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Abstract. The theory of a class of spectral methods is extended to Volterra integro-
differential equations which contain a weakly singular kernel (f —s)™* with 0 <
# < 1. In this work, we consider the case when the underlying solutions of weakly
singular Volterra integro-differential equations are sufficiently smooth. We provide
a rigorous error analysis for the spectral methods, which shows that both the errors
of approximate solutions and the errors of approximate derivatives of the solutions
decay exponentially in L*-norm and weighted L?-norm. The numerical examples
are given to illustrate the theoretical results.
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1 Introduction

Volterra integro-differential equations (VIDEs) arise widely in mathematical models of
certain biological and physical phenomena. Due to the wide application of these equa-
tions, they must be solved successfully with efficient numerical methods. Piecewise
polynomial collocation methods have been introduced in [7]. In [27], Tang discussed
the application of a class of spline collocation methods to weakly singular Volterra
integro-differential equations. Polynomial spline collocation methods were investi-
gated in [5,24,29]. Bologna [4] found an asymptotic solution for first and second order
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VIDEs containing an arbitrary kernel. In [32], sinc-collocation method was developed
to approximate the second order VIDEs with boundary conditions.

So far, very few works have touched the spectral approximations to weakly sin-
gular VIDEs. Spectral methods are a class of techniques used in applied mathemat-
ics and scientific computing to numerically solve certain partial differential equa-
tions [14, 20, 25, 31]. In practice, spectral methods have excellent error properties
with the so-called “exponential convergence” being the fastest possible. Recently, the
present authors have developed the spectral methods for the solutions of Volterra inte-
gral equations (VIEs) of the second kind [10,11,28], pantograph-type delay differential
equations [1,2] and singularly perturbed problems [18]. Moreover, in [30], we apply
the Legendre spectral collocation methods to approximate the solutions of second or-
der VIDEs. The main purpose of this work is to provide the Jacobi spectral collocation
methods for weakly singular VIDEs. We will provide a rigorous error analysis which
theoretically justifies the spectral rate of convergence.

The Volterra integro-differential equation that we shall study in details reads:

y'(t) =a(t)y(t) +b(t) + (vuy)(£), tel:=[0,T], y(0)=uyo (1.1)
where v, : C(I) = C(I) is defined by

t

() (£) = [ (=) K(t,5)p(s)ds,
with 0 < p < 1, the functions a(t), b(t) € C(I), y(t) is the unknown function and
K € C(I x1I),K(tt) # 0fort € I. Equations of this type arise as model equations
for describing turbulent diffusion problems. The numerical treatment of the Volterra
integro-differential equation (1.1) is not simple, mainly due to the fact that the solu-
tions of (1.1) usually have a weak singularity at t = 0. As discussed in [6], the second
derivative of the solution y(t) behaves like

vt~

We point out that for (1.1) without the singular kernel (i.e., p = 0) spectral methods
and the corresponding error analysis have been provided recently [16]; see also [28]
and [1] for spectral methods to Volterra integral equations and pantograph-type delay
differential equations. In both cases, the underlying solutions are smooth.

In this work, we will consider a special case, namely, the exact solutions of (1.1) are
smooth (see also [8]). In this case, the Jacobi spectral collocation method can be applied
directly. The organization of this paper is as follows: the spectral approaches for the
VIDEs with weakly singular kernels are presented in Section 2, and some lemmas
useful for establishing the convergence results are given in Section 3. In Section 4 the
convergence analysis is outlined, and Section 5 contains numerical results, which will
be used to verify the theoretical results obtained in Section 4. Finally, in Section 6, we
end with conclusions and future work.
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2 Jacobi collocation methods

2.1 Preliminaries

We present here some preliminary materials (see also [3, 9,26]) which will be used
throughout the paper. We first introduce the Legendre polynomials Ly(x),k = 0,1, - - -,
which are the eigenfunctions of the singular Sturm-Liouville problem

(1 —22)Li(x)) +k(k +1)Li(x) = 0.

They are mutually orthogonal over the interval (—1,1):

1
/ Ly(x)Ly(x)dx =0, whenever m # k.
-1

The classical Weierstrass theorem implies that such a system is complete in the space
L%(—1,1). The associated inner product is

(u,v) = /1 u(x)o(x)dx.

-1

For a given N > 0, we denote by {6} the Legendre Gauss points, and by {@}Y,
the corresponding Legendre weights. Then, the Legendre Gauss integration formula
is

1 N
[ fdx ) fE)a @)
/-1 k=0

Furthermore, we introduce the Jacobi polynomials (see also [13,15]) ];f P (x) of indices
«, p > —1 which are the solutions to singular Sturm-Liouville problems

/
((1 — x4 x)1+/5],1(x)> +k(k+a+p+1)(1—x)"(1+x)FJi(x) = 0.
Hereafter, we denote the Jacobi weight function of index («, B) by
w¥P(x) = (1 —x)*(1+ x)P.
We define the “usual” weighted Sobolev spaces:
2 ! 2
12.(-1,1) = {u: L () PP (x)dx < +oo ), (2.2a)
s (<1,1) = {u € L5 (=1,1) e, -, € 12,5(=1,1) |- (2.2b)

The space Li} .s(—1,1) is a Hilbert space for the inner product

(U,0) pop = /1 u(x)v(x)w"P (x)dx,

-1
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and the norm

1 1
_ 2. a8 2
Iz, a0 = ([ 0GP (x)dx )"

For a given N > 0, we denote by {6}, the Jacobi Gauss points, and by {&y}  the
corresponding Jacobi weights. Then, the Jacobi Gauss integration formula is

[ fw i~ ki o 03
In particular, we denote

1 11 f(x)w "0 (x)dx = ké F(O)wk (2.4)

[ 11 f(x)w™ 7 (x)dx ~ klé F ) v (2.4b)

2.2 Numerical schemes

For the sake of applying the theory of orthogonal polynomials, we use the change of
variable

T
t = §<1 + .x),
to rewrite (1.1) as follows

u'(x) = a(x)u(x) +b(x) + /Og(lﬂ) (%(1 +x)— s) VK(x,s)y(s)ds, (2.5)

where
u(x) :y<§(1+x)>, i(x) = ga(g(l%—x)),
b(x) = 2b(5(1+ ), R(x,s) = 2K(2(1+2),s).

Furthermore, to transfer the integral interval [0, T(1 + x) /2] to the interval [—1, x|, we
make a linear transformation: s = T(1+ 7)/2, T € [—1, x]. Then Eq. (2.5) becomes

u'(x) = a(x)u(x) +b(x) + /xl(x — 1) *R(x,T)u(t)dt, x€[-1,1], (2.6)
with the initial condition

u(=1) =u_1 =yo, 2.7)

where
R = (1) "R(x 2+1).
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In order that the Jacobi collocation methods are carried out naturally, we restate (2.7)
as

u(x) =u_1+ /xl u'(T)d. (2.8)

Firstly, Eqs. (2.6) and (2.8) hold at the collocation points {x;} ¥, on [—1,1], associated
with w™#7H e,

u'(x;) = a(x;)u(x;) +b(x;) + /xli(xi — 1) "R (x;, T)u(t)dT, (2.9a)
w(x:) = U1 + [ 1 W (1)dr. (2.9b)

In order to obtain high order accuracy for the problem (2.9a)-(2.9b), the main difficulty
is to compute the integral term. In particular, for small values of x;, there is little
information available for u(7). To overcome this difficulty, we transfer the integral
interval [—1, x;] to a fixed interval [—1,1]

' (x;) = a(x;)u(x;) 4 b(x;)

P () / 11(1 —0)MR(x;, T(x;,0))u(t(x;,0))d0,  (2.10a)
w(x;) = u_1 + ”Tx [ 11 W' (t(x;,0))d6, (2.10b)

by using the following variable change
=t 0) = o0+ B0, e l-1] 2.11)

Next, using Jacobi Gauss integration formula, the integration term in (2.10a) can be
approximated by

/11(1 —0)FR (xi, T(x;,0))u(T(x;, 0))do ~ % R(xi, T(xi, 0) )u (T (xi, 0k) Jwg,  (2.12)
- k=0

where the set {6} is associated with w™#?. Similarly, the integration term in (2.10b)
can be approximated by

/11 u'(t(x;,0))do ~ i u'(t(x;,0)) 0. (2.13)
- k=0

We use u}, u;(0 < i < N) to approximate the function value u’(x;), u(x;)(0 < i < N)
respectively, and use

N N
in(x) =Y wF(x), dan(x)=) ujF(x), (2.14)
j=0 j=0
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(although i} (x) differs from the exact derivative of iiy(x), we still use this notation)
to approximate the function u’(x), u(x), namely,

u'(x;) ~ ul, u(x;) ~ u;, u'(x) = ity (x), u(x) ~iy(x),

where F;(x) is the Lagrange interpolation basis function associated with the Jacobi
collocation points {xj}]-]\i o- Then, the Jacobi collocation methods are to seek 7} (x),

in(x) such that {u/}N o, {u;}}, satisfy the following collocation equations:

. N1-n N N o

oy = a5+ (157) Y w1 Rt 00) By (e (v 00 ), (2150)

j=0 k=0
N N _

Ui =u_1+ Lt Z u?( Z Fj(r(xi, Qk))(IJk> (215]9)
j=0 " k=0

We can get the values of {u/}N ; and {u;} ¥, by solving the system of linear equations
(2.15a)-(2.15b) and obtain the expressions of ify,(x) and iin(x) accordingly.

3 Some useful lemmas

In this section, we will provide some elementary lemmas, which are important for the
derivation of the main results in the subsequent section.

Lemma 3.1. (see [9]) Let Py denote the space of all polynomials of degree not exceeding N.
Assume that Gauss quadrature formula relative to the Jacobi weight is used to integrate the
product vp, where v € H!", ,(—1,1) for some m > 1and ¢ € Pn. Then there exists a
constant C independent of N such that

|(0,0) s — (0,9)N| < CN_W\U’H%(,M)||¢’|Lialﬁ(71,1)/ (3.1)
where
m 1
k 2
0]t 1.0 = (k_mm(ZmNH) ot )”%fﬂ,ﬁ (71’1)) , (3.2a)
N A A
(v, ¢)n =Y v(0k)P(Oc)ox (3.2b)
k=0

Lemma 3.2. (see [19]) Let {ﬁ](x)}]zi o be the N-th Lagrange interpolation polynomials asso-
ciated with the Gauss points {9;(}]1(\’:0 of the Jacobi polynomials. Then

O(logN), —-1<apB<-1,

1 _ (3.3)
O(N7z), v =max(a,B), otherwise.

N
Il == max Y |Ei(x)| =

xe[—-1,
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Lemma 3.3. Assume that v € H"_,_,(—1,1) and denote I,;""""v its interpolation polyno-

mial associated with the Jacobi Gauss points {xi}fi o hamely,

I Mo(x) = iv(xi)l-}(x). (34)
i=0

Then the following estimates hold

S _
(1) Hv_ Iy UHLLZU,%,M(—LU <CN m’v|Hb"jfj,,,y(—1,1)’
CNliV*m’v’HméN(—l,l)’ 0< < %,

2 _I_Vf_y <
2) |lo—1Iy UHL“’(*LU_ CN%*mlogN’U’H”’éW

1
-1,1)” 2 S H < 11

1 1
where w© = w272,

Proof. The inequality (1) can be found in [9]. We only prove (2). Let Ijv € Py
denote the interpolant of v at Chebyshev Gauss points. From (5.5.28) in [9], the inter-
polation error estimate in the maximum norm is given by

1
[0 = I§vllL=(-10) < CN2T 0] g (3.5)

~1,1)
Note that
I 'p(x) = p(x), ie, (I " —Dp(x)=0, Vp(x)€ Py. (3.6)
By using (3.6), Lemma 3.2 and (3.5), we obtain that
lo = I "0l
=llv — Ijo+ I " (Ijov) — I;fy'_yUHLoo(—l,l)
<[lo = I{ol =10y + 1" (IR0 = 0) | (<119
<1+ 1" M lleo) 1o = IRl o1,
CNYH 0]y _y 1), 0<pu<s,
CN%mngmePuy I<u<i
Hence, the lemma is proved. O

Lemma 3.4. (Gronwall inequality) If a nonnegative integrable function E(x) satisfies
X
E(x) < L/ E(s)ds+J(x), —-1<x<1, (3.7)
-1

where ](x) is an integrable function, then

IEllze(=1,1) < CllJllzeo(=1,1)s (3.8a)
HEHLZM(fl,l) < CH]HLZM(,M), p=>1 (3.8b)
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Lemma 3.5. For nonnegative integer v and x € (0,1), there exists a constant Cy, > 0 such
that for any function v € C"*([—1,1]), there exists a polynomial function Tyv € Py such
that

o~ Taollim(-11) < CoaN o] s, 59)

where || - ||y is the standard norm in C"*([—1,1]). Actually, as stated in [22,23], Ty is a
linear operator from C"*([—1,1]) into Py.
Lemma 3.6. (see [12]) Let x € (0,1) and M be defined by
X
(Mo)(x) = / (x — T) R (x, T)o(t)dT. (3.10)
-1
Then, for any function v € C([—1,1]), there exists a positive constant C such that
N "
[Mo(x') = Mo(xT)] < C max_|v(x)], (3.11)

|/ — x'|x xe[—1,1]

under the assumption that 0 < x < 1 — p, forany x’,x" € [—1,1] and x' # x". This implies
that
Moo < C max |v(x)], 0<x<1—p. (3.12)
xe[-1,1]

Lemma 3.7. (see [17]) For all measurable function f > 0, the following generalized Hardy
inequality

([ 1)’ < c( [ 1w roti)’, 613)

holds if and only if

sup (/bu(t)dt);</x vl_p/(t)dt)pll < oo, p = %1, (3.14)

a<x<b

for thecase1 < p < q < oo. Here, T is an operator of the form

X
(THx) = [ kG D0,
with k(x, t) a given kernel, u, v weight functions and —co < a < b < oo,
Lemma 3.8. (see [21]) For every bounded function v(x), there exists a constant C indepen-

dent of v such that

<C , 3.15
PIRERE L G159

N
sup | Y 0()F;(1)
£

where F;(x) is the Lagrange interpolation basis function associated with the Jacobi collocation
; AN
points {x;};%,.
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4 Convergence analysis

This section is devoted to provide a convergence analysis for the numerical scheme.
The goal is to show that the rate of convergence is exponential, i.e., the spectral ac-
curacy can be obtained for the proposed approximations. Firstly, we will carry our
convergence analysis in L* space.

Theorem 4.1. Let u(x) be the exact solution of the Volterra integro-differential equation (2.6)
with (2.7), which is assumed to be sufficiently smooth. Assume that ity (x) and tin(x) are
obtained by using the spectral collocation scheme (2.15a)-(2.15b) together with a polynomial
interpolation ( 2.14). If u associated with the weakly singular kernel satisfies 0 < p < 1 and
ue H™L (~1,1), then

w H—H
CN2—H- m(K*HuHLz 1) +NIU), O0<p<li
[ — N[ Lo(-1,0) . . o . ) (4.1a)
CN "log N (K ||u||Lz o (_11)+N2U), ;<u<l,
CN3-—1- m(K*HuHLz , 11)+N2U) 0<pu<3i,
Ju" — ity [l (1) e : (4.1b)
CN~"log N(K* ||”HL2 o 11)+N2U) 2Su<l

provided that N is sufficiently large, where C is a constant independent of N but which will
depend on the bounds of the functions a(x), K(x, T) and the index y,

K* = xg?alxl] |K(x,7(x, ))|H;n£\;,0(71’1), (4.2a)

Proof. First, we use the weighted inner product to rewrite (2.10a) as

W () = atwute) + ) + (F55) T (Rt ), n(r(, ) e @3)

By using the discrete inner product, we set

N
(K<xll (xi/ ))’ (P(T(xi/ >))N = Z K(xir T(X,‘, 9k)>¢(T(xi/ Gk))wk-

Then, the numerical scheme (2.15a)-(2.15b) can be written as

ST R ) it )y (44a)

X
W= u_q+ / iy (1)dr, (4.4D)
-1

ub = a(x;)u; +b(x;) + (
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by using the following equality

/_xl dT—/ Zul—"
:1+2 Xi L 1 gu;Fj(T(xi,G))dQ
1+x12 (ZF (51, 0)) ). (4.5)
=0

We now subtract (4.4a) from (4.3) and subtract (4.4b) from (2.9b) to get the error equa-
tions:

W ) = = ) ) — ) + (1 xl)l " (R a0, ule(0,) 0+ 130
— (%) (u / MR (x;, T)ew(T)dT + 1(x;), (4.6a)
u(x;) —u; = " ey (T)dT, (4.6b)

where e, (x) = u(x) — iin(x), e,y (x) = u'(x) — i)y (x) are the error functions, and

(K(x, 7(x, ), N (T(x,))) oo — (R(x,T(x,)), iin(T(x, 1)) ) -
Using the integration error estimate in Lemma 3.1, we have
)] SENTMRCe, T Dl qplan(meeo e i)

<CN~ mxglalxl K(x, T(x, ))‘HZ%,O(*M)(HuHLifw(’l'l)+He“||L°°(_1'1))' (4.7)

Multiplying F;(x) on both sides of Egs. (4.6a) and (4.6b) and summing up from i = 0
toi = N yield

I () — iy () = 1 [ (r—7) "R, T)eu(7)d7)
FI i) [ eo@dr) 4 hx), @)

L u(x) —dn(x) = I ( /xl eu/(T)dT>r (4.8b)

X

where

Il
1=
—~
=
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Consequently,

ew (x) = (%) / 1 e (T)dT + /_ xl(x — )R (x, T)ew(T)dT

) + () + L) + Ts(x), (4.92)
() = [ ew@dr+ () +Jo(x), (4.90)
where
Ja(x) = o/ (x) = I (x), a(x) = u(x) — I (),

1) = 1" (30 [ ewloyir) ~atx) [ eu(ya,
Js(x) = I, " ( /_xl(x — 1) "K(x, T)eu(T)dT> - /_xl(x — 1) "K(x,7)ey(7)dT,
Jo(x) = 1" /_ 1 ew(1)dT) - /_ xl e (T)dT.

Due to Egs. (4.9a)-(4.9b) and using the Dirichlet’s formula which states

/ / TSdeT—// d(1,s)dtds,

provided the integral exists, we obtain

e (x) = [ 1 (atx) + / (x— $) R (x,5)ds ) e ()T
+ [ =) R T () + Jo() e
+ J1(x) + Ja(x) + Ja(x) + J5(x). (4.10)

Denote D := {(x,s) : =1 < s < x,x € [-1,1]}, we have

+/ x —s) "K(x,s)ds| < rr[lax]|a( )|+ max |sz|/ x —s) Hds
11

1—#

<
< max, ()| + 1= o max, K(x,5)]
AM.

Eq. (4.10) gives

ew ()| <M [ ey (Dldr+ [ (=) IR0 (1a(0)] + Jo(T) )T
+ () + [J2(0)[ 4 [Ja(x)[ + [J5 ()]
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It follows from the Gronwall inequality in Lemma 3.4 that

6
lewllro—11) < CY_ Willzo(—1,1)- (4.11)
i=1
It follows from (4.9b) that
lewllze(—1,1) < 2llew o (=1,1) + T3l L= (=1,1) + el Lo (=1,1)- (4.12)

Using Lemma 3.2, the estimates (4.7) and (4.12), we have

CN2~# max |I(x;)], 0<u<3s,

Il -1 < Clo Nolax I(x))|, 2<u<1
24 0<i<N il 3> M ,
1., ~
CN2# mxg[‘fl)fu|K(X’T(x"))|Hjjfi,,o(—1/1>(H”HLi,—y,o(—lrl)

+2lew ll po(—1,1) + T3l o (=1,0) + 6l o(-11)) 0<u<y,
CN™"log ng[lfffl] [K(x, T(x,)) ’HZ;—I\:¢,0(_1'1) (||”HL§FV’O(—1,1)

+2llew g (-1,0) + 1Tl e (=1,1) + Mol Lo(=11)) l<u<1
Due to Lemma 3.3,
Cleﬂ*m\u’\Hm»N (—11)r 0<pu<s,
172l e { CN: " log N/ (1), 5 < <1,
CNT M ] gy 1, 0<u<i,
3]s - { CN2 " log Nlul v _1q) 3 < <1

By virtue of Lemma 3.3 (2) withm =1,

CN7Hley || eo(=1,1), O<pu< %,
1allo(—10) < 1 1
CN—2 IOgN”eu’HL"“(—l,l)r 3 S 12 < 1,

1Jellzo(—11) < {

We now estimate the term J5(x). It follows from Lemma 3.5 and Lemma 3.6 that
sl o1,y =[[ (1" = I)Me“HL”(*l,l) = || (""" = I) (Mew — Ty Mey) HL°°(71,1)
<1+ 1" llee) CN || Meulox
< { CN%_”_KH%HLW(*LQ, 0<u< %/
CN~*log N|leu||r=(-11), ;<p<l,

{ CN%fny(2‘|eu’||L°°(—1,1) + 13l Lo(=1,1) + H]6||L°°(—1,1))/ 0<p<s3,
CN™F 1OgN(Zneu’||L°°(—1,1) + I3l Lo (=1,1) + ||féHL°°(—1,1))r % <u<l,

CN"Hllew || o (—1,1), 0<p<j
CN—2 log Nlew ||z (-1,1), I<u<i

<
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where in the last step we have used Lemma 3.6 under the following assumption:

%—]J<K<1—‘u, when0<y<%,
0<rk<l-—upu, when 3 <p <1,

We now obtain the estimate for [|e,||;~(_1 1) by using (4.11):

CNE#™(K¥|ull 2y +N2U),  0<p <3,
lew || L=(-1,1) < ©
wllzs(-1,1) CN~"log N(K*||ully2  (4q)+N2U), j<p<l.
The above estimate, together with (4.12), yield

1, X 1
CNE-1=m(K lullez_, 1 +N2U), 0<u<i,

leullpo(—1,1) < B i 1
CN mlOgN(K HuHLi}_%o(—Ll) + Nz U), % <u< 1.

This completes the proof of the theorem. O]

Next, we will give the error estimates in Li},y,,,, space.

Theorem 4.2. If the hypotheses given in Theorem 4.1 hold, then

[ —dn|l 2 (-1,1)

P
< CN™™(Vy 4 Vo + N *U + N%iyiKvl)’ O<p<y (4.13a)
“ | CNTM(Vi+ Vo + N2 Flog NU + N *logNV;), $<p<1,
and
|lu" — ﬁ?x]||Li],;,,,y(le)
— - - li B
< CN™" (V1 + Vo + N'HKU + N2~ 1), 0<p<y (4.13b)
T CNT"(Vi+ V2 + NP Flog NU + N *logNVi),  <pu<1,

forany x € (0,1 — p) provided that N is sufficiently large and C is a constant independent of
N, where

V] = K*HuHsz—y,O(_lfl)’ (4.14a)

* /
V, =K ||”||Hic(—1,1) + |”|Hzf\;’_y(_1,1) + [u |HZ/'_T\L’_V(_1,1)- (4.14b)

Proof. By using the Gronwall inequality (Lemma 3.4) and the Hardy inequality
(Lemma 3.7), we obtain that

_11)- (4.15)

—H,—H (

6
Heu”|L27%y(71,1) < CZ 1 Till 2
w i=1 w
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Now, using Lemma 3.8, we have

il , ) < € max 10691 < ONK (e, 1)+ leullima)- 436)

By the convergence result in Theorem 4.1 (m = 1), we have
lewll e (—1,1) < C(||”||H‘2dc(—1,1) + H”||Li_%0(—1,1))~ (4.17)
Consequently,
HhHLZ (-1 S CENT mK*(H”HH2 (-1 T ’|MHLZW7%0(71,1))'
Due to Lemma 3.3,
H]2HL2 (—11) S CN™ "’ ’HmN

“HH

H]?)HLiﬁyﬁM(—l,l) <CN" ’“‘HWN

w—p

p(=11)
(=11)

By virtue of Lemma 3.3 (1) withm =1,

X

Wslliz_, o < CN7ato) [ el

1= -1

<CN!
Hiz;lj}l,*;l(_l,l) - Heu,HLiv’F"’”(_l’l),

|U6’|Li,%,”(71,1) < CN_lHeu'||L2w,}lI,;,(71,1)-
Finally, it follows from Lemma 3.5 and Lemma 3.8 that

||]5HL2 ~1,1) = [[(Iy " ;[_I)MEMHB L (=11)
—H,

W P

:||(INV -1 (Me, - 7-N/Vleu)HLZ -1,1)

—p,— I
SHIH['?#(MEM TN/\/leu)HL2 o (F11) +HM3H—7—NM614HL2 (-1
<C|[Me, — 7-N/\/t"quLoo -1,1)
<CN7"[|[Meullox < CN""[leu||ro(-1,1),

where, in the last step we used Lemma 3.6 for any « € (0,1 — y). By the convergence
result in Theorem 4.1, we obtain that

sllez_,_-11)
CN1 He m*"(LI+N*%K*||u||Lz (1) O<pu<li
—u0
CN2"*log N (U + N~ ZK*HMHLz o) 2 Sp<,

for N sulfficiently large and for any ¥ € (0,1 — p). The desired estimates (4.13a) and
(4.13b) are obtained. O
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5 Numerical experiments

Writing Uy = (ug,u1,-- - ,un)T and uy = (up,ufy, - T

equations of the matrix form from (2.15a)-(2.15b):

,ul)", we obtain the following

Uy = (A+C)Uy +dy,
Uy=U_+ Bllj\,,

where
C = diag(a(xo),d(x1),---,d(xn)),
dy = (b(x0),b(x1), -, b(xn))",
U =uqx(1,1,---,1)T,

14+ x\1-n &,
Ajj = ( . ) Y R(xi, T(x,00) ) F (T(x, 60) Y,
k=0
1+x Y
Bij = > Y Fi(t(xi, 0k) )@
k=0

We give the numerical examples to confirm our analysis.

Example 5.1. Consider the weakly singular Volterra integro-differential equation

SIS

u'(x) = xu(x) + (2 — x)e** — %(x +1)

+ /x (x — T)’%e’ZTu(T)dT, x €[-1,1], (5.1a)
-1

u(=1) =e2 (5.1b)
The corresponding exact solution is given by u(x) = ¢*. Table 1 shows the errors
of approximate solution in L* and weighted L? norms obtained by using the spectral
methods described above. Furthermore, we also compute the errors of approximate
derivative, the results are shown in Table 2. It is observed that the desired exponential

2x

Table 1: Example 5.1: The errors |[u — iin||;~(_1,1) and [[u —dn]|}2

w W

(=11

N 2 4 6 8 10
L®-error 1.1653e+001 | 7.6906e-002 | 1.3489e-003 | 2.0320e-005 | 1.9853e-007
Li;—;u—y -error | 9.5006e+000 | 5.6340e-002 | 2.9585e-004 | 1.4944e-006 | 9.2708e-009

N 12 14 16 18 20
L®-error 1.3567e-009 | 6.8411e-012 | 6.1994e-013 | 6.9277e-013 | 5.5955e-013
Li}, u—p-€rror | 4.8484e-011 | 4.1311e-013 | 3.9540e-013 | 4.5287e-013 | 3.5640e-013
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Table 2: Example 5.1: The errors |[u" — ityy[[j~(_1,1) and |[u’ — ﬁlN”sz

Y. X. Wei and Y. P. Chen / Adv. Appl. Math. Mech., 4 (2012), pp. 1-20

o <71/1) .

N 2 4 6 8 10
L®-error 1.5940e+001 | 1.3062e-001 | 3.3346e-003 | 4.9608e-005 | 4.7920e-007
Li] _p-p-error | 1.3666e+001 | 8.4228e-002 | 4.8786e-004 | 3.3432e-006 | 2.3829¢-008

N 12 14 16 18 20
L®-error 3.2418e-009 | 1.6200e-011 | 8.6330e-013 | 9.3436e-013 | 7.5672e-013
Li} _p-p-error | 1.3113e-010 | 7.3088e-013 | 5.2964e-013 | 5.9267e-013 | 4.6692e-013

rate of convergence is obtained. Fig. 1 presents the approximate and exact solution on
left side and presents the approximate and exact derivative on right side, which are
found in excellent agreement. In Fig. 2, the numerical errors u — iy and ' — i} are

plotted for 2 < N < 20 in both L* and Li),},,,y norms.

sk Approximate solution
Exact solution

> Approximate derivative
Exact derivative

101

-05 0 05 1

(a) (b)
Figure 1: Example 5.1: Comparison between approximate solution 7y and exact solution u (a); Comparison
between approximate derivative iy, and exact derivative 1’ (b).

0.5 1

-05 0

X : — A —
10° + \{\ O L™-error 1 10° ,\\\ A ermor
, o\\ -o- Li\—u ~u—error| *\’ -v- Li—u—u—error
07 > 1 107 N
,\g \A’
10" \\'\ 10 F *\\\
e N A
. A
(S *‘,
- .
10° &\ N 10° 1 “ A
Ja A
R S
10° LS 10| *\ \
) Y
“ Q N
107 \Q AN 107 ¥ N,
. N
<o, AL
12 S, ‘N, 12 A N,
w0 NN = wh L e e
2 4 6 8 10 12 M 1 18 2 4 6 8 10 12 14 16
2sN<20 2sN<20
(a) (b)

Figure 2: Example 5.1: The errors u — iy (a) and u’ — it} (b) versus the number of collocation points in

L®and 2, ,

norms.
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Example 5.2. Consider the weakly singular Volterra integro-differential equation

=

w'(x) = 2xw(x) + cos x — 2xsinx — Z(x—i— 1)% +3(x+1)

+ /_xl(x — T)*%S;Tw(r)dr, x €[-1,1], (5.2a)

w(—1) = sin(—1). (5.2b)

The corresponding exact solution is given by w(x) = sin x. The approximate solution
Wy (x) and exact solution w(x) (also approximate derivative @), (x) and exact deriva-
tive w'(x)) for (5.2a)-(5.2b) are displayed in Fig. 3. Fig. 4 plots the errors w — @y and
w' — wy for2 < N < 16 in both L* and L2 _, ., norms. Moreover, the corresponding
errors with several values of N are displayed in Table 3 for w — @y and in Table 4 for
w' — W,

o8l =k Approximate solution K 0.95
Exact solution

0.9

0.85

0.8

0.75

0.7

0.6
>k Approximate derivative
Exact derivative

0.55

-1 L L L 05 L L L
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

€)) (b)

Figure 3: Example 5.2: Comparison between approximate solution @y and exact solution w (a); Comparison
between approximate derivative @}, and exact derivative w’ (b).

Q;\ 100 K T T
kY =0 L®-error "\ A L“-error
107 3, —o— Liruw—error 4 , \k —*— Li—u—rerror
a " ,
N N
. A
10 ®, *
S 10" E
B b
6 w, N
10° S . .
N 10 N
\8 \\*
10° A N
S 10° N
W . \
AY
ol ®. | \
‘ ‘ ‘ : “*W? 107 ‘ ‘ ‘ Loalt %
2 4 6 8 10 2 4 6 8 10 12 1 16
2<N<16 2<N<16
(a) (b)

Figure 4: Example 5.2: The errors w — @y (a) and w’ — @}, (b) versus the number of collocation points in
L*® and Li},%,y norms.
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Table 3: Example 5.2: The errors |[w — @Wy|[1~(_1,1) and [[w — DNl 2
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(-11)

w HTH

N 2 4 6 8
L*®-error 4.9412e-001 | 3.0024e-003 | 1.2020e-005 | 4.6504e-008
sz _p—p-€rror | 6.0446e-001 | 3.7871e-003 | 8.4039e-006 | 1.6011e-008

N 10 12 14 16
L*®-error 1.1610e-010 | 1.3630e-011 | 1.3553e-011 | 1.3802e-011
Li},p,,y -error | 3.8618e-011 | 1.5909e-011 | 1.5835e-011 | 1.6126e-011
Table 4: Example 5.2: The errors ||w’ — ZT;M\LDO(_Ll) and ||w’ — wéVHLi,—p,—qul)'

N 2 4 6 8
L®-error 1.7854e+000 | 1.3253e-002 | 3.0984e-005 | 6.1560e-008
Li],},,,y-error 2.2852e+000 | 1.5161e-002 | 3.3965e-005 | 6.5357e-008

N 10 12 14 16
L*®-error 1.4589¢e-010 | 5.4296e-011 | 5.4073e-011 | 5.5045e-011
Li},,,,,}, -error | 1.5531e-010 | 6.1852e-011 | 6.1581e-011 | 6.2685e-011

6 Conclusions and future work

This paper proposes a spectral method for first order Volterra integro-differential equa-
tions which contain a weakly singular kernel (t —s) ™ with 0 < y < 1. The most im-
portant contribution of this work is that we are able to demonstrate rigorously that the
errors of spectral approximations decay exponentially in both infinity and weighted
norms, which is a desired feature for a spectral method.

We only investigated the case when the solution is smooth in the present work,
with the availability of this methodology, it will be possible to extend the results of
this paper to the weakly singular VIDEs with nonsmooth solutions which will be the
subject of our future work.
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