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Abstract This study investigates the role of vaccination, quarantine, and
isolation in controlling the spread of COVID-19 using a fractional-order math-
ematical model. The model consists of six non-linear fractional-order differen-
tial equations in the Caputo sense. Stability analysis is conducted using the
Ulam-Hyers and modified Ulam-Hyers criteria, and the existence and unique-
ness of solutions are explored with the Schauder and Banach fixed-point the-
orems. The model’s dynamical behavior is analyzed using the fractional Eu-
ler method. Dimensional consistency is maintained during the fractionaliza-
tion process, distinguishing this study from many contemporary investigations.
The results show that increasing vaccination rates, improving quarantine pro-
tocols, and enhancing isolation facilities are effective strategies for reducing
COVID-19 transmission.
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1. Introduction

Since the start of March 2020 till now, the coronavirus has been causing new infec-
tions; as of right now, 1,575,186 cases have been reported in Pakistan [1,2]. Of the
overall number of cases, 98% of the infected people have recovered, while 30,631
deaths have been reported, making up 2% of the total cases. There have been
several waves of coronavirus infection since March 2020; the most recent wave, or
sixth wave, was seen between May–September 2022 [2]. If we examine the data
provided in [2], we can see that there were multiple infections in the past, and that
the number of infections has steadily declined in the most recent wave. One of the
causes is that, in the past, people were ignorant of the problem and vaccines were
not available on the market. Vaccination is a helpful method of defending people
from illness. The coronavirus infection posed a significant threat to global health
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because there was no known cure or preventative measure, despite the availabil-
ity of immunizations. A notable reduction in the number of coronavirus infection
cases has occurred thanks to the efforts of scientists and researchers developing
vaccinations. The following list of mathematical models make use of the control
strategies: [3, 4]. A model for coronavirus infection incorporating control methods
was shown in [3]. Several control mechanisms were considered in the research on
the coronavirus, using the fractional-order model presented in [4]. There are several
varieties of coronavirus vaccines on the market, including those made by Moderna,
Pfizer, Johnson and Johnson, China, and others [5]. Notably, there is still a declin-
ing vaccination rate despite the fact that none of the vaccinations created to date is
100% effective. As a result, a disclaimer regarding vaccinations has been included in
the most recent vaccine campaigns. It is impossible to develop vaccinations against
coronavirus infection in certain parts of the world’s less developed nations due to
the lack of financial resources. One to ten people have been immunized in each of
the 70 low-income nations in the world [6]. International organizations are working
to reduce the coronavirus cases by distributing vaccinations equally.

It is important to emphasize that the unequal distribution of vaccinations cannot
be corrected quickly, necessitating the investigation of more realistic immunization
rates. Vaccines are thought to be the most effective means of controlling the elimi-
nation of disease, but their availability is restricted and influenced by a number of
factors during the implementation process. Quarantining the unconfirmed cases of
COVID-19 and isolating the confirmed cases for treatment are also effective in con-
trolling the spread of COVID-19 in a population. International researchers working
on vaccine methods have contributed valuable written resources to the literature.
For instance, the authors of [6] researched the dynamics of epidemic diseases and
created vaccination regimens for both single- and double-dose vaccinations. The
authors of [7] formulated a vaccination model that took tactics for treatment and
vaccine saturation into account. The topic of disease-containing vaccines and the
impact of media campaigns was examined in [8]. In [9], the study of the vaccination
model with subsequent infection following vaccination coverage and immunization
was presented. The effects of therapy and vaccination on the coronavirus were in-
vestigated in [10]. The impact of vaccine methods on the eradication of disease and
the availability of vaccines were discussed in [11–13]. A number of mathematical
models were discussed in [14, 15] that study the bifurcation and local and global
asymptotic dynamics of the coronavirus epidemic. A detailed discussion of the
vaccination model including its efficiency and impact may be found in [16]. The
literature has established mathematical models with integer and non-integer orders
to comprehend infectious diseases, including COVID-19 specifically [17–19]. As an
illustration, a model that uses actual data was developed and examined in [20]. A
mathematical model was presented in [21] based on the distributions of the instances
with asymptomatic and symptomatic compartments. In [22], the coronavirus treat-
ment model was covered. The coronavirus vaccination model, including its defense
mechanisms, was displayed in [23]. Martinez-Guerra and Flores-Flores [24] dis-
cussed the COVID-19 algorithm that is used to find undetected cases. In [25], a
non-integer method for coronavirus analysis using actual cases from Pakistan was
investigated. In order to comprehend the new Omicron variant, the SARS-CoV-2
formulation with fractional derivative was shown in [26].

A stability study and discussion of the second coronavirus infection wave was
examined in [27]. A fractional-order model was used in [28] to analyze the coro-
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navirus cases reported in India. The co-infection of COVID-19 and Monkeypox
diseases was analyzed in [29] using the Laplace Adomian Decomposition Method.
Further related uses of fractional calculus were demonstrated in [30–33]. Neural
network dynamics was covered in [30]. The IIR filter was employed by the authors
in [31] to obtain solutions for fractional-order equations related to grid-tied invert-
ers. In [32], the dynamics of the prey-predator system were examined, and the
fractional derivative was used for analysis. The Fractional Step-Down Oscillator
system was analyzed numerically in [33]. In [34], the dynamics of cholera under a
fractional differential equation framework was examined. A study on the kinetics
of the coronavirus spread under fractional calculus was conducted in [35]. Okyere
et al. [36] illustrated the dynamics of Monkeypox disease using arbitrary calcu-
lus. Fractional mathematical models of the Zika virus and Lassa fever were also
presented in [37, 38], where the Laplace Adomian Decomposition Method and the
Adams-Bashforth-Moulton method were applied to obtain approximate solutions for
the formulated systems. Akter et al. [39] combined fractional-order derivatives with
evolutionary game theory to study epidemic dynamics with diminishing immunity,
demonstrating that integrating vaccination, personal protection, and quarantine
significantly reduces disease spread. Ullah & Kabir [40] employed a fractional-order
approach to model behavioral responses during the monkeypox epidemic, high-
lighting the impact of quarantine policies on disease mitigation and peak delay
while emphasizing strict behavioral interventions in outbreak reduction. Ullah et
al. [41] proposed a non-singular fractional-order logistic growth model for popu-
lation forecasting in Bangladesh, offering a novel formal approach using adjusted
census data to enhance national planning and development strategies. Ullah et
al. [42] analyzed vaccination strategies with a fractional-order epidemic model, us-
ing an evolutionary game approach to explore dynamic vaccination responses and
showcasing the effectiveness of game-theoretical frameworks in controlling disease
spread. Ullah et al. [43] developed a modified epidemic model using determinis-
tic, heterogeneous, and fractional-order approaches to analyze vaccination and lock
down strategies. Their findings offer insights for effective epidemic management.
Parsamanesh and Erfanian [44] did an innovative SIS epidemic model that incorpo-
rated recruitment, mortality, and vaccination strategies. They demonstrated how
mathematical techniques could provide deeper insights into epidemic transmission
through comprehensive equilibria and stability analysis, offering a nuanced under-
standing of population dynamics. Liu et al. [45] advanced coronavirus transmission
understanding through a fractional calculus approach, reformulating epidemic mod-
els using the Caputo operator. They implemented nonlinear least square parame-
ter estimation and advanced numerical schemes, providing a sophisticated frame-
work for interpreting pandemic spread mechanisms. Bachar et al. [46] developed
a sophisticated nonautonomous COVID-19 model featuring eight time-dependent
compartments that integrated low-risk and high-risk population dynamics. They
distinguished their research by differentiating between diagnosed and undiagnosed
infected individuals, performing detailed parameter estimations and epidemic per-
sistence analysis. Parsamanesh and Erfanian [47] introduced a discrete-time SIS
epidemic model with vaccination, focusing on comprehensive model stability analy-
sis. They explored complex bifurcation dynamics including fold, flip, and Neimark-
Sacker bifurcations, and used numerical simulations to verify theoretical results.
The study provided deep insights into the model’s equilibria, basic reproduction
number, and solution positivity conditions through advanced mathematical tech-
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niques. Chahkand et al. [48] formulated a SEIaIsQRS epidemic model representing
advanced numerical method sophistication. They developed a six-compartment
COVID-19 dynamic model that proved solution positivity, calculated reproduction
numbers, and applied center manifold theorem analysis to capture complex epidemic
transmission dynamics. In this current study, we introduce a mathematical model
with fractional orders to explore how vaccination, quarantine, and isolation impact
the spread of COVID-19. We utilized the fractional Euler method to approximate
solutions for the model. The well-known Schauder and Banach fixed point theorems
were used to investigate the existence and uniqueness of the model solution. Some
limitations of these methods are that a function being a weak contraction does not
always guarantee the existence of a fixed point [49], and the Schauder fixed point
theorem depends on the operator’s compactness, with an operator being considered
compact only if it is continuous and maps bounded subsets into relatively compact
sets [50]. Also, the Ulam-Hyers stability of the suggested model, which is considered
essential for determining the approximate solutions of models, has been examined.
However, this method also has some weaknesses, which include that the infimum of
the set of all Ulam-Hyers stability constants may be the only Ulam-Hyers stability
constant [51] and the Ulam stability for a system can only be studied for those
which satisfy identical compatibility conditions [52]. Despite extensive studies on
COVID-19 mathematical models and transmission dynamics, limited research has
incorporated vaccination, quarantine, and isolation of the infected as control strate-
gies within a fractional calculus framework. By utilizing the fractional Euler method
to approximate the solution of the proposed model, our work seeks to address this
gap and provide valuable insights into effective strategies for controlling COVID-19
transmission. The following is the arrangement of the work: Section (1) contains
the COVID-19 background and preliminaries on fractional calculus. Section (2)
contains the model formulation for both integer- and non-integer-order cases. In
Section (3), we discuss the existence and uniqueness of the model using the Schauder
and Banach fixed-point theorems. Section (4) provides the system’s stability anal-
ysis using the Ulam-Hyers and generalized Ulam-Hyers criteria for stability. We
equally present an effective numerical scheme called the fractional Euler method
for determining the approximate solutions of the model along with its simulations.
Section (5) contains the concluding remark for our study.

1.1. Fractional calculus preliminaries

Definition 1.1. [53] If the fractional order Λ > 0 and y ∈ L
′
([0, a] , R) where

[0, a] ⊂ R+, We now define the fractional integral in the sense of Riemann-Liouville
of order Λ for a function y as follows

IΛt y =
1∣∣Λ

t∫
0

(t− λ)
Λ−1

y (λ) dλ, λ> 0,

where
∣∣Λ is defined as the gamma function as follows:

∣∣Λ =

∞∫
0

λΛ−1e−λdλ. (1.1)
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Definition 1.2. [53] The Caputo fractional derivative of order Λ for a function y
is defined as equation (1.2) provided that m−1 < Λ < m,m ∈ N and y ∈ Cm [0, a].

CDΛ
t y =

1∣∣∣(m− Λ)

t∫
0

(t− λ)
m−Λ−1

ym (λ) dλ, t > 0. (1.2)

Lemma 1.1. [53] If Re (λ) > 0, m = [Re (Λ)]+ 1 and y ∈ BCm (0, a). Therefore,

(
ΛICt D

Λ
t y

)
= y (t)−

k∑
n=1

(Dn
t ) t

n!
tn. (1.3)

When 0 < Λ ≤ 1, we have that,(
ΛICt D

Λ
t y

)
= y (t)− y0. (1.4)

2. Mathematical model formulation

In this current study, we propose a deterministic SEV QITR model for the trans-
mission dynamics and control of COVID-19. We divide the total human population
into six compartments: susceptible class S, exposed class E, vaccinated class V ,
quarantined class Q, infected but isolated for treatment class IT , and recovered
class R. The model formulation is as follows:
Susceptible Class, S is recruited at the rate of θ. The class decreases as a
result of natural death at the rate ω and also due to the proportion of individuals
being vaccinated at the rate τ1. The class also decreases due to the proportion of
susceptible individuals who become infected with the virus through contact with the
exposed class at the rate ϕ1 and with the infected but isolated for treatment class
at the rate ϕ2. This population grows as a result of the progression of recovered
individuals losing immunity and becoming susceptible again at the rate γ3. The
waning of vaccine-induced immunity at the rate τ2, as well as the confirmation of
quarantined individuals as being COVID-19-free at the rate α4, also increases the
susceptible population. Although vaccine efficacy is not explicitly included, it is
indirectly captured in τ2, which reflects the waning of immunity and the potential
failure of vaccination over time. The dynamics of this class are therefore formulated
as follows:

dS

dt
= θ − (ϕ1E + ϕ2IT )S + α4Q+ τ2V + γ3R− (τ1 + ω)S.

Exposed Class, E increases as individuals progress into the class due to new
infections occurring at the rates ϕ1 and ϕ2. The population decreases as a result of
the progression of exposed individuals who become fully infectious and are therefore
isolated for treatment at the rate α1. Additionally, it decreases because a proportion
of exposed individuals are quarantined for diagnosis at the rate α2. Finally, the class
also decreases due to natural death at the rate ω. The dynamics of this class are
therefore formulated as follows:

dE

dt
= (ϕ1E + ϕ2IT )S − (α1 + α2 + ω)E.
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Vaccinated Class, V increases as susceptible individuals are vaccinated at the rate
τ1. The population of the vaccinated decreases due to individuals transitioning back
to the susceptible class as a result of vaccine failure or waning immunity, represented
by the rate τ2. This rate indirectly captures the vaccine’s efficacy and durability.
Although the vaccine is not yet perfect, τ2 indirectly captures its limitations. A
proportion of the vaccinated individuals progress to the recovered class based on
immunity development. Finally, the class also decreases due to natural death at the
rate ω. The dynamics of this population are therefore presented as follows:

dV

dt
= τ1S − (τ2 + γ2 + ω)V.

Quarantined Class, Q increases due to the transfer of unconfirmed cases from
the exposed class to the quarantined class for diagnosis at the rate α2. The class
decreases as individuals confirmed to be COVID-19 negative after diagnosis return
to the susceptible class at the rate α4. Secondly, it decreases as those confirmed
positive with clinical symptoms of COVID-19 are moved to treatment in isolation
centers at the rate α3. Finally, the class decreases due to natural deaths occurring
at the rate ω. The dynamics for the class are formulated as follows:

dQ

dt
= α2E − (α3 + α4 + ω)Q.

Infected but Isolated for Treatment Class, IT increases due to the movement
of confirmed COVID-19 cases from the quarantined class and the progression of fully
infectious individuals from the exposed class to isolation centers for treatment. The
class decreases as individuals recover after treatment at the rate γ1 and as a result
of deaths caused by the disease at the rate δ. It also decreases due to natural deaths
occurring at the rate ω. The dynamics of this class are formulated as follows:

dIT
dt

= α1E + α3Q− (γ1 + δ + ω) IT .

Recovered Class, R grows as individuals recover after treatment in the isolation
center at the rate γ1. Additionally, the population increases due to vaccinated
individuals transitioning to the recovered class after successful immunization. The
recovered class decreases as a result of the loss of immunity in recovered individuals,
causing them to re-enter the susceptible class at the rate γ3. Finally, the population
in this class reduces due to natural deaths occurring at the rate ω. The dynamics
of this class are formulated as follows:

dR

dt
= γ1IT + γ2V − (γ3 + ω)R.

The schematic representation of our model formulation is illustrated in Figure
1.

Based on the model assumptions, we present the mathematical model for COVID-
19 as follows:
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Figure 1. Flow diagram for the COVID-19 model

dS
dt = θ − (ϕ1E + ϕ2IT )S

+ α4Q+ τ2V + γ3R− (τ1 + ω)S,

dE
dt = (ϕ1E + ϕ2IT )S − (α1 + α2 + ω)E,

dV
dt = τ1S − (τ2 + γ2 + ω)V,

dQ
dt = α2E − (α3 + α4 + ω)Q,

dIT
dt = α1E + α3Q− (γ1 + δ + ω) IT ,

dR
dt = γ1IT + γ2V − (γ3 + ω)R.



(2.1)

Extending the integer model represented in equation (2.1), we now present a
new COVID-19 model using Caputo fractional operator in equation (2.2) below:
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CDΛ
t S = θ − (ϕ1E + ϕ2IT )S

+ α4Q+ τ2V + γ3R− (τ1 + ω)S,

CDΛ
t E = (ϕ1E + ϕ2IT )S − (α1 + α2 + ω)E,

CDΛ
t V = τ1S − (τ2 + γ2 + ω)V,

CDΛ
t Q = α2E − (α3 + α4 + ω)Q,

CDΛ
t IT = α1E + α3Q− (γ1 + δ + ω) IT ,

CDΛ
t R = γ1IT + γ2V − (γ3 + ω)R.



(2.2)

The description of the model variables and parameters is presented in Tables (1
and 2)

Variables (Parameters) Description

S Susceptible individuals

E Exposed individuals

V Vaccinated individuals

Q Quarantined individuals

IT Infected but isolated for treatment

R Recovered individuals

θ Recruitment rate

τ1 Vaccination rate

τ2 Wanning rate of vaccine

ϕ1 Contact rate between E and S

ϕ2 Contact rate between IT and S

ω Natural death rate

α4 Rate at which the quarantined becomes sus-
ceptible

α2 Quarantine rate of exposed

α1 Rate at which infected are isolated for treat-
ment

Table 1. Description of Variables and Parameters
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Parameters Description

α3 Rate at which the quarantined are isolated are treatment

γ1 Recovery rate due to treatment

γ2 Rate at which the vaccinated are removed

σ COVID-19 induced death rate

γ3 Rate at which the recovered becomes susceptible

Table 2. Description of Parameters

3. Existence and uniqueness of proposed model so-
lution

One of the most important areas in the theory of fractional order differential equa-
tions is the notion of the existence and uniqueness of solutions. The theory has
gained popularity among scholars like those presented in [54–59]. Using fixed point
theorems, we address the existence and uniqueness of solutions to the suggested
model in this section. We apply the following configuration to our model in (2.2).
The fractional model (2.2) can be written as follows:

CDΛ
t S = ψ1 (t, S,E, V, IT , R) ,

CDΛ
t E = ψ2 (t, S,E, V, IT , R) ,

CDΛ
t V = ψ3 (t, S,E, V, IT , R) ,

CDΛ
t Q = ψ4 (t, S,E, V, IT , R) ,

CDΛ
t IT = ψ5 (t, S,E, V, IT , R) ,

CDΛ
t R = ψ6 (t, S,E, V, IT , R) .


(3.1)

where

ψ1 (t, S,E, V, IT , R) = θ − (ϕ1E + ϕ2IT )S + α4Q+ τ2V + γ3R

− (τ1 + ω)S,

ψ2 (t, S,E, V, IT , R) = (ϕ1E + ϕ2IT )S − (α1 + α2 + ω)E,

ψ3 (t, S,E, V, IT , R) = τ1S − (τ2 + γ2 + ω)V,

ψ4 (t, S,E, V, IT , R) = α2E − (α3 + α4 + ω)Q,

ψ5 (t, S,E, V, IT , R) = α1E + α3Q− (γ1 + δ + ω) IT ,

ψ6 (t, S,E, V, IT , R) = γ1IT + γ2V − (γ3 + ω)R.



(3.2)

We can therefore simply present model (2.2) as:

CDΛ
t ψ (t) = L (t, ψ (t)) , t ∈ I = [0, a] , 0 < γ ≤ 1,

ψ (0) = ψ0 ≥ 0,

 (3.3)
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So that the condition presented in (3.4) is satisfied where (...)
T
implies transpose

functional.

ψ (t) = (S,E, V,Q, IT , R)
T
,

ψ (0) = (S0, E0, V0, Q0, IT0, R0)
T
,

χ (t, ψ (t)) , i = 1, ..., 6.

 (3.4)

Using Lemma 1.1, our model (2.2) is the same as system (3.3) integral charac-
terization which is presented in equation (3.5).

ψ (t) = ψ0 + IΛt χ (t, ψ (t)) ,

ψ (t) = ψ0 +
1

|Λ
t∫
0

(t− λ)
Λ−1

χ (λ, ψ (λ)) dλ.

 (3.5)

If B = C ([0, a] , R) represents the Banach space for all functions that are con-
tinuous from [0, a] empowered with the defined norm presented in (3.6) below:

∥ψ∥B = sup
t∈I

|ψ (t)| , (3.6)

where

|ψ (t)| = |S (t)|+ |E (t)|+ |V (t)|+ |Q (t)|+ |IT (t)|+ |R (t)| ,

S, E, V,Q, IT , R ∈⊂ ([0, a]) .

Theorem 3.1. Assume that the function χ ∈ ([I,R]) maps a bounded subset of
I ×R6 into a compact subset of R and that a constant MI exists such that

(1) |χ (t, ψ1 (t))− χ (t, ψ2 (t))| ≤ Mχ |ψ1 (t)− ψ2 (t)| for all t ∈ I so that each
ψ1, ψ2 ∈⊂ ([I,R]) .

Therefore, model (2.2) which is same as system (3.3) has a unique solution

whenever KMχ < 1, where k = aΛ

|(Λ+1)
.

Proof. Imagine an operator L : B → B defined by

(Bψ) (t) = ψ0 +
1∣∣Λ

t∫
0

(t− λ)
Λ−1

χ (t, ψ (λ)) dλ.

The unique solution of our model (3.3) is the fixed point of which the operator
is also well defined.

If sup
t∈I

∥χ (t, 0)∥ = N1 and l ≥ ∥ψ0∥ + τN1, then, to this end, it is sufficient to

show that BQ1 ⊂ Q1, where the set Q1 = {ψ ∈ B : ∥ψ∥ ≤ r} is convex and closed
so that for any ψ ∈ Ql we have

|(Bψ)| ≤ |ψ0|+
1∣∣∣ (Λ)

t∫
0

(t− λ)
Λ−1 |χ (λ, ψ (λ))| dλ
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≤ 1∣∣∣ (Λ)
t∫

0

(t− λ)
Λ−1

[|χ (λ, ψ (λ))− χ (λ, 0)|+ |χ (λ, 0)|] dλ

≤ ψ0 +
(Mχl +N1)∣∣Λ

t∫
0

(t− λ)
Λ−1

dλ

≤ ψ0 +
(Mχl +N1)∣∣Λ + 1

aΛ

≤ ψ0 +
τ (Mχl +N1)∣∣Λ + 1

aΛ

≤ ψ0 + τ (Mχl +N1)

≤ l. (3.7)

Similarly, given any ψ1, ψ2 ∈ B, we also have that

|(Bψ1) (t)− (Bψ2) (t)| ≤ 1

|(Λ)

t∫
0

(t− λ)
Λ−1 |χ (λ, ψ1 (t)− χ (λ, ψ2 (λ)))|d (λ)

≤ Mχ

|(Λ)

t∫
0

(t− λ)
Λ−1 |ψ1 (λ)− ψ2 (λ)| d (λ) .

(3.8)
Equation (3.8) means ∥(Bψ1)− (βψ2)∥ ≤ τMχ ∥ψ1 − ψ2∥ .
Therefore our model (2.2) has a unique solution as a result of the Banach con-

traction principle.
Recall that the COVID-19 model (2.2) is the same as system (3.3). Applying the

Schaunder fixed point theorem concept, we investigate the existence of our model
solution. The assumption (2) below is required.

(2) If there exist a1, a2 ∈ B then

|χ (t, ψ (t))| ≤ a1 (t) + a2 (t)

for any ψ ∈ B, t ∈ I, such that

a∗1 = sup
t∈I

|a1 (t)| ,

a∗2 = sup
t∈I

|a2 (t)| < 1.

Lemma 3.1. From equation (3.7) the defined operator B is continuously completed.

Proof. Clearly, the continuity of χ as a function defines the continuity of B as an
operator.

Then for any ψ ∈ Ql where Ql is expressed above, we now have

|(Bψ) (t)| =
∣∣∣∣ψ0 +

1

|(Λ)

t∫
0

(t− λ)
Λ−1

χ (λ, ψ (λ)) dλ

∣∣∣∣ ,
≤ ∥ψ0∥+ 1

|(Λ)

t∫
0

(t− λ)
Λ−1 |χ (λ, ψ (λ))| dλ.
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|(Bψ) (t)| ≤ ∥ψ0∥+
(a∗1 + a∗2 ∥ψ∥)∣∣∣(Λ)

t∫
0

(t− λ)
Λ−1

dλ

≤∥ψ0∥+
(a∗1 + a∗2 ∥ψ∥)∣∣∣(Λ + 1)

aΛ

= ∥ψ0∥+ τ (a∗1 + a∗2 ∥ψ∥)
⇒|(Bψ) (t)| < +∞.

(3.9)

This implies that B as an operator is bounded uniformly.
To show that the operator B is equicontinuous, we assume that,

sup
(t,ψ)∈I×Pl

|χ (t, ψ (t))| = χ∗.

Therefore, for any t1, t2 ∈ I, whenever t1 ≤ t2, it gives

|(Bψ) t2 − (Bψ) (t1)| =
1∣∣∣(Λ)

∣∣∣∣∣∣∣
t∫
0
[(t2−λ)Λ−1−(t1−λ)Λ−1]χ(λ,ψ(λ))dλ

+
t2∫
t1

(t2−λ)Λ−1χ(λ,ψ(τ))dλ

∣∣∣∣∣∣∣
≤ χ∗∣∣∣(Λ)

[
2(t2 − t1)

Λ
+

(
tΛ2 − tΛ1

)]
|(Bψ) (t2)− (Bψ) (t1)| → P

(3.10)

We therefore conclude that operator B is equicontinuous at the same time rela-
tively compact on Qχ.

Operator B is completely continuous as a result of Arzela-Ascoli theorem fol-
lowing the equicontinuity of operator B which is relatively compact on Qχ.

Theorem 3.2. If χ : I×R6 → R is continuous which also satisfies assumption (2),
then system (3.3) which is the same as model (2.2) has at least one single solution.

Proof. Assume that a set (V) is defined as

V = {ψ ∈ E : ψ = (Bψ) (t) , 0 < o < 1} .

From Lemma 3.1, the operator B : V → E is expressed in equation (3.7) as an
operator which is completely continuous. Then for any ψ ∈ V , using our assumption
(2), we have that,

|(ψ) (t)| = |o (Bψ) (t)|

≤ |ψ0|+ 1

|(Λ)

t∫
0

(t− λ)
Λ−1 |χ (λ, ψ (λ))| dλ

≤ ∥ψ0∥+ (a∗1+a
∗
2∥ψ∥)

|(Λ+1)
aΛ

= ∥ψ0∥+ τ (a∗1 + a∗2 ∥ψ∥) .

Therefore,
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|(ψ) (t)| < +∞. (3.11)

Thus, V is a bounded set. Therefore the operator B has at least one fixed
point which happens to be the only solution of the COVID-19 model represented
by equation (2.2).

4. Ulam-Hyers and generalized Ulam-Hyers stabil-
ity results

The stability of the suggested model (2.2) in the Ulam-Hyers and generalized Ulam-
Hyers sense is derived in this section. Ulam introduced the idea of Ulam stability
[60, 61]. Subsequently, the above method was examined in a number of research
works on fractional derivatives. Notable among them are those presented in [62–
66]. Furthermore, we aim to use the generalized stability of the suggested model
(2.2) and non-linear fractional analysis of Ulam-Hyers as stability is essential for
determining approximate solutions of models like ours. Therefore, the definitions
that follow are required.∣∣∣∣CDΛ

t

−
ψ (t)− χ

(
t,

−
ψ (t)

)∣∣∣∣ ≤ ε, t ∈ I,

where,

ε = max (εi)
T
, i = 1, ..., 6. (4.1)

Definition 4.1. ( [61]) Our suggested model (2.2) which is the same as (3.3) is
Ulam-Hyers stable if there exists Sχ > 0 such that for every ε > 0 and for each
solution ψ ∈ E of system (3.3), we have∣∣∣∣−ψ (t)− ψ (t)

∣∣∣∣ ≤ Sχε, t ∈ I,

where Sk = max (Sχi)
T

Definition 4.2. The system (3.3) which is the same as our model (2.2) is said to
be stable in the sense of the generalized Ulam-Hyers if there exists Sχ > 0 and a
function Lχ : R+ → R1, that is continuous with Lχ(0) = 0 such that for a single

solution
−
ψ ∈ E of system (4.1), there exists a solution ψ ∈ E of model (4.1) such

that ∣∣∣∣−ψ (t)− ψ (t) ≤ Lχ ∈, t ∈ I

∣∣∣∣ ,
where Lχ = max (Lχi)

T
.

Remark 4.1. A function
−
ψ ∈ E is said to be a solution of system (4.1) if the

function C ∈ E exists with the characteristics given below

a) |C(t)| ≤ ε, C = max(Ci)
T , t ∈ I;
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b) CDΛ
t ψ̄(t) = χ(t, ψ̄(t)) + C(t), t ∈ I.

Lemma 4.1. If
−
ψ ∈ E as function that satisfies system (4.1), it therefore means

that the inequality presented in (4.2) below is satisfied by ψ.∣∣∣∣∣−ψ (t)−
−
ψ0 −

1∣∣Λ
∫ t

0

(t− λ)χ

(
λ,

−
ψ (λ)

)
dλ

∣∣∣∣∣ ≤ τε. (4.2)

Proof. From remark (b) of remark (4.1),

CDΛ
t

−
ψ (t) = χ

(
t,

−
ψ (t)

)
+ C (t) .

From Lemma 1.1 also, we have that

−
ψ (t) =

−
ψ0 +

1∣∣∣(Λ)
t∫

0

(t− λ)
Λ−1

χ

(
λ,

−
ψ (t)

)
dλ

+
1∣∣∣(Λ)

t∫
0

(t− λ)
Λ−1

C (λ) dλ.

(4.3)

Also from remark (a) of remark (4.1), we now have,∣∣∣∣−ψ (t)−
−
ψ0 − 1

|(Λ)

∫ t
0
(t− λ)

Λ−1
χ

(
λ,

−
ψ (λ) dλ

)∣∣∣∣
≤ 1

|(Λ)

t∫
0

(t− λ)
Λ−1 |C (λ)| dλ

≤ τε,

(4.4)

which is the required result.

Theorem 4.1. Given that χ : I × R6 is continuous for every ψ ∈ E and if our
assumption (1) of Theorem 3.1 holds for 1−τMχ > 0, then, systen (3.3) which is the
same as model (2.2) is Ulam-Hyer and also in the sense of generalized Ulam-Hyers
stable.

Proof. If
−
ψ ∈ E has a function that satisfies system (4.1) and secondly if ψ ∈ E

is a solution which is unique to system (3.3). Then, for any ε > 0 and t ∈ I, it
follows from lemma (4.1) that

∣∣∣∣−ψ (t)− ψ (t)

∣∣∣∣ =max
t∈I

∣∣∣∣∣∣−ψ (t)− ψ0 −
1∣∣∣(Λ)

t∫
0

(t− λ)
Λ−1

χ (λ, ψ (λ)) dλ

∣∣∣∣∣∣
≤max

t∈I

∣∣∣∣∣∣−ψ (t)− ψ0 −
1∣∣∣(Λ)

t∫
0

(t− λ)
Λ−1

χ (λ, ψ (λ)) dλ

∣∣∣∣∣∣
+max

t∈I

1∣∣∣(Λ)
t∫

0

(t− λ)
Λ−1

∣∣∣∣χ(
λ,

−
ψ (λ)

)
− χ (λ, ψ (λ))

∣∣∣∣ dλ
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≤

∣∣∣∣∣∣ψ (t)−
−
ψ0 −

1∣∣∣(Λ)
t∫

0

(t− λ)
Λ−1

χ (λ, ψ (λ)) dλ

∣∣∣∣∣∣
+

Mχ∣∣∣(Λ)
t∫

0

(t− λ)
Λ−1

∣∣∣∣−ψ (λ)− ψ (λ) dλ

∣∣∣∣
∣∣∣∣−ψ (t)− ψ (t)

∣∣∣∣ ≤ τε+ τMχ

∣∣∣∣−ψ (t)− ψ (t)

∣∣∣∣ .
Therefore,

∥∥∥∥−
ψ−ψ

∥∥∥∥ ≤ Bxε, where Bχ = τ
1−τMχ

.

If σχ (Bχε) so that σχ (0) = 0, then we can conclude that the COVID-19 model
suggested in (2.2) is both stable in the sense of Ulam-Hyers and generalized Ulam-
Hyers.

4.1. Model numerical simulation

In this section, the fractional model of COVID-19 presented in (2.2) is simulated
numerically using proposed methods in [67–69]. The method employed in [67–69] is
stable conditionally, and they converge easily while maintaining solution accuracy.
The fractional Euler method used in this present study is effective and efficient in
finding approximate solutions to fractional order linear and non-linear systems of
ordinary differential equation problems that arise in physics, mathematics, engi-
neering and generally in the field of sciences.

Looking at a fractional order general Cauchy problem with an autonomous na-
ture presented in (4.5) below:

CDΛ
t (x (t)) = g (x (t)) ,Λ ∈ (0, 1]t ∈ [0, T ] ,

x (0) = x0,
(4.5)

where x = (m,n, o, p) ∈ R4
+ is a real valued vector fraction that is continuous which

also satisfies the Lipchitz criterion presented as:

∥g (x1 (t))− g (x2 (t))∥ ≤ U ∥x1 (t)− x2 (t)∥ , (4.6)

where U is a non-negative Lipschitz constant, we now have

x (t) = x0 + IΛt g (x (t)) , t ∈ [0, T ] . (4.7)

Iτt is the Riemann-Liouville fractional order integral operator. Consider an
interval [0, T ], that is spaced equally with step size C = 0.02 = T

n , n ∈ N.

If we assume ab as an approximation of x(t) at t = tb for b = 0, 1, 2, ...n, we
therefore present a numerical method for the Caputo fractional derivative operator
model (2.2) in equation [25] below.
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CSx+1 = d0 +
CΛ

|(Λ+1)

x∑
k=0

(
(x− k + 1)

Λ − (x− k)
Λ
) θ − (ϕ1E + ϕ2IT )S

+ α4Q+ τ2V + γ3R− (τ1 + ω)S

 ,

CEx+1 = e0 +
CΛ

|(Λ+1)

x∑
k=0

(
(x− k + 1)

Λ − (x− k)
Λ
)
((ϕ1E + ϕ2IT )S − (α1 + α2 + ω)E) ,

CVx+1 = f0 +
CΛ

|(Λ+1)

x∑
k=0

(
(x− k + 1)

Λ − (x− k)
Λ
)
(τ1S − (τ2 + γ2 + ω)V ) ,

CQx+1 = g0 +
CΛ

|(Λ+1)

x∑
k=0

(
(x− k + 1)

Λ − (x− k)
Λ
)
(α2E − (α3 + α4 + ω)Q) ,

CIT x+1 = i0 +
CΛ

|(Λ+1)

x∑
k=0

(
(x− k + 1)

Λ − (x− k)
Λ
)
(α1E + α3Q− (γ1 + δ + ω) IT ) ,

CRx+1 = j0 +
CΛ

|(Λ+1)

x∑
k=0

(
(x− k + 1)

Λ − (x− k)
Λ
)
(γ1IT + γ2V − (γ3 + ω)R) .



(4.8)

Now using the fractional order Euler method in the sense of Caputo operator,
we obtain numerical solutions of the approximate solutions presented in equation
(4.8).

We consider the following initial conditions for the numerical simulations while
the parameter values used are tabulated in Table (3)

S(0) = 1000, E(0) = 500, V (0) = 300, Q(0) = 200.

(Parameters) Values Sources

θ 400 [70]

τ1 0.1 Estimated

τ2 0.001 Estimated

ϕ1 0.000018 [71]

ϕ2 0.000017 [71]

ω 0.0096 [70]

α4 0.0001 Estimated

α2 0.05 [70]

α1 0.04 Estimated

α3 0.01 Estimated

γ1 0.16979 [7]

γ2 0.16979 [7]

σ 0.03275 [7]

γ3 0.23 [27]

Table 3. Values of model parameters

4.2. Results and discussions

Figures (2(a), 2(b), 3(a), 3(b), 4(a), 4(b)) illustrate the dynamic interplay between
the susceptible, exposed, vaccinated, quarantined, infected, and recovered popula-
tions under varying fractional orders (Λ). Notably, an increase in Λ corresponds
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(a) Variation of Λ on Susceptible Humans (b) Variation of Λ on Exposed Humans

Figure 2. Human Population

(a) Variation of Λ on Vaccinated Humans (b) Variation of Λ on Quarantined Humans

Figure 3. Human Population
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(a) Variation of Λ on Isolated Humans (b) Variation of Λ on Recovered Humans

Figure 4. Human Population

(a) Effect of the vaccinated class on the Isolated but
treatment class

(b) Effect of the vaccinated class on the Susceptible
class

Figure 5. Human Population



2066 R. O. Aja, W. Atokolo et al.

(a) Effect of the vaccinated class on the Recovered
class

(b) Effect of the Quarantined class on the Exposed
class

Figure 6. Human Population

(a) Effect of the Isolated class on the Exposed class
(b) Combined Effect of the Isolated, Vaccinated and
Quarantined classes on the Recovered class

Figure 7. Human Population
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(a) Cumulative new cases of COVID-19
(b) Prevalence of COVID-19 in the Human popula-
tion

Figure 8. Human Population

(a) Surface plot of the Quarantined and Isolated
class on the Cumulative new cases of COVID-19

(b) Surface plot of the Vaccinated and Recovery
measures on the Quarantined class

Figure 9. Human Population
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(a) Surface plot of the Isolated for treatment and
Vaccination measures on the Quarantined class

(b) Surface plot of the Quarantined and Susceptible
classes on the Exposed class

Figure 10. Total Human Population

(a) Surface plot of the Susceptible and Isolated
classes on the Exposed class

(b) Surface plot of the Quarantined and Vaccinated
classes on the Exposed class

Figure 11. Human Population
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to a pronounced reduction in the susceptible population. This behavior can be at-
tributed to the intensified transition of individuals from the susceptible class into
the vaccinated class and those exposed to COVID-19, reflecting the effectiveness
of enhanced vaccination efforts and disease exposure dynamics. Concurrently, the
exposed population rises as higher fractional orders facilitate faster transitions of
susceptible individuals due to increased contact rates or improved vaccination out-
reach. This dynamic highlights the critical role of fractional-order models in captur-
ing the memory effects and nonlocal dynamics that are characteristic of real-world
epidemiological processes. Interestingly, a marginal rebound in the susceptible class
is observed, which may be explained by two pivotal factors: the waning immunity of
vaccinated individuals and the re-susceptibility of recovered individuals. The latter
underscores the importance of maintaining vaccination boosters and post-recovery
monitoring programs to mitigate the risk of reinfection. These findings emphasize
the delicate balance between vaccination efficacy, natural immunity, and population
susceptibility in controlling disease transmission.

Over time as (t → ∞), the exposed population steadily decreases as a result
of targeted quarantine measures, which effectively reduce the likelihood of disease
transmission from individuals in the latent stage of infection. These individuals are
subsequently moved to the isolated class for treatment, thereby causing a corre-
sponding decrease in the quarantined population. The isolated class, on the other
hand, initially increases as more individuals transition from both the exposed and
quarantined compartments. However, this increase is not permanent, as the isolated
population eventually diminishes when patients recover under proper medical care.
This trend underscores the pivotal role of health care infrastructure in managing
disease spread, as well as the significance of providing timely medical interventions
in isolation facilities. Furthermore, while the recovered population increases during
the early phases due to successful treatments, it eventually declines due to the phe-
nomenon of re-susceptibility, where recovered individuals lose immunity and become
vulnerable to reinfection. This finding emphasizes the need for sustained public
health vigilance, especially during subsequent phases of the pandemic, to prevent
recurring surges in infection rates. For instance, ensuring that recovered individ-
uals receive booster vaccinations or regular health screenings could help mitigate
this decline in immunity over time. Figure (8(a)) corroborates these observations,
highlighting how increased interactions between susceptible and exposed individu-
als contribute significantly to the rise in cumulative new cases of the disease. This
result suggests that stricter measures, such as reducing contacts through social dis-
tancing, widespread testing, and early detection of exposed individuals, are critical
for controlling cumulative case counts. Taken together, these findings emphasize
that a holistic approach—combining quarantine, isolation, vaccination, and ongo-
ing monitoring—is essential to managing COVID-19 transmission effectively.

The graph in Figure (8(b)) illustrates the prevalence rate of the modeled disease
over time for different values of the parameter α1, which governs the progression
from the exposed compartment (E) to the isolated for treatment compartment (IT ).
The prevalence rate, defined as the proportion of the total population affected by
the disease (E + IT + R) at any given time, is a key indicator of the disease burden
within the population and provides critical insight into both the spread and control
of the disease. The curves demonstrate how variations in α1 impact the prevalence
rate, with higher values of α1 generally resulting in a higher initial prevalence but
potentially faster isolation and treatment, thereby influencing the dynamics of dis-
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ease control. This suggests that adjusting the progression from exposed to isolated
individuals can be a vital strategy in controlling the disease’s spread, with faster
isolation leading to a quicker reduction in the number of infectious individuals.
This type of analysis is essential in epidemiology for understanding the effects of
intervention strategies and the progression of the disease under various scenarios.

Figure (5(b)) demonstrates that increasing the vaccination rate leads to a re-
duction in the number of individuals susceptible to COVID-19 and a corresponding
increase in the number of recovered individuals, as depicted in Figure (6(a)). This
highlights the direct impact of vaccination on reducing the pool of susceptible indi-
viduals and promoting immunity within the population. Similarly, Figure (6(b)) il-
lustrates that a higher quarantine rate for exposed individuals decreases the exposed
population, thereby mitigating the spread of the disease from latently infected indi-
viduals. This finding emphasizes the critical role of timely quarantine interventions
in preventing outbreaks from escalating. This finding underscores the importance of
enhancing quarantine facilities to ensure early detection of asymptomatic carriers.
Moreover, Figure (7(a)) shows that increasing the provision of isolation centers re-
duces the number of individuals exposed to COVID-19. This reduction in exposure
underscores the significance of isolation centers in limiting transmission, especially
in high-risk areas. Isolation centers are crucial for separating infected individuals
from those who are susceptible, thus preventing further transmission and facilitat-
ing recovery. Finally, Figure (7(b)) indicates that bolstering preventive measures,
such as isolation, vaccination, and quarantine, leads to a substantial increase in
the number of recovered individuals. This suggests that an integrated approach to
disease control, combining all three strategies, can significantly enhance recovery
rates.

The surface plot in Figure (9(a)) demonstrates that combining quarantine and
isolation measures can significantly reduce the cumulative new cases of COVID-19
in the population, maintaining the cumulative incidence below one. This highlights
the importance of a comprehensive approach to disease control, as the combination
of these measures effectively reduces transmission and overall incidence. This find-
ing underscores the effectiveness of fully implementing these measures to lower the
prevalence of COVID-19. Figure (9(b)) illustrates that enhancing vaccination efforts
and increasing the recovery rate of infected individuals will decrease the number of
people in the quarantined class, primarily composed of individuals exposed to the
disease. This emphasizes the importance of proactive vaccination strategies and
timely recovery interventions in reducing the burden on quarantine systems. This
ensures that the quarantined population remains below one. Similarly, increasing
the isolation rate of infected individuals for treatment and the vaccination rate of
susceptible individuals will further reduce the quarantined population, maintaining
it below one. These measures, when combined, offer a robust strategy for min-
imizing the spread of the disease. The combined effects of quarantine, isolation,
and vaccination measures, as shown in Figures (10(b)), (11(a)), and (11(b)), re-
sult in a decrease in the population exposed to COVID-19, thereby reducing the
overall prevalence of the disease in the population. The interaction of these strate-
gies reveals how targeted interventions can effectively limit the disease spread and
facilitate control over time. These findings highlight the critical importance of a
multifaceted approach in controlling and mitigating the spread of COVID-19.
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5. Conclusion

In conclusion, we investigated the role of vaccination, quarantine and isolating the
infected for treatment in reducing the transmission of the corona virus by analyzing
a system of six nonlinear fractional-order equations in the Caputo sense.

The suggested coronavirus model under three different control measures namely
(vaccination, quarantine and isolation) was shown to exist and to have unique solu-
tions using the Schauder and Banach fixed point theorems, respectively. Ulam-Hyers
and generalized Ulam-Hyers stability analysis frameworks were developed. The frac-
tional Euler method is a first-order convergent numerical methodology that was used
to numerically simulate the fractional variation of the model under discussion via
the Caputo fractional operator.

With the fractional-order number , we illustrated the profiles of every variable
under the Caputo fractional derivative. The dynamical outlook of each variable was
examined and illustrated for varying fractional-order values. The results underscore
the effectiveness of higher vaccination rates, enhanced quarantine measures, and
improved isolation facilities in reducing COVID-19 transmission. The model shows
that these actions not only decrease susceptibility and exposure but also accelerate
recovery, significantly limiting disease spread. Ultimately, integrating these control
measures is crucial for effectively managing and containing COVID-19 outbreaks.
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