J. Partial Diff. Eqgs. 14(2001), 117-132
@©International Academic Publishers Vol.14, No.2

SPECTR;_{LL ASYMPTOTIC BEHAVIOR FOR A CLASS OF
SCHRODINGER OPERATORS ON 1-DIMENSIONATL
FRACTAL DOMAINS*

Chen Hua and Yan Zhenbin
(Institute of Mathematics, Wuhan TUniversity, Wuhan 430072, China)
(Received Jun. 23, 2000

Abstract In this paper, we study the spectral asympfotic behavior for a class
of Schridinger operators on 1-dimensional fractal domains. We have obtained, if the
patential function is locally constant, the exact second term of the spectral asymptotics.
In general, we give a sharp estimate for the second term of the spectral asymptotics.
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1. Introduction

Let §1 be an open set in R™(n > 1), with boundary I = 8. We assume that 02
is non-cmpty and of finite volume (n-dimensional Lebesgue measure). We consider the
following eigenvalue problem of Schrédinger operator:

tE)

=1} on [’

{ —Au+ AVu=gyu infl

where A > 0,V (z) € C (£2), and A denotes the Diriehlet Laplacian on 2. In fact, the
scalar o is said to be an eigenvalue of (P) if there exists u # 0 in H3 (1) which satisfies
(P} in the distributional sense. It is well known that, the problem (P} has discrete
eigenvalues if A is given, which can be written in increasing order according to their
finite multiplicities:

1 Spe S S L0 <€ 400 with g —mocasr — oo (1.1)

Let & > 0, N(E,)) denote the “counting function” of (P} associated with E, i.c.
N(E,A) = #{k = 1, ux < AE} is the number of elgenvalues of (P) less than AF, which
1s counted according to the multiplicities.
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We have known that in one-dimensional case (see [1]),

N(E, ) = F

E—Viz" %z + o(11]| AY2E, Qc R! tD
ﬂf{a.-Eﬂllff;ﬂ{E}{ (=) ok kL) ' (1.2]

as A — oo.

In this paper, we are interested in the sharper asymptotic form of N{Z, A) for 2
with fractal boundary, First, let us recall some results on the Weyl conjecture and the
Weyl-Berry conjecture, which will help us to understand the main resuli in this paper.

Congider

-My =iy
{ @

=1 on I’
where A denotes the Dirichlet Laplacian defined in §2. Let ¢ > 0, No(p) = #{k =
1;0 < Ay £ p}, where A is Dirichlet eigenvalue of (Q).

In 1912, H.Weyl[2] proved that if £ has sufficiently smooth boundary, then

Nofpe) = ()1 + o(1)) as p — +o0 (1.3)
where @) is called the “Weyl term” and is given by
o(p) = (27) 7" By | Q™ (1.4)

Here, |2, denotes the n-dimensional Lebesgue measure of €2 and 5, is the volume of
undt ball in B™. Furthermore, he conjectured that, in the “smooth” case,

No(p) = p(p) = ClTlao1p™ M2 4 o172 a5 — 400 (1.5)

where O 18 a positive constant depending only on n. (Here [['],—; denotes the (n—1)-
dimensional Lebesgue measure of M),

An important step on the way to the Weyl's conjecture was made by R.T Secley[3],
and then by Pham The Lai [4]. They showed that for T is £°° smooth, then

Nolp) = wlp) + O(p 1) as 4 — oo (1.6)

Further, V.Ja.Ivrii[5.6] and Melrose[7,8] have established (1.7) under some addi-
tional assumption, i.e. the Weyl's conjecture is true under some conditions.

How about the situation if the boundary I' is non-smooth? The physicist Michael
V.Berry[9] made the following conjecture: If the boundary I' = 40 is “fractal” with
Hausdorff dimension H € (n — 1,n) and H-dimensional Hausdorff measure H(H; T ,
then

No(p) = @l(w) — CyH(H;T)n? 4 o(p#'?) as p — +oc (1.7)

where Cy is a positive constant depending only on H. Berry even conjectured that
Cy = (4(4m)H/20(1 + H/2))~1, where T'(s) denotes the classical gamma function.
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Unfortunately, Berry’s conjecture was false in general. J Brossard and R.Carmona[l0]
gave some counter-exsamples to show Berry's conjecture might be true if the Hausdorff
dimension H could be replaced by the Minkowski dimension . This modified con-
jecture has been called the Weyl-Berry conjecture (see [11]). Indeed the Minkowski
dimension is more appropriate to measure the “roughness” of the boundary T'. In 1993,
Michel L.Lapidus and Carl Pomerance[11] proved that for one-dimensional case, the
Weyl-Berry conjecture is true:

No(p) = o(p) = CrLpM(D; TP + o(pP/?) as g — +oo (1.8)

where M{D; ') denotes the Minkowski measure of I' and
Chp = 270-P)r=D(1 — D)(—¢(D)) (1.9)
Here, we should notice that {(z) is the classical Riemann zeta-function, £ € (0, 1) and

(D) < 0,

In this paper, we want to obtain the similar result as the asymptotic formula (1.8)
for the eigenvalue problem (P) of the Schrodinger operator. Since in this case we have
potential function V{x), the situation would be more complicated.

2. Minkowski Dimension and Measure

The Minkowski dimension D of I' = 982 is the infimaum of such numbers [ > 0 so that

the (l-dimentional) upper Minkowski content M*(1;T) = limsupe ™™ . na
e—0+
where I';, the e-neighborhood of T°, is defined as the set of all # € R™ in which the

distance between x and [' will be less than £, Similarily, M. (I; T), the {I-dimensional)
lower Minkowski content of T, is defined as similar as AM*{[; T}, but by means of the
lower limit rather than the upper limit.

Let MY = AT(LLTY (resp. M, = M (D)) denote the D-dimensional upper
(resp. lower] Minkowski content of I'. We say that T' is D-Minkowslki measurable if
0 < M. = M" < +o0. In this case, we write M = M({D;T), the Minkowski content
of T'. Observe that

1. The larger D, the more irregular I'. And it is easy to show that n — 1 < D < n.
We shall say that I is “[ractal” if D € (n — 1,n] and “nonfractal” if D = n — 1(n — 1
is the topological dimension of T,

2. If ' is “regular enough” (say, of class C'), then H = ) = n — 1, where H
denotes the Hausdorff dimension of T'. But in general, we have n =1 < H < D < n
and 0 £ M, < M" < 40,

Here we shall give some properties of Minkowski dimension and contents without
proof (see [11]).

Let 2 be a (non-empty) open subset of R, with finite length ||, and with boundary
I' = 802, We write £ as the union of its connected components:

I = U i
=1

n < o0,
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where the open interval I, is pairwise disjoint and of length ;. We can always assume,
without loss of generality, that

by e g S vmiog

We call that (1;)22) is the sequence associated with .
Proposition 2.1 ([11,Th. 24])  Let Q be a bounded open subset of B, lef (4052 be
the associated sequence, and let D e (0,1). The following two assertions are equivalent:
(i} i; =L as j — +oo; (l; = i7YD mmeans that 0 <2 lim inf I; -j“ﬂ < hmsupi; -
o .\ F—+tos

+1/0

) < +00)

(ii) T = 88 has Minkowski dimension D and
0 < Mu(DiT) £ M (D:T) < +c0

Proposition 2.2 The sequence (1;)52, associnted with satisfies that [; ~ L=/ D
as ) — +oo, for D e (0,1) and L = 0 if and only if T' = 90 is D-Minkowski measurable
9l1-D

Foela
I

and has Minkowski dimension I € (0,1). In addition, we have M Ry =

3. Main Results

Now let us come back to the problem (P). First, we assume that the function V(x)
)

in (1.1) is locally constant and bounded from above. In other words, when = U 75

i=1
and ([;)72, are the associated sequence with 2. we assume Viz) = v; in J; and there
s & constant E > 0 such that E > v; for any 7 = 1.

Theorem 3.1 IfD c (0,1) and ' is LD-Minkowski measurable with Minkowski

measure p(;T) = =D

LP the locally constant-value function Vix) satisfics:
vy =V, asj— 400

where V. < E is a constant, then the counting function N(E,\) associated with the
problem (P} has the asymptotic form:
1
N(E,)) == f
T J{zen|Viz)<E)

NI W oy L G ' (3.1)

(B=V(2) ¥z - 22 — op pM(D: !

where Cg p is a non-negative constant given by

Cp,p =2"U"Plx=P(1 — D)(E - V)P (—¢(D)) (3.2)
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Proof |

o
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o &

m f{meﬁlv{m}{ﬂ} |
=7 —II

e m

Let
E—

i)
FEasily we can check that, from Prop. 2.2,

hi ~ (___._NL) el

a

by = 1

Thus we have the following result:
Lemma 3.1 (See [11], Th.4.2) Suppose that

h1Zhy 2 >0,k ~ L'§ Y2 for L'>0and De(0,1), as § — +oo.

o ]

Let 6(x) = 3 {hjz}, then
e :

§(x) ~ =C(DLP . 2P, g5z = +o0

where { = ((x) denotes the classical Riemann zeta-function.
Proof Fore >0, we define

J(e) = max{j = 1;h; > ¢}
From {3.4), we can know that
Je) ~ L2 . P a5 0t

Let k > 2 be an arbitrary fixed integer
k  Jllg=1)/z)

Bzi= D {h}+ > elhm}+Y S {had

> J(1/a) isI(k/z) 9=2 j=J(g/z)+1

Il

= J(1/z) S T(hk/x) 0=2 j=J{gfz)+1

Ik /) i Ik /=) &

(B —V(z)) ide . A2 - i {i—MEj , ‘3.‘1,’2}

ko J{{g—1}/x]
(J_E h.f):w > (b t), 3 (e - (1)
&
2 gl X by Xe-) (7127 )< (1))

(3.3)

(3.5)

(3.6)

(3.7)
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= b + Z {h; L}—Z-}(1) k—l}i(kj

_T.-':"..ir“.-l.-“l.::l G< Ik /) wh
We rewrite
dlz) = A« B0

where

1

A=a 3 h;B --AJ’() tz,r() > ({hyz) - 1)
Fedikiz) F<Jikf)
Since —1 £ {Azz] — 1 < 0, we have
~Jkiz) <<
s0 we can get this estimate
0= —(L'e) P < (L'e) ™" J(k/z) = k2, as 2 — +oo (3.8)

From (3.7), we can easily deduce that

(Lie)y~PB = g0 Eq . as 1 — 400 (3.9
-E-I'_

Further, we can estimate (L'z) "7 A. According to (3.4) and (3.7), for ¥e > 0, there
exist zg > 0, such that ¥z > mq, we have h; € ((L'— &) - j7YP (L' + &) - - U/2) for all
§ > J(k/a).

Thus for all x > 2,

a0

A<z 3 [(F'+e)-j7YP| < z(l +¢) =D dt
= J{kfx) J(kfx)
= _[,-'l - p l_l-"rﬂ
i I-E]l _Di{k,.":'.,]

Similarily, we et that

A>z 3 [(L'—e) j7YP] > a(L —¢)
J=dkiz)

(J(k/z) +1)17H2

D
1-D
Using (3.7), we have

3-1.{ 8 'l_ﬂ—'——
< (L4 o1k~ =

: e Wy
A2 (14 o)k P ——(

(L' + &) L'P 12, as z — +oo

I'=e) P12, ag 2 — 400
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Noting the arbitraryness of £ > 0, we find that

I
p=ily)

(L) DA s P2 as T~ 0o (3.10)

S50 lor fixed &, we get that
(LJ:TJ}_'?'}(‘J.(_’I:} = [L":c}_""} A+ B)+ I:Lr?x:l—f}‘:r

- 1
(L'z)~"(A + B) — 1—_—- Rl L:;r = felD) + 7=+ 88 b = +oo

a=1
where fr(s) = [ (t7° — [{]7*)dt.
The SELJLI'E:HLL of entire functions { fi(s)}72, converges uniformly as & — +oo0 on
every compact subset of Res > 0 to the function

fo)= [ = e = 1 o

1—
So, we have fr.(D) + ﬁ — —¢(D) as k — +oo. By variating & — oo, we can
gt that,

(L'2)"P8(z) = (I'2) P(A+ B+ C) = —¢(D), as x — +co e

which implies that Lemma 3.1 is proved. Observe that from (3.3) we cannot ensure
that iy = hs = .- > 0, although we have that {; > Iy > -~ > 0. In order to use
Lemia 3.1, we need the following result,

Lemma 3.2 Lel {h; 521 be an arbitrary positive sequence such that

hi ~ L-37HP ag i 4o (3.12)

for D € (0,1) and L > 0. Then we can get an isomorphism o : N — N, such that
oty 2 Ropzy 2 -+ = 0 and we still have hgiy ~ L j =148

proof  From If 3.12), we can see that {%;}72, is a bounded sequence such that h; —
07, as § — +oo. We can find an isomorphism ¢ on IV satisfying hot1y = hoimy 2 -+ > 0.
Easily we can deduce that o{j) — 400 as j — +occ. Here the isomorphism o is not

necessarily unigque.

. 5 7 = =00,

After choosing an isomorphism o, we fix a positive constant ¢ satisfying ¢ < L. For
¢ > 0 small enough, there exists a positive integer jy such that for all j > jy, we have

0<ecl—eshig¥ g bge
(1) We choose j; € W, which is large enough and for every § > 41,

By < Riyi = 1,2, jo (3.13)
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[f an integer & satisfies that

T i1
Jo < k and T i - (f) .1 (3.14)

then for arbitrary k&' satisfying jp < &' < k. and for arbitrary ' > j,

-'r-!-};" o~ -lrl-ﬂ__-" ) IE:I'J.I."ID j-"!ln".nl.] . e (j.f)lln'lﬂ . L e (j'-. lll.-'_f.;' 5
by A\hp-3UD | \pD ) =T \¥) 214 ﬁ;:)
that is by = fje.

Using (3.13), we know that for arbitrary ¢ < k, and for arbitrary i' = 7, we have
fi; = fugr. This means

(i) >k (3.15)
Noticing (3.14) and (3.15), we can get that
L—-¢ J 10 e \
. <. 7 |
s (::rlfj]l) < 1 when j7 > j; (3.16)

(ii) Since o(j) — +oc, as § — oo, we can choose j large enough such that o(5) > 7.
We will show that if k is large enough, hy is less than any one from {hy, hy, -, k).
In fact, if £ is an integer satisfying that
L + 'y '|l.'r.-r.}
k= fn and E-—E - (‘—’I) | (3.17)

% AR

then for any &' > k, and any integer 7/ satisfying jo < 7' < 4,

jrl.k.l ]illll:;_. ) k.ﬂj-"..l'.-:' j”.-”l"} L e j" 1/0

_ -\ 1D
< f_” : (%) <1, ie. hy < by

Using (3.13), we know that if &' >k and j' < 4, then by < fi;o. This means

(i} =k (3.18)
Noticing (3.17) and (3.18), we can get that
e ' ]'.-'II"E:I
oz . ( ‘?_ ) = 1 when § > jp (3.19)
L—-eg \of7)

: 1,0
Since £ is arbitrary, from (i} and (1) above we can deduce that (J—ﬁ?—}) = 14o(1),
as j — 00,

: 1/
Potsy 3P = hogiyo ()10 (ﬁ) =L +o(l), as j — 400
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| [
n

which implies Lemma 3.2 is proved.
Mow let us prove Theorem 3.1:
From Lemma 3.2, we can re-arrange {152, into {hsj 1521, satisfying:

any 2hata) 2 Fo0 2 Ry 2eenl
ancl
hotsy ~ L' 7Y, as § — o0
Then from Lemma 3.1, we have
IT =5 {ho3y A2 = (=¢(D)L'P + 0(1))AP2, a5 § — o0
j=1
Thus we have proved that N(E, A) has the following asymptotic form:

V(E, A) ——l-f
TR T J eV (x)<E)

— CppM(D;T) - AP/ 4 o(AP/2) (3.20)

(B —V{z) iy 2?2

where Cpp = 27U-"Dlp=2(1 — DY(E - VR (_e(DY).

Remark 3.1 In general, even if V() is locally constant, v; may not converge as
J — +oo. But in some cases, we can still use this method to treat with the counting
function N(E,A). We briefly state it as follows: if vap; — V5 and vy — Vo as
k — +o0, and V1 # V4, then under the condition of Theorem 3.1, we can get that

N(E, A) =lf (B — Vi{z)) e - 21/
T Sze|V(x)< E}
£ D
vE — W VE =V ; )
+ c{fj ( = ‘L) + (—_ ELJ . 3P 4 o(APIN [3.01)

In Theorem 3.1, the second term of N(F, A} is of the order D/2, where DD is the
Minkowski dimension of @02 Actually we can construct some examples in which the
second term of the counting function N (£, A) will have different order from D/2.
Theorem 3.2 Let V(x) be a locally constant function with upper bound 4 > 0, and
{15152, be the associated sequence with ) satisfying L~ L-j7YP(L > 0,De(0,1)). If
vy~ —I - 3%, where I is a positive constant and £ > 0, a smell non-negative constant

satisfying (1 + g) D <1, then for a constant £ > A,

1
N(E,) == [ (E — V() 2dz - 312
T J{ze0|V(z)<E)

+(Dr)a PILP K P2 \Paf2 4 o3 P1/2)
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where oD
Dl—E:EDE(Ul}}m}D |
Proof
N{E, ) = ENEEV:'“IT:' it Z l‘v’ E,,T o F_TJ'LU?]
i=1 =il 7
=§: VE 1y {J_;.,'].-"E) - = {VFE:@ .E-}'-.’“}
= J
j=1 i =l (T
=1 —II (3.22)
E ! . .
Let hy = _T—T’: &5, then from the conditions in Theorem 3.2, we have
— Uy 118 s
h ~f3 = ;1',"' = + K 4 o(1)- 5% 1
1 . —s
== (VE +0(1)) - (L+0(1)) - 5~ 5, a8 j — +oo (3.23)
We introduce L4 such that 1 = : _ED“IFE. Since (l + Ej D < 1, we know
. I I 2
D = 5D € (0,1) and Dy > D. Thus we rewrite (3.23) as follows,

1 ¥ o o : »
hi o~ ;‘\,-"'(_E-_LL-_} Vbilde B < Dy <1} a8 j — +oo (3.24)

With (3.24), the first part of N(E, A) (i.e. 1) is convergent. As far as 11 is concerned,
we can rearvange fi; into b,y satisfying that

'h-:rfl} 2 ha[ij S h'-i'-'{_“.rl:l > - )
anl {
.Irl-l._-r{jj o ;V’HEL'}_WDI, as j — ==

where ¢ 15 an isomorphism on V.
Then form Lemma 3.1, we can get that

[T~ (=G(DOEPVRLP =D Z\PU2 g 5, 4o

That is to say,

N(E,A) == /
i } T Hre|V(x)< E)

- .::{DI}W‘BILDJHDJIE Cainfe D{Aﬂu’zj

(E— Viz))V2dg A2

Remark 3.2 In fact, by choosing different ¢ > 0,0 in Theovem 3.2 may be
chosen as any number belonging to (D, 1).
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4. Lower and Upper Bounds of Second Term

As we have mentioned, ; ~ L - j71" is equivalent to that T' = &7 has Minkowski

dimention [ and is Minkowski measurable. How does N(F, )} look like when only
knowing I' has Minkowski dimention D7 We can no longer expect to have a precise
second-term of the counting function V(E, A), however, we can et sharp estimate for
the upper and lower bounds of the second asymptotic term. Actually we have:

Theorem 4.1 Given D € (0. 1), [et {i; 172 be an arbitrary positive sequence suwch
that I; = 7742, as § — 4oo. Let V(z) be o bounded locally constant function on 0,
and we use Vi (resp. V_) denoting the superium (resp. inferium apielhen for BV
the second term of N(E, ) (denoted by §(AY2)) satisfies that §(AV2) = )02,

Before we start our proof of Theorem 4.1, we introduce the following two lemmas:

Lemma 4.1 Let {h;}72, be an arbitvary positive sequence such that I
where L2 & (0,1), or more pw-.r:zﬁefz.r 0<a; = ]un_lfnf{h 4By £ limsup(h;-j7* “ﬂ"
oo J=seben

P < +oo. Then we rearrange hy into hajy satisfying that hopgy s noninereasing.
Besides, we con get that

2

'E - =

0= — 3, < hlﬂl:z’lcf{-?ln{j = lf"ﬂj < ljn_lft;p”l”” i 1;’.5:-J
< le < ooli.e. f - t;ﬂ:l o
rai &1' L.C. lai_r:lﬁj 1)

where o s an isomorphism en IV,
The proof of Lemma 4.1 is similar to the proof of Lemma 3.2 2, we only need to note

that 11111111E(f¢ Uy o lim sup(h; - §71P) may be true in this case,
oo
LEITlIl'ld. 4.2 Let ] h.j};-“:l be an positive non-increasing sequence satisfiing

0 < a3 = liminf(h; - 'UD} < lim sup(h; - Hf )= s < +oo, D e (0,1)

J—++oo =t
[
then we hawve &{x) Z{IL:,.T} =z, as z — 400,

i=1
Proof Tor ¢ > 0, we define

Je)=max{j = 1: h; > &)

Since
) < as = im 1r1f{hj. §HYY < fim sup{h; DY = B s (4.2)
i—+ea e
we can easily get that
D < lim mf[ J(g)-e”) < lim sup(J(g) - ) < fy (4.3)

g—0+ e—t+
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Then
ko Jilg—1)/x)
8z = Z{hji} B E {ha} + E {h;z +E Z {h,;x}
3=J{1 [ x) NI TED] =2 j=Tg/z]+1
EoJllg—1}/x)
=l b o AT ST | ey BN [ PR
e J01 ) FJd(kfx) -f,':?;,n'—Jl:q,.-‘:r]—i-l
= ( Z h )'.5-[— L {."?,j.,.:}—zu-'" rfq}+{k—1}i{ifl]
k) FEJR S g=1
=A+ B4+
where
o= Z hiy B=(k=1)J(k/z) - ZJ{.L,-"Q = Z {hiz}
i=Jdik/x) JES (ki)

Since 0 < {h;z} <1, we have 0 € € < J(k/z), and

VRt ol S ) P s UNERE ST

=1
For B3, we can easily sce that B = Z(J[L;’:L:I = Hx/q)) < 0. By using (4.3), we
g=1
can gel that

k—1
1
af (k — 1)k~P - (Z F) A +o(1) <2 PB

y=1
k=l g '
A b 1) — (Z gr._*":“ mf—l—&{l}, as & — +oo
N

At last, we estimate z~ P A According to (4.2) and (4.3), for any small ¢ > 0, there
exists xp > 0, such that for all = = T0,

0<ap—e=<hy JYP < By +g, forall j > J(k/z)

Then
A<z 3 (Ba+e) 7P <a(By+e) f.lm =D gy
imd{k ) T{k )
=x(f + ¢
Sa

85
as T — 400

ﬂ;‘i{ f&g—]—ﬂ(l}}ﬂ lliill E{}g1+5 I—D}
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Similarily, we can get that
D

e (cs — 2)E 2 (8, + o(1))H -1 5

a8 o= oo

Sinee ¢ is arbitrary, we can deduce that

7 k=1 1
=% ek P o (k- 1)k - 2 5|67

- D
g=1
< lminfx~Ph(z) < lim sup 2~ §(x)
{ D _ﬁzﬂ_jﬂ_l#l_ﬂl 'l' ?r}k—.ﬂ(lﬁ: St ].:I . E l'_ _I_ﬁf.]k J'.}
e ‘.l — T P ‘ Mo = {!”l_j 2
D ci
g=1

If o2 anc 8 are given, we can try to get a sharp estimate by selecting & ¢ N
carcfully. For instance, we choose b — L, then {4.4) becomes

D e s r L
1__D.£ED ]Cl:'g- ‘E EEHE}{T’ Dé{lj

<

< limsupx~7§(x) < Gt 1 + 8P < 400 (4.5)

E— 40 ], D
That means §{(x) = 2P as ¥ — +oo.
Now, we turn back to the proof of Theorem 4.1,
Proaof

NE =) N(ExN=3"

j=1 1=l

2l {ﬁ;—v’{m}j“'?dm-.xl”_Z{—&‘“E_"J'fj-a”?}

m fhEﬂIVEm)-ﬂiE} 4

= % [,__v B~y B ;ltf'&}
m

i=1
= I — §(A1/?)
Since {; = j=1P there exist two constants a. 8 to satisfy taht

0 < o < liminf; -jlf"ﬂ < Ii_msupfj-jlfﬂ <8< 4o

j_"'lr'm j—nl.m

o iy N E =

l;, we have that

v .

~a < liminfh; - 74P < limsup 4, - 5
m =+ ;J._?'_'I'I:H:l

T

e

0 < /D

<,

—— & fool ey xj_uﬂjl

M
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According to Lemma 4.1, we can rearrange f; into fi ¢y, which is non-inereasing
and salisfies

g~ E - VO)"VHE - Vi)e?

i LD : sl i
< hﬂlliﬂ: Rots) 3 < 1;111 sup fgigy - J

J—x — 00

< alam (B - V) YE - V)82 < 4o

Then we use Lemma 4.2 to obtain

sy
1 s

< limsup A~ 22 §(AV%) <
j—e 1

0 <

g = IE}JEEA—DF? 5Ly

D _
D.f3:1ﬂgﬂ Ly 8P < +oo

where

as =717 B - V) HE - Vy)a
By =7 o B - V)V (E - V)5

Theorem 4.1 is proved,

Remark 4.1 If locally constant function V(z) hasnot lower hound, the sec-
ond asymptotic term of N{F,)) may be different. Especially, if [; = i~V D e

£
(0,1)),v; = —k - j°, where k is a positive constant satisfying (1 + 5) D1, Lab
p | | : 2
Iy = ﬁ_ﬁ{l > D, > D in this case). We can find that the second term of
= DD
N(E, ) (denoted hy §{A12)) satisfies §(AY2) = AP1/2, The proof of the above result
is similar to that of Theorem 4.1 and Theorem 3.2.

Finally what could we obtain if the potential V() is not a locally constant function?
We have the following result:

Theorem 4.2 Let {§;}52, be o non-increasing sequence associated with §2, wnd
i~ YP(D e (0,1),L = 0). Let V(x) be o bounded function on €1, i.e. there cxists o
constant 4 satisfying |V(z)| € A for any x € &, then for E > A, of there exisis ¢ 2 0,
then 11 > 0 and D/2+ € < 1/2, such thal

N;(E,X) = N(E,\I;) = f vES TR e O (2 (log A)™), ash — +oo

3 ™

and
| (A° log M| < C- A (log A)Y

where ' > 0, independent of 7, we have

N(E,\) = f 2 V) e s QAP (log A17) (4.6)

{xeft|Viz)<E} w
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Proof For asmall o > 0, there exists j5 € IV such that for all § = jg,

<L+ o) -5 Y2 (4.7)
Since |Vizx)| £ A, we have
v — A WvE+A

1/2 s
= Li- A< N(E A) < o

Liagtie (4.8)

Let A be fixed. If

¥ i3

J.Oi :

',: b oy VB e 55 (L+ o)P2P/2 (_“*M)
m

we get that

VE+ A

e
Ll

viE 4+ A4
T

That means N;(E,A) =0,

[ed
o
T = |(L+a)PaP8 (—M) (4.9)
Fi
then
o0 JEA) E - Viz)
NCE N =3 Ni(E,8) = S N;(B,2) = f di - A2 + RO
=1 j=1 Iy #
where
JiA) JiA)
IR(AY] = [ 3 0;(X(log A)™)| £ 3 C- A(log A)? < C - AP/ (log A)T
j=1 i=1
Furthermore,
=V
N(E, A) =] () gz N2 4 RO
}'1L|"‘|_|I_f|:_:.l} ™
=f “E_V{Ej'dm-#a’%rﬁ{;}_f
{w€0|V(z)<E) 7
where

L= = ()

II..-"'E_ Fﬁidm '3,"].,"'3
W

ﬂ.:{h)+1'«-'-’,.r[:~]+z'-""
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Noting (4.7}, (4.8) and (4.9), we have

IE"..-'.E-l—-"'i i f

'E_-;I' ; :-'-_1" L4
m A
F=J(AE)+1

< F'M R z [(L+ o) .j-—lf’D]

i)

W F T A i
< .[L_|_J]_E+_ i Alf?i.,;m}l—l.-ﬂ
s 1-I2
D
W I ;
< [(L+g)” ( Ef ‘“) s 0(1]] S LZERFT S i (4.10)

Thus, we prove that

IF.-I — 3 2 2 ] 1 -
N(E, ) :f VE Z VIE) 4o 32 4 (322 (log A7)

{meflV{x)<E} il
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