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Abstract This paper studies the cubic nonlinear Schrodinger system with
partial confinement:

{ — iy + (21 + 23)0 = Ap + plol®e + BlYp,  (t,z) € RT xR,
— ity + (21 + 23) = AP + o[y + Blol*y,  (t,x) € RT x R?,

which models the Bose-Einstein condensates with multiple states or the prop-
agation of mutually incoherent wave packets in nonlinear optics. The cross-
invariant sets of the evolution flow are obtained by constructing the cross-
constrained variational problem. Furthermore, the sharp condition for global
existence and blowup of the solutions is derived.
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1. Introduction

In this paper, we investigate the following cubic nonlinear Schrodinger systems with
partial confinement:

— iy + (2] + 23)p = Ap + ulefo+ BlYfPe,  (t,z) € RT xR?, (1.1)

— iy + (o] + 23)¥ = A + pa|Y*Y + Blel*y,  (t,2) € RT xR,
where py, pio, 8> 0, ¢ = ¢(t,x) and ¢ = (¢, z) are complex-valued wave functions
of (t,z) € R* xR3,i = /—1, and A is the Laplace operator on R3. The system (1.1)
models Bose-Einstein condensates with multiple states or the propagation of mutu-
ally incoherent wave packets in nonlinear optics [1,8,9,19]. The parameters p1, po
and [ represent the intraspecies and interspecies scattering lengths, describing the
interaction between particles of the same component or of different components re-
spectively [6,8]. In particular, the positive sign of 1;(j = 1,2) (and of ) stands for
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attractive interaction, while the negative sign stands for repulsive interaction [6, 8].
In the present paper, we treat (1.1) in the case of positive parameters p1, po, 5 > 0,
which is the so-called self-focusing and attractive interaction. For system (1.1), the
physically relevant cubic nonlinearity is L2-supercritical and H!-subcritical. Cubic
nonlinear Schrodinger systems, often referred to as Gross-Pitaevskii equations, are
very important in Physics.

In (1.1), we set

o(t,z) = u(x)e™t and (t, ) = v(x)e? (1.2)

with A1, Ao > 0, then (u,v) solves the following elliptic systems:

1.3
— Av + dov + (27 + 23)v = ppv® + futv, x € R3. (13)

{ — Au+ Mu+ (23 + 23)u = pyu® + fou, € R,
Hence, (1.2) is a standing wave of the system (1.1). In [16], the existence and
asymptotic behavior of least energy solutions of (1.3) are studied in a bounded
domain with constant trapping potential. In [17], the asymptotic behavior is studied
in RY under the influence of nonconstant trapping potentials. In RY, the least
energy and higher energy bound states of (1.3) are investigated in [2,4,15,18,23,24].
On the other hand, the study of normalized solutions for (1.3) has received lots

of attention, that is, considering (1.3) with the constraints

/ u?dz = a® and / vidr = b2 (1.4)
R3 R3

When N = 2, Guo et al. in [10-12] considered the existence, non-existence, unique-
ness and asymptotic behavior of solutions to problem (1.3)-(1.4) with a certain
type of trapping potentials. In [22], J. Royo-Letelier addressed both segregation
and symmetry breaking for (1.3) in R2. In [20], B. Noris et al. studied problem
(1.3) in bounded domains of RY, or the problem with trapping potentials in the
whole space RY (the presence of a trapping potential makes the two problems essen-
tially equivalent) with N < 3. In both cases, they proved the existence of positive
solutions with small masses a and b, and the orbital stability of the associated soli-
tary waves. Gou [13] treated (1.3)-(1.4) with partial confinements when N = 3,
and showed the compactness of minimizing sequences up to translations in z3. As a
by-product, they also obtained the orbital stability of the set of global minimizers.
Jia et al. [14] obtained the existence of stable standing waves for (1.3)-(1.4) when
N =3.

As a motivation, we recall the single nonlinear Schrédinger equation with a
partial confinement

ipr+ Ao — (2 +a3)o+ oIl =0, (t,z) e RT xR, (1.5)

where ¢ = ¢(t, ) is a complex-valued wave function of (t,z) € Rt x RN, i = /—1,

A is the Laplace operator on RV, and 1 < p < % (we use the convention:
N+2 _ — o0 when N = 1,2, and (N —2)* = N — 2 when N > 3). For equation

(N-=2)F

(1.5), the authors in [5] studied the existence and stability of standing waves for the

nonlinear Schrédinger equations with partial confinement in R3. In [3] and [21], the
authors studied the scattering and strong instability of standing waves for nonlinear
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Schrodinger equations with partial confinement in R™ respectively. Zhang [28]
studied the sharp threshold for global existence of (1.5) on mass in RY. Moreover,
Wang and Zhang [25] proved the sharp thresholds for global existence and blow-up
in R®. In particular, in [25], the authors obtained the result by using the cross-
constrained variational method, which was proposed by Zhang in [26,27].

To our knowledge, the research of sharp thresholds for global existence and
blow-up to a system with a partial confinement is still open. Thus inspired by
the aforementioned works, we are going to consider (1.1) by exploiting the cross-
constrained variational method. Our aim is to establish cross-invariant sets of the
evolution flow, then the sharp condition for global existence and blow-up of the
solutions is derived.

The rest of this paper is organized as follows. In Section 2, we state some
preliminaries. In Section 3, we construct cross-constrained variational problem and
establish the invariant sets for the Cauchy problem (1.1) and (2.1). In Section 4, we
prove the sharp condition of global existence and blowup for the Cauchy problem
(1.1) and (2.1).

2. Preliminaries

We impose the initial data of (1.1) as follows
QD(O,IE) = 500($)7 1/1(0,56) = ¢O(I)ﬂ z e R (21)

For (1.1), we define the energy space in the course of nature as
H = {¢ € Hl(Rff)}/ (22 + 22)|¢|2dw < oo}. (2.2)
R3

H becomes a Hilbert space, continuously embedded in H!(R?), when equipped with
the inner product

(u,v)g = VuVo + uv + (25 + 23)uvdz, (2.3)
R3

whose associated norm is denoted by || - || z.

Firstly, from [3,7], we have the following local well-posedness result for the
Cauchy problem (1.1) and (2.1).

Proposition 2.1. For any (po,vo) € H x H, there exist Tynaz = Tmaz(©0,%0) €
(0, 00] and a unique solution (¢(t,x),v(t,x)) € C([0, Tmasz); H X H) of the Cauchy
problem (1.1) and (2.1). The solution (¢(t,x),9(t,x)) exists globally in the sense
of Trnax = +00. Otherwise, the solution (p(t, ),y (t,z)) blows up in the sense that

Tinaz < 00, then
lim  ((l(t, g + () l) = oo

t—=Tmax

Furthermore, the solution (p(t, z),¥(t,x)) satisfies the conservation laws

| ettafae = [ iep@lan, [ ol = [ @pPds, (@4



220 X. Zhou & J. Zhang

E(p,v) = / [va(tvx)\z+|V¢(t7w)\2+(w?+x§)(|¢(tvw)l2+Iw(t,w)lz) dx

1
2 )
1 4 4 2 2
~ 1 [ mlotta)[*+ palitt, o) + 28l0(t,2) ot ) )
R3

=E(¢o, o)

for allt € [0, Thnaz)-
Next, we derive the following Virial type identity based on Cazenave [7].

Proposition 2.2. Suppose that (po,1%0) € H x H. Then the solution (p(t, ),
Y(t,x)) of the Cauchy problem (1.1) and (2.1) satisfies (o(t,x), ¢ (t,x)) €
C([0, Tonas): H x H). Put

50)= [ laPlplta) + o2 )
Then one has
70 =8 [ [I9etta)? + Vi) - (@ + ot + ot o)) do

- G/RS (ualp(t, 2)* + palio(t, 2)|* + 2Bl (t, 2) Plo(t, 2)[*)da.

(2.6)
3. The cross-invariant sets
For (u,v) € H x H, we define the following functionals:
1
Hw0) =g [ (96l + (90 + (@2 )l + o) + Aafuf? + Aelof?] dz
2 f (3.1)
=1 [ Gl + o+ 281l de,
4 Jgs
S(u,v) ;:/ (190 + 1902 + (22 + ) (ul? + o12) + Aaful? + dolof?]da
R (3.2)
= [ Gualult + gl + 280uP o)
R
Quv) = [ [IVal + Vol = (aF + ad)(ul® + o) do
& (3.3)

3
=3 [ Galul? + paloft + 26/u o) d.
R3

Since the Sobolev’s embedding theorem, the above functionals are well defined.
In addition, we define a cross-manifold as follows:

M :={(u,v) € Hx H),Q(u,v) =0, S(u,v) <0} (3.4)

Lemma 3.1. M is not empty.
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Proof. From [14], we know that there exists (u,v) € H x H\{(0,0)} such that
(u,v) is a solution of (1.3). Multiplying the first equation of (1.3) by u and the
second equation of (1.3) by ¥ respectively, then integrating with respect to 2 on R3,
one has S(u,v) = 0. Besides, multiplying the first equation of (1.3) by = - Vu and
the second equation of (1.3) by x - Vo respectively, then integrating with respect to
z on R3, it follows that

/R3(|Vu|2+|Vv|2)dx+5/R3(x%+z§)(|u|2+|v|2)d:z:+3/Rs()\1\u|2+>\2\v|2)dx
3
=5 [ (alul? + palof* + 2810 o) da
2 s
(3.5)

Combining (3.5) with S(u,v) = 0, then we can get Q(u,v) = 0.

Put w3y = pu(z),v; = pv(x) for any p > 1. Then (uj,v1) € H x H. From
S(u,v) = 0 and Q(u,v) = 0, we deduce that S(uj,v1) < 0 and Q(uy,v1) < 0,
respectively. Now we let

ud(z) = dui(Mz), v (z) = dwi(Az)  for A > 0. (3.6)

Thus, it follows from (3.2) and (3.3) that
St o)) =3 [ (Va4 [FoaPyde + 370 [ (@4 ad)(ul + ol )do
R3 R3
+AT / (Mafua|* + Aafvr[?)da (3.7)
R3

Y / (ualunl* + piolon[* + 28ur Plon [2)de,
R3

QU v}) =A / (Vs + [Von Py — A~ / (22 + 22) (jul® + [v]?)dx

R R (3.8)
30 Gl + o] + 281w o P)d
4 s H1|U1 M2 U1 U (U1 xX.

Since Q(u1,v1) < 0, then there exists Ao > 1 such that Q(u}°,v}°) = 0. On the

other hand, from Ao > 1, S(uy,v1) < 0 and (3.7), we still have S(u}°,v}°) < 0.

Thus (u°,v7°) € M, and we showed M is not empty. O
Now we define the following cross-constrained minimization problem:

dy = inf T . .
= inf (u;v) (3.9)

Lemma 3.2. dp; > 0.

Proof. Take (u,v) € M. By S(u,v) < 0, we have (u,v) # (0,0). From Q(u,v) =
0, we get

1 5
M) =g [Vl 4 190+ 3 [ @ )l + ol
(3.10)
1
+f/(hmﬁ+hm%m.
2 Jos
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From (3.10) and (u,v) # (0,0), we know that I(u,v) > 0 for all (u,v) € M.
Therefore, (3.9) implies that dps > 0. Next (3.10) can be rewritten as

1
Hu0) =5 [ IVl + V0 + (a3 + aD)(ul? + o) + Maful? + Aalol] o
fs (3.11)
+ 5/ [2(:5? + 23)(Jul® + [v]) + (M |ul® + )\2|v|2)}dx.
R3
Since S(u,v) < 0, applying Young’s inequality and Sobolev’s embedding inequality,
we get
[Vl + 1902 + (3 + D)l + o) + Ml + Aalo o
R3
< [ el + polel* + 28/u? o) d (3.12)
R3
2
<e{ [ [IVul? + Vol + (aF + aD)(ul? + 0P) + MafuP + Aol o}
R3

Here and hereafter, ¢ denotes various positive constants. Thus,

/ {|Vu|2 + V)2 + (22 + 22 (Jul> + [v]?) + A1 |ul* + )\2‘Il}|2:|dx >¢>0. (3.13)
R

3

Then, (3.11) and (3.13) yield that I'(u,v) > ¢ > 0 for all (u,v) € M. Therefore
dy > 0. O
Now we define another constrained variational problem:

dg:= inf I 3.14
B (u,lseB (uvv)7 ( )

where the set B is defined by
B ={(u,v) € Hx H\ {(0,0)},S(u,v) =0}.
Lemma 3.3. B is not empty and dg > 0.

Proof. It is clear that B is not empty (see [14]). Let (u,v) € B. Then S(u,v) =0
and (u,v) # (0,0). From S(u,v) = 0, by the Young’s inequality and Sobolev’s
embedding inequality, one can derive

/]R3 [|VU|2 + Vo2 + (22 + 22)([ul* + [v]?) + M |ul* + )\2|v|2] dx
:/Rg(’“‘l‘““ + piafol* + 2BJuf*|o*)dz (3.15)
Sc{ /]R3 {IVUP + Vo2 + (22 + 22 (Jul® + |v]?) + Ar|ul? +)\2\U\2}dx}2.

Thus
/RS [IWI2 + [ Vol? + (af + 23) (Jul® + [vf*) + A ful® + Ag\vﬂdx >c>0. (3.16)

On the other hand, by S(u,v) = 0 again, it follows that

1
I(u,v) = Z/Rg [|Vu|2+|VU|2+(x%+x§)(|u\2+|v\2)—|—/\1|u|2—|—/\2|v\2]dx. (3.17)
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We see from (3.16) and (3.17) that I(u,v) > ¢ > 0. Therefore, (3.14) yields dg > 0

for all (u,v) € B. O
We define

d := min{dys,dp}. (3.18)

From (3.9), (3.14) and (3.18), we have the following theorem.

Theorem 3.1. d > 0.

Proof. From Lemma 3.2 and Lemma 3.3, it is clear that d > 0. O
Theorem 3.2. Define

K :={(u,v) € Hx H),I(u,v) <d,S(u,v) <0,Q(u,v) <0}. (3.19)

Then, K is an invariant manifold of the Cauchy problem (1.1) and (2.1). More
precisely, if (po,v0) € K, then the solution (p(t, ), (t,x)) of the Cauchy problem
(1.1) and (2.1) satisfies (p(t,),¥(t,-)) € K for any t € [0, Trnaz)-

Proof. Let (¢g,%9) € K. By Proposition 2.1, the Cauchy problem (1.1) and
(2.1) has a unique solution (¢(t, x),9¥(t,x)) € C([0, Thhaz); H X H) with T, < 00.
Employing (2.4) and (2.5), we have

I(‘ﬁ(tv'>7w(t")) = I(@o,wo) (3'20)

for any ¢ € [0, Tynas). Thus, I(po,10) < d yields that I(¢(t,-),¥(t,-)) < d for any
t €10, Tmaz)-

Next, we prove that S(p(t,),1¥(t,-)) < 0 for any t € [0, Trnaz). If not, then from
the continuity of ¢, there exists t; € [0, Timas) such that S(p(t1,-),¥(t1,:)) = 0.
Accordlng to (3 20) ( (tb )7 ( 1" )) ( ) Thus (@(th')?w(tla')) € B. By
(3.14) and (3.18), we get I(¢(t1,-),¥(t1,+)) > dp > d, which is contradictory with
I(p(t,-),¥(t,-)) < d for any t € [0, Tynaz). Therefore, S(p(t,-),¥(t,-)) < 0 for any
t €10, Tmax)-

Finally, we show that Q(p(t,),%(t,-)) < 0 for any ¢t € [0, Tinas). If not, then
from the continuity of ¢, there exists ta € [0, Tpqz) such that Q(¢(t2,-), ¥ (t2,))
= 0. Along with S((p(tg,'),i/}(tg,')) < 0, we get (p(t2,),¥(te,)) € M. Thus
(3.9) and (3.18) imply that I(p(ta,-),¥(ta, ) > dpr > d. This is contradictory
to I(p(t,-),¥(t,)) < d for any t € [0, Tynas). Hence Q(p(t, ), (t,-)) < 0 for any

t €0, Trnaz)-
In light of the above, we proved (p(t,-),¥(t, ) € K for any t € [0, Tinas) and
the proof of Theorem 3.2 is completed. O

In the same way as Theorem 3.2, we can get he following results.

Theorem 3.3. Define

K :={(u,v) € Hx H,I(u,v) <d,S(u,v) <0,Q(u,v) >0}, (3.21)
_:={(u,v) € H x H,I(u,v) <d,S(u,v) <0}, (3.22)
R, :={(u,v) € H x H,I(u,v) <d,S(u,v) > 0}. (3.23)

Then K1, R_ and Ry are all invariant sets of the Cauchy problem (1.1) and (2.1).

By the definition of K, K and R, as well as (3.9), (3.14) and (3.18), we obtain
the following result.
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Corollary 3.1.
{(p.9) € Hx H\{(0,0)},I(¢,¥) <d} = KUK, UR,. (3.24)

4. Sharp threshold for global existence and blowup

Theorem 4.1. Assume (g, o) € K1 URy. Then the solution (p(t, z),¥(t,x)) of
the Cauchy problem (1.1) and (2.1) exists globally in t € [0,00).

Proof. Firstly, we treat the case (po,%0) € K4. In light of Proposition 2.1
and Theorem 3.3, we know that the Cauchy problem (1.1) and (2.1) has a unique
solution (¢(t,-),¥(t,)) € K4 for any t € [0, Tiaz). For fixed t € [0, Thnaz), we
denote (p(t,),¥(t,-)) = (p,9). Thus we have I(p,v) < d, Q(p,¢) > 0. It follows
from (3.1) and (3.3) that

1 5 1
! / (V> +Vo?)dz+ 2 / (22 +a2) (fuP+ o) da+ 2 / (a4 Aelol?)de < d.
6 ]RS 6 ]R3 2 R3

(4.1)
Then, we always get

/3 {\Vu|2 + Vo2 + (22 + 22)(Jul* + [v]?) + M\ |ul* + )\2|v|2}dx <ec. (4.2)
R

Thus, by Proposition 2.1, the solution (¢(t, x), ¥ (¢, z)) of the Cauchy problem (1.1)
and (2.1) exists globally for all ¢ € [0, 00).

Next, we treat the case (g, %0) € Ri. Proposition 2.1 and Theorem 3.3 imply
that the Cauchy problem (1.1) and (2.1) has a unique solution (¢(t, ), ¥ (¢, ")) € Ry
for any ¢ € [0, Tynas). Then we have I(p,9) < d, S(¢,v) > 0. By using (3.1) and
(3.2), we obtain

/ [|Vu|2 + |Vv|2 + (x% + x%)(\u|2 + |v|2) + )\1|u|2 + )\2|v|2 dr < 4d. (4.3)
RS

Thus, Proposition 2.1 implies that (p(¢, x), ¥ (t, z)) exists globally in t € [0, 00).
Finally, combining the above two cases, we can draw our conclusion. This com-
pletes the proof of Theorem 4.1. O

Theorem 4.2. Assume (po,v%0) € K, then the solution (o(t,z),¥(t,x)) of the
Cauchy problem (1.1) and (2.1) blows up in finite time.

Proof. Let (po,%0) € K and let (¢(t,z),¢(t, z)) be the solution of the Cauchy
problem (1.1) and (2.1). Then, Proposition 2.1 and Theorem 3.2 imply that
(p(t,-),¥(t,-)) € K for all t € [0, Typaz). Fixing t € [0, Thnaz), we denote (o(t, -),

¥(t,-)) = (¢,4). Thus (p, ) satisfies that S(p,¢) < 0,Q(p,¢) <0.
Moreover, by the Virial identity (2.6) and (3.3), we have

J"(t) =8Q(p,) for all t €0, Tynaz)- (4.4)

For p > 0, we put p* = ugcp(uac), PH = p%w(ux), then by a direct calculation, we
can get

St o) =t [ (96l ViPye+uE [ (@ )l + o)

ot [ OuloP + Moo = [ Galelt+ paldl? + 28100 da,
(4.5)
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Q" ) =t [ (VP + [VuPyz — 7 [ (@t 4 ad)(ul + ol )do
R R (4.6)

3 4 4 20,112
=3 [ Gl + palol? + 281w
Since Q(p,v) < 0, it yields that there exists p* > 1 such that Q(¢* 9" ) = 0,
and Q (e, ) < 0 for p € [1,u*). For p € [1, u*], since S(p,v) < 0, S(p*, 1) has
the following two possibilities:

(i) St ) <0 for pe 1, p;

(ii) There exists 1 < o < p* such that S(p?,¢7) = 0.

For the case (i), we have Q(p* ", 9" ) = 0and S(p* , 9" ) < 0, then (@"",y*") €
M. From (3.9) and (3.18), one has I(p* , 9" ) > dy > d > I(p,1)). Moreover, we
have

o) = 16 6 =51 =h) [ (9o +IV0P)da

3

+30-0h [ @ ead)P +oP)ar @)

+

= N

(=) [ kel + dalu)da,

Qe ¥) — Q" ) =(1 - M*%)/ (IVel® +[Vo[*)do
Rj (4.8)
(=) [ @)l + o).

Noticing that p* > 1, it follows that

Ip.0) ~ I(e" ) > LQ(p. ) — 3 0% = 5QUe.0).  (49)

DN | =

For the case (ii), we have S(¢?,1%7) = 0 and Q(¢7,¢7)
In light of (3.14) and (3.18), we get I(¢”,¢7) > dp > d
(4.7) and (4.8), similarly we have

0, then (¢”,¢7) € B.

<0,
> I(p, ). Referring to

Qe, ). (4.10)

|~

Qlp.b) ~ 5 Q&7 07) >

DN | =

I(QD, ¢) - I(ngv WT) >
Since (o, 9" ) > d, I(p7,47) > d, it follows from (4.9) and (4.10) that

Qlp, ) < 2[I(p,¢) —dJ. (4.11)

Collecting (2.4), (2.5) and (3.1), there is I (¢, ¥) = (o, o). Thus by (¢, o) € K
and (4.4), we have

T (t) = 8Q(p,v) < 16[I(po, o) — d] < 0. (4.12)

It is clear that J(t) can not verify (4.12) for all time ¢. Therefore, from Proposition
2.1, it must be the case that T}, < co, which implies

i (ot + (e, ) = . (4.13)

x

The proof of Theorem 4.2 is completed. O
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Remark 4.1. With the help of Corollary 3.1, Theorem 4.1 and Theorem 4.2 provide
a sharp threshold for global existence and blowup of the Cauchy problem (1.1) and
(2.1).

Remark 4.2. It is worth noticing that our main results can be easily generalized.
By a direction of our proofs, we can extend our results as to cover the general
situation where

{ —ipe + (@ - e = Do+ ualel’e + BlY7e, (tz1,- T, Tat1, - wn) €RT X RT xRV,

— ity + (@5 + DY = AY + p2lPY + Blel*Y, (ta1, - xa,Tag1, - en) €RT X RT x RV T
(4.14)

Actually choosing an appropriate energy space H X H, one can derive the sharp
condition for global existence and blow-up of the Cauchy problem (4.14).
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