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A New Approach to Hermite-Hadamard-Type
Inequality with Proportional Caputo-Hybrid
Operator

[zzettin Demir!, Tuba Tunc™ and Mehmet Zeki Sarikayal

Abstract Fractional calculus plays a crucial role in mathematics and applied
sciences as it extends classical analysis, overcoming many of its constraints.
Moreover, using the innovative hybrid fractional operator, which merges the
proportional and Caputo operators, is beneficial in numerous domains of com-
puter science and mathematics. In this study, we focus on the proportional
Caputo-hybrid operator due to its wide range of applications. Firstly, we
present a new extension of Hermite-Hadamard-type inequalities for the pro-
portional Caputo-hybrid operator and derive an identity. Then, utilizing this
novel generalized identity, we establish significant integral inequalities associ-
ated with the right-hand side of Hermite-Hadamard-type inequalities for the
proportional Caputo-hybrid operator. Furthermore, we provide illustrative
examples accompanied by the graphs to demonstrate the newly established
inequalities.
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1. Introduction

Convex analysis is a branch of mathematics that has been applied to various fields,
including optimization theory, engineering applications, and physics. It plays a
crucial role, especially in the field of inequalities, in various areas of mathematics.
Charles Hermite and Jacques Hadamard [14], [17] separately studied the Hermite-
Hadamard inequality, which is one of the most well-known inequalities in convex
theory. The following is an expression for this inequality:

A (wﬂp) <! wj/\(ﬂ)dﬂ AW +A) (1.1)

2 T p— 2

where A : I — R is a convex function on the interval I of real numbers and ¢, p € T
with ¢ < . If A is concave, then both inequalities in the statement hold in the
reverse direction. A convex function’s average value on a compact interval can
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be found using the Hermite-Hadamard inequality, which provides both upper and
lower bounds. Numerous disciplines use this inequality, such as integral calculus,
probability theory, statistics, and number theory. The Hermite-Hadamard inequal-
ity is widely studied and applied in various mathematical fields. Their applications
keep growing as new problems come up, which makes them an invaluable tool for
resolving a variety of mathematical issues. Also, researchers have devoted con-
siderable attention to studying the Hermite-Hadamard inequality, particularly its
associations with the trapezoidal and midpoint inequalities. Dragomir and Agar-
wal [13] initially established trapezoid-type inequalities for the condition of convex
functions, while Kirmaci [25] first proved midpoint-type inequalities for the condi-
tion of convex functions. Since these inequalities first appeared, there has been a
lot of work in this field [1,6,19].

There is a strong historical basis for fractional calculus. Using fractional calcu-
lus, we may more precisely characterize the dynamics of complex systems, particu-
larly those displaying non-integer order dynamics. It broadens the scope of tradi-
tional calculus by incorporating fractional orders. It has gained more importance
and has found applications in various fields of science and engineering. The study
of fractional calculus has gained popularity recently due to the development of new
fractional integral and derivative concepts such as Caputo-Fabrizio [11], Atangana-
Baleanu [3], tempered [31], etc. These concepts are crucial in understanding the
dynamics of intricate systems in a variety of scientific and engineering fields.

Riemann-Liouville integral operators, one of the basic fractional integral opera-
tors, are defined as follows [24]:

Definition 1.1. For A € L;1[1), ¢], the Riemann-Liouville integrals of order s > 0
are given by

5 () = / S —m) T Am)dm, >

I'(s) o
and ) -
J5_A(z) = @/ (m—2)" " A(m)dm, z < .

Here, I'(s) is the Gamma function and J£+A(7r) = JJ_A(m) = A(m). Obviously,
the Riemann-Liouville integrals will be equal to classical integrals for the condition
s=1.

In [36], Sarikaya and Yildirim introduced an alternative expression of the Hermite-
Hadamard inequality using fractional integrals:

Theorem 1.1. Let A : [, 0] = R be a function with 0 < ¢ < ¢ and A € Ly[1), o).
If A is a convex function on [, |, then the following inequalities for fractional
integrals hold:

vty Pls+1) s
A (P52) = g gy A9 + Ty A <

A() + Alp)
2

with s > 0.

Afterwards, Sarikaya et al. [35] and Igbal et al. [21] developed numerous inequal-
ities of the fractional trapezoid-type inequalities and the midpoint-type inequalities
for the convex functions, respectively. Further reading on fractional integral in-
equalities can be found in [5,8-10, 23,26, 33|, along with the references mentioned
there.
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The following definition is also important for fractional analysis [32]:

Definition 1.2. Let s >0 and s ¢ {1,2,...} ,n = [s] + 1, A € AC™[¢), ¢], the space
of functions having n — th derivatives absolutely continuous. The left-sided and
right-sided Caputo fractional derivatives of order s are defined as follows:

xT

1
CD,Z)+ A(m) = m /(.T — m)nisilA(n) (m)dm, xTr > 'l/)
P
and "
1 —5— n
DS A(x) = T s /(m — )" IA (m)dm, z < .

xT

If s = n € {1,2,3,...} and the usual derivative A (z) of order n exists, then Caputo
fractional derivative CDf/)+ A(z) coincides with A(™)(z) whereas CD;“’D, A(z) with
exactness to a constant multiplier (—1)". For n =1 and s = 0, we have CD;;+ A(z)
= CD;, Az) = A(z).

The Riemann-Liouville fractional derivative is generated by differentiating the
fractional integral of a function with respect to its independent variable of order
n, whereas the Caputo derivative is characterized as the application of a fractional
integral to a standard derivative of the function. Compared to the traditional
Riemann-Liouville fractional derivative when fractional differential equations are
taken into account, the Caputo fractional derivative requires more appropriate ini-
tial conditions [12]. Besides, the operator of proportional derivative denoted as
PDsA(z) is given by the equation [2] :

PDA(z) = K1(s,m)A(m) + Ko(s,m)A'(m).

In this equation, K7 and Ky are the functions with respect to s € [0,1] and m € R
subject to certain conditions and also, the function A is differentiable with respect
to m € R. Research on the proportional derivative and the Caputo derivative has
been increasingly significant in recent years [16, 18,28-30].

Baleanu et al. provided the following definition in [4], wherein they creatively
combined the ideas of proportional derivative and Caputo derivative to create a
hybrid fractional operator that can be expressed as a linear combination of Riemann-
Liouville fractional integral and Caputo fractional derivative.

Definition 1.3. Let A : I C RT — R be a differentiable function on I° and A, A’
are locally L (I). Then, the proportional Caputo-hybrid operator may be defined
as follows:

D Alm) = s [ (5 m)AR) + Kol N ()] (m = )
0

where s € [0,1] and K and K are functions which satisfy the following conditions:

lim Ko(s,7) =0; lim Ko(s,7) =1; Ko(s,7) #0, s€ (0,1];
s—0+ s—1

lim Ky (s,7) = 0; 111{1 Ki(s,7)=1; Ki(s,7)#0, s€][0,1).
51—

s—0
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Alternatively, Sarikaya [34] suggested a new notion by employing distinct K
and Ky functions, guided by Definition 1.3, and subsequently demonstrated the
Hermite-Hadamard inequality utilizing this definition:

Definition 1.4. Let A : I € RT — R be a differentiable function on I° and A,
A € Ly(I). The left-sided and right-sided proportional Caputo-hybrid operator of
order s are defined respectively as follows:

vE Dy A(p) = F(%—s) / [K1(s, 0 — T)A(T) + Ko(s, 0 — T)A'(7)] (o — 7)7°dr
¥
and
PODs M) = ﬁ / (K1 (s, 7 = )A(T) + Ko(s, 7 — )N (7)] (1 —4)~*dr,
WP

where s € [0,1] and Ko(s,7) = (1 — 5)?7'7° and Ky(s,7) = §%7°.

Theorem 1.2. Let A : I C RT — R be a differentiable function on I°, the interior
of the interval I, where v, € I° with ¥ < ¢ and A, A’ be the convex functions on
1. Then, the following inequalities hold:

s%(p —¥)°A (W) + %(1 —5)(p— )N (1/);@)

< s 2908 M)+ 2905 AW)
<o [MOFAD] 4 gy gy [ YOG,

Motivated by these studies, we initially present an alternative form of the
Hermite-Hadamard inequality using the Caputo-hybrid operator introduced by Sari-
kaya [34]. Additionally, we derive an identity for the trapezoid side of the Hermite-
Hadamard inequality. Then, we obtain several significant inequalities by employing
convexity, the Holder inequality, and the power mean inequality. Finally, we offer
several illustrative examples accompanied by graphical representations to showcase
the derived inequalities.

2. Main results

In the following section, we introduce a novel Hermite-Hadamard inequality for the
proportional Caputo-hybrid operator, which differs from the existing approaches.

Theorem 2.1. Let A : I C RT — R be a differentiable function on I°, the interior
of the interval I, where 1, p € I° satisfying ¥ < @ and A, A" be the convex functions
on I. Then, the following inequalities are satisfied:

o- 0P (L) + - o - vy (U1 (21)
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F(l_ﬁ) C s ¢+90 C s ¢+<P
< st e S0 (58) + D (57)]

= [AEAE] | 1y g2 [N NG,

(- v)°2 . 5

Proof. Due to the convexity property of A, A’ on the interval [, ], we get

()= a p (e ) o (e )

O e R )

and

for m € [0, 1]. By multiplying the first expression by s2(¢ — 1)°27% and the second
expression by (1 —5)2(p — 1)1 752" 1m!=2% we obtain

o vprea (L5

{ (p—1)*27°A (Hmzﬂ@)ﬂ (p—9)*27°A <¢+’“;m90)]

N)\)—l

and

(1-9)2( — ) ml%N<w;¢>

14+m 1—m )

S |:(1 _ 5)2(4,0 _ w)1—525—1m1—25A/ (Qw + T(p

N |

HL- 8P (e - ey (S5 TE )|

The result of combining these two statements side by side and adding them up is

5% (p — )2 (¢ ;r g[)) 4 (1= 8)%(p — )25 tm =28 A (w—;ga)

% [5 (p —¥)*27"m A (”mw + 1_2<p)

+ (1 _5)2((‘0 _ w)1_525_1m1_5A’ (Mw + 2t‘1(p>:| —5
+% { (p =) 27" m°A (w+ 1+2m¢>

F (1o - i (R L) e,
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By carrying out the integration of the inequality with respect to the parameter m
over the interval [0,1], we can infer that

2(p—0)°2 (1"?”) +a- o) (L)

1
1 e s 1+m —-m
0
+ (1 —5)*(p— ) 225 tmt == <1 + mw + 12m<p)] m~*dm
1
1 1
+2/{ (p—v)°2™ m5A<¢++2mgo>
0

1
+ (1 —9)%(p— ) 225 tm!~ 5A’< T+ ;w)] m~*dm.
Through the use of a variable substitution, we derive the result that

Flom w2 (LEE) r - ae- e (L)

-
SG-o
K ol
2 [52(1““” ) amra-o (L5 -n) el (Y52 -r) ar
-
+ 4,0 1/]) s+1
/[ (r-252) am+a-or (r-252) a >] (r-252) ar
= 2
(p =)=t
vpe
x w/ [Kl(s,"”“” )A()+Ko(,w;””77)/\’(¢)} (gw)ﬂm
-
-
o [ [ (5= ) a s (s 252 ) )] (- 252 T
e

Hence, the initial part of inequality (2.1) is shown. To establish the validity of the
second side of (2.1), it can be inferred from the convexity of A and A’on the interval
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[, ¢] that

A (e 15m) e a (B3R ER) <aw) + A

and

After multiplying the above two expressions by §%(p — )*27% and (1 — 5)?
(p —)t=22°"tm1=25 respectively, we get

5% (p —)°27°A (Hmw + 1_<p> s%(p —)*27°A <1/) Lt ms@)

< s (p =) 27 [A(Y) + A(p)]

and

(]_ — 5)2(('0 _ w)1752571m1725A/ <]- + mq/} " ]_—(p)
+(1—5)%(p— ) 527 tm! 2N (1_21“1/, + 14;‘“<p>

< (T=8)’(@—) 722 'm! 77 [A'(v) + A ()] .

So, adding up these two statements that are placed side by side gives us
. [ (p—1p)°2 (1+m¢+ 1_g0>
192 wy et (R 1)
{ (P —)"27"m A <1/) s mw)

+(175) (90 ¢)1 524 1 1 sA/< 1/1+1+m<,0>:| mfs

!
2

< 52(@ — 1/})5275 + (1 _ 5)2(§0 _ ¢)1752571m172s

[A(w) ;A(w)} :

M1 xe)]

By integrating both sides of the inequality using the parameter m over [0, 1], we can
infer that

1
/{ﬁz(w—w)"?‘sm"/\ (”‘“w mw)
0

+(1—s5)* (@ —) 225 tmt A/ <1 + mi/} + m@)} m~*dm

DN | =

2
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1
1 1
+2/{ (p—v)2” mﬁA(w++2m<p>
0

L8P (p— )2 m A( ¢+1;m<ﬁ>}m5dm

52(()0 _ ¢)5275 [A(d)) + A((p)

A () + A’(sﬁ)}
5 :

|+ (= o -y |2

Thus, by substituting variables, we can deduce the conclusion

L Y (2 Iy (|

2(p— g) o1 > 2
A + A o A + A
o - wprzs | MMy (- gy - gyooer | R
As a result, we achieve the required second side of inequality (2.1). O

We now offer an example that clearly demonstrates the superiority of our theo-
rem.

Example 2.1. Let us take a function A : [0,2] — R defined as A(r) = 7° + 72,
Then, we establish that the right-hand side and left-hand side of (2.1) are

5
65 +4(1—s) and 25+ 5(1 —5).

Moreover, we have

oo (2 P (57) + 20 (557

1052+(15)2< 10 6 )

3 2 2—25+4—25

Thus, according to inequality (2.1), we arrive at the inequality

5 10, (1-952%/ 10 6
25% + ~(1 —5) < —s°
5+ —(1—s) 57 + 2_254—4_25

5 3 5 ) <652 +4(1—5). (2.2)

Figure 1 visually demonstrates the validity of inequality (2.2).
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Figure 1. The graph of three parts of the inequality (2.2) in Example 2.1, which is computed and drawn
in MATLAB program, depending on s € (0, 1)

The following lemma is crucial for the proof of our other theorems. Therefore,
let us begin by presenting the proof of this lemma.

Lemma 2.1. Let A : I C R™ — R be a twice differentiable function on I°, the
interior of the interval I, where 1, € I° satisfying ¥ < ¢ and let A,A',\" €
Li[Y, ). Then, the following identity is satisfied:

s2(p — ) 277 [ (1 —2m)A (my) + (1 — m)yp) dm (2.3)

S—__

1
s - wmert [wio [ (104 25
0

2
—_A" (1—|—m¢+ 1_2‘“90)] dm

= 52 (p— )2 <A“/’) : A“”)) + (18— ) o2 (AW) : AW’)

“wps e BP0 (52) + 1P (Y57)]

Proof. By integration by parts, we have

1
(1 — 1+m 2 2 1-m 1+m
-—m -rm - _“ _
/mA( ¢—|— ap)dm ” wA(cp) @_¢0/1\< 3 P+ 5 <p>dm

0

and

1
/
/mz zﬁAu( w+1+map>dm:2A ()
0
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By employing a change of variable, multiplying the results by s2(p — ¢)st127571
and (1—s5)(p—1)?722°73, and combining them side by side, we obtain the following
outcome:

1
52(¢—¢)5+12_5_1/mA (1;¢+ HJQO) dm (2.4)
0

1
F(1—8)(p — )72 3/m2725Au< Tl) 1+m<,0) dm
0

= S (p—¥)°2 A (9) + (L= 9)(p =) "2 7N ()

< | [ (= 22) M+ - (- 222) " wo)| (- 222 e
vhe

Another result obtained through analogous steps is as follows:

1
52(@_1/])54»127571/‘[“/\ <1+7mw+ 750) dm (2.5)

0

1+m m

1
+(1 —5)(@—@)2_525_3/m2_25A” <71/)+ 7&,0) dm
0

= —5(p — W2 A W) — (L= 5)(p ) XN ()

Subtracting (2.5) from (2.4), we have

1

s2(p—p)*ti2Te 1/m[ ( — L;msa)—A (—1;mw+—1;m¢)}dm
0
2.: 3

+(1—8)(p —9)* "2
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Thus, by multiplying both sides by % and by using the equality

1
UGS R,
1
2/1—2mA' (myp + (1 — m)p) dm,
0

we conclude the proof. O
Remark 2.1. Letting the limit as s — 1 in Lemma 2.1, it follows that

1

AW +Ap) 1] (e ,
e T w/ Amr = 22 (1= 2 s o+ (1= m)g)dm,

2
0

which was proved by Dragomir and Agarwal [13].

Corollary 2.1. In the limiting case s = 0 in Lemma 2.1, we have

% (/m2 |:A// (17¢+HTm(p) _ A\ (HTm¢+1Tm<P>:| dm)
0

O (Aw) +A/<@>) A -A@) 1 | Amin— [ Awar
P

2 2 o -

In addition, when s = % is chosen, the equality (2.8) takes the form of the following
equality:

S:w AW) +Al) | M) +AG) /A )dr + A(¢) — A®)

¥

/1—2m VA (my + (1 —m)p) + A" (my) + (1 — m)p)] dm.
0

Theorem 2.2. Let A : I C Rt — R be a twice differentiable function on I°, the
interior of the interval I, where ¥, € I° satisfying ¥ < ¢ and let A, A", A" €

Li[, ). If |A'|? and |A’|2 are convex on [, ¢] for ¢ > 1, then the following
inequality holds:

(2.6)

o -y (LA 4 gy gy (HENE)

oy gt [0t (55) + 2P0 (57




2148 I. Demir, T. Tung & M.Z. Sarnkaya

<

2(p — ¢p)sH12 (|A' ()] + |’ <<p>|4>3
4 2

1

+(1—5)(<P—¢)2‘525{ ! ([A”(@b)lq
(

16 35— 99" 2 ((3—25)(4—25)>

e (o ] [ (k)

* |A”(2(p)lq ((3 - 25)1(4 - 25))] ;> } ‘

Proof. At first, let us consider the case where ¢ = 1. By utilizing the convexity
of |[A’| and |A”|, we obtain from Lemma 2.1 that

-z (AOEAD) gy gy (KRG )

F(l—ﬁ) PC s 1/1+80 PC s 1/J+90
~ T [Pl (57) + F P (559))

2 _ s+1lg—s p
< %/Il—ml (mIA" ()] + (1 = m)[A'(p) [) dm

1
2—505
(1—5)(p—v) 2/m2*25<h7m\/\”(¢\+ﬂ\/\” |+1+J,A~ 0|

+ 16

T |A”(¢)}) dm.

Therefore, from the fact that

Nl

/(1 —2m)mdm = /(2m— (1 —m)dm = oYk

0 1
2

o
[N

(1 - 2m)(1 — m)dm = / (2 — pmilm =

and

/ 2—2s _ 1
/m (L =m)dm = B a—2s)’

7—4s

1
2—2s
(1 Jdm = ——————
/m Fmdm = e a2y
0

it follows that the expression on the right-hand side of inequality (2.7) is

s (e =) T127 (A ()| + A (¢) | (1=s)(p —9)*7"2° (|A" ()] + [A"(¢)]
1 < ) ) TR B 20 ( 2 ) '
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Additionally, in the case of ¢ > 1, by employing Lemma 2.1, the power mean
inequality, and taking into account the convexity of |A’|? and |A”|%, we can deduce:

vy (MUEAR) 4 1y gpropoe (VLX)

2 2
I'(1-s) PC v+ PC v+o
~ o [P (T57) + D (1
< 52(@ _ ¢)5+12—5
- 2
1 v/ a
S = zmiam | ([ 1= 2w @)+ (1 m)|A () 7 i
0 0
(1 —s)(p—)*"
+ 16
1 v/ a
1
[ | fwe SR @ R @l dn
0 0
1 v/ ) X a
/m2_25dm /m2 {—FmA”( )4+ _2m|A”(<p)|q] dm
0 0
Thus, due to
1 3 1
1
/|1—2m|dm: /(1—2m)dm+/(2m— 1)dm = 2’
0 0 1
i 1
2—2s _
/m dm = —2a
0
and the desired inequality (2.6) holds. O

Remark 2.2. Using s — 1 as the limit and ¢ = 1 in Theorem 2.2, it can be deduced
that
@
A A 1 — N A
W EME) 1 F iy < (o=0) (WO INGLY
2 p—1 4 2
¥

which was proved by Dragomir and Agarwal [13].

Corollary 2.2. For q > 1 in Theorem 2.2 and as s — 0, we obtain

Y+

oy (AW);A'(‘P))_A(@)+A(¢)—wldj /A(W)dw— f A(r)dr
¥
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: m [(214 Wi wor) (e, IA”(sD)lq)l/q] |

Furthermore, when s converges to 1 and with ¢ > 1, the inequality described in
Theorem 2.2 is given by

e / q / g\ 1/a
AW) + Aly) 1 (p—v) ([N @)"+ A (o)l
5 _<P—¢w/A(ﬂ-)dﬂ-S 1 ( 5 ) .

In order to confirm the applicability of our theorem, we offer an illustrative
example.

Example 2.2. Considering the function A(m) = 72 defined on the interval [0, 2],
we can compute the right-hand side of inequality (2.6) as follows:

2 () i) () |

On the other hand, we see that

o —vpr (AR gy - gy (HENE)

~ e [P (52) + 0 (559))

3—2s

=252+ 3(1 —5) — g(l —5)2m.

For all s € (0,1) and ¢ > 1, it is evident from Figure 2 that the left-hand side of
the inequality (2.6) is always located below the right-hand side of this inequality.

[ The right term
45 | The left term

N

MMM
MY
NN JMNNN

N\ \\\\\\\\\\\
Nnnmng
\\\\\\\\\\\\\\\\\\\t\\\\\\i\\\{\\

N

03 ‘W 1
3 0
2 2 s 05
the values of q " the values of s

Figure 2. The graph of both sides of the inequality (2.6), which is computed and drawn in MATLAB
program, depending on s € (0,1) and q € [1, 3].
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Theorem 2.3. Let A : I C Rt — R be a twice differentiable function on I°, the
interior of the interval I, where ¥, € I° satisfying ¥ < ¢ and let A,A'; A" €

Li,@l. If |AN]9 and |[A”|7 are convex on [, for ¢ > 1, then the following
inequality holds:

o ayae (MM 1 gonycs (L2 10))
~ a0 (557) + 0 (57

(- 1)5 (e |A'<w>|‘1)3

(1= 8)(p — )P < ! >i KW(W +3|A“(<P)|q>

52(50 _ w)s+127571

Q=

2p—2sp+1 4
(3 A ()] + A”(w)q) 3]
+ 1 s

1,1 _
where;—kg—l.

Proof. By applying the widely used Holder’s inequality and taking into account
the convexity of |A’|9, |A”|?, based on Lemma 2.1, we obtain

2

(1 -5s) PC s Vvt PC s vty
~ a0 (55) £ (55

< 52(50 o ¢)s+127571

X (/|1—2m|pdm) (O/ m A ()7 + (1 —m)|A (¢ dm

0

vy (MUEA | gy ypropes (VLX)

+(1 =) (p— )2t

C e /1 . 1—|—m ” )
X _(O/m dm) (0/{ W)|" + A" (¢ dm
+ (0/ m2p_25”dm)

Q=

8=

q

0
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Evaluating the integrals in the inequality mentioned above, we get

1 1/2 1
1 - 2m]’ d :/1—2 v /z_wd: ,
Ji—2man= [ (- 2mpam e [ m-1ran = —

0 0 1/2

_ NN ()
2 )

[m [N ()" + (1 —m) [ (9)|*] dm

S O~ o — _

— A A
ST+ R ) dm = AR,
! 1- 3IAY (4)]7 + | A" ()]

Thus, the desired result can be achieved by replacing the calculated integral results
into the inequality (2.9). O

Remark 2.3. In Theorem 2.3, in the specific situation where s — 1, we have

7 _ / q ’ q\ 1/a
AWML [ g < 2 (IA(WI;IA(@I) |

which was proved by Dragomir and Agarwal in [13].

Corollary 2.3. As s approaches 0 in Theorem 2.3, we obtain the following partic-
ular case:

Y+o

® ; ¥ (A’(w) ;' A’(@)) LA —A(p) 1 /2 A(rm)dr — /90 A(m)dm

o9
¥
< (90—1&)2( 1 >
- 16 2p+1

Furthermore, if we choose s = %, then we get

=
Q

4 4

('A”<¢>lq+3 A”W)l + (3|A”(¢)|Q+A”(s&)q);] .

A@W) t Ag) , M) = Np) - ! - /A(w)dﬂ +A(p) — A®®)
»

L o= <|A/<w>|q+|A'<sa>|q)3
T 20p+ 1) 2

e
A(p+1)¥

Q

+

(IA"@/J)P Z3IA“(90)|‘1>‘1’ . (3|A”(¢)qu IA”(@)I‘Z>

|

For the purpose of demonstrating the inequality established in Theorem 2.3, we
offer an example that confirms its validity.
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Example 2.3. In light of the function A given in Example 2.2, we can assess the
expression on the right-hand side of the inequality (2.8) in the following manner:

1
1252 12(1 —s) ( 1 ) p=1
- + (1+3 5 )
2% (p+1)7 45 \(2-2s)p+1

Moreover, we know that

o= vy (AP 1y e (KA

- e (90 (1) + £t (4]

3—2s
(1—-5)(2—15)

3
=2¢" +3(1 —5) — 51 —5)?

Thus, Figure 3 clearly indicates that the left-hand side of inequality (2.8) is consis-
tently less than the right-hand side for all values of 5 € (0,1) and p > 1.

[ The right term
55 | The left term

V2

y @

y '
2777

W )

04 1
3
2

04 0.6 0.8 1
the values of p 10 02 the values of s

Figure 3. The graph of both sides of the inequality (2.8), which is computed and drawn in MATLAB
program, depending on s € (0,1) and p € (1, 3].

3. Conclusion

The goal of this research is to formulate new Hermite-Hadamard-type integral in-
equalities for twice-differentiable convex mappings through the use of a proportional
Caputo hybrid operator. To achieve this, we first present a novel integral identity of
the Hermite-Hadamard type associated with the proportional Caputo hybrid opera-
tor. Then, we apply convexity, the Holder inequality, and the power mean inequality
to derive various Hermite-Hadamard-type inequalities. Our findings for s — 1 which
corresponds to some special cases of prior works, are more valuable in this study
than in classical calculus. Thus, we hope that our methods and results will motivate
readers to further explore this field. Future work may involve exploring similar in-
equalities for other fractional integrals and generating new Hermite-Hadamard-type
inequalities using various convexity approaches.
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