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Traveling Wave Solutions of Some abcd-Water
Wave Models Describing Small Amplitude, Long
Wavelength Gravity Waves on the Surface of
Water*
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Abstract For some abecd-water wave models describing small amplitude, long
wavelength gravity waves on the surface of water, in this paper, by using the
method of dynamical systems to analyze corresponding traveling wave systems
and find the bifurcations of phase portraits, the dynamical behavior of systems
can be derived. Under some given parameter conditions, for a wave component,
the existence of periodic wave solutions, solitary wave solutions, kink and anti-
kink wave solutions as well as compacton families can be proved. Possible exact
explicit parametric representations of the traveling wave solutions are given.
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1. Introduction

More recently, in [5], the authors studied exact Jacobi elliptic solutions for the
following abcd-system:

Mt + wy + (wn)x + aWypr — bnxmt = 07

(1.1)
Wi + Ny + WWy + Mgzz — dWagt = 0,
where a, b, ¢, and d are real constants and 0 € [0, 1] that satisfy
1/ 1 1 9 1
a+b—2<8 3), c+d—2(1 6%), a+b+c+d—3. (1.2)

System (1.1) was introduced by Bona et al. in [1] and [2] to describe the wave
motion of small amplitude, long wavelength gravity waves on the surface of water.
The functions n(z,t) and w(x,t) are real valued and z,t € R.
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A traveling-wave solution to the system (1.1) is a vector solution (n(zx,t), w(zx,t))
of the form

n(z,t) = ¢(x — at) = $(§), w(z,t) =Y(x —ot) =¢(§), =z —at,  (13)

where o denotes the speed of the waves.
Substituting (1.3) into (1.1) and integrating the obtained system once, we have

— 0+ P+ +ap’ +bog” = g,
1 2 1/ " (1.4)
—01/}+¢+§1/J + ¢c¢” + dop” = go,

where 7”7 denotes the derivative in £, g; and go are two integral constants. System
(1.4) can be written as:

(1 _ 1/’) 6— b8 = gy + ~(av” + ),

(o (o

(1.5)
b+t = g — do” — 207 + o0
(1.5) implies that if ¢ # 0 and a? + b2 # 0,
_ o blgz = do” — 3% + o) + e(g1 + 5 (ar" + 1))
Notice that
d¢ _ aF / aF " d2¢ _ 82F "2 aF " aQF 11\2 8F "
de = og" o e T o ap g gt
(1.7)

Generally, substituting (1.6) and (1.7) into the second equation of (1.5), we obtain a
fourth order ordinary differential equation about the variable 1, because it contains
a fourth order derivative ¢"" with respect to &.

If c#20,a =b=0o0r a=d=0, then, we can obtain a second order traveling
wave differential equation.

Obviously, to investigate the traveling wave solutions of the PDE system (1.1),
we must study the all solutions of the corresponding ordinary differential equation
(traveling system). [5] did not discuss the dynamics of solutions for the traveling
system of system (1.1). Therefore, the conclusions in their paper are not complete
and some results are incorrect.

By choosing specific values for the parameters a, b, ¢, and d, the system (1.1) in-
cludes a wide range of other systems that have been derived over the last few decades
such as the classical Boussinesq system, the Kaup system, the coupled Benjamin-
Bona-Mahony system (BBM-system), the coupled Korteweg-de Vries system (KdV-
system), the Bona-Smith system, and the integrable version of Boussinesq system.
In particular, these specializations are (see Bona et al. [1]):

(i) Classical Boussinesq system (6% = %7 a=b=c=0,d= %) :

Nt + wy + (wn), = 0,
(1.8)

Wt + Ny + WWy — gw”t =0.



