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Abstract We study a Kirchhoff-type equation where the diffusion coefficient
is non-locally affected, the nonlinear diffusion phenomenon is governed by the
p-Laplace operator and the population supply presents critical growth. The
energy functional associated with the equation is not bounded from below
so that there is no global ground-state; however, we prove the existence of a
positive local ground-state. We also prove that the equation has a positive
solution of mountain pass type. The concentration-compactness principle is a
main tool in our approach.
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1. Introduction

In the 1950s the theoretical study of spatial diffusion of biological populations with
PDEs started with [27] by naively considering the individuals as non-living particles,
i.e., assuming that their movement is random. This produced the equation

Ou = Au + o(u), t>0,x€Q,

where u = u(t, ) denotes the population density, 2 C RY is the habitat and o(u)
denotes the population supply due to births and deaths. Similar to the case of the
heat equation, the randomness assumption implies that the speed of propagation
becomes infinite. Obviously, the population supply could also be time-dependent
but, to simplify the presentation, we don’t consider this situation. PDE approaches
have some advantages over stochastic ones as PDEs allow the influence of spatial
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structure while probability frameworks are not so helpful to unveil ecological laws
for the space use [24].

Actually, the migration of individuals is not random. For example, in some
species, like arctic squirrels, the individuals migrate to avoid crowding, [5,14]. So,
an important modeling advance came in [15], where, using the tools of continuum
mechanics, the equation

Ou = An(u) + o(u), t>0,z€Q, (1.1)

was obtained, where 7 is a non-linear function such that 7'(0) = 0 and 7/(s) > 0 if
s > 0. Equation (1.1) is parabolic but degenerates to a first-order equation when
u = 0, causing a population, initially living in a bounded habitat, to spread out of
it at a finite velocity.

The theoretical study of biological diffusion is nowadays far from considering
individuals as non-living particles and it’s dealing even with cognitive processes,
[13,24]. In this modeling context, there naturally appear situations where the
velocity of dispersion is given by

v =—al(u) Vu, (1.2)

where a > 0 and the diffusion coefficient, d = af (u), is affected by non-local popu-
lation information like

I(u):/|u|9dm or I(u):/ \Vu\ed:lc,
Q Q

corresponding, respectively, to total population, (see e.g. [9-11]), and total energy
(see e.g. [1,7,19,21,22,25,35]); here § > 1. In the case of (1.2), a balance of
population gives the integro-differential equation

O = al (u)Au + o(u), t>0,z €. (1.3)

Remark 1.1. Let p > 1. Recall that the p-Laplace operator and the p-biharmonic
operator, given respectively by Ayw = div(|Vw[P~2Vw) and AZw = A(|A[P~2Aw),
are quasilinear and, for p = 2, coincide with the Laplace operator and the bihar-
monic operator, respectively.

Since the difficulty to model biological situations just increases, the correspond-
ing equations will certainly have to consider additional non-linear ingredients, [24,
35,37], and could even become of higher order, as is the case with the modeling
of physical phenomena, [26,31,32]. Then, both from the mathematical point of
view and from the theoretical population modeling perspective, it’s interesting to
ask whether it’s possible to achieve results for quasilinear models (see e.g. [36]) and
the situation when the diffusion phenomenon is mainly governed by the p-Laplace
operator or the p-biharmonic operator; see e.g. [19,20, 22, 36]).

Remark 1.2. Let’s recall that Kirchhoff’s original equation [16],

Opu — (a +5b (/ |Vu|2dx)> Au = o(x,u),
RN

is a non-local wave equation that considers changes in lenght of a string that are
produced by transverse vibrations. Its time-independent counterpart has been ex-
tensively studied under different conditions on o; see e.g. [6,8,35,37].
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In this paper we study the stationary counterpart of a Kirchhoff-type equation
of the form
du = dAyu+o(z,u), t>0,2e€RY, (M)

where the diffusion coefficient is given by

~ p71
d:a+b(/ |Vu|”dm> ,
RN

with N € N, p > 1 and a,b > 0. It’s known that Kirchhoff and Schrédinger-
Kirchhoff type problems can serve as models in physics and for the evolution of
biological species because they can help to understand situations of one species or
multiple species; see e.g. [12,22,31-33]. In (M, ), the non-linear population diffusion
is guided by the population energy, which gives the non-local condition to (M ;) and
helps to model cognitive processes like learning, memory and perception, [13,24],
and the p-Laplace operator.

A number of open problems have to do with the stationary counterparts of
models for the space evolution of biological populations, [24]. Our study is mo-
tivated by [6], where, for p = 2, a positive local ground state was found for a
three-dimensional time-independent version of (M ).

Let’s consider a population supply given by

oz,8) = [s|" "2 + A ((@)y(s),

where A > 0 and p* = pN/(N — p) is the critical value for the Sobolev embed-
ding. It’s assumed that the functions ¢ and v verify the following conditions which
generalize those considered in [6]:

(¢1) the function ¢ is non-zero, non-negative and, for some values r, ¢ €|p?, p* + 2|,
it belongs to LP" /(P =) (RN) N LP"/(P" ="} (RN),

(¢2) there exist 2o € RY, 6,p > 0and 8 €]JN — (N — p)/p, N[ such that ¢(z) >
Sl — x| =P if |2 — 0| < 5

(va) v € C(R) is odd and ~(s) > 0, for every s > 0;
(70) 7(5)/(|5|q_28) —1,a8 s — 0;

(Yoo) ¥(8)/(Is|""%s) — 1, as |s| — 4o0.

Then, we consider the problem

p—1
a+b (/ |Vu|pdx)
RN

for u € DYP(RN). Here DMP(RN) = {u € LP (RN)/|Vu| € LP(RN)} is the
homogeneous Sobolev space equipped with the norm given by

1/p
s = ( / de) .
]RN

Our main result extends what was obtained in [6], where the authors dealt with
the simpler case of N =3 and p = 2:

Apv = |u|p*_2u + X (2)y(u), x € RN, (M,)
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Theorem 1.1. Let N > 3. Assume conditions ((1)-(Vs0) and that

4p = 2N +1+4 /AN? — 12N + 1. (N)

Then, there exists Ao > 0 such that, for every A €]0, Ao,

i) problem (M) has a positive solution of mountain-pass type;

it) problem (M,) has a local non-negative ground-state solution, if 0 < a < p.

Remark 1.3. Observe that condition (N) implies that 1 < p < N; see Table 1.

Table 1. Some values of p(N).

N |p N D

3 120 6 5.38600

4 | 3.28077 | 7 6.40754

5 | 435078 | N>>1 | ~N —1/2

Example 1.1. Let’s consider a three-dimensional setting for Theorem 1.1. Con-
cretely, let’s consider that N =3, p =2, p* =6,r=9/2,¢=5,p=1,9 =1,
B =3/4 + ¢ for some very small € > 0, 2o = 0, and, denoting B = B(0, 1),

¢(z) > 1/|Jt:\3/4+57 T € B;

(|B, the restriction of ¢ to B, belongs to LS(B), and ¢ — (|p is, for example,
a Schwartz function, i.e., a smooth function which, together with its derivatives,
decays at infinity faster than any polynomial. Now let’s denote by u a non-negative
solution provided by Theorem 1.1. Then, the population supply, o = o(z,u), is
composed by two terms: a principal autonomous component with critical growth,
u®, and a non-autonomous perturbation, A{(z)y(u), which has to be small enough
(0 < A < Ag). Observe that if we are far from the center of the habitat, zy =
0, i.e., if || >> 1, then i) {(z) << 1, i.e., the position-dependent part of the
perturbation term is very small, and ii) one expects that the population density
also becomes very small, 0 < u(z) << 1, so that, by (70), we have vy(u) ~ u?,
for the density-dependent part of the perturbation term. For the theoretical study
of spatial diffusion of biological populations, it is of natural interest to compute
the solutions whose existence is provided by Theorem 1.1, both for the setting just
described and other situations of biological interest, and, then, determine - at least
numerically - if they are attractors for the evolution equation (M, ,), that is, if these
solutions are stationary states toward which a system would tend to evolve if the
initial state is close enough to them.

Remark 1.4. Let’s recall (see e.g. [3]) that on RY Baire measures coincide with
Borel and Radon measures; we denote this space by M. Given an element of M in
its Jordan decomposition u = u® —p~, we write |u| = ut +p~ and ||ul| = |u|(RY).
As usual, weak convergence in M corresponds to convergence in the weak * topology
o(M,Cy(RM)): p, — p, as n —» +oo iff for every f € Cyp(RYN), Jan fdpn —
Jon fdp, as n — +oo. Let’s write MT = {u € M/ p=pt A pRY) < 400},
and by §, the Dirac measure concentrated at z € RYV.
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To prove Theorem 1.1, our main tool is the concentration-compactness principle,
[18, Lemma I.1] and [30, Lemma 4.3]:

Lemma 1.1. Let (uy)neny € DVP(RY) be such that
Up — u, asn — +oo, in DVP(RY), (1.4)
\Vun| = p and |ua|?” = v, asn — 400, in M*. (1.5)

Then there exist I C N, (x;)jer € RN, vo, po >0, (v)jer CJ0,+o00[ and () jer €
10, +-00[ such that

v = |u|p* + vodo + Z yjéz]., w> |V’u|p + ppdo + ZMj(wa (16)
jer jel
p/p" 4 p/pe

Poo > SprBlP py > Spry't . j € TU{0}, (1.7)
im [ (un” de = / il da + )] + veo, (1.8)

n—>—+00 RN RN

where jio = lim  lim |Vu,|? and voo = lim  lim Jun [P

R—+o00 n—+oo |$‘>R R—+o00 n—+o00 |I‘>R

Remark 1.5. Observe that, up to a subsequence, any bounded sequence (u,, )pen C
DLP(RYN) verifies (1.4)-(1.5).

As it will be shown (see Remark 3.1), the energy functional associated with
(M,) is not bounded from below and, consequently, (M,) can not have a global
ground-state solution. Point ii) of Theorem 1.1 is obtained by the direct method of
the Calculus of Variations and the mentioned concentration-compactness principle.
There, by local ground-state solution, it’s understood some u, € DYP(RY) which
is a weak solution of (M,) and verifies

J(w) = inf J(u),

where K = {u € DV"P(RN)\ {0}/ J'(u) = 0}, and the energy functional associated
with (M,), J : DV?(RY) — R, is given by

T(u) = al (u) + bB(w) — C(u) — MF(u), (1.9)
where, denoting T'(s) = [ (t)dt, s € R,
1 1 "
N(’LL) = 1; ||’U’HPD11P ? C(’LL) = pj ||uH1]':p* (RN
1 2
B(u) = o [ullpr Flu) = - ((2) I'(u(z)) de.

Point i) of Theorem 1.1 is obtained by the classical mountain-pass theorem (see
e.g. [2]) that we are about to introduce. In a Banach space F, a sequence (u,)nen
is said to be a (PS) (Palais-Smale) sequence for a functional Q € C(E) iff i)
(Q(un))nen C R is bounded, and ii) Q' (u,) — 0, as n — +o0, in E’. If, instead
of i), we assume 1’) for some ¢ € R, Q(u,) — ¢, as n —» 400, we say that (u,)nen
is a (PS). sequence for the functional Q. It’s said that the functional @ verifies the
(PS) condition if every (PS) sequence has a convergent subsequence. In the same
way, the functional @ verifies the (PS). condition at the level ¢ € R if every (PS),
sequence has a convergent subsequence.
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Theorem 1.2. Let E be a Banach space, I € CY(E), O C E open, uf € O and
ut € E\ O such that

wiengo I(w) > max{I(u]),I(u})}.

Let’s denote T = {Y € C([0,1], E) / Y(0) = u} A Y(1) = u’} and

¢ = inf max I(Y(s)).
TEYSE[OJ]

Then,
i) there exists a (PS)c-sequence for I;
it) if I verifies (PS)., ¢ is a critical value of I and ¢ > max{I(u}),I(u})}.

The rest of this paper is organized in the following way. In Section 2, we present
some notation and preliminary results. In Section 3 we prove point i) of Theorem
1.1, i.e., the existence of a positive mountain-pass solution of (M,); see Proposition
3.1. In Section 4 we prove point ii) of Theorem 1.1, i.e., the existence of a positive
local ground-state solution of (M,); see Proposition 4.1.

2. Preliminaries

Let’s observe that, by (N), we have a couple of points that will be useful:

p* . 2 1 pr—p* 1 p*—p
p 2Np  p*p> "N pp*
2<p<N<p+1l<p*<p—2 (2.2)

In the space DP(RY) the balls and spheres centered at zero with radius o > 0
shall be denoted by

Bo = {u € D"*(RY)/ ||ullpr, < o},

Bo={ue D'*(RY)/ |lullpr, < a}

and
So = {u e DYPRY) / |lul pr, = o}

The best constant for the embedding D*?(RY) C L™ (RY) is given (see e.g. [28])

by

/ |Vu(z)[? d

- . RN
Sp = ueplll:lpf(RN) . p/p*’
e ( / () dx)

RN

so that
Vu € DYRY) s ulle oy < S5 7 e (23)

It’s known that the infimum in the definition of S, is achieved at the function given
by v(z) = [1 + |z[F/P~D]=(N=P)/P a5 well as at the functions given by

2 —(N-p)/
U.(z) = eN-)/p (e Yz — x0|p/(p—1)) P p’ (2.4)
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where € > 0; for convenience, ¢ is the element appearing in ((z).
A number of consequences can be derived from (v4)-(7s0). First, by (v4), the
mappings I', F and J are even, so that

Vu € DYP(RYN) . J(u) = J(|ul). (2.5)

Lemma 2.1. Assume (v4)-(Vo). Then, there exist by, by, b3, by,00, M > 0 and
5> p? such that

Vs €R: |y(s)]| < byls|97 4+ bols|"™ A |T(s)| < byls|? + bals|", (2.6)
V|s| <B0p: T'(s)>bsls|? A svy(s) > bs|s|?, (2.7)
V|s| >0 : T(s)>by|s|” N svy(s) > bals|", (2.8)

(2.9)

Vis| > M: 0<8T(s) <sv(s).
Proof. Let’s just prove the first estimate in (2.6) as the other points are worked
out in a similar way. By (70), for every € > 0, there exists p. > 0 such that
|v(s) — |s]972s| < €|s]?7 L if |s| < pe. Therefore, for every s €] — 1, p1],

()| < [y(s) = [s]72s] + [s]*~" < 2[s]*7" (2.10)
By (Yso), for every € > 0, there exists M, > 0 such that |y(s) — [s|""?s| < e[s|"™!
if |s| > M. Therefore, by choosing M > max{Mj,u}, we have, for every s €
] — o9, 7M[U}Mﬂ +OO[,
()| < () = IsI"2s| + [s]" 7 < 2fs|"7". (2.11)
By (7a), there exist by, by > 0 such that
Vs € [~M1, —] Ulpn, Ma] = [y(s)] < bals|®™" + bafs|" (2.12)

Now we choose by = max{b;,2} and by = max{bs,2}. We conclude by combining
(2.10)-(2.12). O

Working in a standard way, it’s proved that all the functionals appearing in (1.9)
are of class C''. We have, for u, h € DVP(RY), that

(N (u), h) :/ |VulP~2VuVh dz,

RN
p—1
(B'(u), h) = (/RN |Vu|pd33> /RN |Vu|P~2VuVh dz,
(€' (u), h) = /RN lulP" ~2uh da,
(F'(w), h) = | ¢(x)v(u) hdz.

RN

A function uy € DMP(RY) is a critical point of J, as well as a weak solution of
(M,), iff (J'(ug), h) =0, for every h € DVP(RYN).
Let’s also consider the functional x : D'P(RY) — R, given by

wu) = [ ((x)uy(u)de.
RN

Working as in the proof of [34, Lemma 2.13] and using Lemma 2.1, we get the
following result.
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Lemma 2.2. Assume (N) and conditions ((1)-(7s). The functional k is weakly
continuous, i.e., if u, — u, asn — +oo, weakly in DVP(RN), then k(u,) — k(u),
as n — +0o0.

Let’s recall that given Q C RY open with finite Lebesgue measure, || < +o0,
and 1 < o < 0 < 400, it holds

Vu e LY(Q): |ul

f—a
Le(e) < 19207 [[ullpeq) - (2.13)

For a radius R > 0 and any center y € RN, Vg = |B(y, R)| = oN2RNT(1 +
N/2), where T" denotes the classical gamma function. On R™, we consider the norms

. 1 ,
given by (a1, )1 = S0 [0kl [(@1, o)l = (S0 Jaxl)V™, 5> 1. Let's
pick 2y > 0 such that |yl < 2y |yly,, for every y € R™.

3. A mountain-pass solution

Let’s first show that the functional J presents a mountain-pass geometry.
Lemma 3.1. Assume (N) and conditions (C1)-(Veo). Then,

i) there exists o, p > 0 such that J(u) > «, for every u € ¥,;
ii) there exists ug € DVP(RN)\ B, such that J(up) < 0.

Proof. Let u € D'?(RY)\ {0}. By (2.3) and Holder’s inequality with P =
p*/(p* — q) and P’ = p*/q, we have that

1< . a., < S-alp . . . )
/RN C@ul® < Il g Null e @ny < Sp HCHLpffq(RN) l[ullp1 s (3.1)
In the same way, we get that
x)|u|” < o |ullf o <S§;r/p o w1 p - 3.2
/R SO U e Tl oy 7PN el (32)

By (1.9), (2.6), (3.1) and (3.2), we get, for p > 0 small enough, v € S, and
o = ap? .
J(u) =aN (u) + bB(u) — C(u) — AF(u)

a up b 1 P q r
E [ullprs + 2 [l .0 ST Jullpr, — A - () (brful? + balul")
a b 2 1 *
>— |lullhe, + = |, — —— [|u|%, — Ab . ul|4
. [ullprs o l[ullp1 s sy [[ul[p1, — Aby ||€||LP57Q(RN) [ullprs
ap?
— b * ullpe & — > a.
el e il 222

Now let’s choose u € DVP(RY) so that [ullye ®yvy = 1. By (€1), (2.2), (3.1) and
(3.2), we have, for t > p big enough, that ug = tu verifies
J(ug) =aN (tu) + bB(tu) — C(tu) — AF(tu)
at? o R "
=l 2 Nl = S el oy =X [ @Dt ~ =
O
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Remark 3.1. Point 3 in the proof of Lemma 3.1, actually shows that
J(u) — —o0, as |Julpi, — +o0.

Let’s write

A b
_ p—1
A—N<CL+2A ) and

. — —11/(-1)
A=271/0"D {bsg /P \/b2spp 4 4aSy

Lemma 3.2. Assume (N) and conditions (C1)-(Vso). Let (un)nen € DVP(RY) be
a Palais-Smale sequence for the functional J at level ¢ < A— CyA, for some Cy > 0.
Then, there exists u € DYP(RY) such that

HunHLp*(RN) — Jlullye- (RN)s @S —> F00.

Proof. 1) Let’s prove that (u, )nen is bounded in DVP(RY), i.e., there exists z > 0
such that, for every n € N, ||up|/p1,» < 2. Since (up)nen is a Palais-Smale sequence
at the level ¢, we have that

(I (un), wn) = apN (un) + 0p*B(un) — |un|?- vy~ M(un) — 0, (3.3)

whence it is proved that there exists C' > 0 such that |ju, || ,- ®y) < C, for every
n € N. For each n € N, let’s write T,, = B(0,n) N {z € RY / |u,(x)| < M}. Then,

by (2.6) and using Holder’s inequality, we get

ch@);

—upy(un) — T(uy,)| dz

/Tn () L;un’y(un) _ r(un)} da

< (1 + plQ> /Tn (@) [orfun|? + b |un|"] dx

1 * «
< —_— * q/Z: « T/Zj <
> |:1 + p2:| |:b1 ||C||Lp}37q () ”Un”Lp (T») - b2 ||C||Lp§'7r () ||Un||Lp (T"):l < 007

where

1 ~ * N *
00:{”2} (mc L N 1T CT”’)'
P L RN) L (RN)

PF—q( p*—r

It follows, for every n € N, that
1
[ )| gsmten) - T do > ~co
Tn p
Then, for n big enough, we have, by (2.6), (2.9), (3.1) and (3.2), that

1 .« 1 A A
e+ 20 L (bl e Crrmlel e O)
P p LP"=4 (RN) L )

p*—r (RN

> () = = (7' (), )
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Za(pp_l)./\/'(un) + p*p_QpQC(un) +A /Tn ¢() [pl?un'y(un) —T'(uy) | dz
1 —1
+ /\/RN\Tn () |:pQUn'Y(Un) — F(un)} > % lt|[Br — ACo > —ACh.

2) By (2.5), we can assume that, for every n € N, u,,(z) > 0, for a.e. x € RY. Then,
by Remark 1.5 and Lemma 1.1 (whose notation is compatible with this proof), up
to a subsequence, there exists v € D'P(RY) such that u, — u, as n — +o00, and
u(x) > 0, for a.e. € RY. Now, given j € I and € > 0 small enough, we choose
¢cj € C°(RY) such that

1) 0< e ;(z) <1and Ve, ;(z) <4/e, if z € RY;
©2) @ i(z) =1if x € B(z,,€); and
©3) e j(z) =0if z € RN \ B(zj, 2€).
Then, for every n € N, we have, by (2.13), (2.3) and ¢1)-¢3), that

e jtinllpr = / IV (e ) Pl < / (6.4 Vttn] + wn|Vige ;)P d
RN B

4\ ) ar
< |[Vuy|de + —u, | dx < Zp o |[Vu,|Pde + —ub | dx

B.; € "~ B, €pP

4p  por
SZ£72 [/ » ‘Vun|pdx + g‘éep ||U7IHL’7* (Be,j)]

2J
. 4 qp e
<iba unllp [1+ 507557

where B, ; = B(x;,2¢). Then, by point 1), (¢c jun)nen is bounded in DVP(RY).
3) By point 1) and (1.9), we have that

(aN"(un) + B (un) = C'(up) — AF'(un), Pe,jun) —> 0, asn — +oo,
whence,
/ |un|p* (pe,jdw + )‘/ C(x)'y(un)(pe,jundx (34)
RN RN
— (a4 buallp?) [ [Vl ™ 0P+ 9l | do o).
RN
a) Let’s prove that
. : pz—p) p—1 e
lg% nEToo (a + b ||un||p1p /RN [V " up Ve jdz = 0.

By using (2.1), ¢1)-¢3), Holder’s inequality and point 1), we have that

lim / |Vun\p_1unV<p67jdx
RN

n—-+oo

4 ——
< - lim
€ n—+oco B

n—+oo €

— 4 -
< lim 7/ VP~ |up| de
B.,;

p—1

|V, |” dm) (/ [t [P da:)
Be;

€] »J
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p*—p
T A — 8zP—1rr1/2
< 22— lm_|unllpr (s

p iy lim ||Un||Lp*(B

s,') = ~ n oo 6,')'
ToNTa+ Tt ’

b) By Remark 1.5, ¢1), (1.5) and (1.6) we have that

. . p* . —_ 1 . — .

lim lim - un|” pe,j(z)de = lim - Pe,j(x)dv = vj, (3.5)
Ti Vin|? e j(z)de = e (@)d

L L Vunl” ey (@)de /RN@,J(:E)M

= / Pej |Vul’ de + / Pejd <N050 + ZMM«) > 1,
B

e Be.j kel
so that
Jim (e blull§) [Vl e (3.6)
> lim |a+0b (/ |Vu, [ ‘pw‘) ] / Vun|? o jde > (aer,u?_l) -
n—+4oo RN RN

c) By (2.6) and Holder’s inequality, we get

lim T [ s (@@ () | <l / C(@) b [u]? + bz Jul") da
—q/p ; q
<biS, L?* =4 (B.;) El£>n0 ”VU”LP(BW-)
—r/p . r _
+ b2S, F(Bes) 511130 ||VU||LP(BW-) 0. (3.7)

d) From (3.4)-(3.7) we get v; > a,u] + bl which, together with (1.7) and (2.1),
implies that p; (ujp Y _ bk /p —aSh /p> > 0 and pf P > 08P P 4
ng*/puf, so that either
(i) pj =0 or (i) p; > A.

4) By using a family of cut-off functions (nr)r>0 € C5°(RY) such that

nl) 0 < nr(x) <1 and Vng(z) <4/R, if v € RY;

n2) nr(z) =0if z € B(0, R); and

n3) nr(z) =1if z € RN \ B(0,2R);
and working as in point 3), it can be proved that v > apieo +buL,. Then, by using
the first inequality in (1.7), we get that either

(iii) proo = 0 or (iv) peo > A.

5) We claim that the cases (ii) and (iv), appearing in points 3.d) and 4), do not
occur. With this we conclude. Let’s prove the claim. Let’s assume that (iv) holds.
By (2.9), (3.3) and the weak lower semicontinuity of ||-||p1.,, we get

n—-4oo

c= lim (J(un)—plzu’(un), un>)
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: a(p—1) P —p?
=,y () + B el

A /]R @) [;un'y(un) - F(un)} dx)

*

-1 * 02 2 "
zap uoo—&—p LY i 4 / lun|? dz — \Cy
RN

p2 *p2 S p*pQ
-1 * _ 2
>a A+ T (A par) - aGy
p p'p
* * 2 A b
S S bA”—)\Co:<a+Ap_1> —ACo = A —ACy,
p*p p*p N 2p

which is a contradiction. Also by contradiction it’s proved that there is no j for
which (ii) holds. O

For ¢ > 0, let’s consider the non-negative function u. € DYP(RY), given by
uc(z) = ¢r(z)Uc(z), z € RY, where U, is given in (2.4) and, for some R > 0,
or € CF(RYN) verifies 0 < ppr(r) < 1if x € RY; pp(x) = 1if x € B(0,R); and
or(z) =0if z € RV \ B(0,2R). Whenever 0 < € << 1, [34], there exist K1, Ky > 0,
such that

Ve |2, oy = K1 + O (el/p) el = K2+ 0(0), (38)
K
p = 1/p 71 =
/RN lue|? da O(e ) 7 =5 (3.9)

Lemma 3.3. Assume (N) and conditions (C1)-(7Vs ). Then, there exist Ao > 0 and
i € DYP(RYN) such that sup J(ti) < A — Co\, whenever \ €]0, \o|.
>0

Proof. 1) Let’s prove that there exist to,¢; > 0 and ¢ € [to, t1] such that

J(teue) = sup J(tue).
>0

Since J(0) = 0, by reasoning as in points 2) and 3) in the proof of Lemma 3.1, there
exists t. > 0 such that

2
J(teue) = sup J(tue), dJ(tue) %’;’ue)

=0 and
t>0 dt

t=te

<0. (3.10)

t=te

a) By the inequality in (3.10), (2.6) and ({1), we get
0 >ap(p — D)P2N (ue) + bp? (p? — D" 2B(u,) — p*(p* — 1)t ~2C(u,)

— )\/ () [br(q — D2 Jue|? + by(r — 1)t7 2 lue|"], (3.11)
RN

whence, we deduce that there is some ty > 0 such that t. > tg, for every ¢ > 0.
In fact, if this were not the case, we could pick a sequence (%, )ren C]0, +00[ such
that ¢, — 0, as k — +oo0 and so, by (3.11), for k big enough, 0 > a(p —
1)t2=2 ||ue, I, producing uc, = 0, which is false.

b) From the second equality in (3.10) and (2.6), we get

0 <apt?! N (ue) + bp*t” ~ Blus) — p 2 "'Clu) + A | C(@)y(teud)ucda
RN



64 J. Mayorga-Zambrano, H. Cumbal-Lépez, D. Narvdez-Vaca & J. Cevallos-Chévez

<apt? TN (ue) + bpPt? T Bul) — pHt? T C(ue)

+ )\/ ¢ [bl [teue| 7" + b |t6u6|r_1} uedz,
RN
so that

U * *
OSaM—FbH €||D1p—tf 7”2/ lu|? dx
i RN

€

X[ @) [outd 7 el + bty ful ] do
RN

whence, by (1), (3.8) and (3.9) and working by contradiction, we deduce that there

is some t; > 0 such that t. < t1, for every € > 0, small enough.

2) Let’s prove that there exists C, > 0 such that for every e > 0 small,

w(te) <A+ C.e'/?,

where w(t) = aN (tue) + bB(tu.) — C(tue), t > 0.

a) Since w(0) = 0, by working as in points 2 and 3 in the proof of Lemma 3.1, we

get that w(t) — —oo, as t —> +oo and w(t) > 0 whenever 0 < ¢t << 1. Then,

there exists . > 0 such that w(.) = supw(t) and, consequently, w’(f.) = 0. The
>0

last, together with (2.1), implies that

apN (ue) + bp*Buc) 27 = p*Clud)it " =0,
p*C(Ue)Ep(p 1) bsz( )tpp 1) apN(u€) —0,

so that £, = (b1 /bo)/P(P=1) where by = 2 ||u6||Lp @) & and

2 *
b= bl + 12 s + 40 s e e

b) By using (2.1), (3.8) and (3.9), we get

2p% — 2(2p2— 2p2 — *
a2 blhuclFs” + /82 el + 4a el Fs e e g,

te (P 1) 2||u€||1]ip*(]RN

)

ng*/p—F \/bzsgp*/p+4a85*/p

5 +O(e7) = AP+ O(€/7). (3.12)

c) Since w is increasing on [0, ], it follows, by (3.12) and (2.1), that

w(te) < w(te) zaN(fEuﬁ) + bB(teue) — C(teue)

p(p—1) tp(p 1) 1/(p—1) i p(p—1) t”p 1 p/(p—1)
= (llueliprs e [uellprs

p"/[p(p—1)]
— Nuellpts el vy (Iluell%(fp” 1)

4. b L ey

=4 p  p? *SP */p

+0 (61/”)
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a b2S§,’*/” . b\/bzsgp*/p +4a8,€’*/”

—AlZ
p+ 2p? 2p?
220" /p P /P /12 Q2p* /P p*/p
B 1* b%S, N bSp \/b Sp + 4aS, N aSZIj*/p
p*Sg /P 2 2
+ 0 (61/p>
p—p pt—p? ng*/p+\/bQS§p*/p+4aS£*/p
:A > . +O (61/p>
P*p P*p 2
A b
1 2 ypp-1 /p\ — 1/p
N<a+2pA )+O(€ ) A+O(e )

3) Working by contradiction, it’s proved that tcue(z) > 6y, for every x € B(xo, p),
where 6 and p are given in Lemma 2.1 and ((3), respectively. Then, using (2.1), we
can see that 0y < toue(xo) = tegaR(Jco)/el/Qp. By (¢1), (¢2), (2.7), (2.8) and writing
O = {z € RY /tou(z) > 6y}, we get, for some di,ds > 0, that for every e > 0

such that € < min {(to(‘OR(x0>/90)2p, ﬁp/(p—l)}7

]:(teue) = o C(x)r(teue)dx + o C(‘T)F(teue)dm

Zbg/ (=) |t6u€|qu+b4/ ¢(z) \teue\rdleu/ C() [teu| dz
@8 [SH (S

. -p Bopr
Ohle—xzol e

o |
B(@o.f) {e + |z — $0|ﬁ} ’

(N-p)r P pN=1=8dp

>dye Pt R
0 [e + p%} ’
N N —
=dot” exp, ((p ~1) [p _rWN-p) 7 p) _ gD . (3.13)

By (¢2), we have that Np — (N — p) — p < 0. Now we choose
Np—r(N—p)—pB
0 < Ao = min {1, [dot? /(Co+ C)] v }

and consider A €]0, A\g[. By choosing € = AP, we have that

exp, (<p_1> [N_“N‘p)_@D > 1.

p p? p
Then, by (3.13), we get
J(teue) = A+ Cue'/P — \dat] exp, ([p —1] { -
p
< A —CpA,

whence we get the function @ € DVP(RY) we are looking for. O



66 J. Mayorga-Zambrano, H. Cumbal-Lépez, D. Narvdez-Vaca & J. Cevallos-Chévez

Proposition 3.1. Assume (N) and conditions ((1)-(7vso). For every A €]0, Ao[,
problem (M) has a positive solution of mountain-pass type.

Proof. We shall apply Theorem 1.2 with E = D'?(RY), O = B,, 00 = %,
uf =0, ul =wug, I =J, J(uf) = J(0) =0 and, by Lemma 3.1, J(u}) = J(ug) <0,
so that the mountain pass geometry holds.
1) By point i) in Theorem 1.2, there exists a (PS).-sequence for J, say (un)nen C
DLP(RY), where

c¢= inf max J(T(s)).

TeT s€[0,1]
Then, by Lemma 3.3,
0<a<ce< max J(ta) <supJ(ta) < A — Co. (3.14)
te[0,1] t>0

Moreover, by (2.3) and Lemma 3.2, (uy,)nen is bounded in DYP(RYN) and LP" (RY).
By Remark 1.5, up to a subsequence, there exists u, € DVP(RY) such that u, — u.,
as n — 400, weakly in DVP(RY).

2) As in point 2) in the proof of Lemma 3.2, we can assume that u,(z) > 0, for
a.e. © € RV, for every n € N. Then, point 1) implies, up to a subsequence, that
ue(x) >0, for a.e. z € RY. Now we claim that

Uy — Uy, asn — 400, in DVP(RY), (3.15)

Then, J verifies the (PS). condition and therefore, by the continuity of J and point
ii) in Theorem 1.2,
J(us) =c¢>a >0,

so that u, # 0. The last, together with u, > 0 a.e. and the fact that —A,u, >0
weakly, allow us to show, by the strong maximum principle for the operator —A,
(see e.g. [17,23,29]), that u, is a positive solution of (M,).

3) Let’s prove (3.15). Without loss of generality, in (¢;) we can assume that ¢ < r,
so that (¢ —1)/(r — 1) < 1.

a) Given u € DM?(RY), we have, by (2.6), (2.1)-(2.2) and the triangle inequality,
that

e, o < [l bl

HL““*1 (B 71 (B¢)

—1

<b ||u||qp*(q;1) )+b2 lull7 5 e < +00. (3.16)
L r— c

Lr™ (Be)
b) Let’s show that, for every ¢» € DVP(RY),

n C(x)y(up)Y(z)de — - C(x)y(us)(x)dx, asn — 4o0.

Let ¢ € DYP(RY) and € > 0. By ((1), we choose R > 0 such that

maX{Hé‘HLP"/(P**Q)(Bc) ) HCHLp*/(p*—q)(Bc)} < €,

where we have written B = B(0, R). By Holder’s inequality, (3.16) and the bound-
edness of (up)nen € DVP(RY), we find a constant Vi > 0 such that, for every
n €N,

(@) (un) = y(u)]ep(z)dz

RN

< el Iy (un) = (@]9 -

77 (B°) L7 (B°)
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<el[¥llLer (pey 1y (um) = (w)ll 2 5oy

<e Hw”LP*(BC) (bl ||un||qp (q 1)( + by ||u7l||Lp (Be)

Be)

+b1 Hu*”qp (i 1)

Be)

+ b2 ||u*|£p3(30)> < Vie. (3.17)

On the other hand, by using the continuity of « and that w, — us, as n — 400,
in Lt (RY), ¢ <t <r, we get that

loc
Y(un) — y(ug), asn — +oo, in LfOC(RN).

Using the last and Hélder’s inequality, it’s found a constant V5 > 0 such that, for
n € N big enough,

(un) = y(u)Y(2)dz

< Vae,

which, together with (3.17), allows us to conclude.
c) By using Lemma 3.2, it’s proved that, for every ¢ € DVP(RY),

/ ub ~lepdr — uP ~Ypdz,  as n — 400,
RN RN

which, together with point b), implies that, for every 1 € DMP(RN),
(T (), 0) — 0= (J(w), 0), asn— +oc.

The last combined with (J'(uy), u,) — 0, as n — 400, produces |un||p1, —
| ts|| p1.p» @8 7 — +00. Then, [4, Prop.3.32] allow us to conclude. O

4. A local ground-state solution

In this section we prove point ii) of Theorem 1.1.

Proposition 4.1. Assume (N), conditions ((1)-(Yeo) and that 0 < a < p. For
every A €]0, Ao[, problem (M,) has a local non-negative ground-state solution.

Proof. 1) Let’s prove that J is bounded from below on K, i.e.,

m = inf J(u) > —o0.
u€lkl

By Proposition 3.1, K # 0. Let v € K. By adapting the argument used in point 1
of Lemma 3.2, we get that

[ @) | twu-rw| s = ¢
RN p
Therefore, by (1.9), (2.2) and (J'(u), u) = 0, we have that

J(u) = a {1 - p} Nu) + {7;2 - 1} Clu) + )\/RN ¢(z) L}lﬂ(u)u - I‘(u)] dx
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> —Co.

2) By point 1) and (2.5), we can pick (u,)nen € DVP(RY)\ {0}, a Palais-Smale
sequence at level m formed by non-negative elements: J(u,) — m and J'(u,) —
0, as n — +00, and u,(x) > 0, for every z € RY and n € N. Since (uy,)nen is
bounded in DVP(RY), up to a subsequence, there exists & € DVP(RY) such that
Up — U, as n —> +00. We claim that @ # 0. Working as in point 3) of the proof
of Proposition 3.1, we get that

U, —> 4, asn — +oo, in DVP(RY).

Since J is of class C!, we have that 4 is a non-negative local ground-state solution
of (M,). By the strong maximum principle for —A,, as it was used in point 2 of
the proof of Proposition 3.1, we actually have that @ is positive.
3) Let’s prove the claim. Let’s assume that & = 0. Then, by Lemma 2.2, it follows
that

k(un) — 0, asn — 4o0.

The last implies that
2 ES
s + bllunllions — lunle gy = 0(1),
2 * *
alunlPrp + b lwn s = Sp 7 /P s < 0(1). (4.1)

By (2.3), (4.1) and denoting H = lini l|tn||p1.p» We obtain
n—-—+00

2p(p—1 * -1 *
OSHP(HP(P )—bej /p grp(p )_asg /p)7

2HP(P=D) > pSE/P \/ D287 P 4 4aSE P = 24771

so that
H? > A. (4.2)

By working as in point 3.b) of the proof of Proposition 3.1, we get

()T (up)dx — 0, as n — +o0. (4.3)
RN

By the last, (2.1), (4.1), (4.2) and (4.3), we get
m=lim {aN(up)+0B(u,) — Cluy) — AF(un)}

n—-4oo
* * 2
. p —p p =D 2
= lim_ [ el + 0T ||vn||§;1,p]

a 1 2 A b
-~ HgP 4 p—FHP > 2 — AP = A
NN TN [a+2p ] ’

which, by Lemma 3.3 and point 1), implies that A < m < A —CpA, a contradiction.
O
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