-
erators, we conducted an optimal rate error estimation for the NSS equation. Finally, we
presented several numerical experiments to demonstrate the robustness and convergence
of the proposed numerical scheme.

As a class of single-step methods, our approach holds a distinct advantage over high-
order energy-stable multi-step methods. The multi-step methods have strict restrictions
on the ratio of adjacent step sizes to maintain energy stability and the energy is a modified
one. In contrast, our scheme does not restrict the time step size to preserve the original
energy, making it more particularly well-suited for long-term simulations of gradient
flow equations using adaptive time-stepping strategies. Additionally, the proposed ERK
framework and the convergence analysis can be easily applied to general gradient flows.
However, the global-in-time energy stability for models whose nonlinear terms do not
satisfy the Lipschitz condition, such as the Allen-Cahn, Cahn-Hilliard, and phase field
crystal equations, warrants further exploration. These technical details will be the focus
of future work.
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