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Abstract. We investigate an h-p version of the continuous Petrov-Galerkin method for the
nonlinear Volterra functional integro-differential equations with vanishing delays. We derive h-p
version a priori error estimates in the L2-, H'- and L*-norms, which are completely explicit
in the local discretization and regularity parameters. Numerical computations supporting the
theoretical results are also presented.
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1. Introduction

We study the numerical solutions for the nonlinear Volterra functional integro-
differential equation (VFIDE) with vanishing delays:

0 { u'(t) = f(t,u(t), u(d(t)) + Vu)(t) + Vou)(t), tel:=[0,T],
u(0) = wo,

corresponding to the Volterra integral operators
0(t)

(Vu)(t) ::/O Ki(t,s)G1(s,u(s))ds, Vou)(t) := ; Ks(t,8)Ga(s,u(s))ds,

where the delay function 6 is subject to the following conditions:

(C1) 6(0) =0 and 0(t) < ¢ for t > 0,

(C2) ¢'(t) > qo>0forallt el
We assume that f and G; with ¢ = 1,2 are given functions. Moreover, the kernels
Ki(t,s) and Ks(t,s) are continuous on D := {(¢,s) : 0 < s < ¢, t € I} and
Dy :={(t,s) : 0 < s <(t), t €I}, respectively.

During the past few decades, many numerical methods have been proposed and
analyzed for the VFIDEs. Among those a large number of methods are based on the
h-version approach, which means that the convergence is achieved by decreasing
the size of time steps at a fixed and typically low approximation order. For an
overview of the lower-order methods developed for the VFIDEs, the reader can
refer to monographs [3, 5] and the references therein. In contrast, the higher-
order methods, for example, the p- and h-p version methods employ (varying)
high order approximation polynomials. Particulary, the hA-p version method allows
for locally varying time steps and approximation orders, which can significantly
enhance the numerical accuracy. The h-p version continuous and discontinuous
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Galerkin methods were introduced for initial-value problems in [9] 17, [19], for delay
differential equations in [6], for parabolic problems in [I0], and for Volterra integro-
differential equations in [4] [8 [I8] [20]. Moreover, some other high-order methods,
such as the spectral methods were developed for various Volterra integro-differential
equations with delays; see, e.g., [1l 13| 14} 15] 16] 21]. However, to the best of our
knowledge, there is no work that considers the h-p version Galerkin method for
nonlinear VFIDEs.

The purpose of the current work is to present and analyze an h-p version of
the continuous Petrov-Galerkin (CPG) discretization scheme for the numerical ap-
proximation of the VFIDE () with vanishing delays. The Petrov-Galerkin method
allows the trial and test spaces to be different, and it has become powerful tools for
solving many kinds of differential equations (see e.g., [7, 12]). The CPG method
presented in this paper is a hybrid of the continuous and discontinuous Galerkin
methods with respect to time. More precisely, one uses continuous and piecewise
polynomials for the trial spaces, but uses discontinuous and piecewise polynomials
for the test spaces. With such choice of the trial and test spaces, we show that
the CPG scheme defines a unique approximate solution, provided that a certain
condition on the time steps is satisfied (which is completely independent of the
approximation orders). We also describe in detail our implementation for the CPG
scheme according to certain relationship between the delay function 6(¢) and nodal
points of the time partition. Moreover, we derive h-p version a priori error esti-
mates that are completely explicit with respect to the local time steps, the local
approximation orders, and the local regularity properties of the exact solution.

The remainder of this paper is organized as follows. In Section 2, we introduce
the h-p version of the CPG method for the VFIDE (I]) and prove existence and
uniqueness of approximate solutions. We also give a detailed description of the
computational form of the CPG scheme. In Section 3, we carry out a complete h-p
version error analysis of the CPG method. In Section 4, we present some numerical
experiments to verify the theoretical results. We end the paper with a summary
and discussion in Section 5.

2. The h-p version of continuous Petrov-Galerkin method

In this section, we first introduce the h-p version of the CPG method for the
VFIDE (Il). We then show the existence and uniqueness of the approximate solu-
tions. Finally, we discuss the numerical implementation of the CPG scheme.

2.1. Continuous Petrov-Galerkin discretization. Let 7; be a partition of the
time interval I given by the points

O=to<ti<to < - <tn_1<tn=T.

We set I, = (tp—1,tn) and ky, = t, —t,—1 for 1 < n < N. Let k = 1g1a<xN{k:n}.
_n_

Moreover, we assign to each time interval I,, an approximation order r, > 1 and

introduce the degree vector r = {r,}_,. Then, the tuple (75,r) is called an h-p

discretization of I. Next, we introduce the h-p version trial and test spaces

S YT ={ue H'(I) : u|;, € P.,(I,),1 <n < N}

and
STy = {ue L2(I) :u|;, € Pr,_1(I,),1 <n < N},

respectively, where P, (I,,) denotes the space of polynomials of degree at most r,,
on I,.
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The h-p version CPG approximation of the VFIDE (I) is now defined as follows:
find U € S™!(73) such that U(0) = ug and

for all p € ST=LO(Ty,).

N
> [ vwea
nﬁl n
- Z/I (f(t,U(t),U(G(t)))+(VU)(t)+(V9U)(t))¢(t)dt

Remark 2.1. Due to the discontinuous character of the test space S*~%%(Ty,), the
CPG method in () can be regarded as a time stepping scheme: if U is given on
the time intervals I;,,1 <m <n —1, we find U|;, € P, (I,) on I, by solving

) /I U'(t)p(t)dt

Ulr, (tn-1)
for all p € P., _1(Iy).

2.2. Existence and

= [ (reU@.000) + U0 + Va0 )elt)dr

IW,
= U I'n.fl(tn71)
Here, Ulr,(0) = uo.

uniqueness of discrete solutions. We start by showing

the following well-known Poincaré-Friedrichs inequality (see, e.g., [2]).

Lemma 2.1. Let u € H*(J),J = (a,b) C R. Assume that u(a) = 0. Then, there

holds

where h = b — a.

lull2cry < Rz,

We next address the well-posedness of the discrete solutions. For our purpose,

let

4 K, = Ki(t Ky = Ks(t, s)].
(4) 1= max Kot )], 2i= max [Ka(ts)|

Further, we assume that f (¢, u,v), G1 (¢, u) and Ga(t, u) fulfill the following Lipschitz

conditions:

()

(8)

forall t € I, |u| < oo,

|f(t,u1,v) - f(t,’ll,g,’l))| < L1|U1 - ’U,2|,

|f(t,u,’l)1) - f(t,u,02)| < L2|U1 - 7}2|7

|G1(t,u1) — G1(t,uz)| < La|uy — ual,

|Ga(t, u1) — Ga(t,u2)| < Laluy — us|

|v;| < oo and |u;| < oo (i = 1,2), where Ly, La, Ly and Ly

are positive constants independent of ¢,u and v.

Theorem 2.1. Assume that the partition T;, satisfies

9) An 1= <L1 +

L, KiL: g
=2 4 3kn+K2L4kn)kn<1, 1<n<N.
Vo V2 V2

Then the discrete problem () has a unique solution U € S™'(Ty,).
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Proof. Owing to Remark 7] it suffices to prove that problem (B]) admits a unique
solution Uy, € Pr, (I,),1 <n < N. Since the CPG solution is constructed step by
step, it is enough to show the existence and uniqueness on the first time interval
I, namely, we only have to consider n = 1 in @) (for n > 2 the proof is completely
analogous).

To this end, we shall show that on I; there is a unique solution U € P, (I1)
satisfying

(10) /I U)e(t)dt = /I (f(t,U(t%U(e(t))+(VU)(t)+(V9U)(t))(p(t)dt7
U(0)

ug
for all p € P, _1(I1).
Select Uy € Py, (I1) with Uy(0) = ug. For m > 1, let U,, € P, (I1) be the
solution of the linear problem

| Untewde = [ (F0.010.0n1600) + OT)(0)

I
(11) +(V9Um_1)(t))<p(t)dt,
Um(O) = U

for all ¢ € P.,_1(I1). Then, we have

/ (U — Una) () ()t

I

= [ (P Va0 Una(010) + VU 1)(0) + 0V} (1)) (0

I

[ (U 20, U260 + VU 2)(0) + oT2)(0) 01

for all ¢ € P.,_1(I1). Choosing ¢ = (U,, — Up—1)’ in the above equation, using
@)-@®) and the Cauchy-Schwarz inequality yields
(U = Un—1)' 1221,
< Lil|Un-1 = Un—2ll 22y |(Um — Um—1)'llL2(1y)
+Lo||(Un-1 = Un—2)(0) | 21 (U — Um—1)"ll£2(11)

t
+K1Ls /|(Um,1—Um,2)(s)|ds [(Um = Um—1)'ll2(1)
0

L2(1y)

+K3Ly |(Um — Unm—1)"llL2(1,)5

()
/ (Uit — Un—z)(s)|ds
0 L2(1)

which implies
(U — Un—1)"ll21)
< Li||lUn—1 = Un—2ll2y) + Lel|(Un—1 = Un—2)(0() || 2 (1)

(12) LKLy / Unr = Uns)(5)lds

L2(I4)

) o)
+K5Ly / |(Um71 - Um72)(5)|d5
0

L2(Iy)
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In view of the conditions (C1) and (C2), we find that

1 0(t1) 9
- [(Un—1 = Unm—2)(s)["ds

U1 — Up—2)(0(1))||%-
II( 1 2) OO 72(n) % Jo

IN

1
< %HUm—l — Un—2llZ2(ry)

and by the Cauchy-Schwarz inequality we have

t 2 t
‘ / (U1 — Unn_2)(s)|ds < / " (/ (U — Um_g)(s)|2ds) dt
0 L2(I) n \Jo
k3 2
S ?HUmfl - Um72||L2([1)a
0(t) 2 t 2
[ 10~ U6t S‘VK%44%M®W
0 (1) ~ L3 (1)
k
< ?1||Um—1 - Um—2||%2([1)7

which together with ([I2)) gives
(U = Um—1)'ll (1)
Lo K1L3k1 K2L4k1

< (L, +22+ + Um—1 — Um—2llL2(1)-
< <1 NG % 7 )II 1 2|lr2(n)

Then, by Lemma 2] we get
[(Unm = Um—1)"llL2(1,)

L Ki{Lsk KoLjk
13 < (L1+\/—qio+ b, ol 1) B Ut — Una 2
= Ml Un-1 = Un—2)ll2@) < AU = Uo) 21y
and
||Um - UmflnL?(Il)
(14) < Eil[(Un = Un—1)' 2y < MllUm—1 = Um—2|l2(10)

< APTHUL = Uollrary),
which implies
1Um = Unm—1llgrecryy < AT HIUL = Uoll e, =0,1.
For our purpose, we denote by [ the smallest integer larger or equal to . For any

1 _
e A1) /1n )\1} such that form >n > N
)

€ > 0, there is an integer N = |In ———7———
UL = UollL2(r,

there holds

U = Unlliziay < NUm = Umeallmay + -+ [Unir = Unllin
< AP e e AN UL = Ul
15) AT(L =A™
= 1o Bl
AY

< TN UL = Uollar(ny <e,
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which implies that {U,,} is a Cauchy sequence in H'(I;). Hence, {U,,} has a limit
U € P, (1) such that lim U, (t) = U(t) in H'(I;). Taking the limit on both
m—0o0

sides of ([Il), then U(t) satisfies the equation (). Thus the existence is proved.
Similarly, using the above arguments can easily lead to the uniqueness. In fact,
suppose there are two solutions U and U of the problem (1), then we have

U = Ullz2(ryy < MU = Ullz2ny

for 0 < Ay < 1, which implies that U = U. This proves the uniqueness.
O

2.3. Computational form of the continuous Petrov-Galerkin method. Let
Li(z),x € [—1,1] be the standard Legendre polynomial of degree . The shifted
Legendre polynomials L, ;(t) on the interval I,, are defined by

2t —tp_1—1
L, (t) = Lz(#), tel,, [>0.
Let U, (t) = Ulz, be the solution of the discrete problem (@) on the interval I,,,1 <

n < N. We expand U, (t) as

Tn

(t) = Z ’lanLn,l(t)
=0

Inserting the above expression into (@) and choosing ¢ = L,, ;(¢), 0 <j <r, —1,
we can rewrite ([B) as a system of nonlinear algebraic equations for the unknown

vector
P ~ ~ T ron+1
U, = (umo,un,l,...,un,m) e R™ ™,

We emphasize that, the structure of the resulted nonlinear system depends strongly
on the delay terms in (@) and changes for each value of n as we pass from Phase I
to Phase III (described below).

For our purpose, we introduce the matrices

n+1 nt1
An = (40)g<j<r, 0<i<r, € R FDx(mt+l) ) <y < N,

with the entries given by

1
aj :/ L;J(t)Ln,j(t)dt :/ Ly(z)Lj(z)dz, 0<j<r,—1, 0<1<ry,
In 1

and a,,; = Lpi(tn—1) = Li(—1), 0 <1 <r,. Further, for 0 <j <r, — 1, we set

b= /1 V)L )

/ (/ k1 $)Gh (s, U(s ))ds)L S(b)dt
- Z/ </ K1 (t,8)Gi (5, Un(s))d ) (bt

+/ < Kl(tvs)G1(57Un( ))d ) L”J(t)dt

(16)
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and
b = /1 ) (VoU)(t)Ln,;(t)dt
ot
= / ® KQ(ta S)GQ(S, U(s))ds) Ln,j (t)dt
I, 0
(17) B O(tn_1) |
- /1 /0 Ka(t, 5)Ga(s, U (8))d3> Ly, ;(t)dt
o(t)
+/In </9(tnl)K2(t, S)GQ(S,U(S))d5> Ly ;(t)dt
= Ji;+ Jo.

Obviously, if n = 1, the summation term in (I6) and the term J; ; in (I7) will
vanish.

We now introduce the following three distinct phases inspired by [6].

e Phase I. n = 1. In this initial phase we have complete overlap, i.e., for any
t € I the images 6(¢t) € I;. For 0 < j <r; — 1, we define

i :=/I FEU®),UO@) L1 ;(H)dt = | f(t,Ur(t), Ur(0(t))) L1, (t)dt.

I

Moreover, we have

()
b :/ ( Kaft, S)G2(S,U1(S))ds> Ly (t)dt.
I 0

Let c{,j = fl{j +b};+ b7, and
113 I I I T
C(Uy) = (01,0a01,1a T ac1,r1—1aU0) .
Then we can rewrite ([B]) as the nonlinear system
(18) AU, = C(UY).

e Phase II: If n > 1 and 6(t,) > t,—1, then we will encounter partial overlap,
i.e., for some ¢ € I,, the images 0(t) are still in I,,, while for some other (smaller)
t € I, we have 6(t) ¢ I,,. Clearly, there is an integer z > 1 such that (t,,—1) € I.

Let tf = tn—1,t5_.41 =tn and £, = 07 (toqm—1) € I, for 1 <m < n — z. For
0<j<r,—1, we define

o / FEU @), UO(1)) L 5 (Bt
n—z+1

= 3 [ U0V OO L1
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In this phase, we have

T, = /In<0tz1K2(t,s)G2(s,U(s))ds> Loj(t)dt

0(tn—1)

z—1

= / (/ Ks(t,5)Ga(s, Ua(s))ds) L, ;(t)dt
a= In I(x
' a(tn—l)
+ / Ka(t, 5)Ga(s, Ua(s))ds | Lo (t)dt
In tz—l
and
n—z+1 tr 0(t) n—z+1 .
Joj= Y / / Ky(t,8)Ga(s,U(s))ds | Ln j(t)dt = > J35™,
m=1 t:‘”71 a(tnfl) m=1
with
II,m plats tm G(t;)
i / / Kot 5)Ga(s, Unss1(s))ds | Lo (£)dt
A1 o1 \JO(5 1)
o 0(t)
-+ / / K2 (t, S)GQ (S, UZer,l(S))dS Ln,j (t)dt
tao1 \Y O,y
Let cﬁ{j = ,{I] +by, i+ bfhj and
Cll(ﬁn) = (c£{07 0711{15 e 76711{7%717 Un—l(tn—l))T-

Then we can rewrite ([B]) as the nonlinear system
(19) A, U, =1 (U,).

e Phase III: If n > 1 and 6(¢,,) < t,—1, then we will encounter the pure delay
phase, i.e., there is no overlap between I,, and the images 6(t) for any ¢ € I,,. In
this phase, there are two integers z; and 23 (21 < 22) such that 6(¢t,—1) € I, and
O(tn) € I,.

Let tf = typ—1, t5,_. 41 =tn and tf, = 0" (t2y4m—1) € Iy for 1 <m <z — 2y
(if 21 < 2z2). For 0 < j <r, — 1, we define

- / F(EU @), UO(1))) L 5 (£t

*
m=1 m—1

zo—2z1+1 tjn
SR D AN A P
t
In this phase, we have

no= (] T Kol )G, Ue))ds ) L0
+ /1 " ( / e(tH)Kg(t, S)GQ(S,U(S))ds> Lo j(t)dt

tz1—1
Zlfl

= 5 [ ([ Katts1Gato, VoD ) Lo
=1 n 9(;‘;71)
+/In </ Ks(t,5)Ga(s, U, (s))ds) Ly ;(t)dt

tzl—l
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and
zo—z1+1

) BN o IIIm
Ja ;= Z / (/0 Kg(?f,S)U(S)dS) Z :

(tn—1)
with

o(t%)
IIIm _ Z/ </0 KQ(t,S)GQ(S,UZlJrg1(5))d$> L, ;(t)dt

(20) m—1 (t[;z 1
+ / < / K> (t,s)Gg(s,Uzl+m_1(s))ds> Lo (8)dt.
ey \Joges, )

Evidently, for m = 1 the summation term in the first line of (20]) will vanish.
Let ¢/ = fIX0+b) o+ b7 ; and

o~ T
CIII(UR) = (Crlzl({a 0{11117 Tty {zlgnfla Unfl(tnfl)) .
Then we can rewrite ([B]) as the nonlinear system
(21) A, U, = (U,).

Remark 2.2. In actual computation, the nonlinear systems (I8)-(2I]) can be solved
by an iterative process, for example, the Newton-Raphson iteration method or the
successive substitution method.

3. Error analysis

In this section, we carry our a priori error analysis of the h-p version of the CPG
method.

3.1. Preliminaries. Let A = (—1,1). For a function u € H'(A), we introduce a
projection operator II% : HY(A) — P.(A) with 7 > 1 by

Ju-tmaen = 0. Vpe ),
A
Miu(-1) = wu(-1).
Setting ¢ = 1 in (22)) and using integration by parts gives u(1) — I u(1) = u(—1) —

IT{u(—1) = 0, which implies ITj u(1) = u(1). It is well-known that the projection
operator IT is well defined (see, e.g., [19]) and there holds

e / (Zal €))de +u(-1),

where a; = 2’—;1 f A u'L;dx is the Legendre expansion coefficients of u’.

For any interval J = (a,b) of length h = b — a, we define II";u = [IT} (v o M)] o
M1 where M : A — J is the linear transformation  — t = W. Then for the
exact solution u of ([Il) we can define an approximation polynomial Zu € S™*(73)
as

(22)

1<n<N.

Thanks to the definition of II}, 1t is straightforward to show that Zu(t,) = u(t,)
for 0 < n < N, and there holds

(23) / (u—Tu)pdt =0, Y ¢€P., _1(I).
IW,

The polynomial Zu constructed above has the following approximation properties
(cf. [111 20]).
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Lemma 3.2. Let Tj, be any mesh in I and assume that u € H(I) satisfies ul;, €
Heon YL for so., > 0. Then

L(rp, +1—sy,)
rn+1D0(rn + 14 s5)

N
k 2s5p,+2
(24) [|w *IU”%%I) < Z (771) T Humj(swl(fn)v
n=1

N
kn 25, D(rn +1—sp)
2 2 : n n n n 2
(25) |u - IU|H1(1) - n=1 (?) F(Tn +1+ Sn) HUHH‘MJAU”)
for any real s,,, 0 < s, < min{ry, so,,}
Moreover, if u € H(I) satisfies uly, € Wont1.o0(LY for sg, > 0. Then

Eny2sp+2T(rn +1 — s5)

2 2
26) = Tulfer,) < O™ Fr s Il e

2
for any real s,,, 0 < s, < min{ry, so,,}

We note that, the following discrete Gronwall inequality have been proved, for
instance, in [3].

Lemma 3.3. Let {a,}Y_; and {b,}_; be two sequences of nonnegative real num-
bers with by < by < --- < by. Assume that for C > 0 and weights w; > 0,1 < i <
N — 1, there holds
n—1
ay < by, angbn—i—CZwiai, 2<n<N.
i=1

Then

n—1
an, < bnexp(CZwi), 1<n<N.
i=1
3.2. Abstract error bounds. Let u be the exact solution of (Il) and U be the
h-p version of the CPG approximation defined by (). We proceed in a standard
way and decompose the error e = v — U into two parts:

(27) e=(u—Zu)+ (Zu—-U) =n+¢.

Lemma [3.2] can be used to bound 7, and we are left with the task of estimating the
term &.
In view of (@) and (), there holds

/I ot = / (F (), u(0(0)) — F(2,U(0), U(O()))pdt

In
+ | Vu—VU)pdt+ / (Vou — VoU)pdt
I, In
for all ¢ € P, _1(I,). Then, by (23] we have

/Ié'sodt = /(f(t,U(t),U(9(t)))*f(t,U(t),U(9(t))))<Pdt

(28)
+/ (Vu — VU )pdt + / (Vou —VoU)pdt

I, In
for all p € P, _1(Iy).
For any v € L?(I,), we define the L? projection of v onto P,, _1(I,) by II" v,
namely,

/ (v =" ")pdt =0, V¢ € P _1(I,).
In
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First, we show the following bounds.

Lemma 3.4. Assume that k is sufficiently small, there holds

(29) [€L2(0,t.) < Clinllz2(0,t,)5
(30) 1€l 1 (0,60) < ClInllL2 (0,
and

(31) 1€(tn)] < Clinllzz(o,t,)

for1 < n < N, where the constant C > 0 solely depends on qo, L1, La, L3, Ly, K1, Ko,
and t,.

Proof. By choosing ¢ = II"*~1¢ in 28)) and using [@)-(8) we get

/If’ﬁdt = / (F(t, u(®), u(O(D)) = F(1,U (1), UO®)))I™ " edt

In

t/OM—VUmW”&h+/(WU—WUMW”&ﬁ

IN

Ll/ | - |H’“n‘1£|dt+L2/ e(0(1))] - [T €] dt
+I€1L3/ / |e(s)|ds |HT"*1§|dt
I, 0

N 0(t)
—|—K2L4/ (/ e(s)]ds) [T ¢la,
I, 0

which together with the Cauchy-Schwarz inequality and the L2-stability of II"»~!
yields

1 2 2

S (6P It )?)

Lullell2r) 1€l 2r,) + Lalle(0(8))l L2 (r,)

+K1L3/ / |ds HT"’1§|dt
'n. 1

tn—1
+K1L3/ |HT"*1§|dt/ le(s)|ds
I 0

n

o(t)
[ leas
0

Lullellz2(z.)

Ky Ls
+ knllell L2, 1€l L2,
/2 ) I8l L2 (r,)

IN

Ellz2(rn)

+KyLy 1€l L2z,

L2(In)
Ellz2(r,) + Lolle(0(t))ll L2 (1,

IN

Ellz2(rn)

+ K1 Lk 1€l 21, Z k7 llell 2z,
=1

0(t)
/ le(s)]ds
0

+KsLy €l 2(x,.)

L2(In)
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IN

Ly Lo
2 (lelar,y + ez ) + 22 (le@Ea,) + €132,

KlLSkn 2 2
505 (el + el

K1L3

4_

+,

(lElZe(z,y + Rt 1||e||L2<o )
K2L4 H/e(t |ds

Here, we have used the fact that

/ le(s)ds

+ €z, )

L2(1,)

[ ([ eoras)a)’

n—1 n—1

(32) L2 (1)

IN
PT —

IN

—=llellz2(,,
\/— (In)-

Consequently,

K L3k
€m0+ (L1 + =2 leliaq,

€ (tn)|?

IN

K1 Lk,
V2

+Lalle(0®))I[72(s,.) + KaLskntn-illel 2.,

0(t)
+K2L4H / |ds

+(L1 + Ly + + K1L3 + K2L4> ||€||%2(1,L)

2

L2(In)

K1Lsky,
€ltn-) +2( 11+ =2 Yl ar,

IN

(33)

3K 1Lk,

V2

+Lalle(O() L2, + K1 Lskntn-allel|Zz04, )

B 0(t)
—|—K2L4H / le(s)
0

Additionally, taking ¢ = "~ ((t,—1 — t)€) in 28)), we find that
/ (tn_1 — t)&'&dt
(f(t,ut), u(0(t)) — F(£.U @), U@ ((tn-1 — t)€)dt

(3214 Lo + + Ky Ly + KaLa ) |I€l13(r,)

2

S .
L2(In)

=

n

(Vu — VO™ ((t,—1 — t)€)dt
In

+ [ Wou = VU™ ((ty—1 — t)€)dt,
I,

37
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which together with [@))-(8) gives

1
5( — knl€(tn)® + €132 (1)

< Lallell e 0 ((tn-1 = D)) 2(1,)
+Lolle(@() 221, T H((tn-1 — )E) | L2(1,)
(34) +K1L3/ / |ds H’“n‘l(( no1 — t)E)|dt
tn 1

wiots [ ([ et >|ds)|nrn*1<<tn_1 ~ )¢l

n

o(t)
/ le(s)|ds
0

+KyLy [T~ ((tn-1 = )| L2(1,)

L2(In)

We notice that

= (s = DE)|z2(2,) < N(tnr = Dl 222, < Fnlléllzaqz)-
Then, by (34) and (B2) we readily find that
€N,

kal€(ta)? + 2Laknlell o) 1€l Lar,) + 2Loknlle(9 ())IILzun)

2K, Lsk?
SR el g €l ) + 2K Lok ||«s||m<fn>(2k lell 2z, )

\/5 =1
€l 221,

o(t)
/ le(s)|ds
0 L2(I,)

nl€(ta)? + Lukn (llelar,) + €131, )

Lok (@)1, + 1€l 21,
K1L3k2

IN

&llra(,,

+2K2L4kn

IN

lell3 ez + IE3aqr,) )

(
+K1Lg n(kntn_1||e||im,tn,l> + gz, )

0(t)
/ le(s)|ds
0

K1 Lsk
2 1L3hvn 2
b€t +2(La + =222 Yl

2

+ Ky Lyky, + ||§||%2(In)

L2(1,)

IN

3K 1Lk,
V2

+Lokn|e(0(t)1Z2(r,,) + K1 Lskqtn-1llel| 72 s

0(t) 2
/ le(s)|ds
0

(3L + Lo + + KiLy + KoLa ) kall€l32(s,)

n-1)

+K2L4kn

L2 (In)
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For convenience, we define

3K L3k,

A, = (3L1+L2+ Y

+ K1Ls + K2L4) kn.

We observe after elementary manipulation that

K1Lsk
2(L1+ 13 n)kn
Ly € T le)P 2
||€||L2(In) = 1*An|§( )|+ 1— A, M Z2(1,)
Lan KILSkztnfl
(35) t1o A le(@(EN)2(r,) + ﬁﬂeﬂiz(o,m,l)
K>Lyky, o) ’
Sl s
L=4n | Jo L3(I)

By inserting ([B38) into ([33), we obtain

Kngkn
€ < leln) +2(2a+ =S Yl
K Lsk
y 2(L1+ 143 n)An
A e + V2 T2,
=4, -4, B
LgAn 2 KILSkntnflAn 2
+1_An”€(9(t))”1:2(1n)+—1_An lellz2(0,t, 1)
2
KoL, A ot)
2l | [ elds| o+ Lallel@®) e,
n 0 L2(I,)

2

- _ 0(t)
+K1L3kntn,1He||%2(07tn71) + KoLy /0 le(s)|ds

Y

L2(1,)
which can be rewritten as
KiLsk,
A 2( L1 + 1\/; )
2 < ( n ) 2 2
Etn)* < 1+71_2An 1€(tn—1)]" + 1-24, nllZ2(z,.)
L2 2 KILBkntnfl 2
(36) +m||6(9(t))||m(1n) + W"eHL?(O,tn,l)
2
K>L o(t)
L
— n 0 L2(1n)

Assume that k, is sufficiently small, then there exists a positive constant v such
that

24, <~v<1l, 1<n<N.
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Summing up B6l) over all element I;,1 < i < n, and using the facts that (tg) =0

1 (ti) =&, (ti),1 <i <n—1, we readily conclude that
(37) i
K Lsk;
n—1 A n 2(L1 + 1\/53 )
2 kias T 2 2
lEtn)]* < Z 124, 1 ti)l +Z M2,y
K1L3k’l+1t
+Z 2A e ||L2(1 )y T Z lle ||2L2(O,t7,)
2
"\ Kyl o)
+Z 24, le(s)|ds
i=1 I L2(1)
3K1Lsk - -
3Ly + Ly + \1/53 + KL+ KLy n1
< 7 D kinlé(t)]
-7 i=1
K, Lsk
2<L1 + i/; )
=l + T OO
_ _ 2
KyLs =2 KoLy || [7®
A S htlelay + 1o | [ les)lds
1—ry 4 I—=71Jo
i—1 L2(0,t,)
Combining the facts that
n—1 n—1
Z kivrtillel 220,y < tno1llelZz0.4, 1) Z kivr <t llel 2204, 1)
=1 =1
(39 o0 0 < = [ o) < Ltz
2

A\
QU
»

0(t)
/ le(s)|ds
0

/ " / " (o) 2ds)

[ [ eorasya

2 r0(tn) 9 2
< 3n/o le(s)*ds < el 2,4

and applying Lemma B3 to (B7) yields

L2(0,t,)

IN

KiLsk - -
3Ly + Lo+ \1/; + KL+ KoLy n-1
E(ta)|* < exp ( 1~ > k’i+1>
i=1
2 (1 + ikt
\/i 2 Ls 2
(40) : T nl72(0,¢,) + m”eﬂm(mn)
KiLat? KoLt

+

1—~ llell7 2(0,tn_1) T ﬁ|@||i2(o¢n)>

Ce (Il a0+ lelagon)

IN
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where the constant C' > 0 depends on qo, K1, Ko, L1, Ly, L3, Ly, v and t,,. Inserting
Q) into (33]), and then using the estimates (B38) and ([BY), we obtain

1612200,y < Ce B (1Mo, + e300
+Chnlnll72(r,) + Chnlle(@)I7 2,

0(t)
| leas
0

Assume that k,, is sufficiently small, then ([@I]) can be rewritten as

(41) 2

+Ckitn-1llelZ20 s, 1y + Chan

L2 (In)
< Ckn||77||%2(0t )+Ck ||€||L2(0t

I€1Z2r,) < ChallnliZao,0,,) + Chnll€lZa0,e

n-1)’

or equivalently,
€122, ||€||L2 L
(42) — < Clnliage,r,y + OZk — .
n

Then, we apply Lemma B3 to (£2)) get

€172,
— = < Clnllizo,,) exp (CZ ki ) < Ce“" 20,0,
which leads to

(43) 1€1Z2(1,) < ChallnllZ2(o.t,)

Summing up [3)) over all element I;,1 < i < n, gives

n n
112206,y < C D Killl Tz < Cllnllizqo, D ki < Clallnllizo,,)-

i=1 i=1

This completes the proof of ([29).
By choosing ¢ = ¢’ in (28)) we find that

1€,y < Lallellzaanli€ e, + Lalle@@) L2z, 181 z2(r)

+K1L3H /t |e(s)|ds‘

+K2L4H/

!
2(In)llf lL2(1.)

L2(I )||§ lz2(1,)

which implies

t
€y < Lallellia, + Lale@(O)e0,) + Kaa| [ jets)ds|
0

N 0(t)
+K2L4H/ e(s)lds|
0

L2(In)

L2(1,)
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Tterating this estimate, then using B8], B9), and ([29) we conclude that

‘ 2
200, < c(nen%zw,tn)+||e<o<t>>||i2(o,tn>+H [ letsiias

o(t) 2
/ le(s)lds
0 L2(0 )

< C||e||%2(0 tn) = C||§||L2(o ) T C||77||L2(0t )

< C||77||L2(0 tn)?
which implies (BIII) Here, we have used the fact that

n +2
g/o t(/o e(s)Pds ) dt < Zell30.0,)-
L2(0,t,)

Finally, combining (0) and 29)) we obtain

1€(tn)]? < CeCtn ( |77||2L2(0,tn) + ||§||%2(0,tn)) < C||77||2L2(0,tn)-
This ends the proof of (Z1]). O

L2(0,tn)

+

(44) s) |ds

We next bound the derivative of ¢ as follows.

Lemma 3.5. For 1 <n < N, there holds
(45) / €12t — tu1)dt < Chu 0220

where the constant C > 0 solely depends on qo, L1, La, L3, Ly, K1, Ko, and t,.
Proof. By selecting ¢ = II"*~1((t — t,_1)¢’) in @]), we deduce that

JREERE

n

/ (f(tu(t), u(Ot) — £(&,U @), U@ (t — ta1)&")dt

I,

+/ (Vu — VO™~ ((t — t,_1)&)dt

I,

T / (Vou — VoU)IT =Y (t — £ 1)€" )t

(46) < Ll/ le| - |[TI™ =1 ((t — tp_1)€")|dt
L / e(B(E))] - I ((t — o 1)€") dt
Ly [ / els)lds ) T4 ((¢ — t-1)€")

_ 6(t)
ol [ ([ letlds) (e - )€
I, ~Jo
Ay + Ag + Az + Ay
Thanks to the Cauchy-Schwarz inequality and the L2-stability of II" !, we have

A1 < LaflellLa(r,) [t = tn—1)€ [ L2(1,)
(47) 1 3
< leﬁ||e||L2(1n){/ (t—tn_1)|§l|2dt}2.
I,
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Similarly, by B8), @) and [B9) , we readily find that
Ay < Lolle(0@)ll L2 It = tn-1)€ | 2(1,.)

(48) Lo 1 1
< \/—q2_0k7€||e||L2(0’t"){/1n(t_tn_1)|€l|2dt}2,
t
A < FiLs / e@)lds]| 10— tu)E 2
(19) o L2(1) 1
K1L3tn 1 712 2
< 2 —
o L A
and
B 0(t)
A < Rl [ leolds| = )€,
(50) 0 L2(I,)

KoLty 1 3
< PR el { [ 0 tnle i)

Hence, combing {Q)-({E0) and 29) yields

3 1 1
{ [ 1ere-tivar} < chleliaoa < Okl + [Elzzocm)
L,

1
Cki Inll £2(0,t,)-
This implies the assertion. O

IN

We also need the following inverse inequality (cf. [9]).
Lemma 3.6. On each interval I, there holds
ety < € (1ogtr 4 1) [ 1R~ taor)d + ot )
for any ¢ € P, (I,), where the const;nt C > 0 is independent of k, and ry.
Moreover, the estimate cannot be improved asymptotically as r, — co.
The following results state abstract error bounds of the CPG method.

Theorem 3.2. Let u be the exact solution of (1) and U be the h-p CPG approxi-
mation defined by [@). For k sufficiently small, there holds

(51) ||U—U||L2([) < C||u—Iu||L2(1),
(52) |U—U|H1(1) §C||u—Iu||H1(I),
and
1
(53) lu—Ullpeory < C(1+klog(r +1))2 ||u — Zul| o (p),

where r = max{rn}fy:l and the constants C > 0 solely depend on qo, L1, Lo, L3, Ly, K1, K»,
and T.

Proof. With the aid of (29]) we get
lu—Ullc2y < nllc2ay + 1€l 22y < Clinllzery,
which completes the proof of (GII).
Similarly, by 30) we obtain
lu—Ulgrry < nlarvay + 1€ ava < nlavay + Clinllezay < Clinlla i,
which implies (52]).
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By using ([BI)) and employing Lemmas and [B.6] we deduce that

= Ul
< 2||77||%oo(1)+21?32(N||§||%w(1n)
< 2||77||LOQ(I)+C max {1og(rn+1 /|§ 2t —ty_1)dt + |E(tn) 2 }
gawmm+cmx%bwﬁwwmm+mmm}
< 2|nllfeepy + Cklog(r + DlInll7z ) + CllnllZz
<

C(1+ Klog(r + 1)) 12 -

Here, we have used the fact that ”77”%2(1) < T||n||%w(1). This completes the proof

of (B3). O

3.3. Global L?, H', and L*-error estimates. We are now in a position to
present our main result.

Theorem 3.3. Let T;, be any mesh in I, u be the ezact solution of ([{l) and U be
the h-p CPG approzimation defined by @). We assume that uw € H'(I) satisfies
ulr, € HnTY(1,) for so.n > 0. Then, for k sufficiently small, there holds

25n+2 F(Tn +1-— sn)
Tn(rn + D0 (rn + 14 s,

lu—UlFey < C Z ) ||U||§15n+1(1n)a

Qén F(Tn +1-— )

|U_U|H1(I)<CZ L(r, +1+s)

n=1

lullZren s 2,

for any real s,,, 0 < s, < min{ry, so,,}
Moreover, if u € HY(I) 1, € WSontLoo (LY for so, > 0, there holds

lu = U7 <)

{(%)QSW-{—QF(Tn‘i‘l Sn)

< C(l—i—kzlog(r—i—l))lmax T(rm + 1 1 5 )|| ||W5n+1oo(1n)}

<n<N
for any real s,,, 0 < s, < min{ry, so,,}

Proof. The assertions follow readily from Theorem and Lemma O

Remark 3.1. These estimates show that the error bounds are explicit with respect
to the time steps k,, the approximation order 7,, and the regularity of the exact
solution s,,.

From the error bounds in Theorem [3.3] the following convergence rates can be
obtained for the h- and p-version of the CPG method.

Corollary 3.1. Let r, = 7,1 < n < N and Ty be a quasi-uniform mesh in I. If
u € H¥(I) for s >0, then
mln{s r}+1

lu—=Ullr2ry < CT”””HSH(I)a

kmln{s r}
|u — U|H1(I) S CT7||UHH9+1(I)
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Moreover, if u € W5t1:5°(I), there holds

1 kmin{s,r}Jrl
lu=Ullpee < €A+ klog(r +1))* —————lullwe+r.=(z).-

Proof. The assertions follows from Theorem [B.3] and Stirling’s formula. O

Remark 3.2. These estimates show that the h-p version CPG method converges
either as the time step k is decreased or as the polynomial degrees r is increased.
Moreover, the p-version (with fixed time partition) can yields arbitrarily high-order
algebraic convergence rates (i.e., spectral convergence) if the solution w is smooth
enough. Moreover, it can be proved that the p-version converges exponentially if u
is analytic on [0, T] (see, for instance, [I1]).

4. Numerical experiments

In this section, we illustrate the performance of the h-p version of the CPG
method for the following VFIDE:

t
W) = glt)+ vl £ emtemud®) 4 / et (u(s) + e()ds
0
0(t)
(54) +/ es—t(u(s) + e—u(s))ds’ te [0’ 1]’
0
u(0) = 1,

with g(t) = —In(t + e) + 2e~t — /O~ In(f(t) + €) — % and 0(t) = % sin(t)
e

such that the exact solution u(t) = In(t + e).

-O-r=1

1 1
Number of degrees of freedom

FIGURE 1. L*-errors of the h-version.

We begin by considering the behaviour of the h-version of the CPG method
on uniform time partitions for problem (B4)). The L*-errors are shown in Fig. [
Obviously, the straight error curves correspond to algebraic convergence in the step-
size k, for each polynomial degree r. Moreover, we list the L?-, H'-(seminorm), and
L*°-errors of the h-version CPG method in Table [l the convergence rates confirm
the sharpness prediction in Corollary 3.1}

In Fig. 2l we present the L°-errors of the p-version of the CPG method. The
results show that exponential rates of convergence are achieved for each fixed uni-
form time partitions. In addition, we note that the global L*>-error of 1071 can
be obtained with less than 15 degrees of freedom for the p-version. However, this
is not the case for the h-version as shown in Fig. [[l This implies that, for smooth
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k=1

—o—k=1/2||
—-k=1/4
-0-k=1/8]]

L® error

0 10 20 30 40 50
Number of degrees of freedom

FIGURE 2. L®-errors of the p-version.

TABLE 1. Numerical errors and convergence rates of the h-version.

degree r | step-size k | L?-errors order | H'-errors order | L®-errors order
1/128 5.00 E-07 2.00 | 2.27 E-04 1.00 | 9.70 E-07  1.99
1 1/256 1.25 E-07 2.00 | 1.13 E-04 1.00 | 2.43 E-07 2.00
1/512 3.12 E-08 2.00 | 5.67 E-05 1.00 | 6.08 E-08 2.00
1/64 1.43 E-09 3.00 | 5.94 E-07 2.00 2.67 E-9 2.99
2 1/128 1.79 E-10 3.00 | 1.49 E-07 2.00 | 3.35 E-10  3.00
1/256 224 E-11  3.00 | 3.71 E-08 2.00 | 4.19 E-11  3.00
1/32 2.04 E-11  4.00 | 6.20 E-09 3.00 | 4.31 E-11  3.97
3 1/64 1.28 E-12 4.00 | 7.76 E-10 3.00 | 2.72 E-12  3.99
1/128 7.98 E-14  4.00 | 9.69 E-11  3.00 | 1.70 E-13  4.00

solution it is advantageous to increase r and keep k fixed (p-version of the CPG
method) rather than to reduce k for r fixed (h-version of the CPG method).

5. Concluding Remarks

In this paper, we have presented an h-p version of the CPG method for the
nonlinear VFIDEs with vanishing delays. We have proved that the CPG scheme
is well-defined as long as the time steps are sufficiently small. Moreover, we have
obtained a priori error bounds in the L?-, H'- and L>®-norms that are explicit
with respect to the local time steps, the local approximation orders, and the local
regularity of the exact solutions. Extensions of the analysis presented herein to the
h-p version of the CPG method might be possible for VFIDEs with weakly singular
kernels by following along the lines of this paper, in conjunction with our recent
work [20] for Volterra integro-differential equations with weakly singular kernels.
This will be a topic for our future research.
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