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Abstract. In this paper, we implement and analyse a spectral element method (SEM) on hybrid
triangular and quadrilateral element meshes, where the elemental transformation between the
triangular element and the reference element is based on the mapping in [I7]. We introduce the
notion of “quasi-interpolation” to glue the hybrid elements which can build in the singularity of
the elemental mapping, and only affects one coefficient of the tensorial nodal basis expansion.
Therefore, the hybrid method can be implemented as efficiently as the usual quadrilateral SEM.
We also rigorously analyse the “quasi-interpolation” error and the convergence of the hybrid SEM,
which show the spectral accuracy can be kept.
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1. Introduction

The spectral element method, which enjoys both high accuracy of the spec-
tral method and geometric flexibility of the finite element method, has become
a powerful tool, perhaps the method of choice, for challenging simulations with
stringent accuracy and storage requirement (see, e.g., [[9, B, 3, B]). The quadri-
lateral/hexahedral spectral element method (QSEM) has been studied and docu-
mented well in literature. We particularly highlight that Guo and Jia [T2, B] con-
ducted a very delicate analysis of the quadrilateral SEM, where the error estimates
were featured with the explicit dependence of the geometric parameters of the ele-
ments, and where the so-called “quasi-orthogonal projections” played an important
part in the analysis. The results therein could provide deep insights into how the
quality of the mesh affects the accuracy of spectral element approximations.

It is known that the triangular/tetrahedral spectral element method (TSEM) on
unstructured meshes has more flexibility for complex computational domains and
adaptivity techniques. Considerable efforts have been devoted to these approaches
along the lines: (i) nodal TSEM based on high-order polynomial interpolation on
special interpolation points [B, I, 26]; (ii) modal TSEM based on the Koornwinder-
Dubiner (KD) polynomials [14, B, I3, 5, 21]; and (iii) approximation by non-
polynomial functions [23, 06, d]. It is noteworthy that due to lacking of tensorial
structure, these approaches are much more complicated in implementation than
QSEM.

One of the main purposes of this work is to further the study of Guo and Jia [id, §]
by considering the scenario when some of the quadrilateral elements deform into
triangular elements. Indeed, using hybrid triangular and quadrilateral elements,
one can handle more complex domains with more regular meshes, e.g., by tiling the
triangular elements along the boundaries of complex obstacles. In practice, one also
wishes the implementation of such a hybridisation can inherit the tensorial structure
of the QSEM. It is noted that the constants in the error estimates depend on the
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lower bound of 1/J (J is the Jacobian of the mapping from a quadrilateral element
to the reference square, see [12, (2.9)]). Thus, the constants in the upper bounds
become infinity when one of the interior angles is close to , i.e., the quadrilateral
element deforms into a triangular element. This brings about an interesting issue:
How to effectively treat singular deformations in implementation without loss of
accuracy and rigorously analyse the approach?

The tackle of the issue essentially relies on the triangle-rectangle transformation
reported in [I7]. The mapping pulls one side (at the middle point) of the triangle to
two sides of the rectangle, and results in desirable distributions of the grids, com-
pared with the Duffy mapping [6]. Samson et al [20] proposed a modal approach
based on the inspection that the product of any continuous function and 1/J is inte-
grable over the reference square, so the singularity of the elemental transformation
can be perfectly removed. However, much care is needed for the implementation.
Indeed, the nodal basis is more preferable in practice.

In this paper, we introduce the so-called “quasi-interpolation” to glue the neigh-
bouring triangles and rectangles in C%-sense. Different from the usual tensorial in-
terpolation, this interpolation builds in the “pole” condition of the singular transfor-
mation. This however only affects one interpolation coefficients which should be pre-
determined by some other coefficients. Therefore, we can incorporate this “known”
equation in the implementation leading to a minimal amendment of usual QSEM
codes. It is noteworthy that this notion is different from the “quasi-orthogonal
projection” [[2], which was essentially intended to glue and analyse the modal ap-
proach for QSEM by separating interior, boundary and vertex modes. We also
conduct error analysis of the “quasi-interpolation” and hybrid SEM, and derive the
estimates following the spirit of Guo and Jia [IZ] in terms of showing the explicit
dependence of some important parameters.

The rest of the paper is organised as follows. In Section B, we start with the
elemental transformations between quadrilaterals, and the triangle-rectangle map-
ping. More importantly, we study the situation when one quadrilateral element
gradually deforms into a triangular element, and examine how the accuracy is de-
teriorated and conditioning of the system unpleasantly grows. In Section B, we
introduce the “quasi-interpolation” and derive its interpolation error estimate. In
Section B, we implement the hybrid SEM for elliptic and Stokes problems, conduct
some related analysis, and provide various numerical results to show the accuracy.

2. Preliminaries

In this section, we first present the transformation F_, which transforms the
reference square to a convex quadrilateral. Then we test the changes in effect
of applying the standard QSEM to elliptic problems when a convex quadrilateral
deforms to a triangle gradually. At last, we present the limited transformation Fa,
which transforms the reference square to a triangle, and find out what makes the

standard QSEM out of operation when handling the triangular element.

2.1. Elemental transformation between quadrilaterals. Let (£,n) be the
—-1,1)

coordinate system related to the reference square [J := A¢ x A, = (—1,1)% = AZ.

Denote by @ a generic convex quadrilateral with vertices {Qj : (xj,yj)}jzl in

(z,y)-coordinates. For clarity of presentation, we use boldface letters to denote
vectors or vector-valued functions throughout this paper, e.g.,
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FIGURE 1. Left pair: elemental transformation between @ and [J.
Right pair: elemental transformation between A and .

Recall the bilinear transformation F : [ — @ given by

4
(2) x=x(n) =Fy(&n) = Z%‘Uj(f,ﬁ) = a1 + a2§ + aszn + a4dn,

j=1

for all (¢&,n) € O, where

o1 = 0~ ), 2= 11 -1 ),

03 = 1(1 =& +mn), ou = 1(1 +&)(1 +n),
and
(@) a; = (X1 + o2+ 23+ x4)/4, as; = (X1 — o2 — x3 +x4)/4,

03:(—$1—$2+CIJ3+$4>/4, a4:(—a:1+w2—w3+ac4)/4.

The correspondence between the vertices of ) and [ is illustrated in Fia. 0 (e.g.,
Q1 < (1,—-1)). Note that if @ is a rectangle, then as = 0 and F simplifies to the
linear transformation:

(5) x=x(&n) = a1 + ax + asn.

The Jacobian matrix of the transformation and its inverse are
| Oex| _ |a2+aqn 1 by +bs&  —(ba + bam)
©6) Jy= = :

Ohx a3 + asé o E —(ag + a4§) az +agn |’

where J = det(J) is the Jacobian determinant. Note that J is a linear function
in &, 7, and it attains its extremum at four vertices of OJ (see [25, []):

JUN = min_Jy(€,1) = min {J; (=1, ~1), J5 (1, -1), Jo (=1, 1), J5 (1, 1)},

(7) (&med
Janax = max JD (§,n) = max {JD (—1,-1), J\j (1,-1), Jg(fla 1), JD (1, 1)}7
(&med
where the values of J; at four vertices can be evaluated explicitly. In particular,
(8) Jo(1,1) = {(z3 — z)y1 + (21 — 23)ya + (22 — 21)ys } /4.

Moreover, we have (see [25)):
JD(l,—l) =l1l4sin91, JD(—I,—l) =l1lgsiH92,

9
( ) JD(f]., ].) = 1213 sin 93, ‘]D(]" ].) = 1314 sin 94.
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Note that for a convex quadrilateral @, we have 8; € (0, 7) for 1 < j < 4. Therefore,

Jo is positive and

(10) 0<JM™ < Jo(&m) < I, V(&n) el

Given any u(x,y) on @, we define the transformed counterpart on O as a(&,n) =
(wo Fy)(&,n). Let V = (9,,0,)" and V = (¢, 9,)" be the gradient operators. It is
clear that we have

(11) Vii=J,Vu, Vu=J]'Vi,

For notational convenience, we introduce the differential operators

Vo = —(az + as)d¢ + (a2 + a1)dy, Vi = (b3 + ba)0e — (ba + ba) 0y,
V. = (1- 62 — (1-n)d,

Thus, the gradient operator on @ can be rewritten as

(12)

1 - . . ~
(13) Vi = (Vo= bV, Vo + asV.) @ = Vi,
o
Accordingly, for any u,v € H'(Q), we have

(14)
(Vu, Vv)q // Va - Vo J, dedn = // I (Vai Vo + Vit Vid) dédn
// IS (aa Vit Vb + a4 Vi Vil — by Vit Vi © — by Vi Vi) dédn
O

+// I (af + b3) Vi V.0 dédn,

O

and

(15) (u,0)q = (i, JB)0 = // @6 J, dedn.
O

2.2. An illustration of singularity of a deformed quadrilateral element.
To motivate our algorithm development in next section, we examine the perfor-
mance of C%-quadrilateral spectral element method for a model elliptic problem,
when one quadrilateral element gradually deforms to a triangular element. Consider

(16) —V-(aVu)+bu=f inQ; ulgg=yg,

where a,b, f,g are given smooth functions, and a > ag > 0 for some constant
agp. To fix the idea, we take Q to be the polygon in Fia. B (leftmost), which is
partitioned into three non-overlapping quadrilateral elements. We are concerned
with the scenario when the quadrilateral element AGDFE gradually degenerates into
a triangular element as G moves towards O along FO (see F1G. B (middle)).

In the computation, we set the coordinate of the vertex G to be (—=10~",0) with
m = 3k, for k = 1,---,5, and take the variable coefficients and exact solution to
be

(17) alz,y) = 2+2, b(a,y) = a-+y, u(z,y) = cos(mz) sin (3y(y—2v/3/2+V3/4)).

We depict in FiG. B the growth of the condition number of the spectral element
system and maximum point-wise errors for various N (i.e., N? points in each el-
ement) and different m. Observe that the condition number grows dramatically
as m increases, and the accuracy of the spectral element approximation degrades
rapidly when the vertex G — O. Indeed, the resulted linear system from spectral
element discretization becomes nearly singular when G is very close to O.
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B(-1,1) A(0,1)
(1,0) E(1,0)
Fo10) 0(0,0)
C(-1,-1) D(0,~1) C(-1,-1) D(0,-1) C(-1,-1) D(0.-1)

FIGURE 2. Left: domain  and its partition; Middle: deformation
of a quadrilateral element, where the coordinate of G is (107, 0)
with m = 3k, k = 1,---,5; Right: Q is divided by the mixture of
quadrilaterals and triangle.

Changes of condition number with m Changes of maximum point-wise error with m
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FIGURE 3. Left: variation of condition number of the spectral
element system with m; Right: variation of maximum point-wise
error with m for the deforming.

Remark 2.1. It is important to point out that [, Thm. 7.1] provided a delicate
error estimate with explicit dependance of the errors on the geometric parameters
of elements for C°-quadrilateral spectral elements for elliptic problems. The error
bounds therein contain the powers of 1/Jénin in (D), which tend to infinity in the
above limiting process. Therefore, it is necessary to avoid the use of such “bad”
elements in practice.

It is of practical interest to study the extreme case when a quadrilateral element
completely reduces to a triangular element (see FIG. B (rightmost)). As already
mentioned (also see [20]), allowing for some elements to be triangular can lead
to much regular mesh and stable spectral element algorithms. Moreover, such a
flexibility can facilitate the adaptivity of spectral element methods. Accordingly,
it is necessary to develop an algorithm that can handle the singularity with a
minimum modification of the standard quadrilateral spectral element codes. This
is the theme of our following discussions.
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2.3. Triangle-rectangle transformation and analysis of singularity. Sup-

pose that 04 = 7w and I3 = l4 in F1G. 0 (right), i.e.,
1+ T3 Y1+ Y3
( ) Ty 2 y  Ya 2

Then @ deforms to the triangle A := AQ1Q2Q3, and the transformation () reduces
to Fa : O — A given by

14+6)(3 - 1-8(1 - 3-8+ =
(080 0-00-0) , 6-0040) ) 5
With (), we can further simplify the related geometric quantities. Firstly, the
constants in (B) become
a; = (3x1 + 2xo + 3x3)/8, as = (3x1 — 2xy — x3)/8,
as = (—x1 — 2x5 + 3x3)/8, ay = (—x1 + 2x5 — x3)/8.
In this case, we denote the Jacobian and inverse Jacobi matrices in (B) by Ja and
q]]gl, respectively. Note that the Jacobian determinant becomes

(19) z==

(20)

IS 1 1 1 1
(21) JA(ﬁ,n):§(2—§—n), where 825 x3 x2 x1| > 0.
Y3 Y2 W
In contrast to (), we have min_Ja(€,n) = Ja(1,1) = 0. In addition, we have
(&med
as+ay = —((12 + a4),

so the operators V, and V, can be simplified to
@a = 04(85 + 877) = O‘@-H ﬁb - ﬂ(aﬁ + 877) = 564.,

with a = (21 — x3)/4 and 8 = (y3 — y1)/4.
For any u(z,y) on A, we define

(22) u(&,m) = (uo Fa)(&m), (&n) €l

and then

(23) Vi =JanVu, Vu=J;'Vi.

Corresponding to (I3), the gradient operator in this context can be written as
(24) Vu=Vi=J' (B —bu\%, aVi +as V),

Following the principle of deriving the so-called “pole” condition related to the
singular mapping in e.g., (7], we require that for u € C1(A), Vu should be well-
defined on O after transformation. Also notice that for all (¢,7n) € O,

1-¢ 1—n
25 0<—<1, 0<——<1.
25) 2-¢&—1n 2-¢&-1
In view of these, we derive the essential “pole” condition associated with (I9):
(26) Vii(1,1) = (9eii + 0yit) (1,1) = 0.

Accordingly, for any u,v € H*(A), we have
(27)

PN 2 2 &~
vamAz//vawmQﬁmn=&a+ﬁ)/ VEEVAD e
O S 02-§-n
8(ﬁb4—aa4)/ \VRTAVATER vATA VA 8(a§+b3)/ Vi Vo
- dédn + dédn,
S O 2-¢— dn S o2—-¢—n <
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and
(28) (1,0) = (1, s D)o = / /D W6 (2— € — ) dédn.

In spectral element discretization, the L2-inner product (E8) can be computed
accurately by usual tensorial Gauss-Lobatto quadrature. However, as demonstrated
in Subsection B3, the naive approach by the Gaussian quadrature (to avoid sam-
pling the point (1, 1)) for (22) significantly degrades the expected spectral accuracy.
In this sense, we call point & = @(1, 1)(or the counterpart (£,n) = (1,1)) the singu-
lar point, and call the edge of /A on which locating the singular point as the singular
edge. With an observation of

(29) //D ﬁ dédn =41n2,

Samson et al [20] developed the spectral element method using modal basis function,
which was essential based upon an accurate, recursive formula for evaluating

JL 5

where P, is the Legendre polynomial of degree n. However, it is more computa-
tionally efficient to use nodal basis and numerical integration (E4) by the tensorial
LGL quadrature.

Thanks to the observation([['7, Lemma 1]) that for any functions u,v in space

Vf, = {v:9 € [Py]?, Vi9(1,1) = 0},

the value of the integrand (Vi-Vd)Ja in (27) is zero at singular point (¢,7) = (1,1),
where P was the polynomial space of at most degree N on A, a possible way to
remove the singularity is choosing V]% as the approximation space, and counting the
contribution from the singular point to be zero in the numerical integration of (£2)
by tensorial LGL quadrature. Certainly, if it is feasible, an approximation function
with very good approximation property and easy to extend to hybrid meshs in
continuous way must be able to be constructed in this space, which is the theme we
will discuss in the next section, i.e., the so-called quasi-interpolation approximation.

3. Quasi-interpolation approximation on triangle

In this section, we first introduce the quasi-interpolation operator Iﬁ on A, and
then provide the L2-error estimate of this interpolation.
3.1. Quasi-interpolation on triangle. Let {{; = n; §V:O (with & = =&y = —1)
be the Legendre-Gauss-Lobatto (LGL) points on A = [=1,1], and {h;}}_ be the
corresponding Lagrange interpolating basis polynomials.
Definition 3.1. For any u € C(A) and for /A with the vertices {x;}3_;, we define

(30) 71(5777) = (UOFA)(fﬂ?), Uiy = a(&zun]% 0 < Z;] < Nu

where Fa be the elemental transformation defined by (). Then the quasi-interpolation
of u on A is defined by

(i,7)€TN

where

(32)  ¢i(&m) = hi(§)hi(m), Tn={(i,j) : 0<i,j <N, (i,5) # (N,N)},
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and
N-1
A uin +uni hi(1)
(33) v = Z 2 Wy (1)
1=0

Remark 3.1. Let x;; = Fa(&,n;). One verifies readily that
(34)  (Zpuw(miy) = u(my) =uy, V(i,j) € Tn:  (Iyu)(zny) =By

Note that ﬁﬁ is pre-defined as a weighted average of the nodal values {un;, uin }izn,
which actually provides a very spectrally accurate approrimation to the nodal value

unn. For this reason, we call (B1) a quasi-interpolation of u, which should be in
N

ij—0 Wijhi(§)hj(n) interpolating u at all

contrast with the usual interpolation:
{zi}1—0-

Remark 3.2. [t is important to point out that the interpolant Iﬁu(w) satisfies the
essential “pole” condition (EB), that is,

(35) V(I a) (L 1) = {0e(Ina) + 0y IND | ey 11) = O

Indeed, by definition, we have

(Viig) (1, 1) = {Ri()hy(n) + hi(E)P() }(1,1) =0, 0<d,j< N -1

(Vedin)(1,1) = (Vowi)(1,1) = hi(1), 0<i <N =1 (Vigwn)(1,1) = 2k (1),

so (B3) follows from the above, (Bl) and (B3) immediately.

Remark 3.3. Clearly, Iﬁu € Vﬁ and dim(Vﬁ) = (N +1)2 —1. Li et al [I7]

constructed a basis V;;(x) for Vﬁ making use of ¢i;(£,m), specifically speaking,
hi(§hi(m),  0<ij<N-1,

(36) V() = Pi(E,n) = ﬁi(é“)hgv(nh 0<i<N-1,
hn(€)h;i(n), 0<j<N-1,

where
37) hie) = 1y (2) = oy (2)
(2) = h,(z) — N(2).
’ ! 2h/y (1)
So, the quasi-interpolation can be rewritten as
(38) (Zyw)(@) = Txa)(&n) = > wyiy(@), Vazel,
(i,4)ETN

3.2. Quasi-interpolation error estimate. We analyze the L2-error of this in-
terpolation operator. Hereafter, let ¢ be a generic positive constant independent of
any function and N, and the expression “A < B” and “A = B” mean that A < ¢B
and A < B < A, respectively. For a generic positive weight function w defined on
domain 2, we denote the norm of space L2(Q) by || - ||w.o and the norm of space
L>(Q) by ||+ |eo,- For positive integer r, let H[,(£2) and Hg ,,(€2) denote the usual
weighted Sobolev spaces, whose norm and semi-norm are || - ||, and | -
respectively. When w=1, we drop w from the notation.

In the following proof, we use the quantities: W(i, 0;7, k), M(i, 0;j,0;7, k),
B, a(u) and G ga(u), where B, a(u) is a quantity with respect to the regularity
of u on the interior of A and G5 ga (u) is a quantity with respect to the regularity
of u on the edge of A. To avoid distraction from the main results, we put these
quantities in Appendix Al (see (BE)-(BTH)).

r,w,)
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Theorem 3.1. Ifu € CY(A) and By a(u), Gs an(u) are finite, then for 2 <r,s <

N+1,

(39) |u—ZRul| . S N"Bpalu) + N772Gs 0 (u).
Proof. By the triangle inequality, we have

(40) lu = Zyula < llu—Tyula + [Iyu - Tyulla,
where

N
Hﬁu = ]Iﬁﬁ = Z uij $ij(§,m)

4,j=0

is the usually interpolation on A. One should note the difference with the quasi-
interpolation in (BI). We first show that for r > 2,

(41) lu —Ixulla S N "B a(u),

which can be derived by following the argument for [20, Thm. 4.3], and we sketch
its derivation in Appendix A.

The rest of the proof is to deal with the second term in the right-hand side of
the inequality (£0). By [27, (3.152)],

(42) [vllna = llvlla, VvePy,
where ||v||na = (Z;‘V:o v2(zj)wj)% is the discrete norm on the LGL points with
Wy = m By (E1), (BT) and (E2), we have
3w — Ixulla S Txe - Zyilo
A A
(43) S lu(@yn) — Byllénnlio = lu(@yn) — By x|}
N 2 A
S lu(zyn) — ﬁN'HhNH?V,A S mm(wNN) - 3N|~
Thanks to (E8) and (B3), we derive
(u(@nn) = BY) - Vidwn (1, 1)] = [V (Iya — a)(1, 1))
(44) = 0 (I — @)(€, 1)]e=1 + O (T N“—U)(lm)ln:1|
AL
< |0 (T — @) (-, Dlloo,n + 10y ([ — @)(L,)]|oo,a-
According to [22, (3.203)], we have hly (1) = W. So,

N(N +1)

(45) @.;,_QSNN(I, 1) = agh]v(l) + &,hN(l) = 5

Thanks to (£3), we derive from (£4) that

(46) () =31 < sy (10 BN ) oo +10, (RA=0)(1. ) .).

Let @* be the H2-orthogonal projection of the function (¢, 1) in Py. It is known
that for integer 4 = 0,1,2 and integer s > 2,

(47) a(-,1) = a*|lpa S N2l 1) yo-200-2) 4,

where the weight function (%) = (1 — €)@ (1 4 £)?. By the triangle inequality,
TA ~ ~ x ~ ~ %

(48)  |19(@ja — @) Dllooa < 10 (ARa(-,1) = @) loo,n + 19 (-, 1) = @*)l|oo,a-



120 J. L1, H. MA, L. WANG, AND H. WU

Using the inverse inequality, the triangle inequality, (BEH) and (&7), we have
10 (AR (1) = @)loen S NIOARa(,1) —a*)lla
SN (10 (i — @) (-, )| a + (|9 (@, 1) — @*)|a)
(49) SN2 Og( 1) 2o .

We now turn to the second term of (E8). By the Sobolev inequality (cf. [27]) and
(&),

- o - ~xv11/2 - ~sn11/2
196 (@, 1) — @ )loon SIOe(@(- 1) — @)y 102 (@, 1) — a*)||y
1= og~ 1/2 2-8 1 ng~ 1/2
SN O, V)V ey - N7 I0gC V[V
(50) SNE2)02a(, 1) ||y 202 4

We need consider [|0fa(-, 1)l y:-2.-2) . By (BH) and the basic inequality (A=T3),

9 1/2
10£7(-, 1) ||y 202 a4 S { / (1-¢%)° Q(ZW (2,m; s, k)aliazf’“u) dl}
(51) Q3Q4

< Z ||(1 — 52)%W(2,77;s,k)(?];@;*kuHQSQ‘l.

Substituting (£9), (B0) and (B1) into (EX) leads to

AL -

106 (TR = @) (-, 1) oo, S N> SZ (- W (2,m; 5, k)50 ull o, 0,
Similarly,

10, (IR = @)(-, 1) |oon S N *Z I - W (3,8 5, k)05 ull .0,
Inserting the above two estimates into (EH), we get
(52) @y ) = By | S NGy on(u),
so we obtain
(53) [Iyu—Txulla S N™*7?Gypn(u).
Thus, using (20), (E1) and (63) lead to the desired estimate. O

At this point, we can take V]AV as the approximation space on A, and take the
basis function 1;; (), ¥mn () in (Z2) to compute the stiffness matrix. As mentioned
in Section 2, we count the contribution from the singular point (£,7) = (1,1) to
be zero in the numerical integration of (E4) by tensorial LGL quadrature. Such
a treatment of the computation of the singular integral is not only accurate and
stable, but also easy to be implemented. Moreover, we will see in next section
that the quasi-interpolation on A can be easily extended to the quasi-interpolation
spectral element approximation on hybrid mesh in the continuous way.

4. Spectral element approximation based on quasi-interpolation
4.1. General setup. Let 7 = {2}/, be a non-overlapping partition of 2 in

quadrilateral or triangular elements satisfying the following properties.

e Each vertex of a quadrilateral element is either one of the vertices of the
adjacent element, or the midpoint (the singular point) of the adjacent tri-
angular element.
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Domain and its hybird partition B(-1,1) A(0,1)

Domain and its hybird partition

E(1,0)

0(0,0)

E
(-1,0)

C(-1-1) D(O,-1)

F1GURE 4. Illustration of partition of a given domain . Left:
and its hybrid partition with 9 elements; Middle: 2 and its hybrid
partition with 7 elements; Right: Q and its hybrid partition with
3 elements.

o There exist positive constants oy and o such that every inner angle 6y, ,, of
any element Q) satisfies: 0 < ag < 0y, < a1 <, where k =1,2,--- | K,
v=1230rv=1234.

e There exists a constant x independent of any element Qj € 7 such that

hq,
sup
QreT ’ka

< K < 00,

where hg, and vq, are the length of the longest and the shortest edge of
the element ), respectively.

In general, we hybridise the elements in three scenarios: the singular points locat-
ing on 0N (see F1G. @ (leftmost)), locating between two triangular elements (see
F1G. B (middle)), and locating between a triangle and two quadrilaterals (see F1G. @
(rightmost)), where the “” denotes the singular points.

To this end, we denote by Q. the set of all singular points on €, and let K,
be the total number of the points in .. Denote by F'; the mappings from [ to
Qx,1 < k < K, when §Q is a quadrilater, F, refers to F, and when Q is a
triangle, F'y refers to Fa. Then the approximation space on € is defined as

VSI\II,T = {v:ve H (Q),v]q, o F) € [Pn]?, and v satisfies (28) at allz € 0, }.

We next introduce the basis. For this purpose, we define the mapped LGL point
set Qn on Q as

Oy ={z :x=Fi(&n;), 1<k<K 0<i,j<N},

where {(&;,7;),0 <i,j < N} are the LGL points on . Let Ng be the total number
of points in 2y, and we rewrite Qy as

Oy ={z:x=xz\ = (zx,y7),A=1,2,--- , No},

where A = A(4,j,k),4,5 =0,1,2,--- ,N;k=1,2,--- | K is the index mapping from
the local ordinal number of the point F'(&;,7;) on €y, to the global ordinal number
of this point on Q. A basis of V§ - can be built by splicing together the imagines
of all the local basis (BO). More precisely, letting €2, be the set of all LGL points
locating on the singular edges, corresponding to LGL point &) € Qn\Q., we define
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FIGURE 5. Left: the two dimensional Runge-type function u(z,y)
=1/(1+25(x + 1/2) + 2532); Right: the uniform grids on .

the basis function as

o Ft, 2 ey,
oae) = {0, elsewhere.

Corresponding to LGL point x) € Q.\Q,, the basis function is

() = (hi(€)hn(n)) o F}.t or (hyn(E)h;(m) o Fit, x € Qy,
oA 0, elsewhere.

Note that dim(V%yT) = Nq — K,. With the basis, we define the assembled quasi-
interpolation hybrid spectral element approximation as

No—K;,
(54) Tyv:= > g,
A=1

where vy = v(xy), zx € Qn\Q;. Then we have Zjv € V§ 1.
As anumerical illustration, we consider the Runge-type function (see [24, Fig. 1]):

(55) u(z,y) = 1/(1+25(z +1/2)% + 259%), (x,y) € Q,

where Q is the polygon with the partition in F1G. B (rightmost). In F1a. B (left), we
plot the Runge-type function (B3) over the domain . In F1G. B (a) to (f), we plot the
point-wise errors u —I?,u on a uniform mesh with spacing 0.025 in both directions
(see F1a. B (right)) for various N. We see that the quasi-interpolation provides
a stable and accurate approximation of u, and the deformation of a quadrilateral
element to a triangular element does not degrade the accuracy.

4.2. Spectral element scheme for an elliptic model problem. A weak for-
mulation of (IB) with g = 0 is to find u € H}(Q) such that

(56) (aVu, Vo)g + (bu,v)a = (f,v)q, Yo € Hi(Q).

The spectral element scheme for (BB) is to find uy € V%’%— = VSX,’T N HY(Q) such
that

(57) (aVuy, Von)a + (bun,vn)o = (f,on)a, Von € V.
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(b) N=32

1

x10°

05

-05
R

(d) N=64

14

14

x10° x10°

-1 -1 -1

(e) N=80 (f) N=96

FIGURE 6. The point-wise approximation errors (measured on uniform
mesh) of the quasi-interpolation Zku with various N.



124 J. L1, H. MA, L. WANG, AND H. WU

Condition number with N Errors of u, and u,, with N

10°
—e— condition number — % — max error-u,
2
1015 L —¥— L -error-u,,
L — = — maxerror-u,
<5} N 2
-g 10 5 L“-error-u
2 o
S 1010f 1 £
2 i
=
S 10710
(@] >
10° ] |
10715
(0] 10 20 30 40 [0} 10 20 30 40
N N

FI1GURE 7. Results of Test 1. Left: condition number of the hybrid
SEM with different V; Right:the variations of the maximum point-
wise and L?— errors with N.

Corresponding to the three typical local hybrid partition in FiG. B, we give
the following three numerical experiments to test this hybrid SEM for the elliptic
problem.

e Test 1. We first consider the problem (IH) with  and its partition as in
Fia. @ (rightmost). Here, we take a = = + 2,b = = + y, and the exact solutions
respectively to be

3 3
uy = cos(mx) sin <3y(y — ix + i)), Uy = sin <7m: + E) sin (Wy + z).
2 4 4 4
F1a. @ shows the condition number of the spectral element system against N (left)
and the decay of the maximum point-wise and the discrete L2-errors with different
N (right).

e Test 2. We next consider the problem (IH) with © and its hybrid partition as
in F1G. @ (middle). In the test, we take a = 1,b = 1, and the exact solutions to be
ug in Test 1 and

3 3
ug = e* ¥ Lsin (3y(y — lx + i)),
2 4
respectively. We plot in F1a. B (left) the maximum point-wise and the discrete
L?-errors for various N.
e Test 3. Consider the elliptic problem with mixed boundary conditions:

—div(aVu) + bu = f, in Q,

58
(58) u=h, on I'p; @:g,
on

on FN,
where the Neumann boundary is along I'y := Ui7=4 QiQi+1, and the Dirichlet
boundary is along I'p = 9Q\I'y. Here, Q has a hybrid partition as in FiG. @
(leftmost). Again, we take a = 2+ 2,b = = + y, and the exact solutions to be ug in
Test 2, and uy = (2 —x —y) 2”1, respectively. F1G. B (right) shows the decay of
the maximum point-wise and discrete L2-errors against N.
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Maximum and L%errors of u, and u, with N Maximum and LZerrors of u, and u, with m
10° 10°
— @ — max eITOr*I.I:3 < — = —Mmax error—ua
10° —k— Lz—errorfu3 102 —— Lz-error—u3
\
— % — max errorfuz - % — max SI’FOF—U4
107 —— Lz—errorfu2 107 —+— LZerror-u G
e o
o 10 . 10
o o
= =
L 5 L =
10° 10°
107" 10"
10" 10—12
1o 10 ™ s
o 5 10 15 20 25 30 35 0 5 10 15 20 25 30
N N

FIGURE 8. Errors against N (left: Test 2; right: Test 3).

We see that the spectral accuracy of our approach can be achieved for all three
cases, which should be in distinctive contrast with the number results observed
from F1G. B.

4.3. Error analysis. We now analyse the convergence of the scheme (54). For
simplicity, assume a(z,y) = b(x,y) = 1. As mentioned before, the local partition
containing triangular elements actually has three typical situations (see F1a. @).
Here, we focus on the situation where the singular point is so-called hanging node
(singular point lies between a triangle and two quadrilaterals, see F1G. @ (right-
most)), as the other two cases are much easier to analyze.

Consider 2 with a partition 7 in F1G. B (rightmost). For clarity, denote by Ui
and A the quadrilateral ABC'D and the triangle AADE, respectively. For any
integer r > 2, we define the space

VZ(Q) == {u:ue H)(Q), uln,, € H (O12), ula € H'(A)}.
Then we have the following error estimate.

Theorem 4.1. Let u and uyn be the solutions of (BB) and (BQ), respectively. If
u € VE(Q) with2 <r < N +1, then

u—unllio SN (Ju

7,012 + ‘ulhA) :

We next make necessary preparations to prove this theorem. Introduce two
orthogonal projections OW}V{ and wjl\;?n on A¢ and A, respectively. Define

oHY(A) ={v:v(=1)=0,0v€ H'(A)}; oPy=oH'(A)NPy; PY = H}(A)NPy.
For any v € o H'(A¢), 07711\,751) € oPy is the o H'-orthogonal projection defined by
(85(1) — Ow}v’gv),ﬁgw)/\é = 0, Yw € oPy.

For v € Hj(A,), Wll\}?nv € P is the H}-orthogonal projection defined by

(Oy(v — ﬂzl\}?nv)» Oyw)a, =0, Vwe Py
Denote
Ip={(z,£1): -1 <z <0}U{(-1l,y): -1 <y <1},
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and

H%«O(Dlg) = {U TV E Hl(Dlg),’Uh"O = O}
For any function v € H%O (O;2), the approximation polynomial of v is defined by

1,0 ~ _
OH}V,Dlz : (OWNE °© Tan ) © F

where F_, : 0 — Oy is the transformation (B) with @ = Ois.
Lemma 4.1. If v € Hp (Oi2) N H"(Oya), then for2 <r < N 41,
(59) ||U - OH}\LDMU”LDM S Nl_r|U|T,D12'
Proof. Tt is sufficient to prove it with (5 = 0. By the Poincare inequality, one has

(60) 9~ omheg 0 XY

~ 1,0 ~
(U - 07'(']1\[)5 ] 7TN717’U)||D.

By the triangle inequality,

(61)  [|0(8 — omye oy D) I S 106(8 = 0miy D)1 + 100y ¢ (B — w0, ) |-
By [@, (3.5)], for u = 0,1,

(62) 1835 = 3% Dlla S NNl zanezz,,

From [9, Thm. 3.2], we can derive that for p =0, 1,

(63) 10 (0 — o ¢0) o € N*~"(|0g ol 2

(r 1,r—1) (Af’Lz(Aﬂ))
By (B3) with ¢ = 1, we have
(64)  [10(0 — oy D)1y S N2 (|0g ||L2(T o (erzia) SN G,

By (B3) with o =7 =1, and by (62) with g = 0, we have

100 (0 — my, )Ry S 10(0 — mys, DI € N7 (1068; 1 0l| 2, L2 oz (An))

(65) S N
We derive from (B1)-(63) that
(66) 19¢(5 — omi ¢ 0 w5, DI S NP2 Jal7 .

In a similar way, we can obtain
(67) 19,(8 — omy ¢ 0 T D) IE S NP7 o
Using (B0), (68) and (B2) leads to
15— omiv ¢ © le\}?n’aHl,D SN0

This ends the proof. O

We next construct an approximation polynomial on A. Define

A = {(@,g) 0< 2,9, 2+9 < 1}, P% = span{kagl 0< K LE+IL N}.
Recall that there exists an invertible linear mapping Ma : A = A\, which maps the
reference triangle A onto A. Denote IP]% = IP’A oM. According to ['7i (4.5)], for

any function & € H2(A), there exists an orthogonal projection I, A e IP’A
defined by

(60— T o), =0, Vi e P,



TRIANGULAR SPECTRAL ELEMENT METHOD 127

(0,) p =(0:(9 — 02)0,03(05 — 9)) ; a + (05(05 — 02)0, 05(05 — 03) W) A
+ (040, agw)fl + (0z0, 355’113)1;2 + ©(0,0)w(0,0),
with
[ ={0,9):0<g<1}; To={(E0):0<d<1}.

For any v € H%(/\), we define the approximation polynomial on A as HX,I’A_I’_lv =

(H;[,lgl’flﬁ) oMgl. Apparently, H]T,’lgl’flv € Pﬁ. According to [21, Lemma 5.1]
and [20, Lemma 4.3], we have the following property and estimate.
Lemma 4.2. Suppose v € H"(A) with r > 2, and v|pg = v|ag = 0. Then
(68)
(i) (MR ) lap = w30, (v]ap); (1) V(e =TT o) |a S N (ol

At this point, we are able to glue the approximation polynomial on [0y and A
into the global approximation function H}\}?Tu, which is defined by

H}\}O u=: OH}YD]}2 (?'Dm)v on DlZ;
7 Oy x 7" (ula), on A.

This global approximation function enjoys the following property.
Lemma 4.3. For any u € VL(Q) with 2 <r < N + 1, we have

(69) (i) TIyue Vi

(70) (i) [l =Ty ulie S N7 (o, + Julna)-

Proof. Since H;,,l’A_l’_l(u| ) is differentiable on A, we infer from (i) of [20, Proposi-
tion 2.1], that the polynomial H&’I’A_l’_l(uM) belongs to V]%. For the continuity of
H}\}?Tu on Q, (i) of Lemma B2 ensures its continuity across AD, so that continuous
on ). Thus, we have proved (i). One can easily derive (ii) from Lemma B and

(i) of Lemma B2 together with the Poincaré inequality on A (cf. [0, Remark
4.1]). O

With the above preparations, we are ready to prove Theorem Bl

Proof of Theorem EX. Denoting a(u,v) := (Vu, Vv)q + (u,v)q, by (B8) and (E1),
we obtain

alu—un,vy) =0, Yoy € V%ﬁr.

Furthermore, we have

lu —un|fq = a(u—un,u—on) < [u—un|iallu—vx]Le,
ie.,
(71) lu—unllie < [lu—vylie, Yoy €V

Taking vy = H}\}?Tu in (@), and using (ii) of Lemma B=3, we obtain the desired
estimate.
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10° L2-errors of velocity of U and pressure p
Domain and its hybird partition -3 N —— | 2ermorU
-8 - 2ermorp
N
N

1075}

Error

1040,

1045

FIGURE 9. Left: Q with its hybrid partition; Right: L2-errors of
velocity u and pressure p with .

4.4. Application to the Stokes equation. Hereafter, we apply the hybrid SEM
to the steady Stokes problem:
—Au+Vp=Ff, in Q,
(72) V-u=0, in Q,
u =0, on 012,
where f € [L?(Q2)])%
In what follows, we denote Y = H(2) and Y = Y2. Introduce the bilinear
form:

A(u,v) = // VuVuvdrdy, Yu,veY.
Q

X = {q g€ LQ(Q),//quxdy:O}.

Define the bilinear form on Y x X :
b(v,p) = —// V- -vpdxdy, YveY, Vpe X.
Q

Thus, the weak formulation for the Stokes equations (I2) is to find v € Y and
p € X such that

Let

(73)

A(u,v) + b(v,p) = (f,v)aq, VveY,
b(u,q) =0, Vqe X.

Assume that €2 is a polygon with a hybrid partition 7. Denoting Yy =Y N V%%-
and Yy = Y2, to present the spectral element scheme, we also need define the
approximate space Xy of X. Let {l;,i =1,2,--- , N — 1} be the usual Lagrangian
interpolation polynomials associating to the N — 1 interior LGL points in A. Then
{1;(&)1(n),i,j =1,2,--- , N —1} are the nodal basis functions of the space [Py_2]*.
And, we define the global nodal basis functions of Xy () as

. . o -1 9]
(74) pu(T) = {(()lf(g)l](n)) i ewlseevglke’re,
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where p = u(i,j,k),i,7 = 1,2,--- ,N — 1;k = 1,2,--- | K is the index mapping
from the local ordinal number to the global ordinal number. Thus

Xn(Q) = span{pu cpu=1,2---  K(N — 1)2} X

where L3(Q) = {u € L*(Q) : (u,1)q = 0} is the subspace of L?—functions with
zero mean on ). Thus, the SEM for (3) is to find uy € Yy and py € Xn such
that
(75) A(un,vn) +b(vn,pn) = (f,vn)e, Yoy €Yy,

b(un,qn) =0, Vgn € Xn.

Remark 4.1. [t is known that in order to avoid the spurious pressure modes, in the
discrete scheme of the Stokes equations, the discrete velocity and pressure spaces are
required to satisfy the inf-sup condition(see [IR, 0, P]). To this end, similar to the
usual Py x Py_o approach in the rectangular spectral method, we take the pressure
approximation space Xy to be two “degrees” fewer than the velocity approximation
space Y.

We next present some numerical results obtained by the hybrid SEM, where the
domain € is partitioned as in F1G. A (left). In the test, we take the exact solution
to be u(r,y) = (sinzcosy, —coswsiny)? and p(z,y) = sinzsiny. We plot in
FIG. @ (right) the discrete L?— errors for velocity w(x,y) and pressure p with N.
We observe the spectral convergence for both uw and p.
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Appendix A. Proof of (A1)

We first give the definitions of W (i, g; r, k), M (3, 0; 4, 057, k), By A (u) and G ga ().
Define

(A1) W (i, 07 k) = (a; + as0)"(b; + bao)"™ %, 0<k <,

where (i, 0) = (2,7) or (3,£). Further denote

(A.2)

M(i, 055,037, k) =
W(i,,Q;T—l,O)(bj+b4U), k=0,
W(i,o;r — 1,k —1)(aj + aso) + W(i,0;r — 1,k)(bj + byo), 1<k<r-—1,
W(i,0;r — 1,7 — 1)(a; + a40), k=r,

where (i, 0: j,7) = (2,7;3,€) or (3,€2,7). Define

(A.3)

Boa(u) =Y (l(1+&)2W (2,12, k)0E02  ul| o + (1 + )2 W (3,62, k)52 u )
k=0

+ |u|2,JA’1,A + |u|1,JA’1,A7
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and for r > 3,

Bra(w) =3 (10 =& (148 W (27, k)950; *ul

k=0

r—

A=) (L +0) T W&, k)50 ula

(A'4) r=3 =2 r—
(=€) (L4 €)M (23,6, k)05, Full )
r—1
(109 1+ = ,W(2mir — 1.9k, Ful 4.
k=0

Finally, we define

S

Goon(w) =Y (I(1 - )T W(2,n;5,k)0505  ull gyq.
(A.5) k=0

=+ ”(1 - UZ)%W(& f; S, k)aglga;ikuHQsQ4)'

We now prove (E0). By [22, Thm. 3.44], we know that for any v € H"(A) with
1<r<N+1and p=0,1,

(A6) o = I50lla S N ol yir s .
Let I; be the identity operator. Then by (1) and (BEH), we have

lu—Txula Slla—Ixaln = |l@ - 15 il
SIa = I3) Lo = IR)i — (Ig — 13, )i — (I — I}))ii|o
S(Ta = I5) (La — I%)allo + || — 15,)allo + || (I — I3)illo
SNY[(Ig = I5)0pallo + || (Ia — I5)allo + || (I — 1)l
SNT(l(1 = )220, o
+ (1= )20 g + [|(1 — )"V 20ra|n).

(A7)

We next transform the variables (£, n) back to (z,y). For clarity, we denote

B (@) = (1 - ) 200a)n, B @) = 11— 9" 2000,
(@) = [1(1 - )220 0y |o.

A direct calculation from (I9) yields

Ocx = az +aqn, Ogy =ba +byn, Opx =az+asl, Oy = bz + bs§,
Octt = (ag + aan)Ogu + (ba + ban)Oyu, Opt = (a3 + asa)dyu + (bs + bs&)dyu.
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Thus, we have

Ofii =y <;) (az + aan)* (bs + ban) "5 0, u,
k=0

oy = </:> (a3 + a1€)" (bs + ba&)" 050, *u,
k=0

1
- r 1o .
O~ Oyt =0, ( )(a2+a4ﬂ)k(b2+b477) Roroy T

where the constants a;, b; are defined in (20). By (E0) and (23), we derive that for

r >3,
B (@) = ( / / (O (1~ 52)”d£dn)2
(A.10) 0
< H(l_f)%Q(l+f)%lW(Q,n;r,k)afag_kuHA,
k=0
B (@) = ( [ oyara- n2)”d§dn> ’
(A.11) 70
YN =) T (A 0) T WB, &, k)R R,
k=0
B (@) = ( / (00,1 - 52)T2d£d77> 2
(A.12) S (0= F A +9F M@y:3,&r. k)50 ula

Y11= A+ T o,W2mr — LKL, ula).
In the above delrivautlicor?s7 we used the basic inequality
(A.13) o240l 4ol <(oy+os+--+0.) <r(0? + 05+ +02),
with 0, >0, i=1,2,--- 7.
For r = 2, we derive from a direct calculation that

i < _ _
[0¢0ntllo < ‘u|2,JA1,A + |U|1,JA1,A7

2
11— )Y202alln < S I+ €2 W (2,12, k)0k02 Ful|

(A.14) P

2
10— )02 S DL+ )2 W (3,€2,k)0502 Ful| .
k=0
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Finally, we obtain (1) from (B7)-(BT4).
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