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Abstract. The inverse eigenvalue problem of constructing bisymmetric matrices M ,C and K of size n
for the quadratic pencil Q(A)=MXA?+CXA+KX so that has a prescribed subset of eigenvalues and

eigenvectors is discussed. A general expression of solution to the problem is provided. The set of such
solutions is denoted by S, . The optimal approximation problem associated with S, is posed, that is: to find

the nearest triple matrix [M,C, K] from S, . The existence and uniqueness of the optimal approximation

problem is discussed and the expression is provided for the nearest triple matrix.
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1. Introduction

Let R™" denote the set of nxn real matrices. SR™" denote the set of nxn real symmetric matrices.
ASR™"be the set of nxn real anti-symmetric matrices, R" denote the set of n dimensional vector. AT is the
transpose of matrix A .1, is nxn unit matrix, o] is Frobenius norm, [e|, is 2-norm. €; be i-th row of the
unit matrix |, . Let A be a real mxn matrix and let B be real pxq matrix. Then the Kronecker product of
matrices A and B is defined as

a‘llB asz alnB
A®B:=| : : : (1)
a,B a,B - a,B

mn

That is, A® B is the mpxnq matrix formed all possible pairwise element products of Aand B. If we let
vec(X) € R™ be the vector formed by the columns of a permutation matrix X € R™".
Definition!™. Let A= (&), & = (8187, 81) 8 = (8,855,771 8y5)

3, = (@101 Bny) » & = (@) . Then we denote vec, (A) as follow

n(n+1)

vecg (A):=(a,,a,,,a,,,2,) e R 7 . )

Definition™. A= (a;) € R™"is termed bisymmetric matrix, if

a. =a;=a

ij ji n—j+l,n—i+1?

i,j=1,2,---,n (3)

Let G ={[X,Y,Z]| X €e BSR™)Y € BSR"",Z ¢ BSR""}.
In this paper, we discuss the following problems:

Problem I. Given matrices X € R™?, A e R™", find [l\7|,é, K]eGsuch that
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HMXAZ +CX A + KX H: min

[MCK]eG

‘MXA2+CXA+ KX H (4)

where ||o[|is Frobenius norm.
LetG ={[M,C,K]||MX A” +CX A+KX]| = min,[M,C,K] e G}.
Problem I1. Find [M,C,K] e G, such that
IM P +IC I+ KP= [MTLQG(II MIF+[ICIF+ITK) (5)

where ||o|| is Frobenius norm.

2. The Solution Problem |

Lemma 1M, Let Ae R™",b e R", then the sufficiency and necessary condition of the solution exist
for linear equation AX = b as follow
AAb=D. (6)

the general solution for linear equation Ax = b can write as follow
X=Ab+(l-A"A)r, (7)

where 7 € R".

Lemma 2. Let Ae R™" b e R", then the least squares solution of incompatibility linear equation
AX = b can write as follow

Xx=Ab+(I-A"A)r, (8)
where 7 € R".
For any k of positive integer, let

I O §,

I S

D, Z%(Sk Ik j: Dy :% O \/E o | )

ko Tk S

k

o -l

k

where S, =(e,,€, ;,-**,€,,8).
We easy know, for any positive integer n, have p/D, =1, o] =p,, then D, is symmetric orthogonal

matrix.

Lemma 3. For any nis odd number or even number, the sufficiency and necessary condition of
nxn real matrix being bisymmetric matrix is

X, O
X=D| D, (10)
o X,

where X, € SR X e SRk =[2], D, as (9) .

Lemma 4%, Given matrix X € R™", then the sufficiency and necessary condition for X € SR™" as
follow

vec(X) =TI vecs(X) (11)

JIC email for contribution: editor@jic.org.uk



