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Abstract. Global warming and deteriorating environmental conditions have raised
concerns about the persistence of green sea turtle populations, whose reproduction
is governed by temperature-dependent sex determination. This study employs math-
ematical modeling to investigate these ecological challenges. Building on our previ-
ous models of green sea turtle population dynamics, we develop a sex-structured and
stage-structured life history model that integrates temperature-dependent sex deter-
mination and ecological viability, offering a mechanistic framework for understanding
green sea turtle population dynamics under climate and environmental stress. Our
findings reveal that population dynamics are governed by an Allee-adjusted repro-
ductive number, which accounts for both thermal and environmental influences. Ad-
ditionally, we conduct a global stability analysis of the collapsed equilibrium using the
singular perturbation approach, offering insights into long-term population viability.
While additional parameter validation is necessary for definitive conclusions, our re-
sults illustrate how climate change and deteriorating environmental conditions shape
the long-term viability of green sea turtle populations.

AMS subject classifications: 37G10, 92-10 , 92D25, 92D40
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ge-structured, Allee effects, population collapse, bi-stability.

1 Introduction

Green sea turtles (Chelonia mydas) are long-lived marine reptiles, with lifespans exceed-
ing 70 years [5, 15, 26, 32]. As depicted in Fig. 1, their life cycle consists of four distinct
stages: egg, hatchling, juvenile, and adult.

∗Corresponding author. Email address: songb@mail.montclair.edu (B. Song)

http://www.global-sci.org/csiam-ls 1 ©2025 Global-Science Press



2 B. Song / CSIAM Trans. Life Sci., x (2025), pp. 1-21

Figure 1: Life cycle of green sea turtles, comprising four stages: egg, hatchling, juvenile, and adult.

They begin as eggs laid on nesting beaches, incubate in the sand, and hatch into
small hatchlings that immediately move toward the ocean. As juveniles, they develop
in nearshore waters before reaching sexual maturity, often requiring several years or
even decades. Adult green turtles, particularly females, make long migrations to nest-
ing beaches to lay eggs, repeating this cycle every few years [32].

The incubation period lasts approximately 45 to 70 days, during which the mean nest
temperature determines the sex of the hatchlings, a phenomenon known as temperature-
dependent sex determination (TSD). This discovery dates back to Charnier’s seminal
work [9] in 1966 at the University of Dakar, Senegal. Before then, sex determination
in vertebrates was assumed to be strictly genetically controlled. During the past half
century, extensive research has expanded this understanding to reptiles.

Comprehensive reviews of TSD include Bull’s pioneering work [7], Valenzuela and
Lance’s field review [38], the introductory book by Lutz et al. [24] and Hall’s open-access
publication [17].

TSD is a process in which environmental temperature influences embryonic devel-
opment by triggering the production of sex hormones, thus dictating the sex of the em-
bryo. This mechanism, categorized as the determination of environmental sex, is based
on physical and biotic factors such as temperature [27, 29]. Every reptile species that
exhibits TSD has a thermosensitive period, during which sex differentiation occurs. In
turtles, this critical period occurs mid-trimester of the incubation cycle [3].

While many reptile species rely on genetically determined sex via zygotic sex chro-
mosome composition, others – including crocodilians, most turtles, and some lizards –
determine sex through incubation temperature during early gonadal differentiation. TSD
is prevalent in reptiles and has also been observed in other taxa [10, 23, 31].

During this critical developmental window, slight temperature variations influence
enzyme activity and gene expression, leading to differentiation into male or female go-
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nads. Specific temperature thresholds vary by species, resulting in three distinct types of
TSD [25]:

1. Male-biased TSD – Higher temperatures produce males, while lower temperatures
produce females (e.g. crocodilians).

2. Female-biased TSD – Higher temperatures favor females, while lower temperatures
favor males (e.g. marine turtles).

3. Mixed TSD – Intermediate temperatures produce males, while extreme tempera-
tures yield females.

Typical temperature ranges for TSD in reptiles include the following:

– Green sea turtles: Mostly males below 28◦C, predominantly females above 30◦C
[42].

– American alligator (Alligator mississippiensis): Males develop around 33◦C, while
cooler or warmer temperatures favor females [41, 42].

– Painted turtles (Chrysemys picta): Males emerge at intermediate temperatures
(27-29◦C), while extreme temperatures favor females [41].

For these species, incubation temperature during a specific developmental period deter-
mines sex, and minor temperature fluctuations can drastically alter sex ratios [8, 42].

Rising global temperatures pose a serious threat to reptiles with TSD, as skewed sex
ratios could affect population stability and long-term survival [14,18,35,37]. A 2020 study
by Blechschmidt [6] highlighted the potential extinction risks for green sea turtles due
to climate change. This concern extends beyond contemporary reptiles – STD-induced
changes in sex ratio have even been speculated as a factor in dinosaur extinction [28, 30].

Green sea turtles exhibit polygynandrous mating behavior, where both males and
females mate with multiple partners during the breeding season [22, 34, 36, 43].

Due to this reproductive structure, traditional pair-formation models used in two-sex
population dynamics are not applicable. Instead, we employ dynamical models struc-
tured by sex to capture population interactions [4, 21].

In our previous work [19,40], we developed sex-structured models to investigate pop-
ulation persistence and extinction risks. This paper extends the framework by incorpo-
rating environmental constraints, such as Allee’s effects, to explore the interplay between
thermal and ecological factors in shaping population dynamics.

In the following section, we present our mathematical model, integrating environ-
mental and thermal constraints into the existing sex-structured framework.

2 Model equations

Mathematical models addressing temperature-dependent sex determination often fall
within the broader category of life history models. There are both direct and indirect
approaches to incorporating temperature effects. A representative indirect approach was
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developed by Murray [30], who modeled spatially distributed nesting regions, each char-
acterized by distinct incubation temperatures. In contrast, our previous work [19, 40]
adopted a direct approach by explicitly including the incubation temperature as a pa-
rameter in the model.

In this study, we develop a sex-structured and stage-structured dynamical model to
describe the population dynamics of green sea turtles. Building on the framework estab-
lished in our earlier studies, the updated model further incorporates strong Allee effects,
introducing nonlinear feedback that reflects ecological constraints on reproduction and
survival.

Biologically, green sea turtles progress through four life stages: egg, hatchling, juve-
nile, and adult (see Fig. 1). Since sex is determined during the egg stage via TSD, we
aggregate the life cycle into two functional stages: the egg stage and the adult stage.
The adult stage encompasses all post-hatching phases, including reproductively mature
individuals. Each stage is further divided into male and female categories.

Let Am(t) and A f (t) denote the male and female adult populations at time t, and let
Em(t) and E f (t) denote the male and female egg populations. The total adult population
is given by A(t)=Am(t)+A f (t). The governing system of differential equations is

dAm

dt
=αmEm−µa Am,

dA f

dt
=α f E f −µa A f ,

dEm

dt
=−αmEm+phre

(

A

C
−1

)(

1−
A

K

)

f Am−µeEm,

dE f

dt
=−α f E f +(1−p)hre

(

A

C
−1

)(

1−
A

K

)

f Am−µeE f ,

Am(0)=A0
m >0, A f (0)=A0

f >0, Em(0)=E0
m >0, E f (0)=E0

f >0.

(2.1)

The parameter p represents the proportion of eggs that develop into males and is mod-
eled as a function of the mean incubation temperature T. Based on empirical studies,
Girondot [16] proposed the following logistic-type function to describe temperature-
dependent sex determination in reptiles:

p(T)=
1

1+e−(β−T)/s
,

where β is the pivotal temperature at which the sex ratio is balanced (p= 0.5), and s is
a shape parameter controlling the steepness of the transition. This empirical formulation
captures the biological mechanism of TSD, where warmer temperatures favor female de-
velopment and cooler temperatures favor male development. The adoption of Girondot’s
empirical function p(T) allows incubation temperature T to enter the model explicitly,
linking thermal conditions to sex ratio dynamics.

All parameters in system (2.1) are defined with biologically meaningful units. The
maturation rates αm and α f , and the mortality rates µa and µe, are measured in inverse
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years, reflecting the rate at which individuals transition between life stages or die. The
fundamental model parameter f denotes the average number of female mating partners
per male per year and also carries units of inverse years. The quantity re represents the
average number of eggs laid per female per nesting event and is interpreted as a count
of eggs. The hatching success rate h and the sex ratio parameter p are dimensionless pro-
portions. The parameters K and C, representing the carrying capacity and critical mass
respectively, are dimensionless in the equations but semantically correspond to popula-
tion sizes, measured in number of individuals. The nonlinear term (A/C−1)(1−A/K)
captures the Allee effect, modeling reduced reproductive success at low population den-
sities and saturation effects at high densities [1, 2, 4]. This formulation allows the model
to reflect both ecological vulnerability and demographic thresholds, which are critical for
understanding population persistence under environmental and thermal stress.

For notational simplicity, we define a composite parameter r= reh f , representing the
number of hatched eggs per unit of time sired by a single male turtle. Since the indi-
vidual components re,h, and f are readily estimated, we retain their decomposition for
interpretability. A detailed description and estimation of all model parameters is pro-
vided in Table 1.

Table 1: Estimated parameters for green sea turtle population dynamics.

Parameter Description Estimated value Reference

µa Mortality rate of adult 1/70 Implied from [26]

re Average # of eggs per encounter 110 [33]

µe Mortality rate of eggs 365/45≈8.11 Implied from [26]

αm Maturity rate of male eggs 0.001 Implied from [12]

α f Maturity rate of female eggs 0.001 Implied from [12]

f Sexually-encounter rate per male 4 Estimated

p Proportion of eggs becoming male Varies N/A

1−p Proportion of eggs becoming female Varies N/A

h Egg hatching rate 0.25 [39]

C Allee-critical mass N/A N/A

K Carrying capacity N/A N/A

c Ecological viability ratio 0< c<1 N/A

β Pivotal temperature 29.34◦C [16]

s Shape of transition 1.01 [16]

3 Equilibrium analysis

3.1 Extreme situations

We first consider the simplest dynamics for model (2.1). When p=0 or p=1, our model
predicts population extinction. For instance, when p=0, we derive
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dEm

dt
=−αmEm−µeEm,

which implies that Em → 0 as t → ∞. Consequently, it follows that Am → 0 as t → ∞.
Similarly, since Am→0, we obtain E f →0 as t→∞, leading to

dA f

dt
=α f E f −µa A f .

Since E f → 0, we conclude that A f → 0 as t→∞, confirming population extinction. The
case of p=1 follows an identical argument, starting from the equation of dE f /dt.

In the remainder of this paper, we focus exclusively on the biologically relevant case
where 0< p<1.

3.2 Nondimentionalization

We scale the adult population by the Allee critical density C, so that both

x1=
Am

C
, x2=

A f

C

are dimensionless. The egg populations Em and E f are scaled by

Em =
prC

µe+α f
y1, E f =

(1−p)rC

µe+α f
y2

so that y1 and y2 have no dimension. We choose the expected lifespan of the adult popu-
lation, 1/µa, to scale the time τ= t/(1/µa)=µat. Denote C/K by c, c=C/K<1 measure
the critic density by the carrying capacity. Then the dimensionless version of the sys-
tem (2.1) is

dx1

dτ
=

αm pr

µa(µe+α f )
y1−x1, (3.1a)

dx2

dτ
=

αm(1−p)r

µa(µe+α f )
y2−x2, (3.1b)

dy1

dτ
=

µe+α f

µa

(

−y1
αm+µe

µe+α f
+
(

(x1+x2)−1
)(

1−c(x1+x2)
)

x1

)

, (3.1c)

dy2

dτ
=

µe+α f

µa

(

−y2+
(

(x1+x2)−1
)(

1−c(x1+x2)
)

x1

)

. (3.1d)

The following biological meaningful re-parameterizations are introduced early to fa-
cilitate our mathematical management:

Rm
0 =

αm pr

µa(αm+µe)
,
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R
f
0 =

α f (1−p)r

µa(α f +µe)
,

Q=
R

f
0

Rm
0

=
(1−pα f )/(α f +µe)

pαm/(αm+µe)
,

Rc=Rm
0

(1−c)2

4c
=

αm pr

µa(αm+µe)

(1−c)2

4c
. (3.2)

3.3 Persistent equilibrium and population viability

The existence of equilibria in system (3.1) is mathematically manageable. The Eqs. (3.1c)-
(3.1d) yield the following expressions:

y1=
µe+α f

αm+µe

(

(x1+x2)−1
)(

1−c(x1+x2)
)

x1,φ1(x1,x2),

y2=
(

(x1+x2)−1
)(

1−c(x1+x2)
)

x1,φ2(x1,x2).

(3.3)

Substituting them into the first two equations, we arrive at the following:

Rm
0 (x1+x2−1)

(

1−c(x1+x2)
)

x1−x1=0,

R
f
0(x1+x2−1)

(

1−c(x1+x2)
)

x1−x2=0.
(3.4)

From the above, it follows that at equilibrium we have x2 =Qx1. This reduces the com-
putations for determining the equilibrium to a single equation for x1 alone

Rm
0 x1

(

(1+Q)x1−1
)(

1−c(1+Q)x1

)

−x1=0. (3.5)

The trivial equilibrium x1 = 0 satisfies (3.5), which implies that E0 = (0,0,0,0) is always
an equilibrium. This represents the population collapse, so we refer to E0 as the collapsed
equilibrium.

Theorem 3.1. The system (3.1) unconditionally admits the collapsed equilibrium E0=(0,0,0,0).

Non-trivial equilibria are obtained by solving the quadratic equation
(

(1+Q)x1−1
)(

1−c(1+Q)x1

)

−1/Rm
0 =0. (3.6)

For the quadratic equation (3.6):

– If Rc<1, there is no real solution.

– If Rc>1, two positive equilibria x+1 and x−1 emerge, given by

x+1 =
1+c+

√

1−
(

1+Rm
0

)

/Rc

2c(1+Q)
,

x−1 =
1+c−

√

1−
(

1+Rm
0

)

/Rc

2c(1+Q)
.

(3.7)
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– When Rc=1, the solutions are x+1 and x−1 coalesce, resulting in a saddle-node bifur-
cation of equilibrium.

By substituting x+1 , x+2 =Qx+1 , and similarly x−1 , x−2 =Qx−1 into (3.3), we finally obtain

y+i =φi(x+1 ,x+2 ), y−i =φi(x−1 ,x−2 ), i=1,2.

These algebraic calculations confirm that the system (3.1) exhibits a saddle-node bi-
furcation at Rc=1, thus establishing the existence of persistent equilibria.

Theorem 3.2. Consider the system (3.1).

– When Rc>1, there are two positive equilibria

E+=(x+1 ,x+2 ,y+1 ,y+2 ), E−=(x−1 ,x−2 ,y−1 ,y−2 ).

– When Rc=1, E+ and E− coalesce, leading to a saddle-node bifurcation.

– When Rc<1, there are no persistent equilibria and population collapse occurs.

A visual representation of Theorem 3.2 is depicted in Fig. 3.

3.4 Local stability of the collapsed equilibrium

The Jacobian matrix of the full system (3.1) evaluated at the collapsed equilibrium E0 =
(0,0,0,0) is given by

J=









−1 0 M1 0
0 −1 0 M2

−δ −δ −δM3 0
−δ −δ 0 −δ









,

where

M1=
αm pr

µa(µe+α f )
, M2=

αm(1−p)r

µa(µe+α f )
, M3=

αm+µe

µe+α f
,

and δ=1/ǫ. The characteristic equation of J is given by (1+λ) f (λ)=0, where

f (λ)=λ3+
(

δM3+(1+δ)
)

λ2+
(

M1δ+(M2+1)δ+δ(1+δ)M3

)

λ+M1δ2+(M2+1)δ2.

It is straightforward to verify that
(

δM3+(1+δ)
)(

M1δ+(M2+1)δ+δ(1+δ)M3

)

>M1δ2+(M2+1)δ2.

From the Routh-Hurwitz criterion it follows that all eigenvalues of J have negative real
parts. We now state this result formally.

Theorem 3.3. The collapsed equilibrium E0 of system (3.1) (and the original system (2.1)) is
always locally asymptotically stable for all parameter values.

We will subsequently analyze the global stability of the collapsed equilibrium using
a singular perturbation approach.
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4 A singular perturbation approach

The significant difference in time scales between the adult turtle population and the egg
population allows us to reduce the original four-dimensional nonlinear model (2.1) to
a lower-dimensional system using a singular perturbation approach. Specifically, the
incubation period of eggs, given by 1/(µe+α f ), is approximately 40-45 days, whereas the
average lifespan of an adult turtle, 1/µa, is around 70 years. This substantial disparity
implies that the ratio µa/(µe+α f ) can be treated as a small parameter.

Introducing the small parameter ǫ = µa/(µe+α f ), we rescale the time variable and
rewrite the system (3.1) in the following dimensionless form:

dx1

dτ
=

αm pr

µa(µe+α f )
y1−x1,

dx2

dτ
=

αm(1−p)r

µa(µe+α f )
y2−x2,

ǫ
dy1

dτ
=−y1

αm+µe

µe+α f
+
(

(x1+x2)−1
)(

1−c(x1+x2)
)

x1,

ǫ
dy2

dτ
=−y2+

(

(x1+x2)−1
)(

1−c(x1+x2)
)

x1.

(4.1)

System (4.1) is in the standard form of a singular perturbation problem. In this for-
mulation, y1 and y2 are referred to as fast variables, while x1 and x2 are slow variables.

4.1 Dynamics on the slow manifold

To derive the quasi-steady states, we set ǫ = 0 in the equations for the fast variables.
Substituting the resulting expressions for y1 and y2 (from (3.3)) into the equations for the
slow variables yields the following reduced two-dimensional system:

dx1

dτ
=Rm

0 (x1+x2−1)
(

1−c(x1+x2)
)

x1 − x1,

dx2

dτ
=R

f
0 (x1+x2−1)

(

1−c(x1+x2)
)

x1 − x2.

(4.2)

An insightful property of (4.2) is obtained by considering

d

dτ

(

R
f
0 x1−Rm

0 x2

)

=−R
f
0 x1+Rm

0 x2=−
(

R
f
0 x1−Rm

0 x2

)

,

which integrates to

R
f
0 x1−Rm

0 x2=
(

R
f
0 x1(0)−Rm

0 x2(0)
)

e−τ
−→ 0 as τ → ∞.

Hence, the line R
f
0 x1−Rm

0 x2 = 0 is globally attracting. In the long term, the trajectories

of (4.2) satisfy R
f
0 x1=Rm

0 x2.
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Substituting x2=Qx1 with Q=R
f
0/Rm

0 in (4.2) reduces the dynamics to a single equa-
tion for x1

dx1

dτ
=Rm

0 x1

(

(1+Q)x1−1
)(

1−c(1+Q)x1

)

−x1. (4.3)

One verifies by routine calculation that x1 = 0 is a locally asymptotically stable equilib-
rium, corresponding to the collapsed equilibrium E0. Nonzero equilibria of (4.3) arise
from the quadratic condition (3.6). Specifically,

• If Rc<1, the only equilibrium is x1=0 (extinction).

• If Rc>1, there exist two positive equilibria x−1 and x+1 given by (3.7).

Rewrite (4.3) as
dx1

dτ
=−Rm

0 c(1+Q)2x1(x1−x−1 )(x1−x+1 ),

which reveals that, when Rc > 1, the equilibria at x1 = 0 and x1 = x+1 are asymptotically
stable, while x1 = x−1 is unstable. Moreover, if Rc <1, the extinction equilibrium x1 =0 is
globally asymptotically stable.

Because R
f
0 x1−Rm

0 x2 →0, the long-term behavior of the slow system (4.2) is summa-
rized in the following result.

Theorem 4.1. Consider the slow dynamics governed by system (4.2).

• The extinction equilibrium (0,0) is always locally asymptotically stable and globally asymp-
totically stable if Rc<1.

• If Rc>1, two nontrivial equilibria exist: (x+1 ,Qx+1 ) and (x−1 ,Qx−1 ).

• For Rc > 1, the equilibrium (x−1 ,Qx−1 ) is unstable, while (x+1 ,Qx+1 ) is locally asymptoti-
cally stable.

The second part of Theorem 4.1 demonstrates the bistable nature of the system when
Rc>1. Figs. 5 and 6 illustrate these dynamics. The case of Rc<1 is shown in Fig. 4.

4.2 Global stability of the collapsed equilibrium

If ǫ≪1, we further study the global stability of the collapsed equilibrium E0 of the four-
dimensional system (3.1).

Theorem 4.2. Consider the full system (3.1) with ǫ≪1. If Rc <1, the collapsed equilibrium E0

is globally asymptotically stable.

The proof of Theorem 4.2 is carried out applying a theorem from an early work by
Hoppensteadt [20].
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We now re-state Hoppensteadt’s theorem. Let x∈R
n and y∈R

m. Consider a general
perturbation problem

dx

dt
= f (x,y,ǫ),

ǫ
dy

dt
= g(x,y,ǫ),

(4.4)

where ǫ is a small positive parameter. Consequently, x and y are called slow variables
and fast variables. Let y = φ(x) be the implicit function defined by g(x,y,0) = 0. Then
a reduced system of the full system (4.4) is the following:

dx

dt
= f

(

x,φ(x),0
)

. (4.5)

Let (x∗,y∗) be an equilibrium of the system (4.5), that is, g(x∗,y∗,0)=0 and f (x∗,y∗),0)=0,
then Theorem 4.3 (below), a special case of Hoppensteadt’s theorem [20, Theorem 2],
helps characterize the dynamics of this system near the slow manifold.

Theorem 4.3. Assume

(i) The slow manifold, g(x,y,0)= 0, is a graph, that is, there exists a function y=φ(x) such
that g(x,φ(x),0)≡0.

(ii) Both f (x,y,ǫ) and g(x,y,ǫ) have continuous and bounded derivatives with respect to ǫ and
the state variables x and y.

(iii) The system dx/dt= f (x,φ(x),0) has a globally stable fixed point x∗ and y∗=φ(x∗). The
matrix ( fx− fyg−1

y gx)(x∗,y∗,0) has all eigenvalues with negative real parts.

(iv) The zero solution of the system dY/dτ= g(ξ,φ(ξ)+Y,0) is globally stable for any ξ.

(v) The eigenvalues of matrix gy(x∗,y∗,0).

Then if there is a locally asymptotically stable equilibrium of the full system, then it is globally
asymptotically stable when ǫ is small.

Now we present a rigorous proof to Theorem 4.2.

Proof. In Hoppensteadt’s original notation in [20], if we let (x̃(t,ǫ),ỹ(t,ǫ)) denote the
equilibrium solution (x0,y0) of the full system, D be Rm and Eξ = Rn, then Theorem 4.2
follows as a special case. Consequently, we only have to verify that all 5 hypothesis are
satisfied for the full system (3.1).

In our model f and g are

f =

[

f1

f2

]

=









αm pr

µa(µe+α f )
y1−x1

αm(1−p)r

µa(µe+α f )
y2−x2









,
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g=

[

g1

g2

]

=





c−y1
αm+µe

µe+α f
+
(

(x1+x2

)

−1)
(

1−c(x1+x2)
)

x1

−y2 +
(

(x1+x2)−1
)(

1−c(x1+x2)
)

x1



.

Note: In our case, both f and g are independent of the small parameter ǫ.

(i) The slow manifold is the graph given by (3.3) M0 : y=φ(x), y∈R2 and x∈R2,

y1=φ1(x1,x2)=
µe+α f

αm+µe

(

(x1+x2)−1
)(

1−c(x1+x2)
)

x1,

y2=φ2(x1,x2)=
(

(x1+x2)−1
)(

1−c(x1+x2)
)

x1.

(ii) The continuity and boundedness of the derivative of f and g are obvious.

(iii) The eigenvalues of matrix ( fx− fyg−1
y gx)(0,0,0,0). Here are fx, fy, gx and gy at

(0,0,0,0):

fx =

[

−1 0
0 −1

]

, fy =

[

M1 0
0 M2

]

, gx =

[

−1 0
0 −1

]

, gy =

[

−M3 0
0 −1

]

.

Thus,

J=
(

fx− fyg−1
y gx

)

(0,0,0,0)=







−1−
M3

M1
0

0 −1−
1

M2







has two negative eigenvalues. Theorem 3.3 ensures that (0,0) is a globally stable
equilibrium for the system dx/dτ= f (x,φ(x)).

(iv)
dY

dτ
= g

(

ξ,φ(ξ)+Y
)

=

[

−M3 0
0 −1

][

y1

y2

]

is a linear system that is independent of the parameter ξ. The zero solution of the
above system is globally asymptotically stable for any ξ, because all eigenvalues
are negative.

(v) Since gy(0,0) has eigenvalues λ=−M3 and λ=−1, the item (v) of the hypothesis
is validated.

This completes the verification and the proof of Theorem 4.2.

5 Reparameterization and parameter estimation

In the preceding sections, we introduced dimensionless quantities c, Rm
0 , R

f
0 , Rc, and Q

to simplify the mathematical analysis. In the following, we provide their biological and
ecological interpretations.
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5.1 Ecological viability ratio: c=C/K

Here, C denotes the critical population density (or Allee threshold) below which growth
is impeded by factors such as mate limitation, loss of cooperative behaviors or reduced
genetic diversity [11]. The parameter K is the carrying capacity, that is, the maximum
population size that is sustainable by the available resources. Thus, the ratio c = C/K
measures the proportion of carrying capacity required to maintain the population under
environmental pressures.

5.2 Basic reproductive number for males: Rm
0

We decompose Rm
0 as

Rm
0 =

1

µa

αm

αm+µe
phre f . (5.1)

Each factor represents a key stage in male turtle reproduction:

• 1/µa is the average lifespan of an adult male.

• αm/(αm+µe) is the probability that a male hatchling survives to adulthood.

• f is the average number of mating encounters per male per unit of time.

• re is the number of eggs laid per mated female, each hatching with probability h.

• p is the probability that a hatchling is male, reflecting temperature-dependent sex
determination.

Consequently, Rm
0 gives the expected number of male offspring produced by a single

male during its lifetime, serving as a key metric for male population viability.

5.3 Allee-adjusted reproductive number: Rc

Our analysis shows that the population’s persistence hinges on the Allee-adjusted repro-
ductive number

Rc=Rm
0

(1−c)2

4c
.

The term (1−c)2/(4c) modulates Rm
0 by accounting for population constraints, reflecting

how environmental conditions regulate reproductive success. Defining the environmen-
tal viability constraint as

Env=
4c

(1−c)2
,

the condition for long-term persistence is

Rm
0 >Env.

If c≪1, the Allee effect is weak and this condition is easily met. In contrast, when c≈1,
environmental restrictions are severe and achieving Rm

0 >Env becomes more difficult.
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5.4 Adult sex ratio: Q

The parameter

Q=
R

f
0

Rm
0

=
(1−p)α f /(α f +µe)

pαm/(αm+µe)

compares the female and male basic reproductive numbers. Here,

s f =
(1−p)α f

α f +µe
, sm =

pαm

αm+µe

are the probabilities that a female or male hatchling, respectively, survives to adulthood.
Hence,

Q=
s f

sm
= lim

τ→∞

x2

x1
= lim

t→∞

A f

Am

determines the long-term adult sex ratio of females to males. This ratio remains fixed
at Q regardless of whether the population persists or goes extinct.

5.5 Parameter estimations

The life history of sea turtles is well documented in research articles, and several open-
access sources provide reliable estimates of key biological parameters. For example, sea
turtles lay an average of 110 eggs per nest, as reported in [13, 33]. The hatchling survival
rates, estimated as am = a f =0.001, can be found in [12, 13]. A relevant excerpt from [12]
states:

“Only about one in 1,000 turtles survives to adulthood. Hatchlings die of
dehydration if they do not reach the ocean quickly enough. Birds, crabs, and
other predators also prey on young turtles”.

The hatching success rate of eggs is h=25%, as reported in [39]. Table 1 summarizes the
estimated values and references for the model parameters.

It is important to note that parameter estimates may vary across different green sea
turtle populations, and values reported in the literature may differ due to regional eco-
logical factors and methodological variations.

6 Results

In executing our model, we treat the ecological viability ratio c and the probability p as
independent parameters, varying within the interval (0,1). All other parameter values
are taken from Table 1.
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6.1 The interplay between incubation temperature T and ecological viability
ratio c

The parameter p represents the proportion of eggs that develop into males, which is
determined by the mean incubation temperature of nests (T). Applying maximum like-
lihood estimation to a logistic-like function, Girondot [16] proposed the following rela-
tionship:

p(T)=
1

1+e−(β−T)/s
. (6.1)

Substituting p(T) into the expression for Rc in (3.2), we obtain the reparameterized form

Rc(T,c)=
1

1+e−(β−T)/s

rmαm

µa(αm+µe)

(1−c)2

4c
. (6.2)

The contour curve of Rc(T,c) = 1 on the (T,c)-plane is depicted in Fig. 2. The upper
region corresponds to population collapse, while the lower region predicts population
persistence.

As the mean incubation temperature increases, the persistence region shrinks rapidly,
indicating that even moderate environmental conditions (that is, midrange values of c)
cannot prevent the collapse of the population. For instance, if c=0.05, the model predicts
that population collapse occurs at an incubation temperature of T=30.1847◦C.

Figure 2: The combined impact of incubation temperature (T) and ecological viability ratio (c) on the persistence
of the green sea turtle population. On the (T,c)-plane, the green curve delineates the boundary between
population collapse and persistence.

6.2 Catastrophic collapse

Our model predicts that population collapse can occur abruptly, as illustrated in Fig. 2.
However, population extinction does not occur in a continuous fashion. Instead, it fol-
lows a hysteretic trajectory, where the population may persist despite adverse conditions
until crossing a critical threshold, after which a sudden collapse occurs.
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The catastrophic collapse emerges when the parameters c and T cross the boundary
corresponding to the saddle-node bifurcation. Initially, when Rc > 1, the population re-
mains stable at x+1 – the larger equilibrium in the left panel of Fig. 3. As c and T vary,
e.g. keeping c fixed while increasing T the equilibrium x+1 gradually shifts towards x−1 ,
leading to a continuous decline in population size.

However, as soon as c and T cross the bifurcation threshold, the equilibria x+1 and x−1
vanish, forcing the population to collapse to the extinct equilibrium. This sudden transi-
tion results in a catastrophic population decline.

For the case where Rc < 1, Fig. 4 presents time series trajectories for a wide range of
initial conditions, illustrating the collapse of the green sea turtle population.

Figure 3: A hysteretic demonstration of population collapse. The left, middle, and right panels correspond to
cases where Rc >1, Rc =1, and Rc <1, respectively. The left panel shows population persistence, whereas the
middle and right panels depict the transition to population collapse.

Figure 4: Population collapse is confirmed when Rc <1 for a large set of initial conditions.
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Figure 5: For Rc>1, the full model (3.1) exhibits bi-stable equilibrium dynamics. Red trajectories approach the
collapsed equilibrium E0, while green trajectories approach the persistent equilibrium E+.

6.3 Bi-stable dynamics

Theoretically, the emergence of bi-stability in equilibria is an intriguing phenomenon.
However, when applying the model to an existing green sea turtle population under the
assumption that Rc>1, extinction does not occur, as the initial conditions remain outside
the attraction domain of the collapsed equilibrium E0.

A phase portrait and its corresponding time series plots are shown in Fig. 6 for the
slow variables in model (3.4).

7 Discussion and conclusion

Using a sex-structured and age-structured dynamical model grounded in the life history
of green sea turtles, we demonstrate how environmental and thermal constraints shape
their population dynamics. The Allee-adjusted reproductive number serves as a thresh-
old criterion for extinction, capturing the interplay between demographic vulnerability
and ecological stress. Our model results highlight the serious risk of extinction facing
green sea turtles, and predict that if extinction occurs, it will manifest as a catastrophic
collapse rather than a gradual decline.

We emphasize the interplay between climate change and environmental deteriora-
tion. Global warming is a real and pressing issue, placing the future of green sea turtles
at serious risk. In addition to rising temperatures, the degradation of environmental con-
ditions, quantified by the ecological viability ratio c, further threatens population persis-
tence.
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Figure 6: Bi-stability of the slow variables. The left panel presents a phase portrait, while the right panel depicts
the corresponding time series trajectories.

Coastal development, human activities, sea level rise, and increased storm events
directly impact nesting beaches and food availability for green sea turtles, causing eco-
logical stress. Plastic pollution, which contaminates both nesting beaches and marine
habitats [23], has a direct effect on Rc. Climate change not only skews the sex ratio,
pushing populations toward collapse, but also intensifies storm activity, leading to nest
flooding and higher hatchling mortality rates.

From an evolutionary biology perspective, one might hope that climate change and
rising temperatures occur gradually, allowing organisms the necessary time to adapt.
A natural question arises: Can the evolutionary response of the green sea turtle mitigate
these threats?

Recent findings by Rickwood et al. [35] provide hope in this regard. Their study sug-
gests that climate change and rising temperatures are already altering the life history of
green sea turtles. Specifically, green turtles are adjusting their nesting timing in response
to temperature shifts:

“Green turtles are adjusting their nesting timing in response to climate chan-
ge, advancing by approximately 6.47 days for every 1◦C increase in sea tem-
perature” [35].

Our mathematical approach to the sex-structured and stage-structured dynamical model
is built on the discrepancy in time scales, analyzed through singular perturbation meth-
ods. The global attraction of the collapsed equilibrium E0 is mathematically rigorous and
provides a key criterion for population extinction. However, we have not explored the
stability of the persistent equilibrium for the full system (3.1), although its behavior was
fully characterized for the reduced system (3.4). This leaves an open question for future
research.
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A potential future direction would be to investigate the correlation between critical
mass C, carrying capacity K, and mean incubation temperature T, further refining our
understanding of population persistence under changing environmental conditions.

This study highlights the combined influence of thermal conditions and environmen-
tal constraints on the dynamics of the green sea turtle population, where TSD plays a crit-
ical role in their life history. We believe that the sex-structured and stage-structured mod-
eling framework, which incorporates strong Allee effects, can be extended to other reptile
species exhibiting TSD, providing broader ecological insights.
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