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Abstract. Multi-scale models improve the prediction of key epidemic factors and dis-
ease prevalence by capturing the interaction between individual immune responses
and the spread of diseases among the population, helping to implement targeted con-
trol strategies for disease management. In this paper, we develop a novel size-structu-
red influenza model based on the nested rules, aiming to explore how the replication
of influenza virus affects its transmission at a population level. We calculate the basic
reproduction numbers separately at the individual and population levels and rigor-
ously prove the conditions under which the feasible equilibrium exists and is stable.
Then, by evaluating the effectiveness of four measures consisting of individual antivi-
ral treatment and population vaccination, we can determine an optimal treatment to
minimize both the influenza cases and the total expenditure on influenza prevention.
Numerical results reveal the complex interactions between the two interventions and
the progression of the epidemic.

AMS subject classifications: 92D30, 92D25
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1 Introduction

Influenza is a kind of respiratory infectious disease. According to the different core pro-
tein types of the virus, it is classified into four types (A, B, C, and D). Among these,
influenza A viruses (IAVs) transmit through droplets and aerosols, adhering to the ep-
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ithelial cells of an individual’s respiratory tract, proliferating and causing influenza. This
can lead to pneumonia and potentially trigger other complications in patients [7]. During
the 1918-1919 influenza pandemic, approximately a third of people were infected, which
resulted in an estimated 100 million deaths worldwide [38]. To date, more than 15 mil-
lion cases of respiratory tract infectious have been reported, resulting in approximately
200,000 hospitalizations attributed to IAVs [27]. Since the three globally well-known in-
fluenza pandemics in the 20th century, influenza has remained a major threat to global
public health and economic development, despite the advances in medicine [20, 24, 35].

Within a host, the immune response is vital for limiting IAV propagation and mit-
igating the impact of influenza. Actually, IAV infection is usually self-limited due to
the interaction between IAV replication and adaptive immunity [40]. The hemagglutinin
(HA) of IAVs binds to receptors on the surface of a host cell, promoting endocytosis and
the fusion of the virion with epithelial cells [34]. This process activates the host immune
response and eliminates the infected epithelial cells. At the beginning of infection, the
host immune system initiates an innate immune response. Natural killer cells (NK) and
type I interferon (IFN)-I help resist viral invasion by promoting phagocytosis and clear-
ance of IAV [2, 43]. Meanwhile, adaptive immune response is stimulated accordingly.
CD8+T cells (CTLs) initiate immune effects by recognizing and binding to viral antigens.
Activated CTLs proliferate and differentiate into effector cells, which are capable of elim-
inating infected cells and clearing IAVs by releasing cytotoxic substances [37]. In the
initial phase of infection with IAV in humans and animals, the viral load typically in-
creases sharply within the first 1-2 days and subsequently reaches a peak. Although the
severity of the illness may not be directly linked to the level of the virus loads or particu-
lar immune factors [14], a higher viral load can still impact how the disease evolves [5].
Comprehending the relationships among viral load, immune response, and progression
of disease are significant for predicting health conditions of patients and implementing
corresponding measures [30].

During an infectious process, when the virus invades the human body, there occurs
an interaction between the evolution of the virus within a host and the dynamics of trans-
mission among individuals. The immune-pathogen interactions within an individual are
investigated by the within-host model, while disease transmission and strategies for its
control are addressed by the between-host model. To build a bridge between the two
scales, Gilchrist and Sasaki were the first to propose the multi-scale models, which have
since been widely applied in the dynamic analysis of various chronic diseases [13], such
as HIV [11], Cholera [29], Influenza [17, 28] and others [16, 21]. The main linking mecha-
nism for within-host to between-host model is transmission rate, while the linking mech-
anisms for between-host to within-host model are pathogen loads and growth rates [8].
For parasitic infection models, the coupled models can help to determine critical condi-
tions that lead to a rise in parasite within a host and provide strategic guidance for dis-
ease prevention and control [6]. Under such circumstances where predators are present
or there is a competition among populations, the probable characteristics of diseases and
their main roles in the dynamics of predator-prey were studied in [3]. The relationship
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between pathogen invasion and the activation of individual immune response was in-
vestigated in [23, 25, 26], aiming to explore how individual’s immunity influences epi-
demic outcomes. However, the studies mentioned above either assume a homogeneous
environment or consider that age-since-infection increases synchronously over time. Ac-
tually, age-since-infection evolves within a host at hours, while the increase of time at
a population level is day, week or year. Hence, they have a distinct inconsistence. Such
phenomenon now is characterized by a size-structured model. Few studies have inves-
tigated the trade-offs of pathogens and the immune response in size-structured coupled
systems.

In our research, we formulate an influenza immuno-epidemiological model by ap-
plying the nested law, which integrates the within-host and between-host dynamics. The
former describes the interplay between IAV and immune response, while the latter is
developed by a size-structured model, where the distribution of patients is structured
by age-since-infection and time. In addition to the dynamical analysis of the model, we
evaluate the contributions of antiviral treatment and vaccination on combating influenza
by applying the optimal control theory. Recently, some researches on influenza modeling
have focused on developing reasonable and effective control measures to minimize the
spread of IAV infection [19, 22, 36, 39]. Two popular strategies for managing influenza
spread are enhancing immunity through vaccination and reducing the risk of complica-
tions with antiviral therapy [15]. Serum antibodies play a major role in the protection
provided by inactivated influenza vaccines [9], as vaccination boosts antibody levels and
lowers the risk of disease from similar strains [32]. Antiviral treatment, involving neu-
raminidase inhibitors (NAIs) like oseltamivir and zanamivir, helps inhibit viral replica-
tion, reduce symptoms, shorten disease duration, and minimize complications [12]. In
research on the optimal control of epidemics, the evaluation methods for various control
strategies can be found in [18, 31, 33, 42].

The research conducted in this study is outlined below. In the next section, we pro-
pose a within-host model to describe IAV infection process at an individual level. In
Section 3, we establish the connection mechanisms within a host and between hosts, pro-
pose a size-structured immuno-epidemiological model for influenza, and investigate the
dynamical properties of the coupled systems. Section 4 introduces an optimal control
system that incorporates antiviral therapy and vaccination strategies. We provide the
derivation process of adjoint system and demonstrate the expression of its solution. We
provide a numerical algorithm for the optimal control system and evaluate the effec-
tiveness and cost of each strategy in Section 5. Lastly, a brief discussion is provided in
Section 6.

2 Within-host model

To explore how pathogens interact with immune response within an individual, we sim-
plify the within-host model proposed in [4] to develop our model. This model assumes
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that the effect of cytotoxic CD8+T cells on clearing infected cells is analogous to the pro-
cess of virus elimination. Specifically, IAV infects epithelial cells in the respiratory tract,
leading to viral replication, while CTLs recognize and kill virus, thereby limiting viral
spread. By studying this interaction, we aim to gain a deeper understanding of the im-
mune system’s control over IAV infection and the factors that determine disease out-
comes at an individual level. The dynamics of IAV and CTLs are represented by the
following equations:

dP(x)

dx
= rpP(x)

(
1−

P(x)

Kp

)
−CpP(x)E(x),

dE(x)

dx
=

βeE(x)P(x)

P(x)+Ke
−CeE(x)+Se,

(2.1)

where P(·) and E(·) represent the concentrations of IAV and pathogen-specific CTLs
at age-of-infection x, respectively. The parameter Kp sets the upper limit for the self-
replicating concentration of IAVs. rp and CpE(·) denote the rate of IAV replication and
the rate at which IAV is eliminated by CTLs. Se and Ce represent the rate of CTLs regener-
ation and decay, respectively. Additionally, the proliferation rate of CTLs is represented
by βe, and the half-saturation coefficient is Ke. The initial values for system (2.1) are

P(0)=P0≥0, E(0)=E0 ≥0.

First, the positively invariant set of system (2.1) is

Ω1=

{
(P0,E0)∈R

2 |0≤P0≤Kp, 0≤E0≤
Se

Ce−βeKp/(Kp+Ke)

}
.

Then, the immune reproduction number is defined as

RP
0 =

rpCe

CpSe
. (2.2)

According to [41, Lemma 2.1, Theorems 2.2 and 2.3], we conclude that when P∗ satisfies
the following equation:

1

Kp

(
1−

βe

Ce

)
P2+

[
Ke

Kp
+

1

RP
0

−

(
1−

βe

Ce

)]
P+

(
1

RP
0

−1

)
Ke=0, (2.3)

and if RP
0 > 1, then for all φ ∈ Ω1\(0,Se/Ce), the virus transmission equilibrium EP

∗ =
(P∗,E∗) with P∗∈(0,Kp) is globally asymptotically stable, where E∗=(rp/Cp)(1−P∗/Kp).

3 Between-host model

To analyze the transmission of influenza A in a population, we next develop a model
that describes the interaction among individuals. The model extends the physiologically
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structured model from [25]. We introduce two preventative strategies to reduce IAV in-
fection: vaccination and antiviral medication. The transmission and recovery rates are
used to link the dynamics between individuals and the population, enabling us to un-
derstand how these two scales work together to affect the IAV transmission.

The model consists of four groups: susceptible (S), vaccinated (V), infected (I) and
recovered (R) individuals. The individuals who are infected have a density of i(x,t) with
age-since-infection x at time t. The probability of susceptible individuals acquiring an in-
fection through contact with infected individuals is S(t)

∫ ∞

0 β(x)i(x,t)dx, while the prob-
ability of vaccination is ϕ. The immunity of vaccinated individuals will weaken over
time and they will be reinfected at rate σV(t)

∫ ∞

0 β(x)i(x,t)dx. Based on aforementioned
mechanisms, we can propose the model as below

dS(t)

dt
=Λ−ϕS(t)−S(t)

∫ ∞

0
β(x)i(x,t)dx−µS(t), (3.1a)

dV(t)

dt
= ϕS(t)−σV(t)

∫ ∞

0
β(x)i(x,t)dx−µV(t), (3.1b)

it(x,t)+
(

g(x)i(x,t)
)

x
=−

(
γ(x)+µ

)
i(x,t), (3.1c)

g(0)i(0,t)=S(t)
∫ ∞

0
β(x)i(x,t)dx+σV(t)

∫ ∞

0
β(x)i(x,t)dx, (3.1d)

dR(t)

dt
=
∫ ∞

0
γ(x)i(x,t)dx−µR(t), (3.1e)

where the recruitment rate is denoted by Λ, and µ represents the rate of natural death.
The virus conversion rate is denoted by the function g(·)∈C1(R+) with g′(x)+γ(x)+µ>0
a.e x∈R+, while σ quantifies the influenza vaccine’s inefficacy. The transmission function
β(·) and treatment function γ(·) are functions of IAV loads and the sizes of immune cells,
i.e.

β(·)=βP(·), γ(·)=γE(·),

where β and γ are scaler coefficients. The initial values of system (3.1) are

S(0)=S0∈R, I(x,0)= I0(x)∈L
1(R+), V(0)=V0∈R, R(0)=R0∈R.

Since the Eq. (3.1e) can be derived from the other equations, we directly analyze the
simplified system below

dS(t)

dt
=Λ−ϕS(t)−S(t)

∫ ∞

0
β(x)i(x,t)dx−µS(t),

dV(t)

dt
= ϕS(t)−σV(t)

∫ ∞

0
β(x)i(x,t)dx−µV(t),

it(x,t)+
(

g(x)i(x,t)
)

x
=−

(
γ(x)+µ

)
i(x,t),

g(0)i(0,t)=S(t)
∫ ∞

0
β(x)i(x,t)dx+σV(t)

∫ ∞

0
β(x)i(x,t)dx.

(3.2)
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Apparently, E0=(S0,V0,0) is the infection-free equilibrium of system (3.2), where

S0=
Λ

ϕ+µ
, V0=

Λϕ

µ(ϕ+µ)
.

We linearize above system at E0 to obtain the solution for i(x,t).

it(x,t)+
(

g(x)i(x,t)
)

x
=−

(
γ(x)+µ

)
i(x,t), (3.3a)

g(0)i(0,t)=S0
∫ ∞

0
β(x)i(x,t)dx+σV0

∫ ∞

0
β(x)i(x,t)dx. (3.3b)

We make the assumption that g′(x)< 0 and let x = G(t)+C represent the characteristic
curve of Eq. (3.3). Then, we have

G−1(x−C)=
∫ x

0

ds

g(s)
,

and it satisfies that G−1(0)=0 and G−1(∞)=∞. We solve Eq. (3.3) as below

i(x,t)=





i
(
0,t−G−1(x)

)
Π
(
G−1(x)

)
, t>G−1(x),

i0
(
G(G−1(x)−t)

) Π
(
G−1(x)

)

Π
(
G−1(x)−t

) , t<G−1(x),
(3.4)

where

Π
(
G−1(x)

)
= e−

∫ G−1(x)
0 (γ(G(ξ))+gx(G(ξ))+µ)dξ.

Substituting i(x,t) into the Eq. (3.3b), we have

i(0,t)=
S0+σV0

g(0)

(∫ G(t)

0
β(x)i

(
0,t−G−1(x)

)
Π
(
G−1(x)

)
dx (3.5)

+
∫ ∞

G(t)
β(x)i0

(
G(G−1(x)−t)

) Π
(
G−1(x)

)

Π
(
G−1(x)−t

)dx

)

=
S0+σV0

g(0)

∫ t

0
β
(

G(t−ω)
)
Π(t−ω)g

(
G(t−ω)

)
i(0,ω)dω

+
S0+σV0

g(0)

∫ ∞

G(t)
β(x)i0

(
G(G−1(x)−t)

) Π
(
G−1(x)

)

Π
(
G−1(x)−t

)dx

=
∫ t

0
K(t−ω)i(0,ω)dω+

S0+σV0

g(0)

∫ ∞

G(t)
β(x)i0

(
G(G−1(x)−t)

) Π
(
G−1(x)

)

Π
(
G−1(x)−t

)dx,

where

K(ω)=
S0+σV0

g(0)
β
(

G(ω)
)
Π(ω)g

(
G(ω)

)
.
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By the knowledge of renewal equation in [10], we define the basic reproduction number
of system (3.2) by

R0=
∫ ∞

0
K(ω)dω=

S0+σV0

g(0)

∫ ∞

0
β
(

G(ω)
)
Π(ω)g

(
G(ω)

)
dω

=
S0+σV0

g(0)

∫ ∞

0
β
(

G(ω)
)
e
−
∫ G(ω)

0
γ(s)+µ+gx(s)

g(s)
ds

g
(

G(ω)
)
dω

=(S0+σV0)
∫ ∞

0

β(x)

g(x)
e
−
∫ x

0
γ(s)+µ

g(s)
ds

dx, (3.6)

where 1/g(x) denotes the amount of time required for unit size growth. The exponen-

tial term e−
∫ x

0 (γ(s)+µ)/g(s)ds represents the probability that an infected individual survives

from size 0 to x. Hence, β(x)e−
∫ x

0 (γ(s)+µ)/g(s)ds/g(x) describes the expected number of
secondary infections caused by an individual at size x. Therefore, R0 quantifies the total
number of secondary infections generated by a single infected individual throughout the
course of infection within the population of susceptible S0+σV0.

3.1 The existence of equilibria

Theorem 3.1. R0 is defined in (3.6). We have the following statements:

(1) If R0<1, there is a disease-free equilibrium

E0=(S0,V0,0)=

(
Λ

ϕ+µ
,

Λϕ

µ(ϕ+µ)
,0

)

in system (3.2).

(2) If R0>1, there are two equilibrium in system (3.2), i.e. the disease-free equilibrium E0 and
the epidemic equilibrium E∗=(S∗,V∗,i∗(·)). The expressions for S∗,V∗,i∗ are provided as
proof.

Proof. The epidemic equilibrium E∗=(S∗,V∗,i∗(·)) satisfies

Λ−ϕS∗−S∗
∫ ∞

0
β(x)i∗(x)dx−µS∗=0, (3.7a)

ϕS∗−σV∗
∫ ∞

0
β(x)i∗(x)dx−µV∗=0, (3.7b)

g(x)i∗x(x)=−
(
γ(x)+gx(x)+µ

)
i∗(x), (3.7c)

g(0)i∗(0)=S∗
∫ ∞

0
β(x)i∗(x)dx+σV∗

∫ ∞

0
β(x)i∗(x)dx. (3.7d)

Solving (3.7), we obtain

S∗=
Λ

ϕ+µ+i∗(0)
∫ ∞

0
β(x)Π

(
G−1(x)

)
dx

, (3.8)
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i∗(x)= i∗(0)e
−
∫ x

0
γ(s)+gx(s)+µ

g(s)
ds
= i∗(0)Π

(
G−1(x)

)
, (3.9)

V∗=
ϕS∗

µ+σi∗(0)
∫ ∞

0
β(x)Π

(
G−1(x)

)
dx

. (3.10)

Substituting (3.9) and (3.10) into the Eq. (3.7d), yields

g(0)i∗(0)=(S∗+σV∗)i∗(0)
∫ ∞

0
β(x)Π

(
G−1(x)

)
dx (3.11)

= i∗(0)S∗


1+

σϕ

µ+σi∗(0)
∫ ∞

0
β(x)Π

(
G−1(x)

)
dx



∫ ∞

0
β(x)Π

(
G−1(x)

)
dx.

If i∗(0) 6=0, dividing both sides by i∗(0), we have following expression of function Q:

1=
S∗

g(0)


1+

σϕ

µ+σi∗(0)
∫ ∞

0
β(x)Π

(
G−1(x)

)
dx



∫ ∞

0
β(x)Π

(
G−1(x)

)
dx=:Q[i∗(0)]. (3.12)

Apparently, Q[i∗(0)] monotonically decreases as i∗(0) increases and satisfies

lim
i∗(0)→ī∗(0)

Q[i∗(0)]=
Λ

∫ ∞

0
β(x)Π

(
G−1(x)

)
dx

g(0)

(
ϕ+µ+ ī∗(0)

∫ ∞

0
β(x)Π

(
G−1(x)

)
dx

)

×


1+

σϕ

µ+σī∗(0)
∫ ∞

0
β(x)Π

(
G−1(x)

)
dx




≤
Λ

∫ ∞

0
β(x)Π

(
G−1(x)

)
dx

g(0)

(
ϕ+ ī∗(0)

∫ ∞

0
β(x)Π

(
G−1(x)

)
dx

)
ϕ+ ī∗(0)

∫ ∞

0
β(x)Π

(
G−1(x)

)
dx

ī∗(0)
∫ ∞

0
β(x)Π

(
G−1(x)

)
dx

=
Λ

g(0)

1

ī∗(0)
=

µ

(S0+σV0)β̄
<

1

R0
<1,

where

ī∗(0)=
(S0+σV0)β̄Λ

g(0)µ
, β(·)≤ β̄,

Q(0)=
∫ ∞

0

S0+σV0

g(0)
β
(

G(ω)
)
Π(ω)g

(
G(ω)

)
dω=R0.
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Therefore, if R0 > 1, there is a unique positive solution to the equilibrium equation
(3.12), which implies the existence of an endemic equilibrium E∗=(S∗,V∗,i∗(·)). Other-
wise, if the Eq. (3.12) has no positive solution, indicating that system (3.2) does not have
an endemic equilibrium.

3.2 Local stability of the disease-free equilibrium

Theorem 3.2. The disease-free equilibrium E0 is locally asymptotically stable when R0 < 1,
and E0 becomes unstable when R0>1.

Proof. To investigate the stability of E0, we introduce the following perturbations:

S̄(t)=S(t)−S0, V̄(t)=V(t)−V0, ī(x,t)= i(x,t).

Then we linearize system (3.2) and assume

S̄(t)= S̄eλt, V̄(t)= V̄eλt, ī(x,t)= ī(x)eλt,

which yields

λS̄=−ϕS̄−S0
∫ ∞

0
β(x)ī(x)dx−µS̄, (3.13a)

λV̄= ϕS̄−σV0
∫ ∞

0
β(x)ī(x)dx−µV̄, (3.13b)

λī(x)+g(x)īx(x)=−
(
γ(x)+gx(x)+µ

)
ī(x), (3.13c)

g(0)ī(0)=(S0+σV0)
∫ ∞

0
β(x)ī(x)dx. (3.13d)

The solution of ī(x) can be expressed by

ī(x)= ī(0)e
−
∫ x

0
γ(s)+gx(s)+µ+λ

g(s)
ds

.

We substitute it to the Eq. (3.13d) and obtain

g(0)ī(0)=(S0+σV0)ī(0)
∫ ∞

0
β(x)e

−
∫ x

0
γ(s)+gx(s)+µ+λ

g(s)
ds

dx

=(S0+σV0)ī(0)
∫ ∞

0
β(x)Π

(
G−1(x)

)
e−λG−1(x)dx. (3.14)

Case 1: If ī(0) 6=0, the following equation is derived

1=
S0+σV0

g(0)

∫ ∞

0
β(x)Π

(
G−1(x)

)
e−λG−1(x)dx=: H(λ). (3.15)
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(1) If λ∈R, then H(λ) monotonically decreases as λ increases and

lim
λ→−∞

H(λ)=+∞.

Moreover, if R0<1, then

H(0)=
S0+σV0

g(0)

∫ ∞

0
β(x)Π

(
G−1(x)

)
dx=R0 <1.

Thus, H(λ)=1 has no non-negative real roots.

(2) If λ∈C, assume ℜλ≥0, then

1= |H(λ)|≤ |H(ℜλ)|≤ |H(0)|=R0 ,

which contradicts with R0<1, so the real part of λ is negative.

Case 2: If ī(0)=0, we obtain λ=−ϕ−µ, which is derived from the Eq. (3.13a).

In a word, if R0<1, then any solution of Eq. (3.15) is either negative or has a negative
real part, indicating that E0 is locally asymptotically stable. Conversely, if R0 >1, based
on the properties of H(λ), there is at least one positive solution to Eq. (3.15), implying
that E0 is unstable.

3.3 Local stability of endemic equilibrium

Assuming R0>1 and linearizing system (3.2) at E∗ with

S̃(t)=S(t)−S∗, Ṽ(t)=V(t)−V∗, ĩ(x,t)= i(x,t)−i∗(x),

we have

dS̃(t)

dt
=−ϕS̃(t)−S̃(t)

∫ ∞

0
β(x)i∗(x)dx−S∗

∫ ∞

0
β(x)ĩ(x,t)dx−µS̃(t),

dṼ(t)

dt
= ϕS̃(t)−σṼ(t)

∫ ∞

0
β(x)i∗(x)dx−σV∗

∫ ∞

0
β(x)ĩ(x,t)dx−µṼ(t),

ĩt(x,t)+
(

g(x)ĩ(x,t)
)

x
=−

(
γ(x)+µ

)
ĩ(x,t),

g(0)ĩ(0,t)=
(
S̃(t)+σṼ(t)

)∫ ∞

0
β(x)i∗(x)dx+(S∗+σV∗)

∫ ∞

0
β(x)ĩ(x,t)dx.

(3.16)

We seek solutions of the form S̃(t)= S̃eλt, Ṽ(t)=Ṽeλt and ĩ(x,t)= ĩ(x)eλt. Substituting the
appropriate form in (3.16) yields

λS̃=−ϕS̃−S̃
∫ ∞

0
β(x)i∗(x)dx−S∗

∫ ∞

0
β(x)ĩ(x)dx−µS̃, (3.17a)

λṼ= ϕS̃−σṼ
∫ ∞

0
β(x)i∗(x)dx−σV∗

∫ ∞

0
β(x)ĩ(x)dx−µṼ, (3.17b)
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λĩ(x)+
(

g(x)ĩ(x)
)

x
=−

(
γ(x)+µ

)
ĩ(x), (3.17c)

g(0)ĩ(0)=(S̃+σṼ)
∫ ∞

0
β(x)i∗(x)dx+(S∗+σV∗)

∫ ∞

0
β(x)ĩ(x)dx. (3.17d)

Solving the Eq. (3.17c) gives

ĩ(x)=
g(0)ĩ(0)

g(x)
e
−
∫ x

0
γ(s)+µ+λ

g(s)
ds

. (3.18)

Adding the Eqs. (3.17a) and (3.17b) together and plugging them into the Eq. (3.17d), we
obtain

g(0)ĩ(0)=−(λ+µ)(S̃+Ṽ)

=(λ+µ)




S∗
∫ ∞

0
β(x)ĩ(x)dx

λ+µ+ϕ+
∫ ∞

0 β(x)i∗(x)dx
+

σV∗
∫ ∞

0
β(x)ĩ(x)dx−ϕS̃

λ+µ+σ

∫ ∞

0
β(x)i∗(x)dx




=

[
S∗

(
λ+µ+σ

∫ ∞

0
β(x)i∗(x)dx

)
+σV∗

(
λ+µ+ϕ+

∫ ∞

0
β(x)i∗(x)dx

)
+ϕS∗

]

×
(λ+µ)

∫ ∞

0
β(x)ĩ(x)dx

(
λ+µ+ϕ+

∫ ∞

0
β(x)i∗(x)dx

)(
λ+µ+σ

∫ ∞

0
β(x)i∗(x)dx

) . (3.19)

Then, taking Eqs. (3.10), (3.18) and dividing both sides of (3.19) by g(0)ĩ(0), we have

1=
S∗(λ+µ)

∫ ∞

0
β(x)/g(x)e

−
∫ x

0
γ(s)+µ+λ

g(s)
ds

dx
(

λ+µ+ϕ+
∫ ∞

0
β(x)i∗(x)dx

)(
λ+µ+σ

∫ ∞

0
β(x)i∗(x)dx

)

×



(

λ+µ+σ

∫ ∞

0
β(x)i∗(x)dx

)
+

σϕ

(
λ+µ+ϕ+

∫ ∞

0
β(x)i∗(x)dx

)

µ+σ

∫ ∞

0
β(x)i∗(x)dx

+ϕ


. (3.20)

According to the Eq. (3.7b), Eq. (3.20) can be rewritten as

(
λ+µ+ϕ+

∫ ∞

0
β(x)i∗(x)dx

)(
λ+µ+σ

∫ ∞

0
β(x)i∗(x)dx

)
(3.21)

=(λ+µ)
∫ ∞

0

β(x)

g(x)
e
−
∫ x

0
γ(s)+µ+λ

g(s)
ds

dx

×

(
S∗

(
λ+µ+ϕ+σ

∫ ∞

0
β(x)i∗(x)dx

)
+σV∗

(
λ+µ+ϕ+

∫ ∞

0
β(x)i∗(x)dx

))
.
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Theorem 3.3. The endemic equilibrium E∗ is locally asymptotically stable when R0>1.

Proof. Assuming λ=ℜλ+ℑλ and ℜλ≥0, then the left side of the Eq. (3.21) gives

√(
ℜλ+µ+ϕ+

∫ ∞

0
β(x)i∗(x)dx

)2

+(ℑλ)2

×

√(
ℜλ+µ+σ

∫ ∞

0
β(x)i∗(x)dx

)2

+(ℑλ)2

>

∣∣∣∣λ+µ+ϕ+
∫ ∞

0
β(x)i∗(x)dx

∣∣∣∣|λ+µ|. (3.22)

However, by the Eq. (3.7d), the right side of (3.21) yields

(
S∗

(
λ+µ+ϕ+σ

∫ ∞

0
β(x)i∗(x)dx

)
+σV∗

(
λ+µ+ϕ+

∫ ∞

0
β(x)i∗(x)dx

))

×(λ+µ)
∫ ∞

0

β(x)

g(x)
e
−
∫ x

0
γ(s)+µ+λ

g(s)
ds

dx

≤

∣∣∣∣(S
∗+σV∗)

∫ ∞

0

β(x)

g(x)
e
−
∫ x

0
γ(s)+µ

g(s)
ds

dx

∣∣∣∣
∣∣∣∣λ+µ+ϕ+

∫ ∞

0
β(x)i∗(x)dx

∣∣∣∣ |λ+µ|

=

∣∣∣∣λ+µ+ϕ+
∫ ∞

0
β(x)i∗(x)dx

∣∣∣∣|λ+µ|.

That is to say, if ℜλ ≥ 0, Eq. (3.21) is invalid. Hence, the real parts of the solutions
to the characteristic equation (3.21) must be negative and E∗ is locally asymptotically
stable.

4 An optimal control problem

Two primary interventions aimed at mitigating the transmission scale of influenza A are
antiviral treatment and vaccination. The former control can prevent IAV from producing
new virus particles, while the latter one can reduce the activity of IAV. In this study,
we compare the effects of these control strategies to identify the optimal approach. Let
u1(·) quantify the therapeutic intervention efficacy on viral replication kinetics, and u2(·)
denote the control measures that reduce the probability of host-to-host transmission. The
coupled systems of influenza model with these two control measures are then formulated
as follows:

dP(x)

dx
= rp

(
1−u1(x)

)
P(x)

(
1−

P(x)

Kp

)
−CpP(x)E(x), (4.1a)

dE(x)

dx
=

βeE(x)P(x)

P(x)+Ke
−CeE(x)+Se, (4.1b)
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dS(t)

dt
=Λ−ϕ

(
1+u2(t)

)
S(t)−S(t)

∫ ∞

0
β(x)i(x,t)dx−µS(t), (4.1c)

dV(t)

dt
= ϕ

(
1+u2(t)

)
S(t)−σV(t)

∫ ∞

0
β(x)i(x,t)dx−µV(t), (4.1d)

it(x,t)+
(

g(x)i(x,t)
)

x
=−

(
γ(x)+µ

)
i(x,t), (4.1e)

g(0)i(0,t)=S(t)
∫ ∞

0
β(x)i(x,t)dx+σV(t)

∫ ∞

0
β(x)i(x,t)dx, (4.1f)

dR(t)

dt
=
∫ ∞

0
γ(x)i(x,t)dx−µR(t). (4.1g)

We define the control admissible set as

U=
{
(u1,u2)∈L∞(0, x̄)×L∞(0, t̄) | 0≤ui ≤ ūi, i=1,2

}
,

where ūi (i = 1,2) are positive constants, x̄ denotes the final control age-since-infection
and t̄ represents the final control time. We aim to mitigate the propagation of IAV under
resource-constrained conditions. Therefore, we establish the objective function as below

J(u1,u2)=
∫ x̄

0

[
A1P(x)+A2u1(x)P(x)+

1

2
B1u2

1(x)

]
dx

+
∫ t̄

0

[
A3u2(t)S(t)+

1

2
B2u2

2(t)+A4

∫ x̄

0
i(x,t)dx

]
dt, (4.2)

where Am (m = 1,2,3,4) represent the weight coefficients and Bn(n= 1,2) represent the
cost of implementing the controls. The units of A1 and A2 are given in RMB per viral
copies per milliliter (RMB/copies/mL). The units of A3 and A4 are given in RMB per
person (RMB/person). Both B1 and B2 are expressed in RMB. The optimal control prob-
lem involves finding the admissible pair (u∗

1,u∗
2)∈U that minimizes the objective function

value in (4.2), i.e.

J(u∗
1 ,u∗

2)= min
u1,u2∈U

J(u1,u2).

In what follows, we need to analyze the sensitivity system, derive the adjoint system,
and determine the optimal controls. Let yj (j=1,.. . ,5) denote the sensitivities for the state
variables P,E,S,V, and i, respectively. Substituting u∗

i =ui+εli (i=1,2) into system (4.1)
to find the derivative in ε and set ε=0, we have the following sensitivity system:

y′1(x)= rp

(
1−u1(x)

)(
y1(x)−2P(x)

y1(x)

Kp

)
−rpl1P(x)

(
1−

P(x)

Kp

)

−Cp

(
y1(x)E(x)+P(x)y2(x)

)
, (4.3a)

y′2(x)=
βe

(
y2(x)P(x)+E(x)y1(x)

)(
P(x)+Ke

)
−βeE(x)P(x)y1(x)

(
P(x)+Ke

)2
−Cey2(x), (4.3b)
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y′3(t)=−ϕl2S(t)−ϕ
(
1+u2(t)

)
y3(t)−y3(t)

∫ ∞

0
β(x)i(x,t)dx

−S(t)
∫ ∞

0

(
βy1(t)i(x,t)+β(x)y5(x,t)

)
dx−µy3(t), (4.3c)

y′4(t)= ϕl2S(t)+ϕ
(
1+u2(t)

)
y3(t)−σy4(t)

∫ ∞

0
β(x)i(x,t)dx

−σV(t)
∫ ∞

0

(
βy1(x)i(x,t)+β(x)y5(x,t)

)
dx−µy4(t), (4.3d)

dy5(x,t)

dt
+

d
(

g(x)y5(x,t)
)

dx
=−γy2(x)i(x,t)−

(
γ(x)+µ

)
y5(x,t), (4.3e)

g(0)y5(0,t)=
(
y3(t)+σy4(t)

)∫ ∞

0
β(x)i(x,t)dx

+
(
S(t)+σV(t)

)∫ ∞

0

(
βy1(x)i(x,t)+β(x)y5(x,t)

)
dx, (4.3f)

where the initial conditions are given by

yj(0)=0, j=1,2,3,4, y5(x,0)=0, x∈ (0, x̄).

The payoff function satisfies

dJ

dε

∣∣
ε=0

=
∫ x̄

0
[A1y1(x)+A2l1P(x)+A2u1(x)y1(x)+B1l1u1(x)]dx

+
∫ t̄

0

[
A3l2S(t)+A3u2(t)y3(t)+B2l2u2(t)+A4

∫ x̄

0
y5(x,t)dx

]
dt.

Lemma 4.1. Let q,η,ξ,c, and m represent the adjoint variables for P,E,S,V, and i, correspond-
ingly. For (u1,u2)∈U, the adjoint system for system (4.3) is given by

−q′(x)=q(x)

(
rp

(
1−u1(x)

)(
1−

2P(x)

Kp

)
−CpE(x)

)
+η(x)

(
βeE(x)Ke

(P(x)+Ke)2

)
(4.4a)

−
∫ t̄

0

(
ξ(t)S(t)+c(t)σV(t)−m(0,t)

(
S(t)+σV(t)

))
βi(x,t)dt+A1+A2u1(x),

−η′(x)=−q(x)CpP(x)+η(x)

(
βeP(x)

P(x)+Ke
−Ce

)
−
∫ t̄

0
γm(x,t)i(x,t)dt, (4.4b)

−ξ′(t)=−ξ(t)

(
ϕ
(
1+u2(t)

)
+
∫ x̄

0
β(x)i(x,t)dx+µ

)
+c(t)

(
ϕ
(
1+u2(t)

))

+m(0,t)
∫ x̄

0
β(x)i(x,t)dx+A3u2(t), (4.4c)

−c′(t)=−c(t)

(
σ

∫ x̄

0
β(x)i(x,t)dx+µ

)
+m(0,t)σ

∫ x̄

0
β(x)i(x,t)dx, (4.4d)
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−mt(x,t)−g(x)mx(x,t)=−
(
ξ(t)S(t)+c(t)σV(t)−m(0,t)

(
S(t)+σV(t)

))
β(x)

−m(x,t)(γ(x)+µ)+A4, (4.4e)

where the transversality conditions of adjoint variables are taken by

q(x̄)=η(x̄)= ξ(t̄)= c(t̄)=0, m(x, t̄)=0, x∈ (0, x̄)

m(x̄,t)=0, t∈ (0, t̄).

Proof. Dividing the sensitivity equations in (4.3) into three operators L1,L2 and L3, we
obtain

L1

(
y1

y2

)
=


−rpl1P(x)

(
1−

P(x)

Kp

)

0


, L2

(
y3

y4

)
=

(
−ϕl2S(t)

ϕl2S(t)

)
, L3y5(x,t)=0.

Then, define the operators L∗
2 ,L∗

2 and L∗
3 to satisfy

∫ x̄

0
(q,η)L1(y1,y2)dx+

∫ t̄

0
(ξ,c)L2(y3,y4)dt+

∫ t̄

0

∫ x̄

0
mL3y5dxdt

=
∫ x̄

0
(y1,y2)L

∗
1(q,η)dx+

∫ t̄

0
(y3,y4)L

∗
2(ξ,c)dt+

∫ t̄

0

∫ x̄

0
y5L

∗
3mdxdt

with the adjoint equations

L∗
1

(
q
η

)
=

(
A1+A2u1

0

)
, L∗

2

(
ξ

c

)
=

(
A3u2

0

)
, L∗

3m=A4.

Thus, we can derive the adjoint equations from the relationship between such operators

∫ x̄

0
q(x)y′1(x)dx=

∫ x̄

0
q(x)d

(
y1(x)

)
=q(x̄)y1(x̄)−q(0)y1(0)−

∫ x̄

0
y1(x)q′(x)dx.

That is,

−
∫ x̄

0
y1(x)q′(x)dx

=
∫ x̄

0
q(x)

(
rp(1−u1)y1

(
1−

2P

Kp

)
−rpl1P

(
1−

P

Kp

)
−Cp(y1E+Py2)

)
dx.

Likewise, we have

−
∫ x̄

0
y2(x)η′(x)dx=

∫ x̄

0
η(x)

(
βe(y2P+Ey1)(P+Ke)−βeEPy1

(P+Ke)2
−Cey2

)
dx,
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and

∫ x̄

0

∫ t̄

0
m(x,t)

(
dy5(x,t)

dt
+

d
(

g(x)y5(x,t)
)

dx

)
dtdx

=
∫ x̄

0

∫ t̄

0
m

dy5(x,t)

dt
dtdx+

∫ x̄

0

∫ t̄

0
m

d
(

g(x)y5(x,t)
)

dx
dtdx

=
∫ x̄

0

∫ t̄

0
md
(
y5(x,t)

)
dx+

∫ t̄

0

∫ x̄

0
md
(

g(x)y5(x,t)
)
dt

=
∫ x̄

0

(
m(x, t̄)y5(x, t̄)−m(x,0)y5(x,0)−

∫ t̄

0
y5(x,t)d

(
m(x,t)

))
dx

+
∫ t̄

0

(
m(x̄,t)g(x̄)y5(x̄,t)−m(0,t)g(0)y5(0,t)−

∫ x̄

0
g(x)y5(x,t)d

(
m(x,t)

))
dt.

Hence,

−
∫ t̄

0

∫ x̄

0
y5(x,t)

(
mt(x,t)+g(x)mx(x,t)

)
dxdt

=
∫ t̄

0
m(0,t)

((
y3(t)+σy4(t)

)∫ x̄

0
β(x)i(x,t)dx

)
dt

+
∫ t̄

0
m(0,t)

((
S(t)+σV(t)

)∫ x̄

0

(
βy1(t)i(x,t)+β(x)y5(x,t)

)
dx

)
dt

+
∫ t̄

0

∫ x̄

0
m(x,t)

(
−γy2(x)i(x,t)−

(
γ(x)+µ

)
y5(x,t)

)
dxdt.

By organizing the equations according to how the sensitivity and adjoint operators
are connected, we obtain the adjoint system (4.4).

Lemma 4.2. Let (P∗,E∗,S∗,V∗,i∗) and (q,η,ξ,c,m) be the solutions of systems (4.1) and (4.4),
then the optimal controls (u∗

1,u∗
2)∈U is characterized by

u∗
1(x)=K1

(
q(x)rpP∗(x)

(
1−P∗(x)/Kp

)
−A2P∗(x)

B1

)
,

u∗
2(t)=K2

(((
ξ(t)−c(t)

)
ϕ−A3

)
S∗(t)

B2

)
, (4.5)

where

Ki(y)=





0, y<0,

y, 0≤y≤ ūi,

ūi, y> ūi, i=1,2.
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Proof. If (u∗
1,u∗

2) ∈ U is a pair of optimal controls minimizing the payoff function (4.2),
then we get

0≤ lim
ǫ→0+

J
(
uǫ

1,uǫ
2

)
− J(u∗

1 ,u∗
2)

ǫ

(
uǫ

i =u∗
i +ǫli

)

= lim
ǫ→0+

∫ x̄

0
A1

Pǫ−P∗

ǫ
dx+ lim

ǫ→0+

∫ t̄

0

∫ x̄

0
A4

iǫ−i∗

ǫ
dxdt

+ lim
ǫ→0+

∫ x̄

0

B1

(
uǫ

1−u∗
1

)(
uǫ

1+u∗
1

)

ǫ
dx+ lim

ǫ→0+

∫ t̄

0

B2

(
uǫ

2−u∗
2

)(
uǫ

2+u∗
2

)

ǫ
dt

+ lim
ǫ→0+

∫ x̄

0
A2

[
uǫ

1(Pǫ−P∗)

ǫ
+

P∗
(
uǫ

1−u∗
1

)

ǫ

]
dx

+ lim
ǫ→0+

∫ t̄

0
A3

[
uǫ

2(S
ǫ−S∗)

ǫ
+

S∗
(
uǫ

2−u∗
2

)

ǫ

]
dt

=
∫ x̄

0
A1y1(x)dx+

∫ t̄

0

∫ x̄

0
A4y5(x,t)dxdt+2

∫ x̄

0
B1u∗

1(x)l1(x)dx+2
∫ t̄

0
B2u∗

2(t)l2(t)dt

+
∫ x̄

0

(
A2y1(x)u∗

1(x)+A2P∗(x)l1(x)
)
dx+

∫ t̄

0

(
A3y3(t)u

∗
2(t)+A3S∗(t)l2(t)

)
dt

=
∫ x̄

0
(y1,y2)

[
A1+A2u1

0

]
dx+

∫ t̄

0
(y3,y4)

[
A3u2

0

]
dt+

∫ t̄

0

∫ x̄

0
A4y5(x,t)dxdt

+2
∫ x̄

0
B1u∗

1(x)l1(x)dx+2
∫ t̄

0
B2u∗

2(t)l2(t)dt+
∫ x̄

0
A2P∗(x)l1(x)dx

+
∫ t̄

0
A3S∗(t)l2(t)dt. (4.6)

Using the adjoint system (4.4) and the relationship between sensitivity and operators, we
obtain

∫ x̄

0
(y1,y2)

[
A1+A2u1

0

]
dx+

∫ t̄

0
(y3,y4)

[
A3u2

0

]
dt+

∫ t̄

0

∫ x̄

0
A4y5(x,t)dxdt

=
∫ x̄

0
y1

[
−q′(x)−q(x)

(
rp

(
1−u1(x)

)(
1−

2P(x)

Kp

)
−CpE(x)

)
−η(x)

(
βeE(x)Ke(
P(x)+Ke

)2

)

+
∫ t̄

0

(
ξ(t)S(t)+c(t)σV(t)−m(0,t)

(
S(t)+σV(t)

))
βi(x,t)dt

]
dx

+
∫ x̄

0
y2(x)

[
−η′(x)+q(x)CpP(x)−η(x)

(
βeP(x)

P(x)+Ke
−Ce

)
+
∫ t̄

0
γm(x,t)i(x,t)dt

]
dx

+
∫ t̄

0
y3(t)

[
−ξ′(t)+ξ(t)

(
ϕ
(
1+u2(t)

)
+
∫ x̄

0
β(x)i(x,t)dx+µ

)
−c
(

ϕ
(
1+u2(t)

))]
dt

−
∫ t̄

0

∫ x̄

0
y3(t)m(0,t)β(x)i(x,t)dxdt+

∫ t̄

0
y4(t)

[
−c′(t)+c(t)

(
σ

∫ x̄

0
β(x)i(x,t)dx+µ

)]
dt
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−
∫ t̄

0

∫ x̄

0
y4(t)m(0,t)σβ(x)i(x,t)dxdt+

∫ t̄

0

∫ x̄

0
y5(x,t)

(
−mt(x,t)−g(x)mx(x,t)

)
dxdt

+
∫ t̄

0

∫ x̄

0
y5(x,t)

[(
ξ(t)S(t)+c(t)σV(t)−m(0,t)

(
S(t)+σV(t)

))
β(x)

+m(x,t)(γ(x)+µ)
]
dxdt.

For notational simplicity, we temporarily omit the asterisks. By substituting the sensitiv-
ity system (4.3) and the transversality conditions (4.4) into above equation, and apply-
ing standard optimal control techniques, we can derive the characteristic expression of
(u∗

1,u∗
2)∈U, as presented in Eq. (4.5).

5 Numerical simulations

In this section, we use the forward and backward sweep algorithms to numerically an-
alyze the state and adjoint systems. For convenience, the rectangular area [0, x̄]×[0, t̄] is
discretized with the step size ∆x and ∆t in the immune state-time space. Let

tn =n∆t, n=1,.. .,N,

xj = j∆x, j=1,.. . ,M.

Accordingly, we get a discretization of system (4.1) as

Pj−Pj−1

∆x
= rp

(
1−u1(x)

)
Pj−1

(
1−

Pj−1

Kp

)
−CpPjEj−1,

Ej−Ej−1

∆x
=

βeEj−1Pj

Pj+Ke
−CeEj+Se,

Sn−Sn−1

∆t
=Λ−ϕ

(
1+un

2

)
Sn−Sn

M

∑
j=1

βPji
n−1
j ∆x−µSn,

Vn−Vn−1

∆t
= ϕ

(
1+un

2

)
Sn−σVn

M

∑
j=1

βPji
n−1
j ∆x−µVn,

in
j −in−1

j

∆t
+

gji
n
j −gj−1in

j−1

∆x
=−(γEj+µ)in

j ,

(5.1)

where

g1in
1 =(Sn+σVn)

M

∑
j=1

βPji
n
j ∆x.

Solving system (5.1) yields

Pj=
Pj−1+∆x

(
rp(1−u1j

)Pj−1(1−Pj−1/Kp)
)

1+∆xCpEj−1
,
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Ej =
Ej−1+∆x

(
(βeEj−1Pj)/(Pj+Ke)+Se

)

1+∆xCe
,

Sn =
Sn−1+∆tΛ

1+∆t
(

ϕ
(
1+un

2

)
+∑

M
j=1 βPji

n−1
j ∆x+µ

) ,

Vn =
Vn−1+∆t

(
ϕ
(
1+un

2

)
Sn
)

1+∆t
(
σ∑

M
j=1 βPji

n−1
j ∆x+µ

) ,

in
j =

in−1
j +∆t

(
gj−1in

j−1/∆x
)

1+∆t(gj/∆x+γEj+µ)
.

The difference format of system (4.4) is given by

−
qj+1−qj

∆x
=qj+1

(
rp(1−u1j+1

)

(
1−

2Pj

Kp

)
−CpEj

)
+ηj+1

βeEjKe

(Pj+Ke)2
+A1+A2u1j+1

−
N

∑
n=1

(
ξn+1Sn+cn+1σVn−mn+1

1 (Sn+σVn)
)

βin
j ∆t,

−
ηj+1−ηj

∆x
=−qjCpPj+ηj+1

(
βePj

Pj+Ke
−Ce

)
−

N

∑
n=1

γmn
j+1in

j+1∆t,

−
ξn+1−ξn

∆t
=−ξn

(
ϕ
(
1+un+1

2

)
+

M

∑
j=1

βPji
n
j ∆x+µ

)
+cn+1

(
ϕ
(
1+un+1

2

))

+mn+1
1

M

∑
j=1

βPji
n
j ∆x+A3un

2 ,

−
cn+1−cn

∆t
=−cn

(
σ

M

∑
j=1

βPji
n
j ∆x+µ

)
+mn+1

1 σ
M

∑
j=1

βPji
n
j ∆x,

−
mn+1

j −mn
j

∆t
−gj

mn
j+1−mn

j

∆x
=−

(
ξnSn+cnσVn−mn+1

1 (Sn+σVn)
)

βPj

−mn
j (γEj+µ)+A4.

(5.2)

Solving system (5.2) gives

qj =qj+1+∆x

[
qj+1

(
rp(1−u1j+1

)

(
1−

2Pj

Kp

)
−CpEj

)
+ηj+1

βeEjKe

(Pj+Ke)2

−
N

∑
n=1

(
ξn+1Sn+cn+1σVn−mn+1

1 (Sn+σVn)
)

βin
j ∆t+A1+A2u1j+1

]
,

ηj =ηj+1+∆x

[
ηj+1

(
βePj

Pj+Ke
−Ce

)
−qjCpPj−

N

∑
n=1

γmn
j+1in

j+1∆t

]
,
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ξn =
ξn+1+∆t

(
cn+1ϕ

(
1+un+1

2

)
+mn+1

1 ∑
M
j=1 βPji

n
j ∆x+A3un+1

2

)

1+∆t
(

ϕ
(
1+un+1

2

)
+∑

M
j=1 βPji

n
j ∆x+µ

) ,

cn =
cn+1+∆t

(
mn+1

1 σ∑
M
j=1 βPji

n
j ∆x

)

1+∆t
(
σ∑

M
j=1 βPji

n
j ∆x+µ

) ,

mn
j =

mn+1
j +∆t

(
gjm

n
j+1/∆x−

(
ξnSn+cnσVn−mn+1

1 (Sn+σVn)
)

βPj+A4

)

1+∆t(gj/∆x+γEj+µ)
.

Now, we apply forward and backward iterative finite difference schemes to Eqs. (5.1)
and (5.2), respectively, using the following uptake rules:

u1j
=

qjrpPj(1−Pj/Kp)−A2Pj

B1
, un

2 =
(ξn−cn)ϕSn−A3Sn

B2
.

In the end, the control variables are updated by the following forms:

u∗
1j
=min

{
max{0,u1j

},ū1

}
, un∗

2 =min
{

max
{

0,un
2

}
,ū2

}
.

At last, the finite difference program continues until the error is within an acceptable
range.

Given the limited resources for implementing control measures, it is essential to eval-
uate the cost and effectiveness of each strategy in order to determine the most suitable
control for reducing the risk of disease transmission. In what follows, we consider four
strategies and compare their outcomes:

(A) Without control.

(B) Only implementing antiviral treatment, that is, control u1 is on, and control u2 is off.

(C) Only taking vaccination, that is, control u2 is on, and control u1 is off.

(D) Implementing both antiviral treatment and vaccination.

From Fig. 1, we observe that coupled controls result in a rapid decline in virus con-
centration initially, maintaining it at a low level, while antiviral treatment is slightly less
effective. Strategy C, on the other hand, shows a slower decline in virus concentration,
suggesting that vaccination takes more time to control the spread of IAV. Regarding
the number of infected individuals, both strategies B and D reduce infections, though
with differing effectiveness. Strategy D leads to a significant reduction in infections, with
numbers dropping quickly and remaining low for a broad period. In contrast, vaccina-
tion (strategy C) has the weakest effect, with a slower decline in infections that becomes
more noticeable over time. In terms of public health, the effectiveness of the strategies
follows this order: D>B>C>A.

Figs. 1(c) and 1(d) show the optimal control intensities for each strategy. In strategy
B, antiviral treatment intensity is adjusted according to changes in age-since-infection,
showing a negative correlation. In strategy C, the vaccination intensity starts high and
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(a) The concentration of IAV (b) The number of infected individuals

(c) Optimal intensity of antiviral treatment (d) Optimal intensity of vaccination

Figure 1: The concentration of IAV and the number of infected individuals with implementing strategies (1)-(4),

and the optimal intensity of u1(x) and u2(t) under strategies (1)-(3), where g(x)= e−0.05x, β= 0.02,γ= 0.06,
µ=0.02.

remains elevated for a longer period. Strategy D maintains both antiviral treatment and
vaccination at relatively high levels for a longer time.

Next, we take into account the implementation costs of the measures in our decision-
making process through a cost-effectiveness analysis. This analysis includes three key in-
dicators: total cost, reduced infections and the incremental cost-effectiveness ratio (ICER),
which is calculated by dividing the cost difference by the number of infections pre-
vented [1]. Below, we present the overall expenses for each strategy

Total cost=
∫ x̄

0
A2u1(x)P(x)dx+

∫ t̄

0
A3u2(t)S(t)dt.

For comparison, we fixed parameters A1=10, A2=5, A3=2, A4=10, B1=10, and B2=10.
Table 1 presents the three key metrics for cost-effectiveness analysis. From Table 1, we
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observe that the total cases decrease in the order A>C>B>D. Observing the second
column of Table 1, the research findings show that coupled controls result in the highest
number of avoided influenza cases, although they also incur the highest total cost. As
observed in the last column, strategy B has the lowest ICER, suggesting that antiviral
treatment offers the best cost-effectiveness.

ICER[(B)(C)]=
9.3579−169.7580

15.7913−3.6339
=−13.1936.

According to the above value of ICER, the implementation of antiviral treatment
saves 13.19 RMB per person compared to vaccination. The cost of vaccination exceeds
that of antiviral treatment.

The key to determining the best control strategy lies in finding the balance between
its effectiveness and cost. To evaluate the cost-effectiveness of each approach, it is es-
sential to consider not only the extent of influenza control but also the costs involved in
implementing these strategies. Next, we perform a cost-benefit analysis at three different
cost levels:

1. Low cost (A2=5, A3=2).

2. Moderate cost (A2=50, A3=20).

3. High cost (A2=500, A3=200).

Fixed weight coefficients are set as B1 = 300 and B2 = 200. We aim to explore how
varying cost levels affect the magnitude of influenza spread. Table 2 indicates that the
objective function values increase as control costs rise, while the total number of cases

Table 1: The number of influenza cases, overall expenses and ICER under strategies A-D.

Strategies Total cases Reduced infection Overall expenses ICER

A (Without control) 230.2602 – – –

B (Antiviral treatment) 214.4689 15.7913 9.3579 0.5925

C (Vaccination) 226.6263 3.6339 169.7580 46.7150

D (Coupled controls) 169.3916 60.8686 235.8851 3.8753

Table 2: The influenza infection scenarios under different cost levels B-D.

Cost level Antiviral treatment Vaccination Combined controls

IS OFV IS OFV IS OFV

Low cost 201.5163 3521 226.7568 423320 169.9426 293810

Moderate cost 201.5352 3640 226.7568 425850 169.9323 296660

High cost 209.4329 4738 226.5611 448830 169.0362 317570

IS: The number of infected individuals at different cost levels under strategies B-D.

OFV: The objective function values at different cost levels under strategies B-D.
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shows only a slight reduction, except for strategy B. Specifically, influenza cases increase
by 3.94% with the application of antiviral treatment, and the objective function rises by
34.55% as the cost moves from low to high. Additionally, the objective function value for
coupled controls and vaccination increase by approximately 8.06% and 6.04%, respec-
tively. According to Table 2, we see that antiviral treatment results in the lowest value
for the objective function, while combined treatment minimizes the number of infected
individuals.

6 Discussion

We proposed a multi-scale epidemiological model for influenza according to previous
studies [17, 28]. The connection mechanisms between within-host and between-host dy-
namics are assumed to involve the spread and recovery rates of IAV, as well as the sizes
of CTLs. We used a size-structured model to capture the interaction between these two
scales. The purpose of our research is to explore the complex dynamics of IAV and the
immune system in the coupled models and to gain insight of how the viral load of indi-
viduals affects the progression of influenza.

Theoretically, we derived the reproduction numbers for both systems involved and
investigated the dynamics of each equilibrium. Specifically, for the infection-free equi-
librium, influenza will be eliminated if R0 <1 and will persist conversely. If there exists
an endemic equilibrium, i.e. R0 > 1, it must be locally asymptotically stable. Then, we
set an optimal control system for influenza and provided a detailed derivation procedure
for the adjoint system. Finally, we acquired the expression for a pair of optimal controls.

Numerically, we obtained time series diagrams under four scenarios using finite dif-
ference method. The numerical results indicated that the combined effect of antiviral
treatment and vaccination is the most effective strategy when focusing solely on public
health. However, considering the limitations in total costs for these measures, an analysis
of ICER for the four strategies revealed that antiviral treatment is the most cost-effective
option. Based on the cost-benefit analysis at three cost levels, we found that the high-cost
coupled controls are the best choice for slowing down the spread of influenza. While
increasing expenditure does not significantly reduce the number of influenza cases, it
results in a substantial increase in the objective function value. Consequently, low-cost
strategies are the most cost-effective option compared to other cost levels.

To our knowledge, there are few studies on the optimal control problem in size-
structured epidemic models. Comparing these models with those for age-structured
models, we observed that the only difference lies in the persistence of the non-constant
function g(·). The age-structured model is a special case of the size-structured model
when g(·)= 1. The study of an age-structured influenza model demonstrated that low-
cost vaccination can balance the outcomes of the prevention strategies [42]. Unlike our
findings, while antiviral treatment lowers the viral load in individuals, it causes the num-
ber of influenza cases to rise. The size-structured model encounters difficulties in dy-



24 Y. Zheng and J. Yang and X. Li / CSIAM Trans. Life. Sci., x (2025), pp. 1-26

namic analysis of the coupled models because the growth of structural variables does
not follow a monotonic trend over time. The inclusion of g(·) significantly alters the nu-
merical results of the epidemic model, suggesting that when an individual’s size grows
asynchronously with time, it introduces new challenges to both the dynamical behavior
and numerical simulation results of the system.

However, due to the lack of clinical data on influenza cases classified by viral load,
and the optimal strategy’s differential step size proposed in this paper is definite, which
limits its applicability to more complex practical scenarios. Additionally, we have not yet
examined the impact of simultaneous influenza and pneumonia infection on the optimal
control. These aspects will be left for further research.
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