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Abstract
In this paper, some effective cascadic multigrid methods are proposed for solving the
large scale symmetric or nonsymmetric algebraic systems arising from the finite volume
methods for second order elliptic problems. It is shown that these algorithms are optimal
in both accuracy and computational complexity. Numerical experiments are reported to
support our theory.
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1. Introduction

The finite volume methods or covolume methods have become powerful tools for numerically
solving PDEs. They can also be termed as box methods [1], generalized finite difference methods
[15]. These methods have a simplicity for implementation comparable to the finite difference
methods; on the other hand, they have a flexibility similar to that of finite element methods for
handling complicated geometries and boundary conditions. Another important advantage of
these methods is that the numerical solutions usually have certain conservation property, which
are very desirable in many applications, especially in CFD. For a comprehensive presentation
and more references of existing results in this direction, we refer to the monographs [15],[13],
for details.

The algebraic systems resulting from the finite volume methods are sparse and ill-conditioned.
So we should construct some effective methods like multigrid methods or domain decomposition
methods for solving such kind of large scale systems. Although the convergence behavior of
multigrid algorithms for standard finite element methods is by now well understood, much less
is known for the finite volume element method. Recently, a V-cycle multigrid for the finite vol-
ume element method was proposed in [10] by Chou and Kwak. They show that the multigrid is
optimal, which means that the convergence rate of this method is independent of the mesh size
and mesh level. The aim of this paper is to present some cascadic multigrid algorithms for the
discretization systems of the finite volume methods. Compared with usual multigrid, the main
advantage of the cascadic multigrid method is its simplicity[2][17]. It requires no coarse grid
corrections at all and may be viewed as a ”one-way” multigrid method. In recent years, there
have been several theoretical analysis and the applications of these methods, cf. [17][19]for non-
conforming element methods and plate bending problems, [18] for parabolic problems, [14][20]
for nonlinear problems, [5] for Stokes problems, [6] for mortar element methods.
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In this paper, we shall first propose a cascadic multigrid algorithm for the symmetric sys-
tems resulting from finite volume method approximation of some special second order elliptic
equations. In this case, the quadratic forms in different mesh levels are noninherited. We
shall show that the cascadic multigrid algorithm holds optimal accuracy and computational
complexity. Second, it is known that the algebraic equations arising from the finite volume
methods are usually nonsymmetric, which brings us many difficulties for designing an optimal
cascadic multigird algorithms. But note that the nonsymmetric equations are a small pertur-
bation of the usual finite element discretization equations. Based on this observation, we shall
construct an efficient cascadic multigrid algorithm for this large scale nonsymmetric system. In
this algorithm, we shall first solve a small nonsymmetric problem on the coarsest grids which is
associated with low frequencies of the discretization system, and then solve symmetric positive
definite (SPD) finite element problems on the fine levels. Under this construction, we shall also
prove that the cascadic multigrid is optimal in both the accuracy and computational complexity.

The rest of our paper is organized as follows: In Section 2, we give some notations used in
this paper and formulate the finite volume element schemes. In Section 3, the cascadic multigrid
methods for the symmetric and nonsymmetric systems are analyzed respectively. In the last
section, numerical experiments are reported to support our theory.

2. A Model Problem and Finite Volume Methods
We consider the following self-adjoint elliptic problem

-V - (AVu) + qu f in Q
u = 0 on 09,

(2.1)

where ) is a polygonal domain; f € L?(f2), ¢ € L°°(f2) and ¢ > 0 almost everywhere in  are
two given real-valued functions; A = (a;j)2x2 € (W°(£2))* is a given real symmetric matrix-
valued function. We assume that A satisfies the following ellipticity condition: there exists a
constant «; > 0 such that

a1 €Te <eTAx)¢, VeE€ R*and x = (2,y) € Q. (2.2)

In what follows we shall adopt the standard definitions of Sobolev spaces and their norms and
semi-norms as presented in [11].
The variational formulation associated with (2.1) is to find u € V = H}(Q) such that

a(u,v) = (f,v) YveV, (2.3)

where

a(u,v) = /(AVu - Vv + quv)dz,

Q
(fv) = [ fode.
Q
Under the above assumptions, it is known that (2.3) holds a unique solution u € H2(Q)NHE(Q).
Define the energy norm as:

[olla = a(v,0)%, Vo € HE(S).

It is easy to check that this norm is equivalent to the usual norm || - ||; over the space HJ ().

In order to present the cascadic multigrid algorithm for finite volume methods, we first
construct a sequence of nested triangulations of (2 as follows. Suppose that a coarse triangulation
7o of Q is given, we define the finer triangulation 7; for [ > 1 by subdividing a triangle in
7,1 into four subtriangles by connecting the midpoints of the edges. Assume that the coarse
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triangulation 7y is regular and quasi-uniform, then every 7;, (I >)1 is regular and quasi-uniform
too. Let h; denote the maximum mesh size of 7;, then h; = h"2‘1. Let L be an integer greater
than or equal to zero, and for [ = 0,1,---, L, construct the usual piecewise linear conforming

finite element space V; on 7; as

Vi={veC%Q): v|k is linear, ¥ K € 7;,v = 0 on 9Q}
Since the triangulations are nested, it follows that
WwcWvic---cCVi.
Then the standard finite element approximation of (2.3) is to find @; € V; such that
a(ag,v) = (f,v), Yve V. (2.4)

Next, we describe the finite volume methods. First, associated with the primal partition
T;, we define its dual partition 7;* as follows: choose any interior point or median, Zg of
K € 7;. Let Py be an interior node and P; be its adjacent nodes, M; = Mj; be the midpoint
of PyP;. There are two well-known duals, i.e., the so called Voronoi meshes (Zx chosen as
the circumcenters) and the barycentric dual (Donald dual) in which Zk are barycenters of K.
In Figure 2.1, we choose Zx as the circumcenter of K, then connect successively the points
My, Zy, M3, Zs, - - -, Mz, Z7, My to obtain the dual polygonal element Kj, . The dual element
K}, based at a typical boundary node P, is defined by restricting the dual element to the
interior of 2. Then

7" = {Kp, : P;is the vertex of T;},

which constitutes a dual partition of the domain 2.

Associated with the partition 7,* we define the test function space W; as the piecewise
constants over every dual element and which vanish on 9. Let xp be the characteristic
function of the dual element K7, all the characteristic functions on 7,* form a basis of the
space Wj. Then the finite volume methods of (2.3) is to find u; € V; such that

b (u,wi) = (fyw) Y w €V, (2.5)
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where

bj (v, w) = Y wi(P)bj (vr, xp),

PeQp

and

b} (v, xp) = —/ (AVv;) - nds +/ quidz,
K, K3
where n is the unit outward normal to 0K 5. It should be noted that the above formulation is a
way of stating that we have an integral conservation form on dual domains using the divergence
theorem.
Define a one-to-one operator r;: V; — W; such that for v; € V]

U = Z v (P)xp,

pef

where QY is the set of interior nodes of 7;, and it is easy to check that the operator has the
following approximation property

lvr — rvi]lo,q < Chylvi]i,g- qg>1 (2.6)
Employing the above defined operator 7, set
aj (ug,vr) = by (w, rvr), VY w, v € W,
then the finite volume scheme (2.5) can be rewritten as: Find u; € V; such that
aj (i, v) = (f,rmor), Yo € V. (2.7)
For the bilinear form aj (-, ), we have that there exist 8y, 31 > 0 such that [7][12]
Pollvlla < aj (v,v) < Bufjola- (2.8)

On the other hand, it holds that[12][9]

Lemma 2.1. There exists a constant C independent of the mesh size h; and the level | such
that for any u;, v € V],

|a(u, vr) = aj (wi, v)| < Challwilla][vila- (2.9)

From this lemma, we can see that the bilinear form a(-,-) is a perturbation of the form a(-,-).
As a corollary of this result, we have the coerciveness and boundedness of the form aj(, ).
Moreover, it is proved in [12][9][8] that the following error estimates are true.

Theorem 2.1. Let u;, u be the solutions of (2.7) and (2.3) respectively, then
lu—willa < Chullfllo- (2.10)

Moreover if f € WHP(Q) p > 1, it holds

llu—willo < Chi(Ifllo+II/]

1p); (2.11)

where the constant C is independent of the mesh size h; and the level .
Define the operator A; : V; — V; with respect to the bilinear form a; (-, -) as:

(Aju,v) = aj (u,v) Vu,veWV. (2.12)
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Then (2.7) can be rewritten in operator form as
Ajw = fi, (2.13)
where f; € Vi, (fi,v) = (f,rv) Yv e V.

3. The Cascadic Multigrid Algorithms

We know that the algebraic system derived from the finite volume scheme is nonsymmetric
in general even if the underlying PDE is symmetric, but there are two exceptions below:

e Case 1. A is a constant symmetric matrix,

o Case 2. A = c¢(z)I, and the point Zx is chosen to be the circumcenter of K.

In Case 1, the bilinear form a;(-,-) is equivalent to a(,-), the discussion of its cascadic
multigrid scheme reduces to the finite element case. So we only need to discuss the Case 2.
The general nonsymmetric case will be discussed in Section 3.2.

3.1. The symmetric case
In this case the bilinear form af (-, -) is symmetric, the cascadic multigrid algorithm for this
problem can be written as follows:
Algorithm 1.
(1) Let u) = ui=ug be the exact solution of (2.7).
(2) For 1 =1,2,---,L, let
u) = Luj ;.

Do iterations for (2.7):
u™ = KM

(3) Set u;=u;"",
where in the above algorithm, I; : V;_1 — V} is the natural injection operator, K; denotes
the smoothing operator on the level [, such as the Richardson, Jacobi, Gauss-seidel, or CG
iteration. my is the number of iteration steps on the level .

Similar as in the finite element case, we call a cascadic multigrid for the finite volume
methods optimal in the energy norm on the level L, if we obtain both the accuracy

lur —uplla = flu—wuLlla,

which means that the iterative error is comparable to the approximation, and the multigrid
complexity
amount of work = O(ng), nr =dimVy,.

Moreover, define the norm
lvl|?=a; (v,v), Vv e V.

By (2.8), we know that this norm is equivalent to the usual energy norm || - ||4.
It is known that for the smoothing operator mentioned above, there exists a linear operator
T; : Vi — V; such that
w — KMl =T (w — uf), (3.1)

and for the symmetric operator A; it holds that

h—l
le—7|\v||o, Yo e W, (3.2)
IT ol < ol Yo eV (3.3)

IN

17 vl
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where y is a positive number depending on the given iteration. Using fully same arguments as

1
in [2],[3],[4], we can show that (3.2), (3.3) are valid with v =1 for the CG iteration and v = 3

for the other three standard iterations.

Note that in the finite volume methods the test function spaces are not nested because a
dual element K} € 7;" is not a subset of a dual element K" ; € 7;* . Then the associated
quadratic form a; (-, -) is noninherited in nature, i.e,

aj (v, Liv) # aj_(v,v), veE Vi_1. (3.4)

In the following, we will give an example to show that the bilinear form aj(-,-) is indeed
noninherited and give an explicit difference between these two quadratic forms.
Example. Consider the problem (2.1) on the domain Q@ = [0,1] x [0,1] with ¢ = 0 and
A = a(x,y)l, where a(z,y) = 22 + > + 1.

(1+1,J)
(1-1,4-1) - : (141,J+1)
(2’-112J+7§ (21,2J+1) (21+1,2J+1;§
(21-1,2.1;5 (2,2J) (2141, 2.1;
(1-1,J-1) ' ) (1+1,J)
(2"1'2J"}i (21,21 (2I+1,2J—t§)
(1-1,4-1) :
(1,d-1) (1+1,J-1)
Figure 3.1

First decompose the domain €2 into N2 equal-size squares with the edge length h = 1/N,
then each square is divided into two right triangles in the same direction. We denote this
partition as 7;_1. Based on this partition, as in Figure 3.1 we construct the dual partition by
connecting the medians of all K € 7;_;. Refine the mesh once we get 7; and its dual partition
7;*. Note that v;_; is piecewise linear on 7;_;, and

a?_l(vlfla ’0171)

= Z Z vl,l(Pi)/ a(x)Vu,_1 - nds
BKI.*QKI,J

Kr,y€Ti—1 K} ET,:‘FI

=Y {Visn (/

mom
Kor,g o7y

a(x)Vuj—1 - nds + / a(x)Vu—1 - nds)

mamo

+VI7J/ a(x)Vu_1 -nds + Vi1 g1 / a(x)Vu;_1 - nds}
mamo

+ > AV (/

momsa

a(z,y)Vu_1 - nds +/ a(z,y)Vui_1 - nds)

mom1
mam
Kory1,g 370

+V]’J/ a(x,y)Vi—1 -nds + Vig1, 541 / a(z,y)Vi_1 - nds}
ma3mo

momsa



Cascadic Multigrid for Finite Volume Methods for Elliptic Problems 911

N-IN-1 v TR
T+1,0 — VI,
. ([ ooy gpartens 2Tl (35)
=0 g=1 e, 1
N—-1N-1 yI+l V _ V 2
' T 0+1 — Vi,
S gy Ve
=1 J=0 ‘Y1
N—1N-1 )
= {(12+J2+I+ )*h2+1}(V[+1]_V]J)
=0 J=1
N—1N-1
2, 72 [N _ 2
+ {F+ 77+ J+ 3)*h + 1} (Vi g1 = Vig)7,
=1 J=0

where zy =J-h, yr=1-hand Vi 5 =v_1(xs,yr1).
On the other hand, in a similar way

2N12N1 iy

. i (Vg — V)2
ai (g1, ivp—1) = Z {/ a(g;’ywr%)dmw}
=3 ? (3.6)
2N71 2N71 901 W, 0 .
d - (Vig+1 — Vi)
S ey st
i=0 j=0 vY;-1 2
N ~h . h - L.
where &; = j - 5 Vi=ig and V; ; = Livi—1(&5, 9:)-
Since v;_1 is piecewise linear on 73, ,, we have that for I,J =0,1,---, N,
- - Vig+V
Vares =V1,5, Vort1,2941 = wa
- Vig1,0+ Vi - Vi1 + Vi
Varti,29 = ———-, Vorojyr = —————.
2 2
Substituting these equalities into (3.6) to get
(Izvz 1szz 1)
1 Eyr41 Eyr43 (VI —V; )2
L N : Lo N 1,0 = Vi,7)
= Z {/ ’ (x,yQIJr%)da:—i—/ ’ a(®, §py 43 )d2} — an
I=0 J=0 Byy_1
N-1 N-1 y2J+ Uyry3 (Vr — V)2
N o N o\ gn J+1 T,7)
b S ety s [l gy D)
I=0 J=0 Yor—3 Yor -1 (37)
N—1N-1
= Z ((I2+J2+I+2 )h2+1)(V[+1]_V1])
1=0 J=0
N—1N-1
+ ((12+J2—|—J+ )h2+1)(VI g1 = Vig)?
I=0 J=0
Comparing (3.7) with (3.5), we have
af(fl’vl 1, L) —aj_q(vi-1,v-1)
1 —1N-1 N—1N-1
= Z Vig1,s — Vig)? + Z Vi1 — Vig)?)
I 0 J=0 I1=0 J=0

> §h2 . ga?_l(vl—lavl—l)7
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and
aj (Livi—1, Livi—1) — aj_1 (Vi—1, vi—1)
1
< ghzaf—l(vl—17vl—1)-

Finally, based on the above two inequalities, we get

1
aj (-1, [v—1) > (1 + 4—0}12)&?_1(@1717?}171)7 (3.8)

and 1
al*(Ilvl,l,Ilvl,l) < (1 + §h2)a771(w,1,vl,1). (39)

From (3.8) and (3.9), we know that a;(-,-) are noninherited for the special model problem, but
are just a small perturbation in different mesh levels. In general, the difference between these
two terms can be estimated as follows:

Lemma 3.1. There exists a constant C independent of the mesh size hy and the level I, such
that
lai (Lvi—1, Toi—1) = af_y (vi—1,v-1)| < Chylloia ||y (3.10)

Proof. Using the fact
a(lvi—1, vp—1) = a(vi—1,vi-1),

we have

|a7(Il’UZ—1) Ilvl—l) - a/zﬂfl(vl_lfl)l_l”
<laj (Livi—1, livi—1) — a(Lyvy—1, Lvg—1))|
+a_y (vi—1,vi-1) — a(vi—1,v1-1)].

Then an application of Lemma 2.1 completes the proof of this lemma.
Let my, 0 <1 < L, be the smallest integer satisfying

my > ¥ 'my, (3.11)

for some fixed B > 1, where my, be the number of the iterations on the finest level L.

Theorem 3.1. Let u; be the solution of (2.7) and uj be the iteration solution of Algorithm
I, then

hy

L
lur, =il < Co ) — (1 fllo + 1 llp) »>1. (3.12)
l

Proof. Tt follows from Lemma 2.1, Lemma 3.1, Theorem 2.1 and (3.2) that

e =gl = Y™ (= )l < 1T (o = )l 1T (aox = iyl

< C—Lt||lug —w— u_1 —ul
< o~ lur — wi—1llo + Jui—1 — w1 ls (3.13)

hl 1 %
Co5(1fllo + [1fll1p) + (1 + Ch) a1 = w11
l

IA

Recurrently, we get

L-11-1

1 hr_
luz —uile <3 TJA+Ch2_)—==(Ifllo + I /1) (3.14)

5
m
1=0 =0 L1
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Note that h; = 27 'hg, we obtain

L-1 L-1 1
[Ta+ Ch:_ ) <exp(CY hi_,) <exp(C——=) < Cy. (3.15)
=0 =0 1—4/3

Inserting (3.15) into (3.14) proves (3.12).
A similar argument of Lemmas 1.3 and 1.4 in [2] leads to

Lemma 3.2. If m;, the number of iterations on level l is given by (3.11), then the accuracy of
the cascadic algorithm I is

1
(5 )m
(||f||o+||f||1,p) for B=27, p>1.

1
(||f||mL [ fllip) for B>27, p>1,
lur —uplr <

Lemma 3.3. The computational cost of the cascadic algorithm I is proportional to

1
L C’—ﬁanL for pB< 2d7
> < ~ o
1=0

CLmpny for 8 =29

where d is the dimension of the domain §2.
Based on Lemmas 3.2 and 3.3, we have the following

Theorem 3 2 It holds that
(1). Ify=13,d= 3 then the cascadic multigrid I is optimal.
(2). If y =1, 2,3, then the cascadic multigrid I is optimal.
% 2, and the number of iterations on the level L is

myp, = [m.L?],

then the error is

(Hfl\o A1)y p> 1,

m*
and the complexity of computation is
L
mel < emunp(1+ lognL)3.
1=0

It means that the cascadic multigrid is nearly optimal in this case.

3.2. The nonsymmetric case

It is known that the bilinear form associated with finite volume methods for the self-adjoint
problem is nonsymmetric in general. To our knowledge, there is no any cascadic multigrid
algorithm for nonsymmetric systems, in this section, based on the special property of the fi-
nite volume method, i.e., the finite volume quadratic form is a small perturbation of the finite
element quadratic form, we shall propose an effective cascadic multigrid algorithm for the non-
symmetric system.

Algorithm II
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(1) let ud = ui=ug be the exact solution of (2.7).
(2) for 1 =1,2,---, L, let 4; be the exact solution of the following problem

a(t,v) = (f,mv) = Ni(uj_y,v) Yv eV, (3.16)

where Ni(u,v) = a (u,v) — a(u,v), Yu,v € V.
Let u) = Lju; ,, for (3.16), do iterations

u = GMu (3.17)

(3) Set uf=u;"",
where G; : V] —>lVl is the iterative operator on the level . Note that this iterative operator is
based on the finite element equation (3.16).

Similar as in the above subsection, it is known that for the smoothing operators such as
Richardson, Jacobi, Gauss-seidel, or CG iteration, there exists a linear operator S; : V; — V]
such that

u — G = S (w — ), (3.18)

and for the symmetric operator A; it holds that

h—l
CQ#HUHO, Yo € Vi, (3.19)

l
157" vlla < Nvlla, Vv eV, (3.20)

157" vlla

IN

where + is a positive number depending on the given iteration, and A; is defined by
(Aju,v) = a(u,v), Yu,v € V.

For the convenience of the following analysis, we denote the constants in (2.10),(2.11) as
(1, and the constant in (2.9) as C3 respectively.
In order to get the main result of this section, we first give two lemmas.

Lemma 3.4. Let uy, @ be the solutions of (2.7) and(3.16) respectively, then

lur = dualla < 3C1Cshi (I fllo + 11 £ll1.p) + Cshu(llui—y = @—illa + -1 = ui_1]la)-  (3.21)

Proof. Since

alu; —,v) = alu,v)— (f, o) +af (uj_q,v) —aluf_q,v)
= a(w —uf_,v) —aj(w —uj_;,v)
< Cshillw —uj_yllallv]la; Vv € V,
we get
v —dulla < Cshyllur —uj y[la
< Gshi(llwi — w1l + llwi—1 — @-1lla + lt—1 — uj_;a),

which, together with Theorem 2.1, completes the proof of (3.21).

Lemma 3.5. For the solutions 4; and u} in Algorithm II, we have

. . hy . X
[ —uflla < 3Clc2ﬁ(||f||0+||f||1,p)+||ul—1_ul,1||a
po1t (3.22)
+Co——(lug — tulq + |1 — A—1]la)

T
my
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Proof. Since

@ = ujlla = 15" (@ — ur 1l

157" (i = t—1)la + 187 (-1 = uiy)lla

m;« (llwe = wi-1llo + llur — @ullo + |ur—1 — @-1llo)
Hlt—1 —uj_ylla

IN

IA

As in Lemma 3.4, an application of Theorem 2.1 gives (3.22)

Based on these two lemmas, we can get the optimal error estimation between the finite
volume solution u; and the cascadic multigrid solution u;

Theorem 3.3. Assume that the coarse partition is small enough such that

4Cgh0 <1 (323)
and the number of the iteration step my, on the last level L satisfies
4
mz >3C5 - (1 + 703) . 3 —2 if B >2, (324)
mz >30Cy- (1+ 703) -2L if g7 =2, (325)
then
" h
1
lur, —upfla < Cu- Zm— Ul + 1 llp), p>1, (3.26)
1=1
where C, = max { 4C1C3, 3C1C2(1 4 7Cs) }.
Proof. We first prove the following two inequalities inductively,
[ —tulla < 4C1C3h7 - ([|fllo + ||f||1,p) (3.27)
lis —uilla < 3CiCa(1+17Ch)- Z—%mwwmm (3.28)
i=1

(1) For [ = 0, by the definition of Algorithm II

[luo = diolla = [l@o — uglla =0,
0 (3.27), (3.28) hold.

(2) For [ = 1, by (3.21), (3.22)

Jur — talla < 3C1C3h3 ([ fllo+ 11fll1.p)
and

N h hit
la1 = uilla -

(30102— + 02—

IN

3C1C3h3) (I fllo + 11 £111,5)

wwm+@%aWMHmm>
which are (3.27), (3.28) with [ = 1.

IN
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(3) Assume that (3.27),(3.28) hold for [ — 1,1, then by (3.21), we have
furgr — digalla < { 3C1Cshiy + Cshiyy - 40103]12

+Cshiy1-3C1Co(1 4 7C5) Z w7 Ao+ 11£11.0)

i=1

1 2
< {30103h12+1 + ECngthH -16Cshy (3 9>
l 9L—i
+ C\Cshugrhr -3C2(147C5) > — (I fllo + |1 f1l1,);
i=1 i
Since | < L,
1 2
I aL—i l L—s ——— (7 >2,
2L—i 9L—i ml B —2
- _ < L (3.30)
LT Ty L,
mp,

and [ > 2, by (3.23), we know
16C5h; < 1.

Combining above equalities with (3.24), (3.25), we have that (3.27) holds for I + 1. On the
other hand, by (3.22)

) h
g —uf e < {3C1C2—L + Oy l+ 40, Cy(h2 oy + h})

ml+1 lmz+1
h;
+3C1C2(1+7C3)Zm FULfllo + 11 1p) (3.31)
l+11:1 4
< 301C3(1+7C3)Z (||f||o+ [ £1l1,p)-
= 1

Then (3.28) holds for I + 1. By induction we know that (3.27) and (3.28) hold for any [ =
0,1,---, L.

Finally,
lur —uille < fur—drlla + ar —uilla
L
< {4C,C3h% +3C,Cy(1 + 7C3) Z 7} (£ llo + 1£111.0)
P (3.32)
L
<

h;
24D U lo+ 1 p):
i=1

7

which completes the proof of this theorem.
Based on Theorem 3.3, and using a similar argument of Lemmas 1.3 and 1.4 in [2] leads to

Lemma 3.6. If m;, the number of iterations on level l is given by (3.11), and the hg and mp,
satisfy the assumptions of Theorem 3.3. Then the accuracy of the cascadic multigrid algorithm
I is

1p) Jfor 6>2%,p>1,

1
— (o + 11
oz = i o < -

ho(lfllo + [1flp)  for B=27, p>1.
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Lemma 3.7. The computational cost of the cascadic multigrid algorithm II is proportional to

1
L C’—ﬁanL for pB< 24
> mim < — o
1=0 CLmpny for (=24,

where d is the dimension of the domain Q.
Based on Lemmas 3.6 and 3.7, we have the following

Theorem 3.4. Let hg and my satisfy the assumptions of Theorem 3.3. Then
(1). If y =4, d =3, then the cascadic multigrid algorithm II is optimal.

(2). If vy =1,d = 2,3, then the cascadic multigrid algorithm II is optimal.

(3). Ify=%,d =2, and the number of iterations on the level L is

mr, 2 L27

then the error in the energy norm is

lur —uplla < Chr(l[fllo+[1fll1p), p>1,
and the complexity of computation is
L
mel < Cnp(1 +lognr)3>.
1=0

4. Numerical Experiments

In this section we will give two examples to test the Algorithm I and Algorithm II
respectively.
Example 1. We use the Algorithm I to solve the following problem:

{ -V - (a(z,y)Vu) = f, inQ=(0,1)x (0,1),

v = 0, on 01, (4.1)

where a(x,y) = exp(x +y) and let f be chosen as 272 exp(x + y) sin(rz) sin(7y) — mexp(z +
y)(sin(mx) cos(my) + cos(mx) sin(my)) such that the exact solution of the problem is u(z,y) =
sin(7x) sin(7y).

= 1 X
h=1e Figure 4.1
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Partitioning the domain [0,1] x [0, 1] into the uniform triangular mesh as in Figure 4.1,
choosing Zx as the circumcenter of the triangular, we can get the dual partition correspondingly.
Using the Gauss-Seidel and CG iterations as the smoothing operators respectively, we list the
energy norm of the error between the cascadic multigrid solution and the exact solution on the
last level L in Tables 1-2, We can see from these tables that for both of the smoothers, if the
mesh is refined once, the energy error is decreasing by half independent of the coarse mesh.
It means that the convergence rate of the Algorithm I is one independent of the refinement
level.

Algorithm I with G — S smoother

Mesh # level (L) llu; —ull CPU time
3 6.8275570-03 | 204(s)
1 6.866367c-03 15(s)
512512 5 6.8536830-03 13(5)
6 6.8444000-03 70(s)
3 3415217003 | 2908(s)
1 3421522003 | 343(s)
10241024 5 3424024603 | 222(s)
6 3418322003 | 332(s)
1 1.716457c.03 | 3311(s)
5 1.714650¢-03 | 1040(s)
2048 > 2048 6 1.7103066-03 | 1329(s)
7 1.708507c-03 | 2044(s)
mr = 2L, 3 =50
Table 1.
Algorithm I with CG smoother
Mesh # level (L) lluj — w1 CPU time
3 6.826660c-03 31(s)
1 6.8484490-03 28(s)
512512 5 6.8185750-03 29(s)
6 6.8485750-03 29(s)
3 3.410303c-:03 | 158(s)
1 3418454603 | 117(s)
1024 > 1024 5 3418599003 | 116(s)
6 3.4185780-:03 | 118(s)
1 1.706217c-03 | 511(s)
5 1708165603 | 479(s)
2048 x 2048 6 1.7082006-03 |  488(s)
7 1.708201c-03 | 493(s)

myp =10, 8 =3.0
Table 2.

Example 2. The problem will be computed is

-V (AVu) = f, inQ=(0,1) x(0,1), (4.2)
v = 0, on J9, '
where
Ao 222 +y? +1 x? + 42
- $2+y2 x2+2y2+1
and

f = —2m(2z +y) cos(rx) sin(my) + 72 (322 + 3y? + 2) sin(rx) sin(7y)
—27(x + 2y) sin(rz) cos(my) — 272 (22 + y?) cos(mz) cos(my).

Then the exact solution can be expressed as u = sin(7x) sin(7y).
Using the same partition as in Example 1, since the coefficient A is a matrix function
with full entries, the system deriving from the finite volume discretization of this problem is
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nonsymmetric. We use the Algorithm IT to solve the discrete systems.
Algoritm II with G — S smoother

Mesh # level (L) luj — ullx CPU time
3 6.824011e-03 | 203(s)
1 6.838624¢-03 55(s)
512512 5 6.831931c-03 55(s)
6 6.8271616-03 69(s)
3 3.4124306-03 | 2526(s)
1 3.4156166-03 | 350(s)
1024 > 1024 5 3417416003 | 234(s)
6 3413925603 | 236(s)
1 1.711151e-03 | 3144(s)
5 1.709525¢-03 | 1078(s)
2048 x 2048 6 1.707180c-03 | 1176(s)
7 1.706368¢-03 | 1513(s)
mp = 2L7, B=4.0
Table 3.
Algorithm II with CG smoother
Mesh # level (L) luj — ullx CPU time
3 6.820202¢-03 | 187(s)
1 6.8232420-03 50(s)
512512 5 6.8231730-03 12(s)
6 6.823173¢-03 12(s)
3 3411521003 | 2754(s)
1 3411351603 | 347(s)
1024 > 1024 5 3.4107226-03 | 190(s)
6 3410723603 | 183(s)
1 1.709745¢-03 | 2917(s)
5 1.704839¢-03 | 843(s)
2048 x 2048 6 1.704851c-03 | 705(s)
7 170485103 | 705(s)

my, =10, 8 =3.0
Table 4.

The error of energy norm between the cascadic multigrid solution u7, and the exact solution
u on the last level L is given in Table 3-4 respectively for the Gauss-seidel and CG smoother.
Similar results as in Example 1 can be seen from these tables. The above numerical experiments
show that the convergence rate of the energy error is indeed of order one as proved by the
theoretical analysis for the two cascadic multigrid algorithms we propose for the finite volume
method.

Finally, in table 5, we list the error of the usual full multigrid method developed in [10].
It can be seen that the cascadic multigrid and usual full multigrid hold same computational
accuracy. But it seems that convergence speed of the usual multigrid method is a little bit
faster than the cascadic multigrid. Due to no coarse grid corrections, it is obvious that the
computational code of the cascadic multigrid is simper than the usual multigrid methods.

Full Multigrid with G — S smoother

Mesh # level (L) lluy —ull CPU time
3 6.816698¢-03 | 217(s)
1 6.8167630-03 51(s)
512 %512 5 6.8168320-03 37(5)
6 6.8168820-03 36(s)
3 3.4100860-03 | 2390(s)
1 3408419003 | 324(s)
1024 1024 5 3.408338¢:03 | 159(s)
6 3.4083460-03 | 147(s)
1 1.707871c-03 | 2359(s)
5 1.704383c-03 | 749(s)
2048 x 2048 6 1704163603 | 599(s)
7 1.704153¢-03 | 595(s)

Table 5.
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