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Abstract This paper aims to study the existence and multiplicity of weak
solutions for a problem involving a generalized p(x)-biharmonic operator with
no flux boundary condition. By using the variational techniques and the theory
of the variable exponent Lebesgue spaces, we obtain the existence of at least
one nontrivial solution and at least n distinct pairs of nontrivial weak solutions
to this problem, respectively.
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1. Introduction

In this paper, we discuss the existence and multiplicity of solutions to the following
problem:

∆ a(∆u) + z(x)|u|p(x)−2u = λf(x, u) + θb(x)|u|t(x)−2u in Ω,

u = constant, ∆u = 0 on ∂Ω,∫
∂Ω

∂
∂na(∆u)ds = 0,

(1.1)

where Ω is a bounded domain in RN , with a Lipschitz boundary ∂Ω; a : R+ → R
is a real continuous function which generalizes |ξ|p(x)−2ξ; p and t in C+(Ω) with

C+(Ω) := {r ∈ C(Ω) : 1 < r− := min
x∈Ω

r(x) ≤ r+ := max
x∈Ω

r(x) < ∞};

f : Ω×R → R is a Caratheodory function having subcritical growth such that f is
odd with respect to the second variable; z ∈ L∞(Ω) and there exists z0 > 0 such
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that z(x) ≥ z0 for all x ∈ Ω; b is a weight function in a generalized Lebesgue spaces
and λ, θ are paramaters.

Recently, the study of fourth-order partial differential equations and variational
problems with variable exponents have been very successful and flourished. It has a
lot of applications that were initiated to describe some materials including physics,
nonlinear electrorheological fluids, image restoration, and elastic mechanics, (see,
for example, [4] and [16]).

Indeed, in [8] the authors proved that the following problem:∆ (|∆u|p(x)−2∆u) + a(x)|u|p(x)−2u = f(x, u) + λg(x, u) in Ω,

u = 0 = ∆u on ∂Ω,
(1.2)

admits at least three weak solutions.

While M. Boureanu in [3] considered a class of fourth order elliptic problem with
variable exponent in the following problem:

∆ (|∆u|p(x)−2∆u) + a(x)|u|p(x)−2u = λf(x, u) in Ω,

u = constant, ∆u = 0 on ∂Ω,∫
∂Ω

∂
∂n (|∆u|p(x)−2∆u)ds = 0,

(1.3)

and proved that it has at least two nontrivial weak solutions.

There are several works concerning the fourth order elliptic problems with vari-
able exponent (see, for example, [2], [10], [12], [13] and [15]). In analogy to the
investigations made in [3] and [11], we treat the general p(x)-biharmonic operator
∆a(∆u) along with no flux boundary condition. We prove in the first place that for
t− < p− our problem has at least one nontrivial weak solution, and secondly, that
for p+ < t− the problem (1.1) admits at least n distinct pairs of nontrivial weak
solutions.

Throughout this work, we assume that p is a log-Hölder continuous function in
Ω, namely,

|p(x)− p(y)| ≤ C

| log |x− y||
, ∀x, y ∈ Ω with 0 < |x− y| < 1

2
,

and we state the following conditions:
(A1) a : R+ → R is a real continuous function, strictly convex with a(−ξ) = −a(ξ),
and the mapping A : R+ → R defined as the primitive of a that vanishes at 0 is :

A(t) =

∫ t

0

a(s)ds.

(A2) |ξ|p(x) ≤ a(ξ). ξ ≤ p(x)A(ξ) for a.e x ∈ Ω and all ξ ∈ R+.
(B1) b ∈ Lq(x)(Ω) such that 1

p∗
2(x)

+ 1
q(x) ≤

1
t(x) for all x ∈ Ω, where q, t ∈ C+(Ω)

and p∗2(x) :=


Np(x)

N − 2p(x)
if p(x) < N

2 ,

+∞ if p(x) ≥ N
2 .


