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Three Solutions for a Perturbed Integral Equation
with Homogeneous Dirichlet Condition

Andre Vera-Montiel! and Juan Mayorga-Zambrano®?

Abstract We consider the integral equation —L%u = Af(x,u) + pg(z,u),
with homogeneous Dirichlet condition on a bounded Lipschitz domain of RY
where \,p € R, p > 2, 5 €]0,1[, N > ps, f,g : RY — R are Carathéodory
functions with subcritical growth and —L£P denotes a class of operators that
includes (—A);, the fractional p-Laplacian. Here pg represents a small per-
turbation of Af. Applying an abstract critical point theorem due to Ricceri, a
variational setting developed by Xiang et al. and a Minti-Browder’s theorem,
we prove the existence of three weak solutions.
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1. Introduction

Let’s consider a theoretical model for the dynamics of a population living in a
habitat Q € R™ which is an open Lipschitz bounded domain,

Ou=Au+o(z,u), t>0,2¢€q. (1.1)

Here u(t,z) denotes the population density at time ¢ and position z € 2, and
the function o represents the population supply due to births and deaths. The
operator A, which could be integral or integro-differential, models a diffusion process
which is affected by non-local population information coming e.g. from cognitive
processes and that, therefore, is very far from considering the individuals as non-
living particles interacting in a random way, as it was assumed in the pioneer work
[22] in the 1950s.

For the study of biological populations, [24], are of interest the stationary coun-
terparts of equations like (1.1),

—Au =o(z,u), xz€Q. (1.2)

These time-independent problems have attracted the attention of mathematicians
as they appear quite naturally not only in the study of population dynamics but
also in continuum mechanics, phase transition phenomena, financial mathematics,
game theory, etc.; see e.g. [4,8,13,16,23]. Particular attention has attracted (1.2),
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for situations where the non-local non-linear diffusion operator A equals or contains
an integral operator given by

Lxu(z) = ~2lim Ju(@) — u(y)["~* (u(x) — u(y)) K (z —y)dy,  (1.3)
<40 JRN\B, (x)

where p > 1. The function K : RV \ {0} — R could be interpreted as a perceptual
kernel (or detection function), related to what an individual perceives, and L5 u(-)
could be interpreted as a kind of resource perception function, which is able to
capture information of how the individuals perceived the resources in its habitat,
[24]. In this way, the population dynamics modeled with (1.1) would be directly
affected by the capacity of perception of the individuals.

We shall assume that the kernel K is positive, even and such that

mK € L'(RY), (1.4)
K(z) > 0lz|~™+s2) 2 e RV \ {0}, (1.5)

where m(z) = min{|z|P, 1} and 6 > 0. Observe that, in particular, £%- becomes the
fractional p-Laplace operator when K (z) = 2|~ (N +P9);

|u(z) — U(;J)_| yﬁ(f) —u) g,

—(=A)u(x) = 2lim

(1.6)
p 0 JRN\B.(z)

Remark 1.1. To deal with equation (1.2) where A = (=A);, 0 < s < 1, a first
feasible space to look for weak solutions is the fractional Sobolev space W#P(2), [10].
In this context the corresponding embeddings are related to the so-called fractional
critical exponent

ps = Np/(N — sp).

In [25] it was studied a Kirchhoff-type problem with homogeneous Dirichlet
condition, that is, equation (1.2) with

u(z) =0, reRN\Q, (1.7)

where
Au=M([ |u(@)—uy)"K(z—y)dzdy) Lyu,
R2N
M is a continuous function and o is a Carathéodory function verifying Ambrosetti-
Rabinowitz condition. When the population supply o presents a sublinear growth,
a direct variational method is applied to obtain solutions, while a mountain-pass
solution was found for the case of superlinear population supply.

In [5] and [20] it was studied (1.2) with boundary condition (1.7) for A = £%.
By applying [19, Th.3], three solutions were found in [5] when the population supply
has the form

CT(:L‘,T) = Ef(‘r77—) - )‘g(xv’r) + I/h(l‘,’r),

where €, \,v € R and the functions f,g,h € C(2 x R) present subcritical growth.
On the other hand, in [20] it’s found a mountain-pass solution when, for some
ay,az,r >0, > 2 and ¢ €]2,2%], the function o verifies

lo(z,7)| < ay +az|7|7t, forall 7 € R and a.e. x € Q;
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o(x,7)/|T| — 0, as |7| — 0, uniformly in x € €;
0 < pX(x,7) <7o(x,7), forall|r|>r and ae. z€Q,

where X(z,7) = [ o(z, 2)dz. In this case, the functions are of the form o(z,7) =
a(z)|T|972%s, where a € L*°(Q).

Problem (1.2)-(1.7) with A = (—=A); has been considered in several works. The
semilinear case, p = 2, helps to model phenomena in continuum mechanics, phase
transition, population dynamics and game theory; e.g., this was the case of [14]
where, under several assumptions for o, finite multiplicity results were obtained by
using Morse theory arguments. The quasilinear case, p > 1, is also important as it
appears in applications; e.g., in the context of quantum mechanics it was studied
in [3] where a Ljusternik-Schnirelmann scheme was applied to prove multiplicity and
semi-classical concentration (when Planck’s constant is considered as a parameter
that tends to zero) of positive solutions for a non-local Schrédinger equation.

In this paper we study (1.2)-(1.7) where A = L% and the population supply is
bi-parameterized,

o(z,7) = Af(z,7) + pg(z, 7),

A, 1 € R. Here A\f models the principal component of the population supply while
g stands for a small perturbation of it. Concretely, we consider the problem

{_U;(u = M(@,u) + pg(z,u), €9, (P)

u(z) =0, r e RN\ Q,
where
N
0<s<l, 2§p<;, (1.8)

and f,g: QxR — R shall be Carathéodory functions with subcritical growth: for
some ajy, ag,as,aq > 0 and 3, T €]1, p%|,

|f(z,7)| < a1 + as|T|P 71, (1.9)
l9(z,7)| < as + ag|r|" 7, (1.10)

for all 7 € R and a.e. z € 2. Let’s denote
F(x,7) = / flz,2)dz and G(z,7)= / g(z,2)dz,
0 0

for all 7 € R and a.e. = € Q.
Before presenting our main result, let’s add some necessary words concerning
problem (P) in the particular situation of A = L} = (=A);.
a) In [28] and [27], by using variational approaches and Morse theory, the authors
find that problem (P) has at least three non-trivial solutions for the case of
pu =0, (1.8) and  having a C1'! boundary. In [28], for A > 0 small enough
and f having (p — 1)-sublinear growth near zero, the authors show that two
of the solutions have fixed sign and the remaining one is nodal. In [27], for
A =1 and f not verifying the standard Ambrosetti-Rabinowitz condition, the
authors show that one of the solutions is positive and one is negative.
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b) In [15], (P) was considered for the case of f(z,s) = [s|97%s, 1 < qg<p, p=1,
(1.8), g verifying (1.10) with p < T < p¥, and Q having a C1'! boundary.
For A > 0 small enough, by using critical point theory and Morse theory, the
authors prove the existence of at least four non-trivial solutions: two positive,
one negative and one nodal.

¢) In [12], (P) was considered for the case of p = 0, A = 1, (1.8), Q has C!!
boundary, and the function f

i) presents subcritical growth with non-resonance above the first eigenvalue
of (—A); so that the energy functional associated to (P) is noncoercive,
ii) has (p — 1)-sublinear growth near zero, and
iii) vanishes at three points and verifies a reverse Ambrosetti-Rabinowitz
condition.
By using critical point theory and Morse theory, five non-trivial solutions of
(P) are found: two positive, two negative and one nodal.

Our main result is the following multiplicity theorem.
Theorem 1.1. Let p > 2. Assume (1.4), (1.5), (1.9) and that there exist ¢,d > 0
and ~y €]1,p[ such that
(F1) F(z,7) >0, for all 7 € [0,¢] and a.e. x € §2;
(F2) there exists o €]p, pk[, such that
sup F(z,7)

. €N
lim sup
T—0

(F3) |F(z,7)] <d(1+|7|"), for all T € R and a.e. z € .

Then, there exist p > 0 and an open interval A C]0, +oo[ with the following proper-
ties:

< +o00;

7|

1. For every A € A and every Carathéodory function g verifying condition (1.10),
there exists pn > 0 such that (P) has three weak solutions.

2. Moreover, there exists 6 = 6(\,g) > 0 such that, for each p € [0,6], problem
(P) has at least three weak solutions whose norms in Wy are less than p.

The space Wy, which appears in Theorem 1.1, is similar to the fractional Sobolev
space W*P(Q) and was first introduced in [25]; see (2.1) below. Observe that in
Theorem 1.1 the only condition on the perturbation function g is (1.10). Then, we
extend the results of [11], where the case of p = 2 was studied.

By a weak solution of (P), we mean a function v € Wy which satisfies

/]RNX]RN u(z) —u(y)[P~*(u(z) —uly))(h(z) — h(y)) K (z - y) dz dy

zu/Qf(x,u(x))h(m) dx—l—)\/ﬂg(x,u(x))h(x) dx, (1.11)

for every h € W.

The rest of this work is organized as follows. In Section 2.1, we introduce the
space Wy and recall some of its properties including Sobolev-like embeddings. In
Section 2.2, we introduce our main tools: an abstract critical point theorem due
to Ricceri, an auxiliary lemma and a Minty-Browder’s theorem. In Section 3, we
prove Theorem 1.1 and comment on some of its consequences.



Three Solutions for a Perturbed Integral Equation 2251

2. Preliminaries

In this section, we introduce the variational setting and the main tools we work
with.

2.1. The function space W,

Let’s recall that 0 < s < 1 < p < 400, and Q C R” is an open Lipschitz bounded
domain.

The normed space W contains all the measurable functions u : RY — R such
that the restriction to Q belongs to L” () and

1/p
ullw = lullor ey + ( /Q fue) — ul)PK (@ - ) dzdy) < +o0,

where Q = (RN x RY)\ (Q° x Q°). It’s clear that
Wo={uecW/u(x)=0, forae xzcR¥\Q} (2.1)

is a closed linear subspace of W which encodes the null Dirichlet boundary condition.
Observe that C5°(Q2) C W.
On Wy a norm equivalent to || - ||w is given by

el = ( /Q u(z) — u(y)PK(z — y) dxdy)l/p.

In fact, by [25, Lemma 2.3], there exists C = C’(N,p,s,@,Q) > 0 such that, for
every v € Wy,

ollwy < Tollw = ollLsqy + Il0lwe < CPllvllw,. (2.2)
It’s clear that the mapping F : (Wo,| - |lw,) — LP(Q), given by
Flul(z,y) = (u(z) —uly)) K/ (z — y),

is a linear isometry. As an important consequence we have the following result. The
proof we present here is simpler than the one originally provided in [25].

Theorem 2.1. Wy is a uniformly convex, reflexive and separable Banach space.

Proof. Since Wy is isomorphic to F[Wy], it’s enough to show that F[Wy] is closed
in LP(Q). Let (up)nen € Wy be such that (F(up))nen converges to some f €
LP(Q). By (2.2), (un)nen is convergent to some g € LP(2). By [6, Th.4.9], up to
a subsequence, u, () — g(x) and Flu,](z,y) — f(z,y), as n — +o0, for a.e.
x € Q and a.e. (x,y) € Q, respectively. Therefore, for a.e. (z,y) € Q,

Flun)(z,y) — (9(x) — g() (K (x —y)/?,  asn — fo,
and f(z,y) = (9(x) — g(y)) (K (z — y))'/P. Therefore, g € Wy and f = F(g). O

Remark 2.1. Let’s also recall, [25], that the embedding W, C L4(2) is continuous
for ¢ € [1,p%] and compact for ¢ € [1,p%][. In particular, given ¢ € [1,p%], there
exists ¢, > 0 such that, for every u € Wy,

ullaca) < cqllwllw- (2.3)
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2.2. Main tools

Here we present the tools that shall be used to prove Theorem 1.1: two results
produced by Ricceri, a critical point theorem and an auxiliary proposition, and a
Minty-Browder’s theorem.

Let’s start with the abstract result which is our main tool, [18].

Theorem 2.2. Let E be a refiexive real Banach space and I C R an interval. Let
®, ¥ € CY(E) be such that

a) ® is bounded and weakly sequentially lower semicontinuous;
b) @ has a continuous inverse on E';

¢) ¥ has a compact differential;

d) for all N € T ® + AV is coercive, i.e.,

O(u) + AV (u) — 400, as ||u|| — +oo; (2.4)
e) there exists zp € R such that

sup in%((l)(u) + A(T(u) + 20)) < in%sup(@(u) + A(P(u) + 2p)).- (2.5)
el u€ uek xer

Then, there is an open interval A C I and p > 0 such that given any A € A and any
J € CY(E) with compact differential, there is 6 > 0 such that, for each u €]0, 4], the
functional ® + AV + pJ has at least three critical points whose norms are less than
p.

To produce Theorem 1.1, we shall apply Theorem 2.2 when the functionals
®, U, J: Wy — R are given by
Liowp
®(u) = —|lully,, (2.6)
p
W(u) = — / Pz, u(z))dz, 2.7)
Q
() = / Gz, ulx))dz.
Q

To get (2.5), the following result will be useful, [17].

Proposition 2.1. Let X be a non-empty set and &,V : X — R. Assume that
there exist r > 0 and ug,u; € X such that ®(ug) = —¥(ug) =0, ®(uy) > r and

—V(u1)
sup —T(u) =21 <z:2=r .
ueéfl]foo,r]( ( )) ' ? (I)(ul)

(2.8)

Then, for each z €]z, 29/,

sup ing(q)(u) F+ AT (u) +2)) < ingsup(q)(u) + AT (u) + 2)).
A>0UE uel x>0

To get point b) in Theorem 2.2, we will use the following result which is just one
of the consequences of a Minty-Browder’s theorem presented e.g. in [26, Th.26A].
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Theorem 2.3. Let E be a reflexive Banach space and A : E — E’ coercive,
uniformly monotone and hemicontinuous operator. Then, the inverse operator A™! :
E' — E exists and is continuous.

To finish this section, let’s recall the concepts appearing in Theorem 2.3. Given
a Banach space F, a mapping A : E — FE’, is said to be
i) coercive if (Au,u)/||ul| — 400, as ||u|| — +o0;
ii) uniformly monotone if there exists a : [0, +oo[— [0,4o00[ unbounded, in-
creasing and continuous such that a(0) = 0 and, for every u,v € E,

(Au — Av,u = v) > a((ju = vl]) [lu = v[;

iii) hemicontinuous if for every u,v,w € FE, the function ]0,1[> ¢t — (A(u +
tv), w) is continuous.

3. Multiplicity of solutions

Let’s start with the following result.

Lemma 3.1. Under the hypotheses of Theorem 1.1, the functional ® given by (2.6)
is bounded, of class C', weakly sequentially lower semicontinuous, and ® : Wy —
W has a continuous inverse.

Proof. By the form (2.6), it is clear that ® is weakly sequentially lower semicon-
tinuous and bounded.

a) Let us prove that ® is Gateaux differentiable. Let u,n € Wy, (x,y) € @ and
¢ € [-1,1]. Then,

1(,9.6) = | 2 ue) — uly) + E(h(z) — h)PK (@ — )

=|lu(z) = u(y) + &(h(x) = h(m))I"~>(u(z) — u(y)

+E&(h(x) — h(y)))(h(x) — h(y))| - K (= —y)

(Ju(z) = u(y) + [€]Ih(x) = )P~ h(z) = h(y)] - K(z —y)
(Ju(@) = u(y)| + [h(z) = M)~ A(@) = h(y)| - K (@ —y).

By Hélder’s inequality, it’s easily seen that the function appearing in the last ex-
pression belongs to L'(Q). So, by Leibniz’s integral rule, we have that

<
<

0nB(u) = 00+ 5h>]

£=0
= /Q u(@) = u(y) P2 (u(z) — u(y))(h(z) — h(y)) K (z - y) da dy.

Let’s show that the linear mapping Wy 2 w +—— 9,,®(u) € R is continuous. Let
w € Wy. Then, by Hoder’s inequality,

10,0 ()| < /Q () — uly) P KV (2 — y)[hx) — h()| KV (@ — y)dedy

< ullwe [Pl - (3.1)
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Then, ® is Gateaux differentiable and (®(,(u), h) = 9, ®(u), for all u,h € Wy.
b) Let’s prove that ® is of class C*. Let (uy,)neny € Wo and u € Wy such that

Up, —> U, asn — +oo, in Wy. (3.2)

By (2.3) and [6, Th.4.9], up to a subsequence, u,(x) — u(z), as n — +oo, for
a.e. © € RN, Then, the sequence of functions given by

Q3 (2,y) — [un(@) = un (WP (un (@) — ua () (K (@ — )" R, (33)

is bounded in LT’/(Q)7 and converges a.e. in RV to the function

Q 3 () — [ux) — uly)P(u(z) —u(y))(K(x - y))/ € R.

Thus, by (3.2) and Brezis-Lieb’s lemma, [7], we get

lim [|Un($) - Un(y)|p72(un(x) - un(y))
Q

n—-+o0o
~lu(@) = u@)IP > (u(z) — u(y))] K (z - y)dwdy
= dim | [une) — un)PK (@ — y) — |u(z) — u(y)PK (2 — y)] dedy
Q
=0. (3.4)

By (3.4), Holder’s inequality and working as it was to get (3.1), we obtain, up to a
subsequence, that

196 (un) — @G (u)|| = o (D () — Bla(w), )]
< uvﬁvlifg K/Q et () =t ()P~ (tn () — (1)

—Ju(z) — u(y)[P > (u(z) — u(y))| K(z — y)dxdy) |vllw,] — 0,

as n —»> 400. By the arbitrariness of u, ®f, is continuous. Therefore (see e.g. [1,
pp-1]), @ is Fréchet differentiable, &’ = ®/, and, actually, of class C!.

c) Let’s prove that ®' : Wy — W/ has a continuous inverse. Since
-1
(@ (u), w)/lullwo = llully, — 400, as [[ullw, — +o0,

@' is coercive. Since p > 2, by point (2.2) in [21], there is some &, > 0 such that,
for u,v € Wy,

(@ () — ®'(v),u— )
- /Q [[u(z) — u(y) P~ (u(z) - u(y))
o) — o) P2 (0(x) — v(y))(uz) — u(y) — v(z) + @)K (@ - y) dedy

Zép/ u(@) —uy) —v(@) + oY) PK(z —y) dz dy = & [[u —vllyy,,
Q

so that ®' is uniformly monotone. Therefore, by Theorem 2.3, ® has a continuous
inverse.

O
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Lemma 3.2. Assume the hypotheses of Theorem 1.1. Then, the functional ¥ given
by (2.7) is of class C' and has compact differential.

Proof. a) The functional ¥ is well-defined. In fact, by (1.9) and (2.3),

/Q|F($>U($))|d$§/ﬂ/olu[a1+a2|t|ﬁ_1]dtd:ﬂ

as ag
_ /Q [auu(xn i ,6'“(”'3} s < arerllulw, + 2 ullfy,

b) Let’s show that U is Gateaux differentiable. Let u,h € Wy, z € Qand § € [—1,1].
We have, by (1.9), that

S ulo) + €)= o uto) + ena)i(o)

<(a1 + azlu(z) + En(x))"~ )| h(@)]
<(a1 + ax(|u(@)] + [h(x)))*~)|h(x)].

By Hoélder’s inequality and (2.3), the function given by the last expression belongs
to L1(Q). Then, by the Leibniz integral rule, we get

o (u) = %\I}(u Jr{h)'&_o = f/Qf(x,u(:c))h(ac) dzx.

Let’s show that the linear mapping Wy > w — 0, ¥ () is continuous. Let w € W.
By (1.9), (2.3) and Holder’s inequality, we get

10,9 ()] < /Q |, ul@))] [w(@)| dr < ar [[w]lp gy + a2 /Q ()P~ ()| da
-1 —
<an (|l ) + a2 [[ull 5y lwloga) < (@1Ca + a2Cfull i) llwlw,.

By the arbitrariness of w, ¥ is Gateaux differentiable and (¥{,(u), h) = 0, ¥ (u), for
all u, h € Wy.

c) Let’s show that W is of class C1. Let (uy)neny € Wo and u € Wy such that
Up —> u, asn — +oo, in Wy.

By (2.3), up — u, as n — +o0, in L?(Q). Therefore, by Hélder’s inequality, (2.3)
and [2, Th.2.2], we get, as n —> 400, that

(W' (un) = ¥'(u)|| = sup
lellwy <1

< sup IfCGrun()) = FOul )l ns @ llellie @

llellwy <1

< el fCun()) = FOul )l ps @) — 0 (3-5)

/ (F (@ un) — (2, w)p()dz
Q

d) Let’s show that ¥’ is compact. Let (u,)nen € Wy be bounded. By Remark 2.1,
up to a subsequence, there is @ € L?(Q) such that u,, — @, as n — +o0, in L?(Q),
up to a subsequence. By [2, Th.2.2] and taking u = u,,, m € N, in (3.5), it follows
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that (¥'(un))nen C WY is a Cauchy sequence as well as convergent. Therefore, U’

is compact. O
Now we present the proof of our main result.

Proof. [Proof of Theorem 1.1] It is clear that any critical point of the functional

H =&+ AV + puJ is a weak solution of (P). Observe that Theorem 2.1 guarantees

the reflexivity of Wy. Thanks to Lemmas 3.1 and 3.2, the functionals & and ¥

satisfy the initial hypotheses of Theorem 2.2.

a) Let’s show that ® + AW is coercive. Let uw € Wy and A > 0. We have, by (F3)
and (2.3), that

v

NF() = <M | (14 fula))de = =3d (19 + ul]} o)

—max{Ad|Qf, TH(1 + |lullyy,) = —Cxy (1 + [lulliy,),

V

where C) , = max{Ad|Q|,c]}. Then, since v < p, we have, for A > 0, that
1
D(u) +AV(u) = 2;HUHZv’vo = Oy (L [lulliy,) — +oo,
as |lullw, — +00, so that (2.4) holds.
b) Let’s prove (2.5), i.e.,

Sup Inf (@(u) + A(¥(u) + 20)) < inf ilél;@(u) + A(¥(u) + 20)),

for some zg € R, by showing that the conditions of Proposition 2.1 hold. Observe
that ®(0) = —¥(0) = 0. Then we will get (2.5) by showing that there exist » > 0
and u; € Wy such that ®(uq) > r and (2.8) hold.

By (F2), there exist 1 €]0,1] and C > 0 such that

F(z,7) < Cyi|7|*, for every T € [-7,n] and a.e. = € Q.
Then, by (F3), we have, for a.e. x € Q,

Cyl7]®, if 7 € [0,n],
F(z,7) < < d(1+|7]7) < My|7|*, if 7 € [n,1],

<
d(1 +[r7) < d(1 +[7|*) < 2d|7]%, if ¢ €]1, +oo],

where My = sup d(1+ |7]7)[t|™“. Therefore, we can pick M > 0 such that
T€n,1]

F(z,7) < M|r|*, foreveryte€ R and a.e. x € Q.

Then, given r > 0, we have, by (2.3), that
() = | Flou()do < M fullpogo) < cEllulfy, < /7,
Q

for every u € ®~1(] — oo, r]). Hence, since a > p, it follows that

limr=!'  sup (—¥(u)) =0. (3.6)

O iy, <pr
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By (F1), there is ¢ > 0 such that F(x,7) > 0, for all 7 € [0, ] and a.e. € Q. Now
let’s pick a positive function u; € C§°(€2) C Wy such that

max uy(z) < c.
zeQ

Then, ®(u1) > 0 and, in view of (F1), it also holds —¥(u;) > 0. Therefore, by
(3.6), we can find r €]0, ®(uq)[ such that

sup (=%(u))= sup (=¥(u))<r .
ued1(]=o0.r)) lullfy, <pr ®(u1)

c) Observe that the argument of Lemma 3.2 also shows that .J is of class C! with
compact differential. We conclude by Theorem 2.2. O
Let’s now consider the problem

{(A);u = Mf(u) + p(1+|ul?), z€Q, )

u(z) =0, r e RN\ Q,
where 8 €]0,p% — 1[. As a consequence of Theorem 1.1, we have, by considering the
kernel given by K (z) = |z|~(N*+*P) the following extension of [11, Cor.3.4].

Corollary 3.1. Let s €]0,1[, N > ps, p > 2 and Q C RY be a bounded Lipschitz
domain. Assume that f € C(R) verifies

/()]
sup ————— < 409,
rer L+ 1]

for some o €]1,p%, and, for some ¢,d >0 and v €]1,p|,

(F1°) F(t) >0, for every t € [0,c|;

(F2’) there exists o €]p,p%] such that limsup [¢t|"“F(t) < o0,
t—0

(F3’) |F(t)| < d(1+ |t]7), for every t € R.

Then, there exist p > 0 and an open interval A CJ0, +oo[ with the following property.
For each \ € A there exists § > 0 such that, for each u € [0,9], the problem (P’)
has at least three weak solutions in W*P(RY) whose norms in Wy are less than p.

A simple example of application of Corollary 3.1 corresponds to the function
given by

0, if t <0,
f@y =<t ifo<t <1,
=l if > 1,

where p < o < 3p/2, 1 < v < pand B €]0,3(p — 1)/2[. In this case, the three
solutions provided by Corollary 3.1 belong to the space W/7» (Q).

Remark 3.1. In [23] it was studied the problem

7‘6%(7! € )‘(a.}g(xv U)) + Mag(xvu))7 in 2
u =0, in RV \ Q,
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where f, g : Q xRY — R are suitable measurable functions such that, for a.e.
z €9, f(z,-) and §(z,-) are locally Lipschitz continuous functions. Here, 8f(z, -)
and 0g(z, -) denote Clark’s generalized subdifferential, [9]. The authors proved the
existence of two non-trivial weak solutions for suitable values of the parameters
A, i € R. Theorem 1.1 and the smooth version of the above mentioned result are
independent, [11].
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