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Abstract. We consider a two-patch Susceptible-Infected-Recovered epidemic model
that incorporates awareness-driven behavioural changes in both contact and mobility
patterns. Individuals modify their behaviour in response to a perceived risk of infec-
tion, which is modelled through two awareness variables that depend either on the
current or past disease prevalence in each patch. We qualitatively analyse the model
through stability and bifurcation theory and derive threshold conditions that deter-
mine the existence and stability of the biologically relevant equilibria. We find that
awareness-induced behavioural changes in contact and mobility can destabilise mixed
equilibria — where the disease persists in one patch only — and contribute to the emer-
gence of stable co-endemic states. When awareness depends on past epidemic values,
the stability analysis shows that mixed equilibria may lose stability via Hopf bifur-
cations, depending on the sign of some awareness-related parameters. Finally, the
impact of the behaviour-related parameters on the epidemic dynamics is investigated
through numerical simulations.
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1 Introduction

Travels of individuals between different geographical regions play a major role in the
dynamics of epidemics [19,35,42]. In a highly interconnected world, human mobility as-
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sociated with trade, migration, or tourism facilitates the spread of pathogens across het-
erogeneous environments [56]. Massive and continuous travels between different cities
and countries enhanced the spread of the 2003 SARS epidemic [37,46], the 2009 HIN1 in-
fluenza pandemic [33,50] and also the global spread of COVID-19 [16,35]. Mathematical
modelling, when combined with medical and public health tools, can help to improve
the understanding of epidemics in different geographical regions and the development
of adequate control strategies [35,42].

Spatial movements of individuals can be modelled in several ways. One approach
treats space as a continuous variable, leading to partial differential equation models
[1,38,41,44]. In this context, individuals are assumed to move from a given point to their
direct neighbourhood. This assumption, suitable for describing phenomena in which
the movement of individuals occurs locally and continuously in space, does not fit phe-
nomena involving long-distance movements (e.g. air travel, trade routes, or rapid mi-
grations). Alternatively, modelling space as a discrete variable leads to the so-called
metapopulation models, compartmental models in which space is divided into a finite
number of patches. A patch can denote a city or a geographic area, and the movements
of individuals in space are modelled as dispersal between distinct patches [3,4, 38].

Since the 1960s, many researchers have focused on formulating adequate metapopu-
lation models for infectious diseases, and detailed reviews can be found in [3,4,7,37,38]
and references therein. In 2003, Wang and Mulone [52] formulated a two-patch suscep-
tible-infected-susceptible (SIS) compartmental model with standard incidence and inter-
patch movements allowed for both susceptible and infectious individuals. The work
addresses the issue of disease persistence, identifying the unity as a sharp threshold of
the basic reproduction number that determines whether the disease dies out or persists
within the population. Jin and Wang [32], Wang and Zhao [53] considered an n-patch SIS
model with susceptible and infectious dispersal, and analysed the effects of migrations on
the dynamics of the epidemics. Among the main results, they found that for specific birth
functions, population dispersal can lead to the coexistence of multiple endemic equilib-
ria or even multi-stable endemic equilibria if the basic reproduction number is greater
than one. In 2010, Yang, Wu, Li and Ma [58] considered a two-patch susceptible-infected-
recovered (SIR) model in which the migration of infectious individuals is neglected, as
they are considered banned from travelling due to medical screening. Differently to pre-
vious works on patch models, the authors focused on the global asymptotic stability of
equilibria, rather than on the persistence of the disease. Other contributions on patch
models can be found in [5, 6, 8, 31], where compartmental models with more complex
structures are formulated.

In recent years, increasing attention has been devoted to developing patch models
in which contact or dispersal rates are no longer assumed constant, but are modulated
in response to the state of the epidemic. This modelling approach is motivated by the
growing influence of social media and digital communication, which can rapidly shape
public awareness, risk perception, and individual behaviour. The dissemination of infor-
mation by public health authorities, together with media-driven awareness campaigns,
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can significantly affect both mobility and contact patterns during outbreaks [18, 34, 42].
In light of these considerations, several studies have proposed models in which dispersal
or contact rates depend on disease prevalence [36,47-49,57].

In 2020, Yang et al. [57] studied a two-patch SIS model in which the transmission
rates are assumed to be constant, while media coverage negatively affects travel rates
of both susceptible and infectious individuals. In 2023, Lu et al. [36] considered a two-
patch Susceptible-Infected-Recovered-Susceptibles (SIRS) model with both transmission
and dispersal rates assumed to be prevalence-dependent. In each patch, the authors con-
sidered a transmission rate of the form B;(I;) = B;(1+v;1;),i=1,2, where the prevalence-
dependent term B;v;I; expresses a positive feedback caused by an increased risk of in-
fection as the number of infected increases. Moreover, the mobility of susceptible and
recovered individuals is modelled as a function of the difference between the relative
prevalences in the two patches. In 2024, a couple of two-patch SIR-like models have been
studied by Sun et al. [48,49], in which the dispersal of individuals is constant for each
compartment and transmission rates are assumed to decrease depending on both present
and past values of disease prevalence, to represent the effect of media-driven surveillance
on disease transmission and the possibly delayed spread of information. Their results
indicate that the model can exhibit Hopf bifurcations when the media-induced disease
surveillance is based also on past information.

Most of the aforementioned models account for reductions in contact and travel rates
as direct responses to the influence of media. However, awareness is not only due to
the amount of information disseminated through the media, but also to how individuals
perceive the risk of infection [25]. Therefore, the decision to adopt preventive behaviours
is a complex phenomenon that involves several factors, including not only media expo-
sure but also the social, economic and psychological cost of adopting preventive mea-
sures [25,27,28]. For this reason, the phenomenon studied in this work differs from the
ones explored in [36,47-49, 57], where the direct impact of media coverage on disease
transmission is studied.

Motivated by the above discussion, in this work we consider a two-patch epidemic
model, based on a previous model by Yang, Wu, Li and Ma [58], and extend it to include
the effects of human behavioural changes. More precisely, we assume that the awareness
concerning the prevalence of the disease affects the contact patterns within each patch as
well as the migration rates between the patches. The awareness about the epidemic status
in the i-th patch is quantified by means of an awareness variable m;(t),i =1,2, that de-
pends on the disease prevalence in patch-i and affects both transmission and travel rates.

We first consider the case in which m;(t) depends only on the current prevalence in
the i-th patch. In other words, we assume that individuals have no memory of past epi-
demic values and adjust their behaviour solely based on the current state of the outbreak.
The resulting model, described by a system of non-linear ordinary differential equations,
is qualitatively analysed by using stability and bifurcation theory. We derive conditions
for the existence and stability of the biologically relevant steady states, corresponding to
scenarios where the disease is either absent in both patches, persists endemically in one
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patch only, or is endemic in both. We also examine how behavioural changes affect the
stability of the equilibria and impact the overall epidemic size.

Then, we study how memory of past epidemic values affects the formation of aware-
ness. This approach reflects the idea that individuals base their behavioural response not
only on the current state of the epidemic, but also on its recent history. As a consequence,
we extend the model by assuming that the rate of change of the awareness variable is the
balance between two different processes: a production process, represented by a term
that depends on disease prevalence in the i-th patch, and a depletion process, reflecting
the natural fading of awareness over time due to the limited memory of individuals.

The remainder of this work is structured as follows. In Section 2, we present the math-
ematical model. Section 3 is dedicated to its qualitative analysis, including the identifi-
cation of equilibria and the study of their stability properties. In Section 4, we introduce
the extended model that incorporates memory effects and investigate the local stability
of mixed endemic equilibria, i.e. equilibria where the disease persists in only one of the
two patches. Section 5 presents numerical simulations aimed at exploring the impact of
the behaviour-related parameters on the epidemic dynamics. Finally, in Section 6, we
discuss the main results and give an outlook on possible research perspectives.

2 Model formulation

2.1 State and awareness variables

We consider a spatially structured population divided into two patches, denoted as
patch-1 and patch-2. The spread of the epidemic in each patch is described by a clas-
sical SIR model, i.e. the population living in each patch is partitioned into three disjoint
compartments: susceptible, infected and recovered individuals. The sizes of these com-
partments at time t, denoted by S;(t),[;(t) and R;(t),i =1,2, are state variables of the
model. Their rate of change is ruled by a system of balance equations, mainly based on
the above-mentioned paper Yang, Wu, Li and Ma [58].

To model the behavioural changes induced by awareness, we introduce the quan-
tity m; for i=1,2, which represents the level of awareness regarding the disease status in
the i-th patch. A similar approach has been previously adopted to model the awareness
about respiratory diseases in spatially non-structured populations [34,43]. The “aware-
ness” variable m;(t) is assumed to be an increasing function of the prevalence I;(t) in the
i-th patch

mi(t)=gi(L:(t)), i=12, 2.1)

where g;(0)=0, g/(I;) >0 whenever I;>0. The function g; quantifies the individuals’ risk
perception due to the infection in the i-th patch. Examples of suitable functions are
a linear function of the disease prevalence, g;(I;) =k;I;, and a Holling II type function
Qi(L;) =k;I;/ (1+h;I;), where k;,h; >0. We emphasise that the two functions g; and g
may have different functional forms, to reflect different perceived risks of contracting the
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disease in the two patches. These differences may arise, for example, from variations in
variations in disease mortality rates, disparities in healthcare system capacities, or differ-
ences in efficiencies in detecting the infected cases.

Remark 2.1. The awareness variable defined in Eq. (2.1) can be interpreted as a partic-
ular case of the more general concept of information index, introduced by A. d’Onofrio,
P. Manfredi and co-authors in a series of papers starting in 2007 [13,22,24]. The infor-
mation index M(t) is a function that summarises information about the present and past
course of the epidemic and captures the population’s perception of epidemic risk. It is
defined via the following distributed delay equation:

M(t) :/Ooog(aq(t—T),xz(t—T),...,xn(t—T)) H(t—7)p(7)dT, (2.2)

where ¢ is the message function, describing how the population perceives the epidemic
risk based on selected model variables. It can depend on some or all the state variables
of the model, depending on which quantities are considered as relevant for behavioural
changes. The function H is the Heaviside step function, indicating that the perception
process starts at the onset of the epidemic (i.e. ¢y =0), and p is a memory kernel, a proba-
bility density function weighting the past values of the message function.

By choosing p(7) =4(t), where ¢ is the Dirac delta function, and choosing a preva-
lence-dependent message function g;(t) =g(I;(t)),i=1,2, from Eq. (2.2) we can recover
the awareness variable m;(t),i=1,2.

2.2 The intra-patch contact rates

Let us denote by B; and ¢; the transmission rate and contact rate in the i-th patch, respec-
tively. Furthermore, denote by 7t the probability that a contact between a susceptible and
an infected individual leads to transmission of the disease.

Individuals in each patch are assumed to voluntarily reduce their interpersonal con-
tacts — through measures such as social distancing, mask-wearing, and so on — depend-
ing on their awareness of the epidemic status within their own patch. Therefore, the per
capita contact rate c; in the i-th patch-i depends on the awareness variable m;. We set

ci(m))=¢;—cf(m;), i=1,2, (2.3)

where ¢; >0 denotes the per capita contact rate in patch-i in absence of epidemic, which
we take as baseline contact rate; and the term cf (m;) represents the reduction in con-
tact rate induced by the awareness. Note that the superscript F stands for “fear”, in-
dicating the behavioural response driven by risk perception. We require that the func-
tion cf satisfies the following properties: (i) it is an increasing function of m;, (ii) cf (0)=0,
(iii) max (cf (m;)) <é;.
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Since the transmission rate §; is the product of the contact rate ¢; times the proba-
bility 7t of getting infected after contact with an infectious individual, the awareness-
dependent transmission rate is

Bi(m;) = pi—B; (m;), (2.4)

where B; denotes the “baseline” transmission rate in the i-th patch, and Bf(m;) is the
awareness-dependent part of the transmission rate.

2.3 The inter-patch travel rates

We assume that individuals from patch-i travel to patch-j, with 7,j=1,2 and i #J, at rates
that depend on their disease status, which remains unchanged during travels. The pa-
rameter a; denotes the rate at which susceptible individuals from patch-i move to patch-j,
whereas b; represents the analogous travel rate for recovered individuals. We also assume
that infected individuals do not migrate between the two patches, that is, the migration
rates of infected individuals are considered negligible. This modelling choice makes the
analysis more manageable, while still providing meaningful insights into the system’s
dynamics. A possible interpretation is related to diseases causing severe symptoms (such
as measles, SARS-CoV-1, etc.) where infected individuals are physically unable to travel
or they have very limited travel patterns [45,55]. Additionally, this assumption implic-
itly accounts for containment strategies, such as isolation or quarantine, which primarily
involve the mobility of infected individuals.

The rate g, is assumed to depend on awareness, reflecting behavioural changes driven
by the perceived risk of infection. In contrast, the rate b; is assumed to be constant,
as recovered individuals are immune and no longer influenced by the fear of becom-
ing infected. To model the awareness-dependent travel rate a;, we assume that it de-
pends on both the awareness variables, reflecting that individuals can adjust their mo-
bility behaviour not only depending on the perceived risk of infection in the destination
patch, but rather by comparing the levels of awareness between the two patches. This be-
havioural mechanism has been recently adopted to model the prevalence-based mobility
in epidemic patch models [36]. We set the awareness-dependent travel rate as

ai(my,mo)=a;i(z;), zi(my,mz)=06i(mj—m;), 1j=12, i#j. (2.5)

The parameter 6; € [0,1], referred to as the mobility responsiveness parameter, quantifies
the degree to which the epidemic awareness influences the mobility of susceptibles living
in the i-th patch. We require that the function a;(z;) satisfies the following assumptions:

(i) a;(0) =a;, where 4; > 0 represents the travel rate from the i-th patch in absence
of epidemic, that we take as baseline travel rate;

(ii) a; is an increasing function of z;;
(iii) a;(z;) is nonnegative in its domain.
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Condition (i) ensures that, when the awareness levels m; and m; are equal, individuals
maintain their usual travel patterns, as if no epidemic were present. Condition (ii) implies
that the travel rate 4; increases with the awareness m; in the origin patch and decreases
with the awareness m; in the destination patch, reflecting the propensity of people to
move out from high-risk areas and to avoid entering them.

The specific functional forms of the transmission rates 1 and f3,, as well as those of
the travel rates a; and a,, will be specified in Section 5.1. The dynamics of the two-patch
subsystem are illustrated in the flowchart in Figure 1.

P’lT V1+d1T I/‘lT

A s, B1(m1) I T R,
ay(my,my) az(my,my) by by
Ao S, B2(m2) I, 72 R,

}lzl yz—l—dzl }lzl

Figure 1: Flowchart of the model (2.6).

2.4 The balance equations

The awareness-based metapopulation model, inspired by the one introduced by Yang,
Wu, Li, and Ma [58], is governed by the following system of ordinary differential equa-
tions:

S1(t) = A1 —p1S1—PB1(m1)S1 11 —ay (my,mz) Sy +az (my,my) Sy,
Li(t)=pB1(m1)S1h — (u1+71+d1) L,
Ry(t) =710 — 1Ry —b1R; +D2Ry,
Sa(t) = Ay — 282 — Ba(my) Salp+ay (m1,mz) Sy —az (my,my) S,
L(t)=p2(m2) S22 — (2 +72+d2) I,
Ry(t) =v2lr—p2Ra+b1R1 —b2Rs,
where the upper dots denote the time derivatives and the rates B;(m;),a;(mq,my) are
given by Egs. (2.1), (2.3) and (2.5). The parameters A;, j;,d; and <; are assumed to be

positive constants with the following interpretations: they are the rates of recruitment,
natural death, disease-induced death and recovery in the i-th patch, respectively. Since
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the balance equations for Ry and R; are uncoupled from the remaining ones, we consider
the following subsystem:

S1(t)=A1—u1S1—B1(m1)S1 1y —ay (m1,my) Sy +az(my,my)S,, (2.6a)
Li(t)=pB1(m)S1h—eiy, (2.6b)
Sa(t) = Ao —u2Sr — Ba(mz) Sy lr+ay (my,ma) Sy —az(my,my)S,, (2.60)
Ir(t) = Ba(m2)Sala—e2 1, (2.6d)

where e;=p;+;+d;,i=1,2. The system is equipped with the following initial conditions:
Si(0)>0, I;(0)>0, i=1,2. (2.7)
The total population N(#) living in both patches is given by N(t) = Nj () + Nz (t), where

N;(t)=S;(t)+1;(t),i=1,2, denotes the total population living in patch-i at time .
Finally, note that system (2.6)-(2.7) can be rewritten in the vectorial form

~—

x()=F(x(t)), x(0)=xo,
x(t) = (xi(t))i=1,..,a= (S1(), L1 (1),52(t), (1)),

and F(x) = (f1(x), f2(x), f3(x), fa(x)) is the autonomous vector field.

3 Mathematical analysis

3.1 Biologically feasible region

Lemma 3.1. Assume that the initial condition xo of model (2.6) has all strictly positive compo-
nents. Then, the solution x(t) has all strictly positive components for any t > 0.

Proof. See Appendix A. O

Proposition 3.1. The solution of the Cauchy problem (2.6)-(2.7) exists, is unique in the interval
[0,00) and is contained in the positively invariant and attractive set Q) defined by

4
0= {xem Y xi< M}
&7 min{pg, pa}

where R is the non-negative orthant of R*.

Proof. See Appendix A. O
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3.2 Reproduction numbers and disease extinction

Model (2.6) admits a unique disease-free equilibrium
Eo=(5\",0,0,5{,0,0),
where
S(o):/\l(#z—i-ﬁz)—i—/\zﬁz S(o):/\z(#1+ﬁ1)+/\1ﬁ1
U mpot ot iy’ 2 apot o+ pody

We analyse the stability of the disease-free equilibrium in terms of the basic repro-
duction number Ry, defined as the average number of secondary cases produced by
an infected individual in a fully susceptible population over the full course of the infec-
tious period [20]. An explicit expression for Ry is derived using the method of next-
generation matrix (NGM), introduced by Diekmann et al. [20] and van den Driessche and
Watmough [51].

We denote by F the vector of new infection rates into the infected compartments

[ Bi(m)S1h
Flo= [ﬁz(mz)szlzj ’

and denote by V the vector of the outflows from the infected compartments due to all
other processes (recovery, death or travel)

Vo]

The Jacobian of F and V, evaluated at E, are the so-called transmission matrix F and the
transition matrix V [21]

[ B1(0)st? 0 Jer 0
F_[ 0 B2(0)5V |’ V_[O 82} G

e1h
€212 '

The basic reproduction number R is the spectral radius of the NGM, given by

ﬁ1(0)5§°) 0
NGM=FV = &1 )
0 B2(0)S,
€
Denoting by
Ry B1051” _ PalAa(pa +) + Ao 62)
€1 e1(prpia+pada+p2ar)’
Roz= OB _ Pala(ittn) + i) (3.3)
€2 e2(prpo+prdo+padr)’

we get that Rg=max{Ro1,Ro2}
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The parameter R; for i=1,2, is the basic reproduction number of the disease in the
i-th patch, i =1,2, when dispersal occurs between the patches and the other patch is
at the disease-free steady state. The expression of Ry, is consistent with the classical
epidemiological interpretation of the basic reproduction number, as it is given by the
product of the transmission rate in the i-th patch, the average duration of the infectious
period, and the number of susceptible individuals in the i-th patch at the disease-free
equilibrium.

It is worth to note that in models incorporating awareness-driven behavioural chan-
ges, the basic reproduction number Ry may have limited epidemiological significance.
Behavioural responses can dynamically alter contact patterns and transmission rates,
causing the trajectory of the system to diverge from the assumptions underlying a fixed
Ro. In such contexts, the effective reproduction number R (t), which evolves with time
and behaviour, may offer a more accurate picture of transmission potential.

However, estimating R (t) can be particularly difficult in practice, as it requires high-
quality incidence data, accurate knowledge of the generation interval, and careful adjust-
ment for reporting delays and under-detection [17,26,29]. These challenges are especially
pronounced in models with feedback between behaviour and transmission. Therefore,
while R(t) offers more realism in principle, Ry remains a valuable theoretical tool, and
we use it for comparison between scenarios and threshold analysis.

Proposition 3.2. If R <1, the disease-free equilibrium Eq of model (2.6) is locally asymptotically
stable. If Ro>1, then Ey is unstable.

Proof. The well-known NGM method described in [51, Theorem 2], is based on five con-
ditions that are trivially satisfied in our case, except for the condition denoted as (A5)
in [51], which requires that if F is set to zero, then all the eigenvalues of the Jacobian
matrix J(Ep) must have negative real parts. However, it is easy to check that the first two
eigenvalues of J(Eg) are A; = —¢; and Ay = —¢5. The remaining eigenvalues correspond
to those of the submatrix X X

—H1— az

A

a1 —p2—d

Since tr(Jo) <0 and det(Jo) >0, the eigenvalues of ]y have negative real parts, implying
that Ey is locally asymptotically stable when Ry <1. O

When the patches are disconnected, the corresponding basic reproduction number in
each patch reduces to By;=(pB;A;)/ (€;u;). We can easily derive the following relationships
between Ry; and By;:

o If A]ﬁ]]/lz < Azﬁz‘u], then Rg; > B()l and Rop < Bpp.
o If Alﬁlﬂz > Azﬁz]/ll, then Ro1 < By and Rgo > Bop.

Since one of the two inequalities must necessarily hold, the mobility promotes disease
transmission in one of the two patches while mitigating it in the other. In addition, even if
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max{Bp1, B} <1 (i.e. the disease dies out in each patch when disconnected), for suitable
travel rates we may have either Rg; >1 or Rz >1, implying that Ry >1 and the epidemic
takes place in the connected environment.

Assume now that the travel rates do not depend on awareness. We derive the global
asymptotic stability of Eg when R <1.

Proposition 3.3. Assume that a;(my,mp) =4;,i=1,2. If Ry <1, then the disease-free equilib-
rium Eg is globally asymptotically stable in Q).

Proof. The local stability of Ey for R <1 follows from Proposition 3.2. We claim that if
Ro < 1, the equilibrium Ej is globally attractive. By the positive invariance of R* and
from (2.6a) and (2.6c), we derive

S1(t) <Ay —p1S1—4151+825),
Sz(t) <Ay—u2S2+a151 -2 S;.

Defining the auxiliary linear system

S (t) =/ — U151 —0a181+4d28,

!/
1

. . (3.4)
.lz(t) =A2 — U2Sp+{151 — 287

S

with initial conditions (s1(0),52(0)) = (51(0),52(0)), the comparison principle yields
Si(t) <s;i(t) for t >0,i=1,2. System (3.4) admits <S§0),S§0)) as globally asymptotically
stable equilibrium, i.e.

lim (s1(£),52()) = (51”,53")

t—o00

for any initial data (S1(0),52(0)) € Q. It follows that for any given 6 >0, there existsa T>0
such that

(0)
S1(t)<s1(t) <S4,
1(t) <s1() < 10 t>T. (3.5)
Sa(t) <sa(t) <S§ ) 45,

By applying the inequalities in (3.5) to Egs. (2.6b) and (2.6d) and noting that ;(m;) < ﬁi,
we obtain .
11 (t) < 11 [,31 (Sg )+(S) —81] ’

h(t) <L[B(Sy)+0) —e],

We define the following auxiliary system:

t>T.

(3.6)

that in vectorial form is (d/dt)(i1,iz) = (F—V +8D) (iy,ip) with D=diag(B1,5,).
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From [51], the condition Rg <1 holds if and only if the eigenvalues of F—V have neg-
ative real parts, where the matrices F and V are given by Eq. (3.1). Since the spectrum of
a matrix depends continuously on its entries, all the eigenvalues of F—V +JD have neg-
ative real parts for ¢ sufficiently small. This shows that the equilibrium (0,0) is globally
asymptotically stable for the linear system (3.6). Thus, by the comparison principle,

tlg]; L(t)=0, i=1,2.
This shows that system (3.4) is a limiting system for model (2.6). By the theory of asymp-
totically autonomous systems [15], the disease-free equilibrium Ej of model (2.6) is glob-
ally asymptotically stable for R <1. O

If the travel rate 4;,i =1,2, depends on the awareness variables m and m,, a stronger
condition is required to ensure the global stability of Ey. Preliminarily, we introduce the
following parameter:

Rgas:: max{BerZ} A1+A; '
0 min{eq, e} min{ui,uz}

(3.7)

Theorem 3.1. If RE™ <1, then the disease-free equilibrium Eq of model (2.6) is globally asymp-
totically stable in ().

Proof. Adding Egs. (2.6b) and (2.6d) yields

L(t)+1(t)=B1(m1)S11+ Ba(m2)Sala—e1 ) —e2 I
<B1(m)S1(L+ L)+ Ba(ma)S2(l1 + ) —min{ey,ex } (I1+ 1)
< (h+1L)[B1S14B2S2—min{ey, & }]
< (L4 L) [max{B1,B2}(S1+S2) —min{ey, ez }].

Using that
A+A
S51+5 < _rha (h+1L),
min{p1,pa}
leads to following inequality:
A1+Ap

%(Il(t)+lz(t))§ max{Bl,ﬁz}W—min{sl,sz} (h+Dh)

—max{[%,/%ﬁ(h —|—Iz)2.

If R5* <1, the function [ (#)+ L (t) is nonnegative and monotonically decreasing for ¢ >0.
Thus,

lim [;(t)=0, i=12.
t—o0
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This shows that the system

$1(t) = A1y —p151 — 151 +d252,
$2(t) = Ao —pasr+a151 — 252

is a limiting system for model (2.6). Therefore, by the theory of asymptotically au-
tonomous systems, the equilibrium Ej is globally asymptotically stable if R§ "~ <1. O

The condition R5* <1 in the statement of Theorem 3.1 is stronger than R < 1 since,
from Sgo) +S§_0) < (A1+A2)/min{pui,uz }, we get

Reo: max{ﬁl ﬁz } {/31 ﬁz}m ) {5 50}

€1 &
- max{py,f>} 0
- mm{sl,sz} ( +S )

max{ﬁl,ﬁz} A+ANy eas
<— p =Rg -
min{ey, ez} min{uy,p2}

Remark 3.1. Itis also important to note that both the coordinates of the disease-free equi-
librium Ej and its local stability are not affected by the awareness variables m;,i=1,2.
Moreover, although a stronger condition is required to ensure the global stability of E
when travel rates depend on awareness (Theorem 3.1), the stability threshold is indepen-
dent of the specific functional form of the functions m;(t). In Section 4, we will consider
a model where m;(t) depends on the past values of epidemics. Of course, the stability
analysis of Ey carried out in this section will also hold for that model.

3.3 Endemic equilibria and local stability

Model (2.6) admits two mixed equilibria, E; and Ej, representing steady states in which
the disease is endemic in one patch only, while the other is disease-free. The equilibrium
E1=(57,1{,S53,0) have coordinates

€1 _ 1

gr a1 (m3,0)eq
Bi(m;) T* 7 patay(mi,0)

ST: <A2—|— ‘Bl(mf) ), mfzgﬂlf), (38)

where I} is the unique positive root of the function

A ptm (81(x),0) . a2(g1(x),0)

G1(x)= e B1(g1(x)) p2+az(g1(x),0)

Az M] .
&1 Bi(g1(x)) '

Since ¢ is monotonically decreasing in x and f;(0) >0 if and only if Rg; > 1, the equilib-
rium E; exists if and only if Ro; > 1.
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Analogously, the coordinates of E; = (57%,0,55*,I;*) are positive if and only if Ry >1
and are given by

Kk 1 612<0,m;*)€2> Kk &2 sk Kk
Sr=—— M+ 25 ), S=—r, my=g(LY),
ey (M e ) S ey el

where [3* is the unique positive root of

N et m(08(y)  a2(08(1)) [ﬁ+ﬂ2(0/82(y))]_
€ B2(22(y)) m+a1(0,82(y) | &2 B2(g2(y))

In the unresponsive scenario, where individuals do not adapt their behaviour in re-
sponse to the epidemic (i.e. the functions cf (m;) and z(mq,m;), defined in Egs. (2.3) and
(2.5), are identically zero), both transmission and travel rates remain constant. Under
these conditions, the dynamics reduce to those analysed in Yang, Wu, Li and Ma [58].
The endemic equilibrium in which the disease persists only in the first patch, denoted by

E1=(57,1{,53,0), admits the following expression:

A i)+ A 1 1
si=fL, pofMlpath)th 2(1— > Sj=—— <A2+ﬁ1f—1>.
B1 e1(pa+i) Roi po+an B

Compared to the unresponsive scenario, in the responsive scenario, where awareness
modulates transmission and mobility, the behavioural changes lead to a lower transmis-
sion rate and reduced travel towards the infected patch, while increasing travel in the
opposite direction. In other words, since B1(m1) and ax(my,my) decrease with m; and
a1 (mq,my) increases with my, it follows that

&2(y)

,[31 >By(my), a1(mi,0)>dy, ax(mi,0)<day.

As a result, the equilibrium E; under behavioural response is characterised by a higher
number of susceptible individuals in both patches and a lower number of infected indi-
viduals. This highlights the mitigating role of awareness-driven behaviour in reducing
disease prevalence and limiting epidemic spread.

We study the local stability of the equilibrium E; by introducing the following param-

eter: ‘B 5 .
_P2922 _ B2 x €1

P Tlerge <A2+al Bi ) ' 42
where B} := B1(m7) and a} :=a;(mj,0), for i=1,2, are shortened notations for the trans-
mission and travel rates evaluated at equilibrium E;. The parameter P, is the basic re-
production number in patch-2 when patch-1 is at the endemic steady state [58], and it
can be interpreted as the average number of secondary infections produced by one infec-
tious individual living in patch-2 during its lifetime as infectious, given that the disease
is endemic in patch-1. In the following proposition, we show that the reproduction num-
ber P, determines whether the disease will spread or die out in patch-2, given that it is
already endemic in patch-1.
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Theorem 3.2. Let Roy > 1. If P, <1, then the equilibrium Eq is locally asymptotically stable. If
P> >1, then the equilibrium E; is unstable.

Proof. By linearising system (2.6) at the equilibrium E;, we get the characteristic equation
det(AI—J(E1)) =0, i.e.

Atuyi+aj+ds e +di—dy —a; —dy
—d, A+d, 0 0
—a —dy  Atpatas  paSi+da -
0 0 0 Ate2—B2Ss
where
)y [91(m1,0) o, dax(mi,0) ., -
dl:gl(ll)[ iy T omy 52]>0/ d3=p1l; >0,
o) [P02m,0) .3 (mi,0) PR
dp_:gz(O)[ oty 2" om, 51]>0/ dy=—g1(I{)p1(m7)ST 11 >0.

Note that (i) d; > 0,i =1,2, since the travel rate ai(mi,mj) monotonically increases in m;
and decreases in m;j; (ii) d4 >0, since (m1) is monotonically decreasing in ;.

Obviously, one root of the characteristic equation is A4 =P, —1. Adding the second
and third rows to the first, we obtain

At e+A At
—BiI; Atdy 0 =0,
—aj —d1  Atpp+a;
that is,
A AAZ+ AoA+ A3 =0,
where
Ay = +us+aj+a;+ds+ds,
Ap=d3(di+er+ay+p2) +da(ay +a3 +p1+pa) + paay +p2ar + pa iz,
As =d3(pody +azer+paer) +da(p1az + paai +papia).

From the Routh-Hurwitz criterion [41, 44], the roots of the characteristic equation have
negative real parts if and only if the following conditions hold: (i) .A; >0, (ii) A3 >0 and
(iii) A;.Az > Ajz. Conditions (i)-(ii) are trivially satisfied. As for condition (iii), we observe
that
A1 Ay > (pp+ay+dg) [ds(dy+e1)+ (paaz + poai +pip2)]
> d3(y2+a§)(d1 +81) +d4(y1a§ +y2af —|—]/11‘L£2) > As.

This proves that the equilibrium E; is locally asymptotically stable when P, <1. O
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Remark 3.2. In the unresponsive scenario, the reproduction number in patch-2 when
patch-1 is at the endemic steady state reduces to

= G (M)
’]);:7’\ A+aA— ,
2 (Ma+a2)e2 2 1,81

where the hat indicates that the quantity refers to the unresponsive scenario. Since 1 ()
and ay(mq,my) are decreasing functions of my, while aj (my,my) increases with mj, it fol-
lows that

Pr>Ps. (3.11)

Then, the behavioural changes induced by awareness of the epidemic in patch-1 lead to
an increase in the reproduction number P, in patch-2. This can be explained as follows: If
individuals react to the awareness of the epidemic, the transmission rate ] in patch-1 de-
creases. This leads to fewer infections in patch-1 and to a higher number S of susceptible
individuals at the endemic steady state. At the same time, awareness modifies mobility
patterns: The travel rate a] from patch-1 increases, while the travel rate a;. As a result,
more susceptibles accumulate in patch-2, increasing the average number of new infec-
tions produced by a single infectious individual. This results in a higher reproduction
number P, compared to the unresponsive scenario.

The inequality (3.2) implies that, for suitable parameter values, we may have P, <
1 <P,. In other words, the equilibrium E; may be stable in the unresponsive scenario
and lose stability in the responsive scenario, where individuals adjust their contact and
mobility behaviour in response to awareness. A numerical example illustrating this phe-
nomenon will be provided in Section 5.3.

The stability of the mixed equilibrium E; can be obtained by using the same argu-
ments adopted to prove the stability result of E;. Therefore, we introduce the basic re-
production number in patch-1 when patch-2 is at the endemic steady state

. R
Plzﬁl L= b <A1+a§* & >,

€1 (1 +a7*)er 5

where B3 := Bo(m3*) and a* :=a;(0,m3*), for i = 1,2, are shortened notations for the
transmission and travel rates evaluated at equilibrium E;. The following stability result
holds.

Proposition 3.4. Let Rop > 1. If P1 <1, then the equilibrium E, is locally asymptotically stable.
If P1 > 1, then the equilibrium E; is unstable.

Obviously, the argument of Remark 3.2 also applies to the equilibrium E,, leading to
the following relationship:
P >Pr. (3.12)

Proposition 3.5. Let Ro1,Rop > 1. The equilibria Eq and E, cannot be both stable for the same
parameter values.
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Proof. Assume that E; is locally stable, that is, P> <1. Then, from Eq. (3.11), it follows
that P, < 1. We now show that P; >1. Asa consequence, Eq. (3.12) implies P; >1, and
hence, by Proposition 3.4, the equilibrium E; is unstable.

Assume, by contradiction, that both P1<1land P, <1. By definition, it follows that

{A23132+€1ﬁ1l§2<€2(Pl2+ﬁ2)/§1, (3.13a)
A1B1Ba+e2i2p1 <e1(p1+i1) o (3.13b)

Adding inequalities (3.13a) and (3.13b) leads to

B1(A1B2—paea) +Pa(AoP1—er) <O. (3.14)

However, the condition Ry; >1 implies BiA]ﬁj >siptlﬁj,i =1,2 and j#i. Thus, the quantities
A1Bo—izer and AoBy — 1€ are positive, contradicting the inequality (3.14). O

Let us now investigate the existence and local stability of a generic co-endemic equi-
librium, denoted by E=(S3,11,5,,I2), where I;>0 for i=1,2. This equilibrium corresponds
to a steady state in which the infection persists endemically in both patches. Due to the
complexity of the model, it is not easy to establish the existence and the number of such
equilibria. Some information regarding the existence and local stability of E can be ob-
tained by employing the Castillo-Chavez and Song bifurcation theorem [14].

Theorem 3.3. Assume that Ro; >1,i=1,2 and Py > 1. The equilibrium E; undergoes a trans-
critical forward bifurcation at Pp=1: When P, <1, the equilibrium E; is locally asymptotically
stable; when P, >1, Eq becomes unstable and a locally stable co-endemic equilibrium E appears.

Proof. We perform a bifurcation analysis on the equilibrium E;, choosing j, as bifurcation
parameter and denoting by ,Btzhr its value at the bifurcation point where P, =1, i.e.

pr =22 (3.15)
5
To apply [14, Theorem 4.1], we compute the Jacobian matrix J(E;) at the bifurcation
value B
—(y1+ai‘+d3) —(e14+d1—dy) a; d>
A d —d 0 0
aj dq —(po+a3) —(e2+ds)
0 0 0 0

The matrix J(E1,B5") has one simple zero eigenvalue and all the other eigenvalues with
negative real parts. The left eigenvector v corresponding to the zero eigenvalue is v =
(0,0,0,1). Furthermore, since the right eigenvector w = (w1, wy,w3,w4) has to satisfy the
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condition v-w =1, we get wy =1. The other components of w are computed by solving
the following linear system:

(u1+aj +dz)wy+(e1+d1 —da)wr —aywz =dy, (3.16a)
—dywi+dawy =0, (3.16b)
—ajwy —diwy+ (Ha+a3)ws=—(e2+d2).[0.5ex] (3.16¢)
From (3.16b), we derive that
w1 =", (3.17)
d3
Substituting Eq. (3.17) in (3.16a) yields
)d di)d
wy— [ a st (et d)ds ] do (3.18)
ayds a;

We substitute expressions (3.17) and (3.18) in Eq. (3.16¢) to obtain w,. After some compu-
tations, we get

(;blzdz —Ez&l;)dg,

Wy = . 3.19
27 da (i o+ i@+ poa}) +da (€1 e + pady) (3.19)
Combining Eq. (3.18) and Eq. (3.19) yields the explicit expression of w3
d d ) 4-d d d
W= 4(prdo+eapr +eoay) +ds(erea+diea+doe) <0. (3.20)

 day(papo+ a5 +poat ) +ds (e po+e1a5 + pads )

Note that w4 >0, as required by [14, Remark 1].
The direction of the bifurcation at P,=1 is determined by the sign of the coefficients A
and B, where

6 2 2 5
A=Y wiw; o (El,Atzhr)zza f1(E1) +8 fa(E1)

= o 950L, ° ' ohol
=2| Zws+B5(0)8(0)S3 | <0,
2

since B5(0)g5(0)S; <0 and w3 <0, and

4 82f4 . aZf . 8,52
B= . * (E , thr — ‘i E , thr — P2 0))S* > 0.
izzlwlaxiaﬁz( 1/P2 ) alzaﬁz( 1,P2 ) 8[32 (gZ( )) 2>

Therefore, A <0 and B >0 and the equilibrium E; undergoes a transcritical forward
bifurcation at P, =1. O

An analogous result holds for the equilibrium E,.
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Theorem 3.4. Assume that Ro; >1,i=1,2 and P, > 1. The equilibrium E, undergoes a trans-
critical forward bifurcation at P1=1: When Py <1, the equilibrium E, is locally asymptotically
stable; when Py >1, E; becomes unstable and a locally stable co-endemic equilibrium E appears.

The following corollary is a direct consequence of Theorems 3.3 and 3.4.

Corollary 3.1. Let Ro; >1,i=1,2. If Py >1 and P, > 1, there exists at least one co-endemic
equilibrium E and it is locally asymptotically stable.

4 Memory-dependent awareness

4.1 A variant of model (2.6)

In some cases, it is suitable to assume that the behaviour of individuals may depend not
only on the current prevalence of the epidemic, but also on its past history [40,54]. Such
an assumption requires a variant of model (2.6) where the awareness variable m;(f) must
take into account the memory effects. Following [34,43,59], the balance equation of the
awareness variable is given by

m(t) =ci(gi(l)—m;), i=12, (4.1)

where the function g; is the same function defined in Section 2.1, and it is assumed that
the memory of individuals decays exponentially. Therefore, c; is the inverse of the charac-
teristic memory length and can be interpreted as the average time delay in the collection
of information of the disease [54].

The “extended” model is governed by the following system of non-linear ordinary
differential equations:

S1(t) = A1 —p1S1—B1(m1)S1 I —aq (m1,m2) Sy +az(m1,mz) S, (4.2a)
L(t)=p1(m1)S1h —e1 1y, (4.2b)
iy (1) =c1 (g1 (1) —m1), (4.2¢)
So(t) =Ap—p2So—Ba(ma) Sal+ay (my,my) Sy —az (my,my)Sa, (4.2d)
Ir(t) = B2(m2)S2la— €215, (4.2e)
titg () = c2(g2(I2) —mz) (4.2f)

with initial conditions
Si(0)>0, 1;(0)=0, m;(0)=0. (4.3)

Remark 4.1. In Remark 2.1, we observed that the awareness variable m;(t) in model (2.6)
can be interpreted as a special case of the more general concept of information index,
by choosing the Dirac delta function as memory kernel. Analogously, the memory-
dependent awareness variable governed by the differential equation (4.1) can also be
derived from the distributed delay equation (2.2). Indeed, by setting g;(t) =g;(1;(t)) and
pi(t) =cie " in (4.1), we obtain Eq. (4.1) by applying the so-called linear chain trick [39].
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4.2 Equilibria and stability properties

We begin by noting that the existence and location of the disease-free equilibrium Ey, as
well as the mixed equilibria E; and E,, are the same as those obtained in Section 3. In fact,
at any equilibrium (S1,11,1m1,55,I>,7) of model (4.2), the awareness variables satisfy

Tﬁi:gi(fi), i=1,2.

Therefore, the equilibria of model (4.2) coincide with those of model (2.6), and the param-
eters ¢; and ¢, do not influence either their existence or their coordinates. In addition, we
also point out that the form of the awareness variables does not even affect the computa-
tion of the basic reproduction number R nor the local stability of the disease-free steady
state, since the computation of Ry requires the evaluation of the transition and transmis-
sion matrices at the disease-free steady state, where I; =0,i=1,2. In this case, both travel
and transmission rates are constant, and the model reduces to the one studied in Yang,
Wau, Li and Ma [58]. Finally, as already noted in Remark 3.1, the stability properties of the
disease-free equilibrium stated in Proposition 3.3 and Theorem 3.1 continue to hold also
in the case of memory-dependent awareness.

In what follows, we perform the local stability analysis of the mixed equilibria. The
analysis will be performed for the equilibrium E; = (57,1},0,S5) in which the disease is
endemic only in patch-1. Analogously, we can use the same argument for the equilibrium
E,= (ST*,O, I;*,Si"*). Preliminarily, we introduce some quantities which will be useful in
the forthcoming analysis. Let us set

Si=s1(If), s=pitpotai+ay, p=pip2+pa;+poai, (4.4)
and

L=s+g1ds+ds, g1 =ds+s,

Iz=g1dss+ds(pa+as+e1)+gidids, qa=p+ds(pa+as+er), (4.5)

ly=g\dap+pagidids+erds(pa+a3), gs=erds(pa+a3),
where d;,i=1,...,4, are the positive quantities defined in (3.10).
Furthermore, let us set
G1=Dhlz—14, &G =q19213+ 9203+ 91931 — 22q3 — 3314,

(4.6)
& =ql+qbls+qslh—15-201ls, Ea=q192q93— 13-

It is not hard to check that the quantities ¢; and ¢4 are strictly positive for all parameter
values. Indeed, observing that s? > p yields

s> sl =g dys® +ds(up+a3 +e1)s+ g didss
> ¢hdys® +dseis+ i didss > gidap+daer (pp+a3) +gididspn =1y,
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that is, 1 > 0. Analogously, we get

9192 >slz = (d3+s) [p+ds (pa+a3+e1)] >sds(pa+a5+e1)
> sdzer > (Up+a; )dse; =43,

hence ¢4 >0.
The following result can be established.

Theorem 4.1. Let Ro; >1. If P>»>1, then the endemic equilibrium Ey is unstable. If P> <1, then
the local stability of Eq is governed by the number of positive real roots of the cubic polynomial

fler) =81} +&act+Esct +Ga.
Specifically, the following scenarios may arise:

(i) If the polynomial f(cq) admits no positive real roots, then Eq is locally asymptotically stable
forall c;>0.
(ii) If the polynomial f(c1) admits a single positive real root T4 of multiplicity two, then Eq is
locally asymptotically stable for all c1 >0, except at c; =1, where it loses hyperbolicity.
(iii) If the polynomial f(c1) admits two simple positive roots ¢, < €1, then Eq is locally asymp-
totically stable for c1 € (0,¢1)U(&1,+00), and unstable for ¢1 € (¢1,¢1). A Hopf bifurcation
occurs at each of the critical values c; =¢1 and cq =¢.

Proof. By linearising system (4.2) at the equilibrium E;, we get the characteristic equation
det(AI—J(E1)) =0, i.e.

A—i—]/ll—l—ﬂik—f—dg, €1 d1—dy —LZ; 0 —dy
—ds A dy 0 0 0
0 —C1gi A+C1 0 0 0 _0
—as 0 —dy  Atprta; B2S; d |
0 0 0 0 Atea—paS5 0
0 0 0 0 —ngé(()) A4cp

Two roots of the characteristic equation are A5 =P, —1 and A = —cy. Hence, a necessary
condition to have the local asymptotic stability of E; is P> <1.

Removing the fifth and sixth rows and columns and adding the second and fourth
rows to the first one leads to

p1+A  +er+A 0 +ur+A

—ds A dy 0 _0
0 —018] A a 0 ’

—a;‘ 0 —dl /\—|—“l/l2+a§
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that is,
P(A) = A+ A A%+ ApA? + AsA+ Ay =0,

where

Ai=c1+q1, Ar=hca+qo,
As=he1+q3, As=lscq,

and the coefficients [;, g;,i=1,...4 are defined in (4.5).
Routh-Hurwitz criterion states that all roots of the characteristic equation have nega-
tive real parts if and only if all the Hurwitz determinant are positive, that is:

(i) A;>0,i=1,...4,
(i) Ay AxAs—AZ—A3A4,>0.

Condition (i) is clearly satisfied for all the parameter values. To determine conditions un-
der which the third-order Hurwitz determinant is positive, we express the coefficients A;
as functions of the parameter c¢;. We choose c; as a bifurcation parameter since it does not
affect the existence or the coordinates of the equilibrium E;. Rewriting the inequality (ii)
depending on c; leads to

fler)=Ax(c1) Az (cr) As(cr) — A3(c1) — Af(e1) As(c1) >0, (4.7)
that is,
fle1) =& +&Ect+Ee1+E >0,

where the coefficients §;,i=1,...,4, are given in (4.6).

As observed previously, the coefficients ¢; and ¢4 are positive. Then, the number of
sign changes in the sequence of coefficients of the polynomial f(c;) can be either 0 or 2.
If the intermediate coefficients ¢, and {3 are also positive, then f(c;) >0 for all ¢; >0, and
the equilibrium E; is locally asymptotically stable. Conversely, two sign changes occur
if ¢1 or G4 are negative, indicating the possibility of instability.

In this case, Descartes’ rule of signs ensures that the number of positive real roots of
the polynomial f(c1), counted with multiplicity, can be either 0 or 2. If f(c;) does not
have positive real roots, we have that f(c;) > 0 for every ¢; >0. Hence, the third-order
Hurwitz determinant is positive and the equilibrium E; is locally asymptotically stable
for all ¢; > 0.

If f(c1) has a single positive real root ¢; of multiplicity two, then E; is locally asymp-
totically stable for all c; >0, except at c; =¢;, where the third-order Hurwitz determinant
vanishes.

Finally, if that the polynomial f(c;) admits two positive real roots ¢; < ¢1, equilib-
rium E; is unstable for ¢; € (¢1,¢1), and locally asymptotically stable for c¢; ¢ (c1,¢1). Fur-
thermore, since both the roots are simple, it follows that f'(¢;) #0 and f'(&;) #0. There-
fore, the non—zero speed condition is satisfied [30, Corollary 3.3], and the equilibrium E;
undergoes a Hopf bifurcation at ¢; and ¢;. O
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Remark 4.2. Theorem 4.1 states that the necessary conditions for the occurrence of a Hopf
bifurcation are ¢, <0 and {3 <0, where the coefficients ¢, and {3 are defined in (4.6). The
sign of these coefficients depends on the functional forms of the awareness-dependent
parts of the contact and travel rates. In fact, both ¢, and ¢3 contain the terms d; and d,4
defined in Eq. (4.5), which, in turn, include the derivatives of the contact and travel rates
with respect to the awareness variable m;. Therefore, the possible occurrence of a Hopf
bifurcation is intrinsically linked to how individuals modify their contact and mobility
behaviours in response to perceived infection risk.

5 Numerical simulations

5.1 Functional forms of the awareness variables and awareness-dependent
rates

In order to perform the numerical simulations, we need to select the functional forms of
the functions g;, cf and g;, introduced in (2.1), (2.3) and (2.5).

i) Awareness variables. We assume that the function g; is proportional to the disease
prevalence I; in the i-th patch
gi(l)=kil;, i=1,2. (5.1)

The parameter k; € (0,1] represents the information coverage regarding the epidemic sta-
tus in patch-i. It can be interpreted as the “summary” of two contrasting phenomena:
The disease under-reporting (here assumed to be the prevailing phenomenon) mainly
due to technical reasons related to the screening procedures, and the overestimation of
the cases usually induced by media and rumours on the disease status [40].

ii) Intra-patch contact rates. As discussed in Subsection 2.2, the function cf is required

to be increasing with respect to the awareness variable m;, ¢f (0) =0 and supc (m;) <é;.

These conditions are satisfied by a Holling type II functional response

Sam:
cf (m;) =¢; 1+Z1m i=1,2. (5.2)
1 1

The positive constant 6;,i =1,2, can be interpreted as a measure of how quickly the indi-
viduals of the i-th patch react to awareness and voluntarily reduce their contact patterns.
This functional form has been employed in several behavioural epidemic models to rep-
resent the behavioural-dependent part of the contact rate [9,12,22]. With this choice, the
awareness-dependent transmission rate assumes the form
Bi(m;) = i . i=12 (5.3)
1+6;m;

iii) Inter-patch travel rates. As introduced in Subsection 2.3, the travel rate a; from
patch-i to patch-j depends on the awareness variables through the function z;(my,m;) =
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0;(m;—m;) with 0; € [0,1]. The function a;(z;) is assumed to satisfy the following con-
ditions: (i) a;(0) = 4;, where 4; is the travel rate from patch-i in absence of epidemics;
(i) a; is increasing with respect to z;; (iii) 4;(z;) is nonnegative in its domain.

A suitable choice satisfying these requirements is

~ Zj . ..
a;(z;)=4a; 1+—_>, i=1,2, j#i, (5.4)
=i () /
where
c A1+
N=————.
min{py,pa}

In fact, since m;(t) <g;(N) for t >0, it trivially follows that —g;(N) <z; <g;(N), and thus
a;(z;) remains nonnegative for all admissible values of z;.

5.2 Parameter values and initial conditions

Here, we perform some numerical simulations to illustrate the qualitative behaviour of
the model and to support the discussion of the analytical results. The parameter values
used here, which are purely theoretical and not associated with any specific case study,
are reported in Table 1.

Table 1: Parameter values of model (2.6) used for the numerical simulations. All parameter values are theoretical
and chosen for illustrative purposes. The recruitment rates A;, natural death rates y;, and recovery rates 7;
are consistent with those used in [36], while the remaining parameters are assumed.

Parameter | Value Description
Aq 1000 | Recruitment rate in patch-1
Ay 200 Recruitment rate in patch-1
28 0.001 | Natural death and emigration rate in patch-1
Uo 0.002 | Natural death and emigration rate in patch-2
dq 6-10~7 | Disease-induced death rate in patch-1
dp 1-107° | Disease-induced death rate in patch-2
T 0.8 Recovery rate in patch-1
72 0.5 Recovery rate in patch-2
aq 0.5 Baseline travel rate from patch-1
d 0.6 Baseline travel rate from patch-2
B1 7-107° | Baseline transmission rate in patch-1
B2 5-107° | Baseline transmission rate in patch-2
k1 0.7 Information coverage in patch-1
ko 0.4 Information coverage in patch-2
0 0.005 | Reactivity of patch-1 population to reduce interpersonal contacts
) 0.003 | Reactivity of patch-2 population to reduce interpersonal contacts
01 0.2 Mobility responsiveness parameter in patch-1
) 0.5 Mobility responsiveness parameter in patch-2
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To explore the role of heterogeneity between regions, we assign slightly different pa-
rameter values to the two patches. As highlighted in [47], assuming identical parameters
across patches can reduce or even hide the impact of spatial dispersal on the epidemic dy-
namics. In this framework, patch-1 is intended to represent a more developed country or
urban area, characterised by a higher recruitment rate, longer life expectancy, and greater
attractiveness in terms of mobility. Conversely, patch-2 represents a less developed envi-
ronment, characterised by a lower recruitment rate and a shorter average lifespan.

The values of the recruitment rates A;, natural death rates y;, recovery rates <;, and
baseline travel rates 4;,i=1,2, are those employed in the theoretical study [36], while the
remaining parameters are assumed. In particular, we consider a higher disease-induced
mortality rate d, in patch-2 and a higher baseline transmission rate 31 in patch-1. This
choice reflects the assumption of a higher per capita contact rate in patch-1, which repre-
sents a more developed and urbanised area where individuals are more likely to have fre-
quent interactions due to work or social activities. On the other hand, the higher disease-
induced mortality rate in patch-2 is consistent with the interpretation of this patch as
a less developed environment, with limited access to healthcare services.

The information coverages ki and k; are chosen to reflect better-quality information
in patch-1, with k; = 0.7 and k» =0.4. Although assumed, these values are consistent
with those reported in the literature, where behavioural models have been calibrated to
real-world case studies [9,10].

The reactivity parameter ¢; is chosen higher than J;, consistent with the interpretation
of patch-1 as a more developed setting. By contrast, the parameter 6, expressing the
degree to which awareness influences the travel rate from patch-1, is taken to be lower
than 6,. The purpose of this choice is to reflect the situation in which individuals from
the more developed region may be less inclined or able to change their travel behaviour
toward the less developed region, as their movements are more likely to be driven by
essential needs, such as work or family. Therefore, individuals may not be able to change
their travel patterns even when they are aware of an increased epidemic risk.

Finally, we set the initial conditions as N;(0) =10, 1;(0) =10%,R;(0) =0,i=1,2.

5.3 Effects of awareness-induced behavioural changes on the stability
of mixed equilibria

In Remark 3.2, we observed that, for suitable parameter values, the mixed equilibria may
be stable in the unresponsive scenario and lose stability in the responsive scenario, where
individuals adjust their contact and mobility patterns in response to awareness. In this
section, we numerically explore and compare the solutions of model (2.6) obtained in
both the unresponsive and responsive scenarios.

The parameters used to simulate the responsive scenario are those reported in Table 1.
In particular, the baseline transmission rates ; and 8, have been chosen such that the
corresponding basic reproduction numbers, Ro; and Ry, are of on the order of mag-
nitude of one but still greater than one, to ensure the existence of both mixed equilibria.
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Specifically, we set 8;=7-107° and 8,=5-10"°, which yield R¢; =3.94 and R, =3.73. The
responsiveness parameters J; and 6;, for i =1,2, have been set so that the resulting values
of Py and P, are of order one. This choice is due to the epidemiological interpretation
of P;,i=1,2, as the average number of secondary infections produced by an infectious
individual residing in patch-i, when the disease is at the endemic steady state in the other
patch.

The unresponsive scenario, in which individuals do not adjust their contact and travel
pattern in response to awareness, is obtained by setting all the parameter values as in Ta-
ble 1, except for the reactivity parameters J; and 6;, for i=1,2, both set equal to 0. There-
fore, the travel rates a;(mq,m;) and transmission rates f;(m;) remain constantly equal to
their respective baseline values, 4; and ;.

The simulations, carried out using the MATLAB solver ode45, are presented in Fig. 2.
In the unresponsive scenario (panel (a)), the reproduction numbers P; = 1.07 and
P, = 0.95, indicate that the mixed equilibrium E; is locally asymptotically stable. In
contrast, in the responsive scenario (panel (b)), the reproduction numbers increase to
P1=2.04 and P, =2.15, resulting in the stability of the co-endemic equilibrium E.

In addition, the Ij-coordinate of the equilibrium E; in the unresponsive scenario is
I =1117 individuals. When individuals respond to awareness by modifying their con-
tact and travel behaviour, the coordinates of the co-endemic equilibrium become approx-
imately [; =282 and I, =733 infected individuals. This suggests that, at equilibrium, the
total number of infected individuals decreases when passing from the unresponsive to
the responsive scenario. However, in the responsive case, there are more infected indi-
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Figure 2: Effects of awareness-induced behavioural changes on the stability of mixed equilibria of model (2.6).
Panel (a) illustrates the unresponsive scenario, where the population does not modify its behaviour. This
scenario is obtained by setting §; =6; =0 and the remaining parameter as in Table 1. In this case, we have
P1=1.07 and P, =0.95, implying that equilibrium Ej is locally asymptotically stable. Panel (b) shows the
responsive scenario, obtained by setting all the parameter values as in Table 1. Here, P; =2.04 and P, =2.15,
leading to the stability of the co-endemic equilibrium.
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viduals in patch-2 than in patch-1. This asymmetry appears to be driven by the lower
value of the reactivity parameter J,, which indicates a lower behavioural response in
patch-2. In fact, additional simulations (not shown here) reveal that increasing the value
of the parameter d; leads to a reduction in the value of L.

5.4 Effects of awareness-induced behavioural changes on the epidemic
burden

We evaluate the impact of both the reactivity parameter ; and the mobility responsive-
ness parameter 6; on the basic reproduction number P,, whose threshold determines the
stability of the equilibrium E;. To this aim, we perform the contour plot of the basic
reproduction number P; as a function of both 4; and 6.

As shown in Fig. 3, P, depends almost exclusively on the reactivity parameter d,
as can be deduced by the almost vertical contour lines. In contrast, P, is only weakly
sensitive to changes in 6;. This behaviour arises from the specific functional forms chosen
for the intra-patch contact rates and the inter-patch travel rates.

Indeed, by substituting the functional forms of the contact and mobility rates given
in Egs. (5.3) and (5.4) into the expression for P, given in Eq. (3.9), one can observe that P,
depends linearly on both the reactivity parameters é; and 6;. However, the contribution
of 6; is scaled by the factor kyN, where N = (A1+Az)/min{y, 42} is the upper bound
of the total population size. This scaling significantly reduces the sensitivity of P, to
variations in 6; compared to J;.

We analyse the impact of the parameters J; and 6; on the overall disease burden,
by considering two relevant quantities: (i) the total cumulative incidence CI(t), i.e. the
total number of new cases observed in both patches in the time interval [0,¢]; and (ii) the
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Figure 3: Contour plot of the reproduction number P, as a function of the parameters §; and 61, representing

the responsiveness of patch-1 to reduce interpersonal contacts and to change mobility behaviours, respectively.
The values of the parameters are reported in Table 1.
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total cumulative disease-induced deaths CD(t), i.e. the total number of deaths due to the
disease in both patches in the time interval [0,¢]. These quantities can be expressed as
follows:

C1(1)= [ (81 (m(0)$1(0) 1 (0)+ B2 () S2(0) ()],

CD(t) = /0 1 (1) + da b (1)] .

For illustrative purposes, we perform contour plots of CI(f) and CD(t) as functions
of the parameters ¢; and 6, where f=2000. The almost vertical contour lines in Fig. 4 in-
dicate that the aforementioned quantities depend almost exclusively on the parameter 63,
which represents the reactivity of individuals living in patch-1 to reduce their interper-
sonal contacts.

Fig. 4 also highlights a seemingly counter-intuitive pattern: the cumulative total inci-
dence CI(f) decreases monotonically with d;, while the cumulative deaths CD(f) increase
with 41, reaching their maximum when é; =0.005. This result stems from the influence
of 41 and 61 on the reproduction number P,. When 6; =0, the equilibrium E; is stable
(see Fig. 2(a)), and the disease remains endemic in patch-1 only. Increasing the value
of 61 leads to an increase in the basic reproduction number P, which in turn leads to the
stability of the co-endemic steady state by crossing the threshold value 1 (see Fig. 2(b)).
Furthermore, additional simulations (not included here for the sake of brevity) suggest
that the I,-coordinate of the co-endemic equilibrium increases with J;. Since patch-2 is
assumed to have a higher disease-induced mortality rate d5, this leads to a larger number
of cumulative deaths as ¢; increases. Nevertheless, CI(f) decreases with d;, consistently
with the lower total number of infected individuals at the co-endemic equilibrium, com-
pared to the case in which the disease persists in one patch only.

X
[ 1.6
‘ 155
15
1.45
1.4
\
\ 1.35
| 8
\
%

O XA D O X P P A & D VA DV O X O QA &
QU "V O OO O & & 0 S M NS 0
PRI IS SIS RS IS ST S USSR RIS R S S S IS TS U S SN
Reactivity to reduce interpersonal contacts, d; Reactivity to reduce interpersonal contacts, d;

(a) CI(t) (b) CD(#)

Mobility responsiveness parameter, ¢,
© oo 99990 oo
o = N W A~ OO N O O =

Figure 4: Contour plots of the total cumulative incidence Cl(t) and total cumulative disease-induced deaths
CD(t) at F=2000, versus the reactivity parameter 1 to reduce interpersonal contacts and versus the mobility
responsiveness parameter 6 of patch-1. The values of the parameters are reported in Table 1.
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6 Final remarks and future perspectives

In this work, we have proposed and analysed a two-patch behavioural SIR epidemic
model in which individuals adjust their contact and mobility patterns in response to per-
ceived infection risk. While previous studies have investigated the dynamics of patch
models with prevalence-dependent contact or dispersal rates [47-49,57], the joint influ-
ence of awareness on both contact and mobility patterns remains largely underexplored.
To address this gap, we introduced two awareness variables that quantify the perceived
risk of infection in each patch and affect both contact and travel rates.

We first extended the two-patch SIR model proposed in Yang, Wu, Li, and Ma [58] by
defining two awareness variables m;(t),i=1,2, as functions of the current prevalence in
the i-th patch, thereby assuming that behavioural response is based only on the current
epidemic status. Then, we proposed a model formulation in which awareness incorpo-
rates memory of past epidemic values.

Through a qualitative analysis of the model based on stability and bifurcation theory,
we derived threshold conditions for the existence and stability of the disease-free, mixed,
and co-endemic equilibria. In particular, we obtained global stability conditions for the
disease-free equilibrium under both constant and prevalence-dependent dispersal rates.
The threshold stability conditions for mixed equilibria are derived in terms of the ba-
sic reproductive number P; in the i-th patch, i =1,2, when dispersal occurs between the
patches and the other patch is at the endemic steady state. We derived sufficient condi-
tions for the existence of a locally stable co-endemic equilibrium by proving the existence
of a forward bifurcation when the minimum between the two reproduction numbers P;,
i=1,2, crosses the threshold value of 1.

Our analysis reveals that awareness-induced behavioural changes can destabilise
mixed equilibria by increasing P;, thereby promoting the emergence of a stable co-ende-
mic steady state. In the presence of memory-dependent awareness, the mixed equilib-
ria may further destabilise through Hopf bifurcations, depending on the sign of some
awareness-related parameters. Numerical simulations show that behavioural responses
can significantly influence some relevant quantities, such as the basic reproduction num-
bers P;, the total cumulative incidence and disease-induced mortality.

Understanding the complex interplay between awareness-driven behavioural adap-
tations, human mobility, and epidemic spread remains a significant challenge, with sev-
eral open questions yet to be addressed. Despite the insights provided by this study,
some limitations should be acknowledged. First, the functional forms used to model
awareness-dependent contact and travel rates were drawn from existing literature on be-
havioural epidemic models and spatially structured models with prevalence-dependent
behaviours [9,10,22,47,48,57]. However, there is still lack of substantial literature where
such functions have been validated against real data (a very recent example is given
in [11]). As a result, the simulations presented here should be regarded as qualitative
explorations of the model’s dynamics rather than quantitative predictions of real-world
scenarios.
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Furthermore, although the theoretical analysis in the case with memory-dependent
awareness has revealed conditions under which mixed equilibria may lose stability via
Hopf bifurcations, finding a set of parameter values for which the coefficients ¢, and ¢3
are negative is still an open problem. However, our findings are aligned with results
obtained via alternative modelling approaches. For instance, in [48], a two-patch SIR
model with constant dispersal is studied. There, the transmission rates depend on de-
layed prevalence to represent both the effects of media—driven surveillance on disease
transmission and the possibly delayed spread of information. It is shown that Hopf bi-
furcations of mixed equilibria can indeed occur when infected individuals do not travel
between patches.

In conclusion, this work can be seen as a further step towards understanding the in-
terplay between human mobility, behavioural responses, and epidemic dynamics. At the
same time, the limitations outlined above offer opportunities for future research. A first
direction may be to revise the formulation of awareness, replacing its dependence on
prevalence with dependence on incidence. Indeed, some recent works suggest that link-
ing the epidemic risk perception to infection prevalence may be sometimes inaccurate,
since prevalence may be an unobserved quantity [23]. A second direction may involve
testing alternative functional forms to describe behavioural reactivity and applying the
model to real-world case studies, to evaluate which forms best match the empirical data.

Appendix A.

Proof of Lemma 3.1. Let us denote by [0,77) the maximal interval of existence of the solu-
tion, with 0 <7 < 4-oc0. Define

T:={t|xi(1)>0,i=1,....4,T€[0,t]}. (A.1)

The set 7 is nonempty as 0 € 7. Therefore, we can consider t =sup7 and t; € (0,%]. We
claim that x;(#1) >0,i=1,...,4. To show this, note that Eq. (2.6a) can be rewritten as

S1(t)=B(t)—A(t)S1(t), (A.2)

where
B(t) =N\ —|—El2<t)52(t), A(t) =Uta (t) +B1 (t)[l (t)
Multiplying both sides by exp fot A(1)dTt, Eq. (A.2) becomes

%{s1 (t)elo ATy = B(f)eh AT
Integrating both sides from 0 to t;, we obtain
. t s
sl(tl)ejo’lA(r)dr_Sl 0) :/ 1B<S)ef0A(T)deS,
0

and so
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t t s
S1(t1) =51 (O)tffotlA(T)dr%—e’folA(T)dT/ 1 B(S)efo AdTgs >0,
0

since S1(0) >0 and B(s) >0,s € [0,t1). The same argument can be applied to show that
xi(t1) >0fori=2,...,4.

Now, we claim that t; =7 and therefore the solution is strictly positive, for every
t>0. Suppose by contradiction that t; <#. Due to continuity of the solution, there exists
tp > t1 such that x;(t) >0 on [0,f,],i=1,...,4. Then t, € T. This leads to a contradiction, as
ti=supT. O

Proof of Proposition 3.1. Since the closure of a positively invariant set is still positively in-
variant [2, Remark 16.3h], it follows from Lemma 3.1 that ]Ri is positively invariant.

Adding the equations of model (2.6), we obtain the following equation ruling the
evolution of the total population N(¢):

N(t) =N\ —|—A2—;M1N1<t) —;blzNz(t) —E1Il<t) —Ez]z(t)

§A1—|—A2—min{y1,‘u2}N(t), (A.3)
thus
0<N(t) SN(Q)e—min{m,uz}t+_/\1#/\2@_6—min{m,m}t), V>0, (A.4)
min {1, 42}
d th
e limsup N () < _Aithe (A.5)
t—>+oop ~ min{pq, 2} .

From (A.4), we get thatif N(0)<(A1+Az)/min{u1, 2}, then N(#)<(A1+Az) /min{pq, 2 }
for all t > 0. On the other hand, if N(0) > (A1+Az)/min{pq,p2}, the solution N(t)
will have as upper bound (A1+Az)/min{py,u2} for t — +o0, for Eq. (A.5). This means
that even if N(0) > (A1+Az)/min{pui, 42}, the solution N(t) will become smaller than
(A14+Az)/min{u,up} or will approach it asymptotically. Then, the set () is positively
invariant and attractive for the solutions of model (2.6). Since the solution is confined in
the compact set (), the maximal interval of existence of x(t) is [0,4-o0) and the solution
exists globally for t > 0. O
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