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Optimal Decay Rates for the Highest-Order
Derivatives of Solutions for the Compressible
MHD Equations with Coulomb Force*

Liuna Qin and Zhengyan Luo'

Abstract For the Cauchy problem of the 3D compressible MHD equations
with Coulomb force, the large time behavior of this model is further investigat-
ed in this article. Compared to the previous related works in Tan-Tong-Wang
[J. Math. Anal. Appl. 427 (2015) 600-617], the main novelty of this paper
is that we prove the optimal decay rates for the highest-order spatial deriva-
tives of the solutions to the compressible MHD equations with Coulomb force,
which are the same as those of the heat equation.
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1. Introduction

Considering the initial value problem of 3D isentropic MHD equations with Coulomb
force for viscous compressible fluid:

pt + div(pv) =0,
(pv)t + div(pv ® v) + VP = curlH x H 4+ pAv + (A + p)Vdive + pVo,
H, —curl(vx H) —vAH =0, divH =0,

Ad = p— /53
(1.1)
with the initial data as follows:
(P» v, H7 V@)(t, I) |t:0 = (pOa Vo, H07 V@())(IE% (12)
the far field behavior of solutions, we assume:
(po; vo, Ho, V@o)(x) = (p,0,0,0) as [z — oo. (1.3)

Here the unknown functions p = p(t,x) > 0, v = v(t,z) € R}, H = H(t,z) € R3
and ® = ®(t,z) € R? are density, velocity, magnetic field and electric potential
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respectively. The pressure P = P(p) is a smooth function with P'(p) > 0 for p > 0.
The constants p, A are the viscosity coefficients of the flow, and they satisfy the
physical restrictions ¢ > 0 and 2 + 3\ > 0. The constant v > 0 represents the
magnetic diffusivity. p represents the positive constant.

1.1. History of the problem

Let us give some explanations about the above model. When the magnetic field
and the Coulomb force are taken into account, the compressible Navier-Stokes-
Poisson equations are transformed into the compressible viscous magnetohydro-
dynamic(MHD) equations with Coulomb force, which is of hyperbolic-parabolic-
elliptic mixed type. Owing to the physical importance and mathematical challenges,
there is a huge literature on the investigations of well-posedness of smooth or weak
solutions to the compressible MHD equations with Coulomb force, cf. [4,6,8,10,12].
To get straight to the point of this article, let’s just give a brief overview of the re-
sults for this model. When time goes to infinity, Tan-Wang [8] showed the vanishing
vacuum phenomena of the finite energy weak solutions via the weak convergence
method. Wang [9] proved that the weak solutions decay exponentially to the equi-
librium state in L? norm. What'more, Zheng-Tan [10] obtained the optimal time
decay estimate of the solutions by spectral analysis and energy methods. And Tan-
Tong-Wang [11] obtained the global existence and time decay rates of the solutions
through a general energy method. More precisely, under the assumptions that the
initial data ||(po — P, vo, Ho, V®o)(2)| g3 is sufficiently small, one has

t
Mﬂ—@viﬂv@ﬁmiw+/aWp—@VwVULVV@Gmiwﬁ
0

(1.4)
<C||(po — P, vo, Ho, V)| -
Furthermore, if (pg — p, vo, Ho, V®0)(z) € HY N L', it holds that
IV¥(p = p,v, H,V®) ()| gn—t S (1+4)"572 £=0,1,..,N —1, (1.5)
and
IV —p) )2 S (1 +4)~GF2) =01, N-2 (1.6)

However, when taking £ = N — 1 in (1.5), we find that the L?~decay rate of the
highest-order (i.e. N-order) spatial derivative of the solution (p—p, v, H, V®) is the
same as that of its lower order, which is (1 + t)*%*% and is slower than L2-rate
(1 —l—t)*%*%. Comparing the related results with those of the heat equation, it does
not appear to be optimal. Therefore, to improve the time decay rate in (1.5) is an
interesting and meaningful problem.

1.2. Notation

Throughout this paper, we denote LP(R3) and H*(R?) as usual Lebesgue space and
Sobolev spaces with norm || - ||» and || - || g respectively. In order to construct the
low—high frequency decomposition, we will introduce some symbols in the frequency
space. Let ¢; € C3°(RE)(j = 1,00) be the following cut-off functions:

1 ] < ao,
$1(§) = {0 €] > Ao, (1.7)
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