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A General Korteweg-de Vries-Burgers Equation:
Novel Ideas and Novel Results

Linghai Zhang

Abstract We consider the Cauchy problem for a general Korteweg-de Vries-
Burgers equation and the Cauchy problem for the corresponding linear equa-
tion. We will couple together a few novel ideas, several existing ideas and
existing results and use rigorous mathematical analysis to accomplish several
very important and very interesting results for these Cauchy problems.
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1. Introduction

1.1. The mathematical model equations and known related
results

Consider the Cauchy problem for the following general Korteweg-de Vries-Burgers
equation
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N (u) = f(x, t), (1.1)

u(x, 0) = u0(x). (1.2)

Also, consider the Cauchy problem for the corresponding linear equation
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v = f(x, t), (1.3)

v(x, 0) = u0(x). (1.4)

In these equations, the positive constant α > 0 represents the diffusion coef-
ficient, the real constants β and γ represent dispersion coefficients, the function
u0 = u0(x) represents the initial function and the function f = f(x, t) represents
the external force. Note that the initial functions in both the nonlinear problem
and the linear problem are the same, so are the external forces. The Hilbert oper-
ator H : L2(R) → L2(R) is defined by the principal value of the following singular
integral

[Hϕ](x) = 1

π
P. V.

∫
R

ϕ(y)

x− y
dy, ϕ ∈ L2(R).
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The Fourier transformation of the Hilbert operator H is given by

Ĥϕ(ξ) = iS(ξ)ϕ̂(ξ),

for all ϕ ∈ L2(R) and for all ξ ∈ R, where S = S(ξ) represents the standard sign
function

S(ξ) = −1 for all ξ < 0, S(0) = 0, S(ξ) = +1 for all ξ > 0.

Note that ∫
R
ϕ(x)Hϕ(x)dx = 0,

for all functions ϕ ∈ L2(R).
The nonlinear function N = N (u) ∈ C∞(R). There exists a positive constant

C > 0, independent of u, such that

|N (u)| ≤ C(|u|2 + |u|5),

for all u ∈ R. Suppose that there exists the limit

lim
u→0

N (u)

u2
= L,

where L ∈ R is some real constant.
Here are many examples of the nonlinear function

N (u) = u2, N (u) = sin(u2), N (u) = arctan(u2), N (u) = ln(1 + u2),

N (u) = u2 + u3, N (u) = u2 + u3 + u4, N (u) = u2 + u3 + u4 + u5.

The model equation reduces to the nonlinear Korteweg-de Vries-Burgers equa-
tion
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(u2) = f(x, t),

if the nonlinear function N (u) = u2 and the dispersion coefficients (β, γ) = (1, 0);
it reduces to the nonlinear Benjamin-Ono-Burgers equation
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if the nonlinear function N (u) = u2 and the dispersion coefficients (β, γ) = (0, 1);
and it reduces to the Burgers equation
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if the nonlinear function N (u) = u2 and the dispersion coefficients (β, γ) = (0, 0).
We allow the parameters β ∈ R and γ ∈ R to be any real constants to include

very general cases.
Here are many very important and very interesting questions.


