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. ) n 1997 HUF AR Mathematics and the Internet
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The Mathematics
Behind Prague’s Horologe

M. Krizek (¥E38)
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1. Introduction

Welcome to Prague — the capital of the Czech Republic, called the
“City of a Hundred Towers”, located in central Europe, and designated
as a World Heritage site by UNESCO. Many famous mathematicians,
physicists and astronomers have spent here very fruitful and creative
years, and left unforgettable traces in Prague, in particular, Giordano
Bruno, Tycho Brahe, Johannes Kepler, Bernard Bolzano, August Cauchy,
Niels Henrik Abel, Christian Doppler, Ernst Mach, Albert Einstein and
his mathematical colleague Georg Pick who was one of the people who
taught him the tensor calculus. During their stays in Prague the above-
mentioned scientists developed several fundamental mathematical and
physical theories and engaged in related activities. For instance, in the
beginning of the 17th century Kepler formulated the first two of his three
laws of planetary motion based on Tycho Brahe’s observations. In the
first half of the 19th century Bolzano constructed a nondifferentiable
continuous function (of a fractal character) and wrote a treatise on infinite
sets entitled Paradoxes of infinity (1851). In 1842 Doppler, professor of
mathematics at the Prague Technical University, first lectured about his
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Map of the Old Town in the center of Prague
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(Joannes Andreae, #ifJan Ondrejuv, 4 T13754F,

effect (later called the Doppler effect) at Charles University at Ovocny
trh (see Figure 1). Einstein, while a professor of theoretical physics at
the Prague German University, worked on his theory of general relativity
in 1911-1912. The famous Czech writer Karel Capek invented the term
“robot” in Prague. Before briefly detailing plaques, statues, and other
memorials to these personalities of Prague at the end of this paper, we
discuss some unexpected mathematics associated with a prominent

building at the heart of the Old Town Square of Prague.

In the center of Old Town in Prague (see Figures 1 and 2), there
is an astronomical clock (called “orloj” in the Czech language and
horologe in English) — an interesting rarity often visited by many
tourists, not only mathematical tourists. We found that there is a
surprising connection between this clock and triangular numbers. In this
article we take notice of special properties of these numbers that make

the regulation of the bellworks more precise.

Fig 2. B3R R LAT 494 B
Location of the astronomical clock at the Old Town Square
(Staroméstské nameésti)

The mathematical model of the astronomical clock of Prague was
invented by Jan Ondiejav, called Sindel (Joannes Andreae, cca 1375—
1456), a professor at Prague University founded in 1348 by the Emperor
Charles IV. In 1410, Sindel was the rector there. The astronomical clock
was realized by the skilled clockmaker Mikulas (Nicholas) from Kadan
in 1410, i.e., exactly 600 years ago.

The astronomical clock of Prague is placed inside an almost 60
m high tower of the Old Town City Hall. The clock has two large dial-
plates on the south wall of the tower (see Figure 3). Over the centuries
the construction of the clock has been renovated several times, for
example, by the clockmaker Jan from Ruze (called Master Hanus)
around 1490. A memorial plaque devoted to the creators of the clock is
on the left of the lower dial-plate.

The upper dial-plate of the astronomical clock is an astrolabe
controlled by a clockwork mechanism. It represents a stereographic
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Fig. 4 RX4h#y L4v%
Fig 3. AdaA& R I Aveqm A4t 2L The upper dial-plate of the astronomical clock

The dial-plates of the astronomical clock of Prague

projection of the celestial sphere from its North Pole
onto the tangent plane passing through the South
Pole. The center of the dial-plate thus corresponds to
the South Pole of the celestial sphere. The smallest
interior circle around the South Pole illustrates the
Tropic of Capricorn, whereas the exterior circle
illustrates the Tropic of Cancer. The concentric circle
between them corresponds to the equator of the
celestial sphere (see Fig 4).

An important property (known already to

Ptolemy) of the stereographic projection is:

Any circle on the sphere which does not pass
through the North Pole is mapped onto a circle as
well.

Therefore, the ecliptic on the celestial sphere
is projected on a circle, which is represented by
the gilded ring with zodiac signs along the ecliptic.
However, its center is not the South Pole, but the ring
eccentrically rotates around this pole (see Figure 4).
The astronomical clock also shows the approximate
position of the Sun on the ecliptic, the motion of the
Moon and its phases, and the rising, culmination and
setting of the Sun, the Moon and zodiac signs.

The gilded solar hand indicates the Central-
European time (CET) in the ring of Roman numerals.
Note that the difference between CET and the original
Prague local time is only 138 seconds. The clock-
hand with a small gilded asterisk shows the sidereal

time (see Figure 4). Twenty four golden Arabic

Her st/ EIEE 71



orld of Mathematics | # 22 =

RS T A a8 JE — AN R AL 42 ol i s A 1) B
B, BAFERIER (celestial sphere) H1H: b M3 1 pg #2971
YISPTH L ER B T B2 52 (stereographic projection). £l
L0 oy A S T R BRI TR, A DY R e 9 AR
T ML, AR FRAC AL, W 2 ) fE]L
[BAH 4 T RIKARTE (514).

BRMET- B AT — Fe A BT (el 75 i R 302 AT )
#Ptolemy#¢ H):

BRIE LT G 7T AN 17, 28 30 B B 1] £ 4 74
7P I L Y BG4 — TN

R, REFEMSEERERTE, W26+ 2R
P 58 B e b Bl AR s o BLAROR BRBE 1 L T AN 2 R
s, AEL B < B ) 7 M 8 A T W e B (B T4
7)o BEAh, RICHH B AR T OK FHAE SE B R
HAERIIES A A, VL H . A+ =2 E& AR
i AR RN ] o

B OR R B AR 2 8 o il g, WO
KK [A] (Central European Time, fRjFRCET), {Hf3 =
(R 2, FP BRI ) Js A 1) A v 2 i IS 1) AH 22 A7 1338
o S5 TR PE 4 B R AR E T BRI 2 15 I (sidereal
time) o I AMIBAS B AT S BT R AR HcE 1 2224, bR
B i o = T I N L T PR T =S R TR T E A (e
F1212, EHkbER SRR TS IR
T AR (planetary hours) o 742 W ) U /iy H H T 46 5
i, g B I A (R SR T VE A

BN 5 R B BB AR OR S
(astronomical night) , B OK BH 4b + Hh o1 26 F 18 & 11
BB s A0 B AR €435 4 B B B R 3% Y (AVRORA Al
CREPVSCVLV k5 & # H 4 Fl % B ), 1l ORTVS Al
OCCASVS WA [ H 1 H 7%

KRB EREG ARO KK, SOMEHERH
116 JHK, BmAYIH =A% 24 /M IkEh. 5 —4
KNk #4365 Vi, TAEAH (BRI 23 NEF 56 74 7))
Heg) B s pel i — . 55 A Nk de A1 366 Ui, BE—T
AKBHE (mean sun day) #EZ) K BHFG 52—l . T Hb
BREN SR PH W 1 A B T8 A 3% o Al |/, DR R BH
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Fig. 5 ZAY693£E (B @A ZANF S K+ At eIt 4615 4F)
A detail of the main clock. The three large concentric gears
behind are from the beginning of the 15th century

numerals are used for the ancient Czech time measured from sunset.
Twelve black Arabic numerals denote planetary hours of the Babylonian
time measured from sunrise.

The black circular area at the bottom of the dial-plate corresponds
to the astronomical night, when the Sun is lower than 18° below horizon.
The brown area stands for twilight (AVRORA in the morning and
CREPVSCVLVM in the evening). Sunrise is denoted by ORTVS and
sunset by OCCASVS.

In the main clockwork, there are three large original concentric
gears of the same diameter 116 cm (see Figure 5) which were originally
driven on one axis by three pinions, each with 24 teeth. The first gear has
365 teeth and turns round the zodiac ring once per sidereal day (23
hr 56 min 4 s). The second gear, which has 366 teeth, drives the solar
pointer and turns round once per mean solar day. Since the true orbit of
the Earth is elliptic, the Sun does not move uniformly on the celestial
sphere. Therefore, the position of the zodiac ring is at present slightly
corrected manually twice per year. The third gear, which has 379 teeth,
drives the Moon‘s hand and rotates according to the mean apparent
motion of the Moon. The lunar pointer is also at present manually
corrected due to the elliptic orbit of the Moon. The lunar pointer (see
Figure 4) is a hollow sphere with a hidden mechanism inside that
displays the phases of the Moon. It was developed in the 17th century
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—1, 2, 3, 4, 5=3+2, 6=1+2+3, 7=4+3, 8=2+1+2+3,
9=4+3+2, 10=1+2+3+4, 11=3+2+1+2+3, 12=4+3+2+1+2,
13=3+4+3+2+1, 14=2+3+4+3+2, 15=1+2+3+4+3+2:e2:+ 0

The number of bell strokes is denoted by the numbers ---

2, 10=1+2+3+4,
+3+4+3+2 -

, 9,10, 11, 12, 13, -

11=3+2+1+2+3,12=4+3+2+1+2,

orld of Mathematics

and draws energy from the movement of the Moon hand.

The lower dial-plate with 12 round pictures by Josef Manes (see
Fig 3) is a calendar. It turns round only once per year. The clock-hand on
the top shows the particular day of the year. It also provides information

about namedays and other items.

2. What mathematics is hidden behind the
astronomical clock of Prague?

The ingenuity and skill of clockmakers of the 15th century can
be demonstrated by the following example. The bellworks of the
astronomical clock contains a large gear with 24 slots (the first two are
connected) at increasing distances along its circumference (see Figs
6 and 7). This arrangement allows for a periodic repetition of 1-24
strokes of the bell each day. There is also a small auxiliary gear whose
circumference is divided by 6 slots into segments of arc lengths 1, 2,
3,4, 3, 2 (see Figs 6 and 7). These numbers constitute a period which
repeats after each revolution and their sum is s = 15.

At the beginning of every hour a catch rises, both gears start to
revolve, the 12 apostles appear and transit through two windows in
sequence, and finally the bell chimes. The gears stop when the catch
simultaneously falls back into the slots on both gears. The bell strikes

1+2+--+24=300

times every day. Since this number is divisible by s = 15, the small gear

is always at the same position at the beginning of each day.

The large gear has 120 interior teeth which drop into a pin gear

along the large gear. The small gear placed
behind it is divided by slots into segments of arc lengths 1, 2, 3, 4, 3, 2. The catch is indicated by a small rectangle on the
top. When the small gear revolves it generates by means of its slots a periodic sequence whose particular sums correspond to
the number of strokes of the bell at each hour:1, 2, 3, 4, 5=3+2, 6=1+2+3, 7=4+3, 8=2+1+2+3,9=4+3+

13=3+4+3+2+1,14=2+3+4+3+2, 15=1+2
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The location of the small gear. The catch is in the slot
between the segments corresponding to 18 and 19 hours on
the large gear. (Photo: Lukas Kalista)

KNFAT120N Wi, WG AE AR 2, BTk
%ﬁki@ﬁ$ﬁ%%b%m¥¢ﬁﬁoﬁw%*i%
R, T A R U A e DY A (R R
Bl XA —2K, SUEASE DL R DL, ik R AT

A LAPR R R SCR e 2040 N IR vt 5 . ORI, N iR

BEWS AT MO AL KB AERE R R — I, AT — . M (A
D, RERKHE—. R RIF AR, B
A, WK RS WO, Bril, 01 R
fih 2 /N A RS TR — R A

JNSTHR [2] 1550, IR 208 BE 9% AN W il 2+ o ok,
Eé%@kcw%,ﬁﬁﬁmﬁ%%ﬁﬂ%%ﬁmkﬁ
M FEEYE o il dn, AT CAAR PR E 40 1, 2, 3, 4, 5,

with 6 little horizontal bars that surround the center of the small gear
(see Figures 6 and 7). The large gear revolves one time per day and
therefore, the small gear revolves 20 times per day with approximately
4 times greater circumferential speed. Thus, the small gear makes the
regulation of strokes sufficiently precise despite the wearing out of the
slots on the large gear. Moreover, one stroke of the bell at one a.m. is
due only to the movement of the small gear. In Figure 7 we observe that
there is no tooth between the first and second slot of the large gear, since
such a tooth would be extremely thin and thus, it could break. Therefore,
in this case the catch is in contact only with the tooth of arc length 1 of

the small gear, which makes the use of the small gear essential.

In [2] we show that we could continue in this way until infinity.
However, not all periodic sequences have such a nice summation
property. For instance, we immediately find that the period 1, 2, 3, 4, 5,
4, 3, 2 could not be used for such a purpose, since 6 <4 + 3. Also the
period 1, 2, 3, 2 could not be used, since 2 + 1 <4 <2+ 1 +2.

The astronomical clock of Prague is probably the oldest [1, p.
76] still functioning clock that contains such an apparatus illustrated
in Figure 6. Due to the beautiful summation property discussed above,
Sloane in [3] and [4, A028355, A028356] calls the sequence 1, 2, 3, 4, 3,

2,1,2,3,4, ... the clock sequence.

3. Connections with triangular numbers and
periodic sequences

In this section we briefly mention how the triangular numbers
T, =14+2+-+k, k=0,1, 2,

are related to the astronomical clock. We shall look for all periodic
sequences that have a similar property as the clock sequence 1, 2, 3, 4,
3, 2, i.e., that could be used in the construction of the small gear. Put

N={1,2,-+}.

The periodic sequence {a[} is said to be a Sindel sequence if for

any positive integer k there exists a positive integer 7 such that
T,=a,++a,, (1)

where the triangular number 7, on the left-hand side is equal to the
sum 1+---+k of hours on the large gear, whereas the sum on the right-
hand side expresses the corresponding rotation of the small gear (see
Figure 8). In [2] we show that the above condition can be replaced by a
much weaker condition based on only a finite number of & ’s: namely,
the sequence a;, @,,:**, a,, a;, a,, --- with period length P is a Sindel
sequence if there exists a positive integer 7 such that equation (1) holds
for k=1,2,---,

finite number of arithmetic operations to check whether a given period

@, +a, +---+a,—1. This enables us to perform only a

a,-++ a, yields a Sindel sequence. In [2] we also give an explicit

algorithm for finding Sindel sequences.
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The upper numbers denote lengths of segments on the small

gear, whereas the lower numbers indicate the number of strokes
at the k-th hour.

4. Further mathematical and scientific sights

Within a few meters from the horologe there is a memorial plaque
devoted to Albert Einstein (see Fig 9) who often visited the house at
Old Town Square no. 17 during 1911-1912. In the nearby gothic church
called Tyn we can find the tomb of Tycho Brahe from 1601. In Celetna
street no. 25, which leads from the Old Town Square, there is a memorial
plaque to Bernard Bolzano (see Fig 10). We also recommend visiting
other plaques and busts of Albert Einstein (Vini¢na no. 7 and Lesnicka
no. 7), of Christian Doppler (Charles Square no. 20 and U Obecniho
dvora no. 7 — see Fig 11), of Johannes Kepler (Karlova street no. 4 and
Ovocny trh no. 12/573), a large statue of Kepler and Brahe in Parléfova
street no. 2 (see Fig 12), etc.

Prague is very popular among tourists and is celebrated as

BRALBERT EINSTEIN

Fig .9 & RilriEse st
Memorial plaque of Albert Einstein
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Johannes Kepler and Tycho Brahe

one of the most
beautiful and
romantic cities

in central Europe

due to its varied
architectural styles
from many periods
(Romanesque, Gothic,
Renaissance, Baroque,
...), the impressive Prague
Castle, Charles Bridge with
its many artists and Baroque

statues, and the Jewish Town

with its legend of the Golem,
which was said to be created

in the late 16th Century or early
17th Century by Rabbi Loew, the
Mabharal of Prague, to protect the
Jews. Prague also has a rich musical
tradition. For example, Mozarts opera
Don Giovanni had its world premiere

Fig. 10 A REELAM on October 29, 1787 at the Estates
Bernard Bolzano Theatre, which is adjacent to Charles

University, where Jan Sindel taught about

mathematics and astronomy. In addition, as

demonstrated above, Prague also has much to

offer to mathematical tourists.
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XSRS B B R A A BT, ARE L4 < AEL”
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MG PSR AE o B AN [R] 43 SO F XA [ 1 <4544
SR, TIX e K I RAS 2 A 2k, SRS (R B 28 4

B S/ S 5H2) 80



A B9 SCHR G — N AR . AEIZTT I B T 8 e — 4k
XS PEIB SRR ST X [A— AR G ] LUMANIR]
FHREENR, AN 7 S ) BT AR EL AL, BRAE AT 30T
DAILBIE, A& M VF 2 ik sma D TR, ffiir2
FAAN G SETTVEAE TR R (K F K )
[ETJE AR Py se 2 B R et (o D s A =K LA M
Fr 77 ), AG R AT IR, =4 g

\Y [echemaics Education] # % % #

=, HRHSHHFRHER

AR, HOE DA LT DI, AT
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BIBENE—ANEEMFE. XRIA : ORI T2l 42
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20 LA UATVF 2 AT A HE 10 N e K

1, AW, BT EeE K. A
M B2 AT 90 A 31 A ) B 1 22 B K22 DY L
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(1) TR AR B K EENERF S 8. 2

TEOI T VF 2 N B 5, B 1 R
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A AR AU A R T (14 52 57 SR S I T B
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(3) Al TR AR DR ) XA A R
EREAR, WA G— PPN PRI BIFSC I A SR AT
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SIS VS A SEI N2 CUINE vk - Sl i S S| 4102 N

HEHFHE

JLTAERCE R R 4w AR R NSRRI R . A2
WAk, XAFIIRE R AR TR BRI LT
P, L FE BN IR AT H LN

Do s B AT INECH R, BN E LG H B
IWE

\Y [echemaics Education] # % % #

() FR. BEEALILAL,
L AT Y, o ) B R
EQEROE NN I ST

(2) BES.“ K2 —Fl
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AN NSRS 2 X A R, RS S S ) )
SHMKZEMN. SASRERT, BRKEEY, S5
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DAL ARAR T AR oG B B ) T A R
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AA L. BEtFREFH5E
EfEHREESIBFEWE
BMAFEEHIRK.

wEREIC >>

AL EAREGE (Bradk) BRE. &S (Bosamm) avr, EERYE

AT RHHAT T, SEASCHEM ZEA R RIS W (RS0 CHOIm A

S0k >>

\Y [echemaics Education] # % % #

HitE “EET, HmMAE

HENEAA I BB RAET A7 KK
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(1]
(2]

(3]

[4]

(5]

(6]

[7]
(8]

FREERE R, WHEFDNE, HeEwik, 1953 (hig).

Doing the Math to Find the Good Jobs, Wall Street Journal, Jan. 6th 2009, www.
CareerCast.com

Arrow, K. J. Social Choice and Individual Values, John Wiley and Sons, 1951 (
TR AL ANME, B, DU L, 1957) .

Dreifuss, R., Speech at ICM’94, Proc. of ICM’94, Zurich, Birkhauser,1995,
pp.24-27.

Kline, M., Mathematics and the search for knowledge, Oxford University Press,
1986 (i F Aok, Bl B i, 2005).
Courant, R., Robbins, H., What is Mathematics, (P4 {14 e300 — % 8
RORUVEMHATIIT,  RilgE BB L, 2005).,

HIVEZ, XRWISE, RATAI N IEe: , WARE Wikt , 2006,
ANNKOEEREN AR, REERTIZE RS, HAREA R A,
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1696 SEAE— AN (UMD 1144
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IR EOASC T — 43 ke 4 IV 1% 42
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UT 15 0 3475 J8 2% (Leibniz) 70K, 1R
Ay W IR 2 AT R AR AN 2R 7
PG, AW T SMHESE, b
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1% (L.Hospital) % B (1) (FRAT LA 5 W0
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DM REAE— A LLE 7K S5 IR B i
WX R A Ry e E 2 AR A b
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EXERZ KA. B 4L A 4 (Terence Tao) A4 By
FLEHE, CEBT AOH CETFLIND, WA
BRI XA S A B CRN R BFHM T AR S
WHEMT. FEWRFRBERITEFEALTR. %

BT IR D

— A SR PR MRk

EHEIMRFELEENFETE LN RNEL R F M
Maike THEBAEFRFEMNFLE: F—, KFAR
FETUE L BRI N ZRF AN ARTRENT
EWNER; B, T —RAECFELTERFRNGE,
MU ATM AR ATEN (RAFF, HREF
EREBFRUHEGES )e Y- MRFRFERTH
CEFXITRE, WEZLEFR
TEAGHRLR, GRILEER
H BHBFEFRER/ET HE
B EAN G, FTHHFEZET
INEFER. Hit, eRR AL
BE, Al 2T BATRALHER
# R, A FEBIFRE A
B, EamRREANEZKFNIE,
TEREAHFEARED? FrUL,
YRR EAL WK, — 2Tk
K, MAZHLLIEES 1T,
H—B LR HF WF T
EXFHAEARTHILAHRE,
AR VT gt 2 B AT 3% IR

A HEEEEZGEEFRIT G (F—F), B
—EHRARARECHHFE: RELLEH. ©EIF
T @ L B Aok A T M. F - FREANE
iR, XEHRETBEAN. AUEMNENEE, E£F
e Ao ERAMEA X B YRR I E B B — A4
Bl: EEEE. B XMEIHFFELTHRE. XM
WAEEFELTR. AFRELZEY CEEBET HMN
AEERT . FZE MBI TR R EEE E A B
HA IR, X Sex TP E WA MRS AR B
EHREEXFINBERABI MRS ZE(FUE) D
RAF BB PR B R, R E K S KA R
EREXFEHRCETREL AN LR EHE, WA

HeE ot/ BB 89



e EEEEHRT. IENERAKEST XEE
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REE, F, WREEREERER T T WAL, &
EANZHEEE. ENEXKENSZTEH. FEELENE
T RERE AN B2 RERET R E &
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B —Sefid B — RN EIR, st A XL
o EHMAHKGHR LR — g FRE, EETRE
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Dear Editors,

I finished reading the whole first issue. Overall, I think it is a very good journal, and I believe it should have good market

among scientific oriented people, from high school to college.

Surprised to see many familiar faces. Li Shangzhi was a Ph.D. student when I was a master student in the math institute of
science academy. I thought he should be very old by now :) , didn't know he's still active. Really surprised to see Luo MaoKang

there. He and I went to the same high school , and I knew him since then.

I find a typo in other people's article. Normally, I would not point it out, since it is not my article, and it is already out.
However, this is important for a math related journal, and this may happen again and again if you don't watch out. On page 45,
the third line from bottom, we see 210 = 1024. We all know this is 210 = 1024. The power charactor ” dissappear. This is very
common in HTML text and many other text format. You should really watch out for that. 210=1024 is easy to correct in our head,

if it is ab = ¢ instead of a’b = c, then, readers will be completely lost.

Thanks for the efforts.

Zhiping You
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