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Abstract. A system of m (> 2) linear convection-diffusion two-point boundary value
problems is examined, where the diffusion term in each equation is multiplied by a
small parameter € and the equations are coupled through their convective and reactive
terms via matrices B and A respectively. This system is in general singularly perturbed.
Unlike the case of a single equation, it does not satisfy a conventional maximum princi-
ple. Certain hypotheses are placed on the coupling matrices B and A that ensure exis-
tence and uniqueness of a solution to the system and also permit boundary layers in the
components of this solution at only one endpoint of the domain; these hypotheses can
be regarded as a strong form of diagonal dominance of B. This solution is decomposed
into a sum of regular and layer components. Bounds are established on these compo-
nents and their derivatives to show explicitly their dependence on the small parameter
€. Finally, numerical methods consisting of upwinding on piecewise-uniform Shishkin
meshes are proved to yield numerical solutions that are essentially first-order conver-
gent, uniformly in €, to the true solution in the discrete maximum norm. Numerical
results on Shishkin meshes are presented to support these theoretical bounds.
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1. Introduction

While the numerical analysis of singularly perturbed convection-diffusion problems
has received much attention in recent years [6,12,14], the main focus has been on single
equations of various types—systems of equations appear relatively rarely. Nevertheless
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coupled systems of convection-diffusion equations do appear in many applications, notably
optimal control problems and in certain resistance-capacitor electrical circuits; see [7].

In this paper we consider a system of m > 2 convection-diffusion equations in the un-
known vector function u = (uy,uy, -+ ,u,,)’ . This system is coupled through its convective
and reactive terms:

Lu :=(—eu” — Bu'+Au)(x)= f(x), xe€(0,1) (1.1

and it satisfies boundary conditions u(0) = u(1) = 0. Since the problem is linear there is
no loss in generality in assuming homogeneous boundary conditions. Here A = (a;;) and
B = (b;;) are m x m matrices whose entries are assumed to lie in C3[0,1], and ¢ > 0 is
a small diffusion parameter whose presence makes the problem singularly perturbed. We
assume that f = (f;,---, f,,)? € (C3[0,1])™.

Systems of this type from optimal control problems often have a different diffusion
coefficient ¢; associated with the i™ equation for i = 1,---,m, but with all ratios &;/ £j
bounded by a fixed constant [7, p.503]; one can then rescale all equations to the form
(1.1) with affecting the analysis and conclusions of this paper, so our assumption of a
single value ¢ is not a restriction in this case.

Assumption 1.1. In the matrices B = (b;;) and A= (a;;), for i =1,--- ,m one has

p;:= min b;;(x)>0 (1.2a)
x€[0,1]
and
a;;(x)>0 forxe[0,1]. (1.2b)

Similar assumptions are often made in scalar convection-diffusion equations, where in
particular any sign change or vanishing of the coefficient of the first-derivative term alters
significantly the nature of the solution; see, e.g., [12]. Each component u; of our solution
u will exhibit a boundary layer and (1.2a) enables us to predict that the layer in u;(x) will
be at x =0.

Further hypotheses will be placed on B in Section 2, but our collective hypotheses are
not strong enough to guarantee that the differential operator of (1.1) satisfies a standard
maximum principle; see, e.g., [11, Example 2.1]. This excludes the most commonly-used
tool in finite difference analysis of singularly perturbed differential equations and forces us
to develop an alternative methodology.

Notation. Throughout the paper C denotes a generic constant that is independent of ¢
and any mesh, and can take on different values at different points in the argument. Write
|| - |lo for the norm on L, [0,1]. Set

18lloo = max{llg1lloo, -, ll€mlloo}

for any vector-valued function g = (gq,*-,g,,)! having g; € L,(0,1) for all i. For each
w € W~ L® define the norm

Wl _1,00 = inf{[[Wllo : W =w}.

We shall also use the usual L;[0,1] norm || - ||, .
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1.1. Previous work on strongly coupled systems

When a system of singularly perturbed differential equations is coupled through their
convective (first-order) terms, we describe it as strongly coupled. Singularly perturbed
systems that are coupled only through their reactive (zero-order) terms are more easily
analyzed and we do not consider them here.

In [1] an analysis of a strongly coupled convection-diffusion system (and of a numerical
method that uses upwinding on an equidistant mesh) is carried out, but the matrix B there
is assumed to be Hermitian, which is restrictive, and the nature of the mesh means that
one cannot expect any accurate computation of the layers.

In [9] Linf3 considers the strongly coupled system (1.1) where (1.2a) is replaced by

either min b;(x)>0 or max b;;(x)<0 fori=1,---,m. (1.3)
x€[0,1] x€[0,1]
Then layers can appear in solution components at both x = 0 and x = 1. He also assumes
(1.2b) and
b;4+a; >0 onl0,1]. (1.4)

Given (1.3), one can then ensure both (1.2b) and (1.4) by a simple change of dependent
variable (as is pointed out in [9]) but this change of variable modifies many terms in
(1.1), which will affect the results of Andreev [4] that are invoked in our later analysis
and in [9]. In the current paper, (1.2b) and (1.4) cannot simply be assumed to follow
from (1.2a) without affecting some of our subsequent work—in particular Assumption 2.1
would become more restrictive.

Lin® permits the use of a diffusion coefficients ¢; for the i equation fori =1,---,m.
A general numerical analysis of (1.1) for upwinding on an arbitrary mesh appears in [9]
but no concrete convergence result is proved for any specific numerical method.

Finally, the special case m = 2 is considered in [11], where the continuous problem
and a numerical method for its solution are both analyzed under the hypothesis that B is
an M-matrix; in [5] this case is also examined but the problem is simplified by a weaker
coupling hypothesis.

2. A priori bound on solution
Using our hypothesis (1.2a) we imitate the analysis of [9], but unlike [9] we do not
assume (1.4).
Consider first the scalar convection-diffusion two-point boundary value problem

—ev’(x) = r(x)v'(x) +q(x)v(x)=p(x) on(0,1), v(0)=v(1)=0, 2.1

where 0 <r <r(x)<Rand 0 <qg(x)<Qon [0,1]. Set

=[G e e w= (1 2) (43)
R* = —_— dx and R=|1+4+— R +-—].
veo | Lr(x) r r
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Then by the stability theory of Andreev [4, Theorem 3.1], which is based on a careful
analysis of Green’s functions, one has

1
1Vl < < 1L, (2.28)

Vlloo < RIIPII-1,00- (2.2b)

1 /
( bii(x))

Correspondingly, fori =1,--- ,m set

1
~ a;; 2
R, = (1 + | ””OO) (RT+ —) where R} :=J
B; B x=0

Define the m x m matrix T = (y;;) by

dx.

1 ifi=j,
Yij = _ -1 b’ ~ b ifi .
(BOTIb; + agjllp, + Rillbijlloe | 0 # .
Assumption 2.1. The matrix Y is inverse monotone, i.e., T~! = (yij) exists with y;; > 0 for
alli and j.

This assumption implies that B is strictly diagonally dominant and hence invertible. It
also enables us to derive the following bound on ||u || .

Lemma 2.1. Any solution u = (uy,--+ ,u,,)" of (1.1) must satisfy
m
ltilloo < Y yiiRillfjll-r0 fori=1,--,m. 2.3)
=1

Proof. We use a variant of the proof of [9, Theorem 1]. For i = 1,---,m, the ith
equation in (1.1) can be rearranged as

m
—eu] — by} +ayu; = f; + Z [(bijuj)/ — (b + aij)uj] » u(0)=uy(1)=0.
=1

Jj#

Write u; = u;; + u;y, where
m
—eu}) — byul, +azu; = — Z(bl{j +a;j)u;, up(0)=u;n(1)=0, (2.4a)
o
m
—euy — by}, + ajiyy = fi + Z(bijuj)/: Uujp(0) = u;»(1)=0. (2.4b)
=1

Jj#
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By Assumption 1.1 we can apply (2.2a) to (2.4a) and (2.2b) to (2.4b); this yields

3 m (1B} +ayll,

litilloo < Nt lloo + iz lloo < Rill fill 1,00+ Y | ————
j=1 [5i

j#l

+Ri”bij”oo> ll2]] oo -
Taking the u; terms to the left-hand side, we have

m
lilloo + Y vijlllloe S RAfill-p0 fori=1,--,m.
j=1

Jj#

Writing this system in matrix-vector form then multiplying by YT ~! yields the desired result.
O

Corollary 2.1. The system (1.1) has a unique solution u.

Proof. When the data f = 0, inequality (2.3) implies that (1.1) has only the trivial
solution u = 0. The result follows. O

3. Decomposition of the solution

Most analysis of numerical methods for scalar convection-diffusion problems decom-
pose the solution of the boundary value problem into a sum of a regular component (whose
derivatives up to some order are bounded on [0,1] independently of ¢) and a layer compo-
nent (which has large derivatives in the layer region but dies off exponentially fast outside
this region). We now perform the analogous construction for the solution u of our system
(1.1), but it is a more delicate matter than in the scalar case to analyze the behaviour of
the layer term in this decomposition, as we shall see.

Define the homogeneous reduced problem by

—B?' +A»=0 on(0,1), ¥(1)=0, (3.1)
where ¥ = (¥1,---,9,,)7.
Assumption 3.1. The problem (3.1) has only the trivial solution v = 0.

Abrahamsson et al. [1, (1.5)] make the same assumption. As B is invertible, this
assumption is equivalent to the assumption that the operator v — —%’ + B~'A¥ has
a fundamental solution matrix Y(x) on [0,1], i.e., that Y is a solution of the system
—Y’ +B7'AY = 0 with Y(t) = I,, (the m x m identity matrix) for some t € [0, 1].

Now define the reduced solution vg = (vo1,-++,Vom)’ of (1.1) to be the solution in
(C2 [0, 1])m of the problem

—Bvy' +Avg=f on(0,1), ve(1)=0. (3.2)
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Our assumption that (3.1) has only the trivial solution implies that v is well defined.
Define the regular component of u to be

v =vo+evy+ v, (3.32)
where v, is the reduced solution, v = (vy7, V12, "+ ,V1,,)" is the solution of
—Bv; +Av; =vy” on(0,1), v4(1)=0 (3.3b)
and vy = (Voq,V99,*+ , Vo))" is the solution of the boundary value problem
Lvo=v,", v5(0)=vy(1)=0. (3.30)

Then clearly
Vo™l + 1Iv1 W]l <C  fork=0,1,2,3. (3.4)

Applying Lemma 2.1 to (3.3c) and recalling (3.4), we get
vallo < C. (3.5)

From (3.5) we deduce a bound on ||vy/||,. Fixi € {1,---,m} and x € [0,1]. Choose
an interval [x~,x*] of length ¢ with x € [x~,x*] c [0,1]. By the mean value theorem
there exists x* € [x~,x"] such that

Vi () = vy(x7)

&

|V£i(X*)| =

‘ <Ce . (3.6)
On the other hand, the i™ equation of (3.3c) gives
X X m
f £vy(s)ds f {_Vfi(s) + Z(_bikvék + aikVZk)(s):| ds
x* X k=1
m

Z |:_(bikV2k)(X) + (bixvar)(x™) + J (—vy; + b var + aipvar)(s) ds}

k=1

ey, () — evy, (x| =

=C,

by (3.4) and (3.5). Combining this inequality with (3.6), we get
lvo; ()| < Ce™! fori=1,---,mand x € [0,1].
It then follows from Lvy = v;”, (3.4) and (3.5) that
vo®lo < Ce™* fork=1,2,3.
As v = vy + £v; + £2v,, this inequality, (3.4) and (3.5) imply that

vl <CA+e25) fork=0,1,2,3. 3.7
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3.1. Layer components

We now decompose the solution u of (1.1) as the sum of the regular component v =
(v1,-+,vy)! and m layer components w; for i = 1,---,m. First, for each i define the
constant m x 1 vector e; = (0,---,0,1,0,--- ,0)T, where the 1 appears in the ith position.
Then set

u=v+ Z[(ui —v;)(0)]w;
im1

where fori =1,---,m, the vector function w; satisfies the system
LWiZO, Wi(O):ei, Wl(].)zo (38)

To analyze w, fix i and write w;(x) = w;(x) + (1 — x)e; ; then the vector function w;
satisfies w;(0) = w;(1) = 0 with Lw;(x) = —L((1 — x)e;(x)) on (0,1), so one can apply
Lemma 2.1 to w;, which gives existence and uniqueness of w; (and hence also of w;) and
leads to the bound

Willo <C fori=1,---,m, (3.9)

where C is some constant.

We show that the w; decay exponentially away from x = 0. Let j € {1,---,m}
be arbitrary but fixed. Write w; = (wjy,- - ,ij)T. Introduce the vector function z =
(21, ,2m)! defined by

zi(x) = e“"/swﬁ(x) on[0,1] fori=1,---,m, (3.10)

where the positive constant a is yet to be specified. Then z;(0) = §;;, 2;(1) = 0, where
0;; is the Kronecker delta. Our aim is to show that ||z;[|, < C for all i, which would
give |w;;(x)| < Ce~ /¢ for all x; we shall derive this bound by imitating the proof of
Lemma 2.1. Now

0=Lw;=—ew] —Bw/+Aw;.

The i™ equation of this system is, fori =1,---,m,

m
1/ /
0=—ewj; + E (=buwjy + aiw;i)
k=1
m

2a a? a
= e—ax/s |:—8 (zl{/ — ?ZL/ + ?Zi) + Z bik (—Z]/C + ;Zk + aikzk):| N (311)

k=1
where we substituted from (3.10). That is, fori =1,---,m one has

— &%z + e(2a — b))zl + [a(b; — @) + ebya; ]z = Z bi(—az, — eayz, + €2;)
I

= SZ(bika)/ —Zbik(a+£aik+£bl{k)zk. (312)
k#i k#i
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Set

f8 = min f3;.

To ensure that the zero-order terms in the differential operator of the system (3.12) engen-
der stability, we choose a to satisfy 0 < a < 8 (a more precise choice will be made later).
Write z; = ¢; +1; for i = 1,--- ,m, where these functions are defined by

—e2¢! +e(2a — b;)p; + [a(by — a) + ebja;1d; = — X5y bu(a +eay + &bl )z,
$:(0) =6, (1)=0,
(3.13)
and

{_821/)2/ +e(2a — b)) + [alby — a) + ebya; ]y = € 3oy (buz)s (3.14)

Y;(0)=(1)=0
Observe that
a( a) + gbuau = a([j - a)

by Assumption 1.1 and 0 < a < (3. Applying a maximum principle to (3.13) with a constant
barrier function, one gets

D ei(a@ + €ae + b7 )bzl
||¢i||oo§max{ - a(ﬁ_a)l )1
Yzi(at+ellaillos + €llb)lloo) 1bikllos l12klloo

a(f —a) '

Next, consider (3.14). Set k = max; max,e[o 1] |2a — b;;(x)|. By Lemma A.1, whose proof
is deferred to the Appendix,

<1+ (3.15)

Iilloo < (3.16)

L [H } | ..
va(—a) VaB-a)

Now ||2i]leo < l19illoo + IY;lloo; invoking (3.15) and (3.16) then rearranging, we get

leilloo = —eg—as D [+ V/alB — )+ 26+ ellaseloo + ellbiglo | bl sl <
k#i
(3.17)

fori=1,---,m.
Define the m x m matrix © = (6;;) by

1 ifi=k,

9‘ =
FT) b — 17 [at v/alB — @) + 26+ ellagloo + llbjpllo | Nbulle i i .
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Assumption 3.2. One can choose a € (0, 8) such that © is inverse monotone.

Remark 3.1. To show the sharpest possible decay rate for w; one would like to choose a
very close to 3, but Assumption 3.2 constrains us in this regard.

Remark 3.2. If one chooses a = 3/2, then it is straightforward to verify that © will be a
strictly diagonally dominant M-matrix (and therefore inverse-monotone) for all sufficiently
small ¢, if for all i one has

4
Zp(mzmnbgnw <q <1 (3.18)
j#

for some constant C;. This inequality combines a diagonal dominance requirement on the
matrix B with an equilibration condition on the rows of B because of the presence of k.

Writing the system (3.17) in matrix-vector form then multiplying by © ! yields ||2;||o, <
C for all i. Returning to (3.10), it follows that

lwji(x)] < Ce /¢ for i,j=1,---,mand x € [0,1]. (3.19)

We also need to show that w;.i(x) decays exponentially. Fix j,i € {1,---,m} and x €
[0,1]. Choose an interval [x~,x"] of length ¢ with x € [x~,x%] c [0,1]. By the mean
value theorem there exists x* € [x~,x*"] such that

wii(xF) —wj(x7)

|W;i(X*)| = < Ce e /e —emax /e < CeTlem /e (3.20)

&

where we used (3.19) and |x — x*| < e. On the other hand, (3.11) gives

X
|8W;l.(x) - swg.i(x*)| = f swg.’i(s) ds

x*

X m
= J Z(—bikW;-k'Faiijk)(S)dS
x* k=1

m

= Z [—(biijk)(X)+(biijk)(X*)+J (b§k+aik)(3)ij(3)d3i|

k=1

X

X

< Ce—ax/s

*

e—as/e dsi|
where we used (3.19) and |x — x*| < &. Combining this inequality with (3.20), we get

IW;i(x)I <Ce e ™/® fori,j=1,---,mand x € [0,1]. (3.21)
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Recalling that Lw; = 0, we deduce from (3.19) and (3.21) that for x € [0, 1] one has
WPl < ek e™®/* fork=2,3 and i,j=1,---,m.

The analysis of Section 3 is summarized in the following result.

Theorem 3.1. In addition to the hypotheses of Section 1, let Assumptions 3.1 and 3.2 be
satisfied. Then there exists a constant C such that the solution u of (1.1) can be decomposed

as
m

u=v+ Z[(ui —v;)(0)]w;

i=1
where

WPl < C(A+e*7) for j=0,1,2,3,
and for each w; = (w;1,++ ,w;;,)| and x € [0,1] one has

|W§£(X)| <Cele™®/® forj=0,1,2,3 and k=1,---,m.

4. Numerical method and analysis

We use a Shishkin mesh, which is constructed as follows. Let N be an even positive
integer. Choose a € (0, ) to satisfy Assumption 3.2 then choose k > 1/a. Partition the
domain [0, 1] into two subintervals [0, ;] and [0y, 1], where the transition point is

1
o) = min{a,kelnN}. “4.1)

Subdivide the subinterval [0, o] by the equidistant mesh {xi}?’:/(? and subdivide [0y, 1] by
the equidistant mesh {xi}’i\’: N /2" Typically for small ¢ the mesh is fine on [0, o] and coarse
on [0, 1]. We write h and H for the mesh widths on [0, 0] and [0}, 1] respectively. Set

N _ N-1
QO’ - {xk}k:1 .

We introduce the difference operators

Vie1 — Vi Vi — Vi_
# , D_Vi = lh—ll and 52Vi = D+(D_Vi),

i i

D+Vi =

where h; = x; — x;_; and h; = (h; + h;;,)/2 for each i. The operator Dv; is an up-
winded approximation of v/(x;) and 52v; is the standard central difference approximation
of v"’(x;). Note that the operator D*"v; coincides with standard upwinding when h; = h;, ;.
When we apply these operators to a vector-valued mesh function V, this means that they
are applied separately to each component of V.

Our discretization of problem (1.1) is

LNU(x) = (—€6°U — BDYU+AU) (x;) = f(x}) for x; € QY, (4.2a)
U(0)=u(0), U(1)=u(l). (4.2b)
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To analyze (4.2), first consider the scalar convection-diffusion two-point boundary
value problem (2.1) and the associated finite difference scheme

—e6%V(x) — r(x DV (x) + )V (xi) = p(xp)  for x, € Y,

V(0)=V(1)=0 (4.3)

which was investigated by Andreev [2,3]. Recall that 0 <r <r(x)<Rand 0 <q(x) <Q

n [0,1]. Set
and R= (1+9) (R”+%) .
r r

Clearly R” < [|(1/7)|lso, S0 R” and R are bounded independently of the mesh. The stability
bounds of [2, Theorem 2.1] give

N

=3l

i=1

i r(xl 1)

1
Voo = llPll1,a, (4.42)
IVl < RIIPII-1,00,d (4.4b)
where the discrete norms here are defined by
Ipllyg = Z pGx)Ih; and lpll-1,c0,¢ = min max Zp(x )h;—C|.
i=0
Returning to the system (4.2), fori =1,:-- ,m set

i and R;= (1+ ”aii”m) (R’.’+ E)
Bi B

j=1

1
bii(x))  bixj_1)

Define the m x m matrix T4 = ({;;) by

. = 1 ifi=j,
U= [BYTHID b+ agllg +Rillbille | ifi
When analyzing our discretization, this matrix is the analogue of the matrix T that was
used in Section 2 to investigate the original system (1.1).

>0

Assumption 4.1. (i) The matrix Y 4 is inverse monotone, i.e., T, = (z;;) exists with z;; =

for all i and j; (i) there exists a constant C such that z;; < C for alli and j.

This assumption will be satisfied if, e.g., there exists a constant C, such that

m
Zlcl’j|5C2<1 fori=1,---,m
y
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Since
llal L2
€1 = 5 (100 + o) + (1425 150 = 11
ll l
we see that Assumption 4.1 will be satisfied if for each i one has
Digi<C<1, 4.5)

J#L

i.e., the diagonal entries of B are sufficiently dominant relative to the off-diagonal entries
of B and the entries of A. Furthermore, it is easy to verify that (4.5) is also a sufficient
condition for Assumption 2.1 to hold.

Remark 4.1. Consider a simple case of the class of problems defined in (1.1): B a constant
matrix and A = 0. Suppose that we choose a = /2. Then T = T, and the off-diagonal
elements in the matrices T,® and Y, are

gl] ei'

2
_/51| b % R

In this case, a sufficient condition for all the matrices T,® and T, to be inverse monotone
and for Assumption 4.1 to be satisfied is that

(/5+2K)|bl]|

M)» |bjl<B fori=1,-- here M =4+38 ——1]. 6

ZI ijl<B fori=1,---,m, where 4+ mlax(ﬁ ) (4.6)
j#i

With Assumption 4.1 one can prove the following result.

Lemma 4.1. Any solution (Uy,---,U,,)T of (4.2) must satisfy
m
1Uillo < 5Ri Il 1004 fori=1,---,m. (4.7)
j=1
Proof. Fori=1,---,m, the ith equation in (4.2) can be rewritten as

(—£62U; — byD*U; + a; U (x)

= fi(xx) + Z I:D+(bij(xk—1)Uj(Xk)) — [DTby(xp—1) + aij(xk)]Uj(Xk)]
j#i

fork=1,---,N —1, since

b(x;)D*V (x) = DT (b(x_1)V (x1)) — V(xx)D T b(xp—1).
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Note that ||D+(pq)||_1’d < Iplleollqllso- Analogously to the proof of Lemma 2.1, we can use
(4.4a) and (4.4b) to get

" (1D by + ay
~ Jj ijlll,d
1Uilloo < Rillfill 100 + ( ﬂ
j=1 t

J#

+Ri”bij||oo) 1Ujlloo-
Taking the U; terms to the left-hand side, we have

m
U lleo + Y iillUllo S Rillfilly0a fori=1,---,m.
j=1
Write this system in matrix-vector form then multiply by Tgl to obtain the desired result.
O

Corollary 4.1. The system (4.2) has a unique solution.

4.1. Truncation error analysis

The truncation error analysis that we present below for the system (4.2) is akin to the
truncation error analysis given in [3] for the scalar case. The solution of (4.2) can be
written as the sum

U=V+ Y [(u; —v)(0)IW,
i=1

where, analogously to the construction of Section 3, we define V and W; by
t"V=£, V(0)=v(0), V(1) =v(1),
L"W; =0, W;(0) =w;(0), W;(1)=0.
Now the truncation error is
LNU—u)=¢e(6%u—-u")+BD u—-u’)
and one also has
m
IVU—u) = LNV =v)+ D [(u; = v)(O) LN (W, — w)).
i=1

In the special case when the mesh is uniform (o = 0.5), one can deduce from Theorem 3.1
that
1LY (U — )|l < CN~(InN)2.

Thus assume that o, = ke InN. From the bounds in Theorem 3.1 on the derivatives of the
regular component v, one can see that

max |(LN(V - v)(x;))il < CN~! for x;# 0y and max |(LN(V—v)(o})) < C.
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Hence
ILN(V=v)ll1,4g <CN .

By using an integral representation for the truncation error and the bounds on the deriva-
tives of the layer components w; in Theorem 3.1, we get

R LY (W; = w)(x))
< Ce_lhje_“"f—l/g(l —e /ey 4 Cs_lthe_“"f/g(l — e~ /ey, (4.8)

For the points x; = 0} and x; = 0 + H we derive an alternative bound on the truncation
error:

BJLN(Wl - Wi) = il]-(s(52wi - W:/) +B(D+Wl — W{))
= (81 + il]B)D+Wl — 8D_Wi — il]'gwgl +BW{)
= (eI+h;B)D*w;—eD"w; —hjAw,.
By Theorem 3.1, for each layer function w; one has
leD¥w(x;)| < Ce™®%/¢1 and |h;BD*w;(x;)| < Ce /%1,
Using these bounds we deduce that
}_1]|LN(W1—W1)(X])| SCe_axf*I/gl for Xj :O'k,()'k+H. (49)

By (4.8) and (4.9), we get

N/2+1_ H
LYW, = w g < C=+ D RILN(W; = w)(x))| + C—e Ot/ 4 cp
€ P €
< CN!'InN.

The above bounds and Lemma 4.1 (with U replaced by U — u) imply the following
convergence result for our method (4.2).

Theorem 4.1. Let Assumptions 1.1, 3.1, 3.2 and 4.1 all be satisfied. Then

CN'InN ifo,<0.5,

u—"U|, =
| lo {CN‘llnzN if o, =0.5.

where u is the solution of (1.1) and U is the solution of (4.2).

Remark 4.2. Theorem 4.1 remains valid when the upwinded operator D™V; used to ap-
proximate the convective terms in (4.2) is replaced by the standard upwind operator
h;D*V;/h;,,, but the off-diagonal elements in the matrix Y, then increase in magnitude,
which restricts the applicability of the convergence result.
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Table 1: Two mesh differences DY, e-uniform two-mesh difference DV, e-uniform orders p" as defined
in (5.2) and computed error constants CY for Example 5.1 with k = 0.275.

N
€ 8 16 32 64 128 256 512 1024

10° | 8.655e-2 | 5.538e-2 | 3.154e-2 | 1.681e-2 | 8.693e-3 | 4.422e-3 | 2.230e-3 | 1.120e-3
1071 || 1.549¢-1 | 1.068e-1 | 6.989e-2 | 4.35%-2 | 2.609e-2 | 1.509e-2 | 8.530e-3 | 4.736e-3
1072 || 1.630e-1 | 1.114e-1 | 7.284e-2 | 4.549¢-2 | 2.720e-2 | 1.575e-2 | 8.900e-3 | 4.941e-3
1072 || 1.638e-1 | 1.118e-1 | 7.312e-2 | 4.567e-2 | 2.731e-2 | 1.581e-2 | 8.935e-3 | 4.962e-3
107 || 1.63%-1 | 1.119e-1 | 7.315e-2 | 4.569e-2 | 2.732e-2 | 1.582¢-2 | 8.93%-3 | 4.964e-3
107° || 1.63%¢-1 | 1.119e-1 | 7.316e-2 | 4.569e-2 | 2.732e-2 | 1.582e-2 | 8.93%¢-3 | 4.964e-3
107% || 1.63%-1 | 1.119e-1 | 7.316e-2 | 4.569e-2 | 2.732e-2 | 1.582¢-2 | 8.93%-3 | 4.964e-3
1077 || 1.639e-1 | 1.119e-1 | 7.316e-2 | 4.569¢e-2 | 2.732e-2 | 1.582e-2 | 8.939¢-3 | 4.964¢e-3
DY ][ 1.63%-1 | 1.119e-1 | 7.316e-2 | 4.569¢-2 | 2.732e-2 | 1.582¢-2 | 8.939¢-3 | 4.964e-3
pY 0.942 0.903 0.921 0.954 0.977 0.992 1.001
Cf] 0.630 0.645 0.675 0.703 0.721 0.730 0.734 0.733

5. Numerical results

In this section we use (4.2) to compute solutions for some specific cases of (1.1) in
order to support Theorem 4.1.

Example 5.1. Let

5+ 2x 1+ 3x2 3—x 1
B= 1+2e % 5 — x?2 x® ,A=0 and f= —4 — 4x
1 22+x)/(1+x) 6 —12+ 2x2

The boundary conditions are u(0) = u(1) = 0.

In Example 5.1 one sees that 8 = 4. The analysis in Sections 3 and 4 requires that
0 < a < f8 and k > 1/a, where the transition point on the Shishkin mesh is

1
akzmin{i,kslnN}. (5.1

Thus we should choose k > 0.25.

In Table 1 we show computational results for Example 5.1 with k = 0.275, ¢ =
1,1071,--- 1077 and N = 16,32,---,1024. The definition of o, implies that an equidis-
tant mesh is used when computing the first row of the table while a piecewise uniform
mesh is used in all other rows. As the exact solution of the example is unknown, we follow
the standard approach [6] by computing, for each N and ¢, the two-mesh difference ngv
defined by

DY =|[0* —u"|

where U?" is computed on the mesh obtained by bisecting 2. Then the e-uniform two-
mesh difference is defined to be

pN = max Div.
£=1,10"1,--- 1077
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Example 5.1 with k=0.275
T

15 T T T T

-2 L L L L L L L L L
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1. Computed solution for Example 5.1 when ¢ =0.01, N =32 and k = 0.275.

Example 5.1 with k=0.275

___________________________ O‘ -—- -
1 |
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e
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0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

Figure 2: Blow-up of layer region in Fig. 1.

Assuming that one has a theoretical rate of convergence of the form ¢((N~'InN)P), an
estimate of the computed rate of convergence is given by
InDN —InD?N

N ._
P T n2InN) — In(In(2N )’ (5.2)

In the numerical experiments that we report, when € < 0.1 one has o} = keInN. To inves-
tigate whether the theoretical rate of convergence ¢(N~!InN) predicted by Theorem 4.1
is observed, for each N we compute

cY :=DN(N/InN).

In Table 1 the values of pV are approaching the value 1 as N increases, which is what
our theory predicts. This is also borne out by the behaviour of CI¥, which appears to be
converging to a positive value.
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Table 2: Computed values of p" for different values of k, for Example 5.1.

N
k 8 16 32 64 128 256 512

0.1 0.606 | 0.535 | 1.046 | 0.394 | 0.156 | 0.643 | 0.647
0.2 1.064 | 1.001 | 0.975 | 0.994 | 1.003 | 1.009 | 1.013
0.25 1.034 | 0.918 | 0.934 | 0.959 | 0.985 | 0.997 | 1.005

0.275 || 0.942 | 0.903 | 0.921 | 0.954 | 0.977 | 0.992 | 1.001
0.3 0.855 | 0.885 | 0.916 | 0.938 | 0.966 | 0.987 | 0.998
0.4 0.879 | 0.737 | 0.855 | 0.889 | 0.940 | 0.968 | 0.986
0.5 0.806 | 0.692 | 0.794 | 0.870 | 0.911 | 0.952 | 0.970
0.6 0.652 | 0.756 | 0.701 | 0.814 | 0.896 | 0.937 | 0.916
0.8 0.408 | 0.598 | 0.658 | 0.768 | 0.857 | 0.914 | 0.915
1.0 0.297 | 0.392 | 0.718 | 0.654 | 0.801 | 0.894 | 0.934
2.0 0.657 | 0.318 | 0.099 | 0.574 | 0.629 | 0.807 | 0.859

Table 3: Computed values of pV with k = 0.4 and various values of 7, for Example 5.2.

N
8 16 32 64 128 256 512
0911 | 0.788 | 0.856 | 0.895 | 0.935 | 0.961 | 0.869
0.886 | 0.845 | 0.871 | 0.904 | 0.943 | 0.966 | 0.983
0.989 | 0.931 | 0.895 | 0916 | 0.951 | 0.972 | 0.986
1.270 | 1.030 | 0.953 | 0.953 | 0.962 | 0.980 | 0.984
3.5 1.208 | 1.190 | 1.114 | 1.080 | 1.018 | 0.982 | 0.972
4 1.009 | 1.201 | 0.472 | 0.755 | 1.220 | 0.261 | 0.550
4.5 1.157 | -0.001 | 0.362 | 0.919 | 0.241 | 0.168 | 0.688
5 -0.417 | 0.299 | 0.809 | -0.402 | 0.086 | 0.656 | -0.130

W N~ O3

A representative computed solution for Example 5.1 is shown in Figs. 1 and 2.

To investigate the dependence of the method on the value of k, Table 2 presents the
computed rates of convergence py for various k. We observe a degradation in the order of
convergence as k is increased above 0.6 and when k < 0.2.

Example 5.2. Let

1
, A=0 and  f= —4—4x
—12+2x?

W U1 W
N W33

5
B = n
n

Here 1 is a parameter that we shall vary in our numerical experiments. The boundary condi-
tions are u(0) =u(1) =0.

We use Example 5.2 to test numerically whether strict diagonal dominance is a neces-
sary condition for convergence of our numerical method. Here 8 = 5 and strict diagonal
dominance requires |n| < 2. The orders of convergence of the numerical method when
applied to Example 5.2 for a range of 1) are given in Table 3. The method fails to be con-
vergent apparently only when 1 > 3.5, which suggests that the numerical method (4.2)
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Table 4: Maximum pointwise errors EV, e-uniform errors EV, e-uniform orders ¢" (as defined in (5.3))
and computed error constants C¥, C)' for Example 5.3 with k = 0.4.

N
€ 8 16 32 64 128 256 512 1024
10° [[ 2.631e-1 | 1.519e-1 | 8.113e-2 | 4.201e-2 | 2.141e-2 | 1.081e-2 | 5.430e-3 | 2.721e-3
1071 || 3.306e-1 | 2.560e-1 | 1.919e-1 | 1.263e-1 | 7.894e-2 | 4.701e-2 | 2.720e-2 | 1.539¢-2
1072 || 3.114e-1 | 2.454e-1 | 1.835e-1 | 1.205e-1 | 7.567e-2 | 4.512e-2 | 2.612e-2 | 1.479e-2
1072 || 3.095e-1 | 2.443e-1 | 1.827e-1 | 1.199¢-1 | 7.535e-2 | 4.493e-2 | 2.601e-2 | 1.473e-2
107* || 3.093e-1 | 2.442¢-1 | 1.826e-1 | 1.198e-1 | 7.532¢-2 | 4.491e-2 | 2.600e-2 | 1.472e-2
107° || 3.092e-1 | 2.442e-1 | 1.826e-1 | 1.198e-1 | 7.531e-2 | 4.491e-2 | 2.600e-2 | 1.472e-2
107% || 3.092e-1 | 2.442¢-1 | 1.826e-1 | 1.198e-1 | 7.531e-2 | 4.491e-2 | 2.600e-2 | 1.472e-2
1077 || 3.092e-1 | 2.442e-1 | 1.826e-1 | 1.198e-1 | 7.531e-2 | 4.491e-2 | 2.600e-2 | 1.472e-2
EN | 3.306e-1 | 2.560e-1 | 1.919e-1 | 1.263e-1 | 7.894e-2 | 4.701e-2 | 2.720e-2 | 1.53%e-2
q 0.631 0.614 0.818 0.873 0.926 0.951 0.969
CN‘iV 1.272 1.477 1.772 1.944 2.083 2.170 2.232 2.274
CN‘év 0.612 0.533 0.511 0.467 0.429 0.391 0.358 0.328

may yield uniformly convergent numerical approximations to the solutions of a wider class
of problems (1.1) than is covered by our current theory.

Finally, in Example 5.3 we consider a problem with a known analytical solution. Thus
the numerical results can be assessed by means of exact pointwise errors in our computed
solutions instead of the two-mesh differences used in our earlier examples.

Example 5.3. Let

3 -1 -1 —4
B=| -1 4 -2 |,A=0 and f=| 11
-1 -2 4 -7

The boundary conditions are u(0) = (1,4, —1)",u(1) = (e~ V¢ —2e=4/¢41,e Ve e~/ 4
2e70/e — 2 e71/e 4 o=4/¢ _ 26=6/YT  The true solution is

u=(1,1,1D"e ™ +(-2,1,1) e /¢ +(0,2,-2)Te /% + (x,—2x,x — 1)".

In Table 4 we show computational results for Example 5.3 with k = 04, ¢ =
1,107%,---,1077 and N = 8,16,32,---,1024. As the exact solution of the example is
known, we compute the maximum pointwise error Eév

N _ 11V _
E; =U" —ul|
. . . . N
and the e-uniform maximum pointwise error E

EN = max Eiv
£=1,10"1,---,1077

Assuming that one has a theoretical rate of convergence of the form @((N~!InN)P), the
computed rate of convergence q is given by

N InEN —InE?N
" In(21nN) — In(In(2N))

q (5.3)
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and estimates of the associated error constants by
CY:=E"N(nN)"', () :=EVN(InN)2
The results in Table 4 again indicate that the numerical approximations U generated by
(4.2) converge uniformly to the exact solution u of Example 5.3.
Appendix: (|| - ||, |l - |l-; ) stability for a reaction-convection-diffusion
equation

Consider the problem

Lu(x) = —e%v"(x) — er(x)v'(x) + ¢*(x)v(x) = h(x) on(0,1), (A.1a)

v(0)=v(1)=0. (A.1b)

Assume that |r(x)| <R and q(x) > g>0on [0,1]. The smallness of the convective coef-

ficient means that from the singular perturbation point of view, this convection-reaction-
diffusion problem is similar in nature to a reaction-diffusion problem; see, e.g., [10,13].

We wish to bound |[|v||, in terms of [|h||_; . The results of Andreev [4] are inapplica-

ble here since the convection coefficient tends to zero as € — 0. Nevertheless we shall use
the technique from [4] of treating L as a perturbation of a simpler operator.

Lemma A.1. The solution v of (A.1a) satisfies

1 2R
Vlloo < s (1 + ?) 1Al 1,00- (A.2)

Proof Define M : C2[0,1] — C[0,1] by
Mw(x) = —e?w”(x) + ¢*(x)w(x).
Then for each & € (0, 1), the Green’s function G(x, £) associated with M and £ is defined

by
MG(x,E)=6(x—&) forxe(0,1), G(0,§)=G(1,E)=1.

In fact
. 1 x) ifx<E,
Gx, &) = — go(&)g1(x) . 3 (A.3)
£2g1(0) | go(x)g1(&) ifx =&,
where the functions g, and g, are defined by
Mg()(x) =0 on (Oa 1)1 gO(O) = 1) gO(l) = Oa (A'4a)

Mgi(x)=0 on(0,1), £(0)=0, g;(1)=1. (A.4b)
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The operator M satisfies a maximum principle. Hence 0 < gy < 1, and (A.4a) then gives
gy =0, whence g, < 0. Similarly g7 > 0. It is shown in the proof of [8, Lemma 2.2] that

1
. 1
J |Ge(x,8)[dE< — forO<x<1. (A.5)
£=0 €q

Fix x € (0,1). Let G(x, &) be the Green’s function associated with (A.1). Then

L*G(x,&) := —sngg(x, &)+ s(r(i)G(x,i))g +q(8)G(x,8)=6(x—¢&) for0<&<1.
Rearranging, this is
MG(x,8) = 6(x — £) — £ (r(E)G(x, ) ;-

Hence

1
G(x,&) = f [5(x -¥y)- S(r(y)G(x,y))y] G(y,&)dy
y=0
1

=G(x, &)+ sf Gy (7, r(y)G(x,y)dy
y=0

£ 1
=G(x,8)+¢ U +J ) Gy (¥, E)r(y)G(x,y)dy.
y=0 y=¢

Differentiating, we get

<
Gz (x,8) =G(x,8) +¢ [Gy(i_,ﬁ)r(i)G(X,€)+J Gye (v, Er(¥)G(x, ) dy
y

=0
1

—Gy(€+,§)r(€)G(x,€)+J

Gye(y,8)r(¥)G(x, y) dy] )
y=£

But MG(x, &) = 6(x — &) means that

Gy(g_: 5) - Gy(€+: 5) = 8_2.
Thus

£ 1
Ge(x,8) = Ge(x,8)+ &7 'r(8)G(x,8) + & (J +J ) Gye(y,)r(y)G(x, y)dy.
y=0 y=£

Via a maximum principle argument one can see that G(x,y) > 0, so

1

1 1 A R
f |G§(X;§)|d§§f |G5(X;§)|d§+;f G(x,8)d&
3

=0 £=0 £=0

1 & 1,1
+gU J +J J )|Gyg(y,§)|.|r(y)|G(x,y)dyde. (A6)
E=0Jy=0 JE=0Jy=¢
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Now (A.3) and the monotonicity properties of g, and g{ imply that Gyg < 0. Thus

1 pE 1,1
SU j +f f )|Gyg(y,£)|.|r(y)|G(x,y)dyda
§=0Jy=0 §=0Jy=¢
1 pE 1,1
- U j +f f )Gyg(y,a)lr(y)lc(x,y)dyda
§=0Jy=0 E=0Jy=¢
1 1 1 y
- U f +f f )Gyg(y,anr(ync(x,y)dyda
y=0J&=y y=0J&=0
1

= —sJ (=G, y )+ Gy (3, y )] IrIGlx, y) dy,
y=0

on carrying out the integrations and using Gy( y,0) = Gy( y,1)=0. But

G,(y,y ) =G, (y,y")=—¢72,

1 pE 1,1
SU j +f f )|Gyg(y,£)|.|r(y)|G(x,y)dy
§=0Jy=0 §=0Jy=¢

so we get

1
=g J Ir()IG(x, y)dy. (A7)
y=0
Recalling (A.6), we have shown that
1 o or (1
£=0 £=0 € Je=o

Here 1
J 1Ge(x, )] dE < 1/(eq)
£=0
by (A.5), and the maximum principle bound |[|v||,, < g_2||Lv||oo implies that

1
J G(x,&)dg <q?
3

=0
(take Lv = 1). Thus

! 1 2R
J IGg(x,€)|d€§£+872. (A.9)
3 4 €9

=0
But by definition of G, for each x € [0, 1] we have
1 1
v(x)= f G(x,&)h()dE = —f Ge(x,8)H(E)dE,
£=0 £=0
where H is any antiderivative of h, and invoking (A.9) we get the desired inequality (A.2).
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