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AN ASYMPTOTIC PRESERVING IMPLICIT UNIFIED GAS
KINETIC SCHEME FOR FREQUENCY-DEPENDENT
RADIATIVE TRANSFER EQUATIONS

WENJUN SUN, SONG JIANG, AND KUN XU

Abstract. In this paper, an asymptotic preserving implicit unified gas kinetic scheme (IUGKS)
is constructed for the frequency-dependent radiative transfer equations. Different from the as-
ymptotic preserving unified gas kinetic scheme (UGKS) which uses the explicit initial value of the
radiation intensity in the construction of the boundary fluxes as in the previous works [Sun et al.,
J. Comput. Phys. 285 (2015), pp. 265-279 and J. Comput. Phys. 302 (2015), pp. 222-238], here
we construct the boundary fluxes by a back-time discretization so that they depend implicitly
on the radiation intensity. Thus, the time step constraint by the Courant-Friedrichs-Lewy (CFL)
condition is not needed anymore for IUGKS. It is shown that IUGKS is asymptotic preserving
uniformly with the small Knudsen parameter. A number of numerical tests have been carried
out and the numerical results show that large time steps can be used for the current scheme, and
the computational efficiency can be improved greatly in comparison with UGKS and the implicit
Monte Carlo scheme.

Key words. radiative transfer, frequency-dependent, asymptotic preserving, implicit unified gas
kinetic scheme(IUGKS).

1. Introduction

Numerical solution of the radiative transfer equations is very important in many
research fields, such as in astrophysics, inertial confinement fusion, and high temper-
ature flow systems. Due to the complexity and higher dimensionality of the system,
the numerical solution of the radiative transfer equations is very challenging, and
its study attracts continuous attention from national laboratories and academic
institutes. In this paper we shall make a continuous effort to develop a useful and
reliable computational method for multiple scale radiative transfer systems.

The radiative transfer equations are the modeling equations in the kinetic level,
where the photon transport and collision with material are taken into account. This
system can present different limiting solutions with the changing of the scales. For
the gray radiative transfer equations, the opacity is just a function of the material
temperature. Therefore, the spatial cells can be classified as optical thick and
optical thin regions, and a domain decomposition method with different numerical
discretization in different regions can be developed. However, for the frequency-
dependent radiative transfer equations, the opacity is typically a decreasing function
of frequency. A spatial region can be optically thick for low frequency photon, but
optically thin for high frequency ones.

Since the radiative transfer equations model the radiation intensity transport
and energy exchange with the background material. The properties of the back-
ground material influence greatly on the behavior of radiation transfer. For a low
opacity (background) material, the interaction between the radiation and material
is weak, and the radiation propagates in a transparent way. The numerical method
in this regime can be well developed by tracking the particle streaming transport.
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However, for a high opacity (background) material, there is severe interaction be-
tween radiation and material with a diminishing photon mean free path. As a
result, the diffusive radiative behavior will dominate. In order to solve the kinetic
scale based radiative transfer equations numerically, a straightforward way is to use
a spatial mesh size which is comparable with photon’s mean-free path, i.e., the so-
called optical thin cell, and the transport equation can be discretized directly, such
as using upwind approach for photon transport. This kind of method is basically
a single scale method, where the numerical resolution down to the mean free path
is used everywhere in the computation. Most Monte Carlo methods for transport
equations belong to this category as well. In this kind of methods, to take such a
small cell size will be associated with huge computational costs in the optical thick
regime. In order to use a large cell size in comparison with the mean free path in
the optical thick region, instead of decoupling the particle transport and collision
in the numerical discretization, the coupled transport and collision has to be taken
into account in the design of the scheme.

One of the efficient multiscale methods is to develop the so-called asymptotic
preserving (AP) scheme for the kinetic equation. When holding the mesh size and
time step fixed and as the Knudsen number going to zero, the AP scheme should
automatically recover the discrete diffusion solution. AP schemes were first studied
in the numerical solution of steady neutron transport problems by Larsen, Morel
and Miller [17], Larsen and Morel [16], and then by Jin and Levermore [10,11], and
the others. For unsteady problems, one of the AP schemes was constructed based
on a decomposition of the distribution function between an equilibrium part and its
non-equilibrium derivation, see Klar [13,14], and Jin, Pareschi and Toscani [12] for
details. The development of an AP-type discrete ordinate method (DOM) for the
multi-frequency radiative transfer equation coupled with material energy equation
is a challenging numerical problem [8,21], where most well-validated approaches
are the Monte Carlo methods.

The unified gas kinetic scheme (UGKS) is one of the AP schemes for the transport
equations [9,22,24,26,27]. It not only recovers accurate limiting solutions, such
as ballistic transport and diffusion propagation, but also presents reliable solution
in the whole transition regime. In UGKS, the mesh size is used directly as a
modeling scale for identifying transport dynamics. When the mesh size is on the
order of mean free path, the kinetic transport mechanism, such as the modeling
process of the Boltzmann equation, is recovered in the numerical evolution [25].
When the mesh size is much larger than the mean free path, the hydrodynamic
scale physics, such as the Navier-Stokes (NS) solutions for the flow system and the
diffusion equation for the radiative transfer, is obtained. Between these two limits,
a smooth transition is constructed and used for the capturing of non-equilibrium
phenomena. In UGKS the mesh size and time step are dynamic variables in the
evolution model. It may not be difficult to accept this kind of concept if we can
realize that all fluid dynamic equations, such as the Boltzmann equation and the
NS equations, are constructed based on their specific modeling scales with the
corresponding dynamics.

In the previous works, we have developed an asymptotic preserving UGKS for
the gray radiative transfer equations [22], and then an extension to frequency-
dependent radiative transfer system [27]. Because the reconstruction method for
the boundary fluxes in ( [22], [27]) is explicit with the initial value of the radia-
tive intensity, the time step should be constrained by the Courant-Friedrichs-Lewy
(CFL) condition. The computational times could be very large for small spatial
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meshes since the time step is small. And on the other hand, for the usual radi-
ation hydrodynamics codes which solve the coupled equations of radiation with
hydrodynamics, in order to save the computational time, the time step is usually
constrained only by the hydrodynamical part, that is to say, the numerical method
for the radiation equation should be stable for the large time step.

In this paper, by implicitly constructing the boundary fluxes with the radiative
intensity, we propose an implicit asympotic preserving unified gas kinetic scheme
(AP-IUGKS) for the frequency-dependent radiative transfer equations, which are
composed of the radiation transport and material energy equations, and much more
complicated in terms of dynamic modeling.

The basic steps in the construction of AP-IUGKS are the following. The multi-
group method is first used to discretize the frequency variable, and the discrete-
ordinate method (DOM) is employed to discretize the angular distribution of pho-
ton’s movement. A time evolution integral solution of radiation intensity at differ-
ent frequency is constructed for the flux evaluation at a cell interface. In order to
evaluate the source terms inside each cell for the radiation intensity update, the
macroscopic radiation energy equations at each frequency and the material energy
equation are solved first at the next time level for the update of the macroscopic
radiation energy and material temperature. Then, the updated macroscopic quan-
tities are used in IUGKS for the full determination of the multi-group radiation
intensity inside the cell. For the current AP-IUGKS, the large time step can be
used in small spatial meshes, computational costs can be saved therefore, and the
asymptotic preserving property of AP-IUGKS holds uniformly with respect to the
small Knudsen number. For the multiple frequency radiative transfer, much nu-
merical work is involved in the numerical discretization in the radiation frequency
space and their coupling. Also, due to the complicated nature of such a system,
we can only find the numerical examples, which have been previously tested by
the Monte Carlo methods. We could not find any other DOM for the multiple
frequency radiative transfer system [8,21].

This paper is organized as follows. Section 2 introduces the model of the
frequency-dependent radiative transfer equations. Section 3 is devoted to the con-
struction of the implicit unified gas kinetic scheme (IUGKS). In Section 4 we show
the asymptotic preserving property of IUGKS. In Section 5 a number of frequency-
dependent numerical radiative transfer tests are included to demonstrate the accu-
racy and robustness of the new scheme, and its computational efficiency in compar-
ison with the explicit unified gas kinetic scheme and implicit Monte Carlo method
(IMC). A conclusion is given in the last section.

2. System of the radiative transfer equations

The gray and the frequency-dependent radiative transfer equations describe the
radiative transfer and the energy exchange between radiation and materials. For
the frequency-dependent case, the system can be written in following scaled form:

2

U GV = o(Bw,T) — 1),

20 8T—e / / I BVT)>dydﬁ
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Here I(t, 7, ﬁ, v) is the radiation intensity, 7 is the spatial variable, Q is the angular
variable, t is the time, and v € (0,400) is the frequency variable. T'(7t) is the
material temperature, o (7, v, T) is the opacity, ¢ is the speed of light, € > 0 is the
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Knudsen number, and U(7,t) is the material energy density. For the simplicity of
presentation, we have omitted the internal source and scattering terms in (1). In
addition, the Planck function B(v,T) is defined by

2h? 1

(2) B(Va T) = 2 ehl//kT — 1;

where h is Planck’s constant and k is Boltzmann’s constant.
The material temperature T(7,t) and the material energy density U(F,t) are
related by
ou

a—TZCV>O,

where C, (7, t) is the heat capacity.

As the parameter e — 0, Larsen et al. [18] have shown that for frequency-
dependent radiative transfer equation (1), away from boundaries and initial times,
the intensity I approaches to a Planckian at the local temperature, i.e.,

I(O) = B(Vv T(O))a

and the corresponding local temperature T(¥) satisfies the following nonlinear dif-
fusion equation,

9 9
= () =
3) U@®)+az

= (T = v . 28O,

3UR

where a is the radiation constant given by

. 8kt
~ 15h3¢37

and og is the Rosseland mean opacity defined by

f°° L__9Bw.T) 4,

1 0 o(Fv,T) 0T
on o 9B(1,T)
R Joo v

An asymptotic preserving (AP) scheme for the frequency-dependent radiative
transfer equations (1) is a numerical scheme which discretizes (1) in such a way
that it leads to a correct discretization of the diffusion limit (3) when € is small,
and the scheme should be uniformly stable in the parameter e.

The limiting equation (3) is what we would like to get in the AP scheme for (1)
in the optical thick region. In the following, for the simplicity of presentation of
our IUGKS method, we consider here the two-dimensional Cartesian spatial case
for problem (1). Thus in this case, the angle direction is denoted by Q= (1, 6),
with g = /1 —(?cos8, £ = /1 —(%sinb, ¢ € [—1,1] as the cosine value of the
angle between the propagation direction Q and the z-axis, and 6 € [0,27) as the
angle between the projection vector of O onto the zy-plane and the z-axis. Due
to the symmetry of angular distribution in the two dimensional Cartesian case, we
need consider ¢ > 0 only.

3. An IUGKS for the radiative transfer equations

In this section, based on the UGKS framework in [9,20,22,26,27], we will present
firstly the AP-TUGKS for the frequency-dependent radiative transfer system (1).
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3.1. Frequency space discretization for the system (1). The discretization
of the frequency variable for the system (1) is similar to that in [27], here for
completeness, we give the discretization of frequency variable v in this subsection. A
standard way is to apply a multi-group method in which the frequency variable v is
divided into discrete frequency intervals and the photons are “grouped” according to
these intervals [1]. Let G be a positive integer number, we discretize the continuous
frequency space (0,+00) by G discrete frequency intervals (1/97 1 Vgr1 ) with g =

1,---,G, and vy = 0, Vgy1 = Fo00. Once the boundaries of the groups are defined,
we can integrate the first equation in (1) over the frequency interval to get
(4) / TEEQI+ G VI)dy = / "2 2B, T) - Idv.
v 1 c v 1 €
9—3 9—3

For the equation (4), the radiation intensity in different groups and the correspond-
ing group opacities are given by

(5) I, = / (7 0, v)dv,
Vg,%
and
Vg+% Vy+%
/ oB(v,T)dv / oldv
v 1 v 1
e __ 9”32 a __ 9”32
(6) %9 = Tl v %9 T T
/ B(v,T)dv / Idv

-1 -1

We also integrate the Planck function B(v,T') on the right hand side of (4) over
the frequency interval, and denote

(7) ¢g:/ HiB(VaT)dV-

g—

W=

With these notations in (5)—(7), the equations (1) are reduced to a multi-group
radiative transfer system:

€2 oI,

;a—tgﬂﬁ-w = (0Spg — 02I,), (g=1,---,G),
(8) or  Lou =S

20,2 =22~ = / ar — 5. )dQ.

Mo = o g; 4W(Ugg %990

It should be noted that the absorption opacity oy which is a weighted integration
with the unknown function I. Usually, the unknown function I in this opacity
integration is replaced by the Planck function with the radiation temperature 7).
instead of the material temperature T'. For this purpose, we define the radiation
temperature and the absorption opacity in the following way,

+oo 9=G 1
. _— ~ o -1
9) acT, = /47r/0 1dQdv = g_ /MIng, oy = /,,gi%
g9=1 B(

Up to now, the discretization of the frequency variable is finished.
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3.2. Angular, spatial and time discretizations of the system (8). First,
for the angular variable of the system (8), as done for the usual discrete ordinate
method, we give the propagation direction (u, &) a set of discrete values. As in [19]
for example, we use an even integer N as the discrete ordinate order, then obtain
the discrete directions €, = (ttm, &m) and their corresponding integration weights
W form=1,--- M, with M = N(N + 2)/2. For each direction (fm, &mn ), we get
the following discrete equations for the system (8):

(10)
€20l g - . .
? 815 +€Qm-vlm,g:(Ug¢9_0g1m7g)7 (9217 ,G, m:l, 7M),
=G m=M
oT oU % . .
GQCWE = 625 — Z Z (UgIm,g — Ug¢g)wm~
g=1 m=1

As for the spatial and time variables, let z; = ‘Az, y; = jAy and t" = nAt
(i,4,n € Z) be the uniform mesh in Cartesian coordinates, where Az, Ay and At
are the mesh sizes in the x-, y-directions and the time step in the t-direction. Let
(i,7) denote the cell {(z,y); Ti—1/2 < * < Tip1/2,Yj—172 < ¥ < Yj+1/2}, where
Ty = (i — %)Ax and y;_1/2 = (j — %)Ay are the cell interfaces.

In what follows, we denote by I'; ,, . the cell averaged value of the intensity I,, 4
at time ¢™ in cell (¢, j) with cell center (x;,y;). Then, we integrate the equations
(10) over the cell (i,7) from time t™ to ™ + At. A conservative finite volume
numerical scheme for the equations (10) is of the form

(11)
= RAL(Entd — il )
,5,m,9 43,m,g T Az \Ti—1/2,5,m,9 i+1/2,j,m,g - -
At n+1 n+1 cAt e a
Ry i j2mg — B j2m.g) T @ (058,05 = 9gLigmg)}s
g:G m=M
eC, T = 20, T JrAtZ Z (0%I; ; — 0%y ; Hw
Vi, vi,g g-v3,m,g grg,t] my
g=1 m=1
where F"L and H™ ! are the time-dependent numerical fluxes in the
i—1/2,5,m.g 4,j—1/2,m,g

z- and y-directions across the cell interfaces which are implicitly depending on the
values of I - and the terms on the right hand side of (11) are given by

,4,m,9)
c gt
Fi’riﬁ}lj,mg - E /tn MmI’m,g(taxi—%a?haﬂmaf?ﬂ)dta
tn+1
+1 __¢
H:j—1/2,m,g - E /t" €mIM,g(taIiayj—%vum7§m)dta
(12) R 1 B ( |
¢,,7,:7/ / / ¢ t7x7ydxdydta
909 = RATAY S o Sy
N 1 "t e Y1y
Lijmg = v I g(t dxdydt.
bhmhd AIAyAt /tn »/:C-;1/2 /yj1/2 m’g( ’Z’y7um’€m) ! y

In order to update the system (11), we have to give all terms in (12) explicitly.
First, the term I; j .4 in (12) can be approximated implicitly by

. ~ Jn+1
Il7]am79 ~ Ii,j,m,g’

which can be incorporated into the left hand side of (11).

3.3. ITUGKS: construction of the boundary fluxes. The key for IUGKS is

to model the time-dependent interface fluxes an:E}Q im.g and Hzn;ill J2.m.g in (12)

implicitly depending on the radiative intensity values of I fjﬁq ;- Different from the
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explicit method used in [20,22,26] where the radiation intensity at a cell interface
for building the boundary fluxes is based on an evolution solution of the transport
equation with initial value Ij; . in this paper we reconstruct the radiation in-
tensity at a cell interface in boundary fluxes based on the value II"JJF; g+ Thus, an
implicit unified gas kinetic scheme for (11) is obtained. This evolution solution
covers different flow regimes from the ballistic transport to the hydrodynamic wave
propagation [24]. The real solution used for the flux evaluation depends on the
ratio of the time step to the local particle collision time.

For the z-direction flux F "t}% g the radiation intensity on the interface is
obtained by solving the following initial value problem at the cell boundary x =

Ti—1/2,Y = Yj:

(13) { £0tIm g +ﬂmaIIm,g~ (U bg — WLg)

Im,g(m;yjat”t:t" = Im,g,O(m y])

where the expressions of the initial value fm7970 (x,y;) and ¢4 will be given later in
details. Thus, a time dependent evolution solution can be obtained,

Im,g(txifl/Qayja,u’magm) =e )\gl 1/2J(t & )I gO(I'L 1/2 - C,U;w), (t_tn))

+fttn e~ Aavio1/2,(t— s)M%(s Tiq)9 — e (t —s))ds,

where \j = 003/62, and Ay ;_1/2,; denotes the value of A, at the corresponding cell
boundary. Substituting I ¢(t, 2;—1/2,Yj, lm,E&m) in (14) into (12);, and integrat-
ing the resulting identity with respect to time ¢ from ¢” to ¢"*!, we can get the
numerical flux F "JE}Q in the z-direction. The numerical flux H"™! in
7 m,g i,j—1/2,m,g
the y-direction can be constructed similarly.
The solution in (14) depends on two functions, which need to be evaluated

numerically. The first one is the value of I, 4(x,y;,t) at t" around (x;_1/2,%;), i.e

(14)

the initial data fm,g,o(:c, y;), and the another is the value of the function ¢4(t, x,y)
between the time steps ¢ and ¢"*1 around the cell boundary (x;_; /2,Yj)-

The initial data fm,g,o(:c,yj) at the beginning of each time step in (13) can be
approximated by a piecewise linear function:

- ot + 0 I (x —xi-1) ife<zi_qi/9
15 I T,y;) = 3,m —1,5,m,g % T i—1/2
(15)  Imgo(@y;) { If;‘;g—i—é T g (T — T0), if 2 >, 19,
where 6,174 ; ., o» 0xliiq j.m o are the reconstructed slopes through the second

order MUSCL limiter [23] with initial date of I7*; ,, .
The value of the function ¢4(x,y;,t) between the time steps t" and t"*1 around
the cell boundary (z;_1/2,¥;) is approximated by a piecewise continuous polynomial

as:

“n+1,L .
—x;_ , i< x_q/9,
(16)  Gylrypnt) = 3041, | O Opaijalt —Piy2) e < i
Oq %z 1/2]( —Zi_1/2), if x>z,
where the left and right one-sided finite differences are given by
n+1 n+1 Tn+1 n+1
Tn+1,L Pi-1/2j ~ Poi-1 nitr Pgig T Paic1/2,
TVgi-1/2,5 Am/2 ’ TPgi-1/2,5 Az /2
The cell boundary value qbg i—1/2,) and the cell center values q_bgﬂ and q_bgt_ll ; will

be determined in the next subsection. Given the above constructions, the numerical

flux
tn+1

Fn"rl C,LLm/ Im (t,l"_l Q,y',ﬂm,fm)dt
1/27]mg GAt n 9 ’ / !
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can be exactly computed by using the expressions (14), (15) and (16),

+1 -
E %y jmg = Agi- 1/2J“m(fz 1/2.gmg Yo >0 F L0 3 gL <0)

an +Cy i 1/2,gﬂm¢gz 1/21,JL 1,R
+Dy i1 /2.5 (12,0x (;5;‘: 1/2J1um>0+”m5 d)ZJ{ 1/2,j L, <0)

n

+391 1/2J(Mm5 I’L ljmg Hom > 0—’—:"‘771(S i,5,m,g Nm<0)

where I, 1/2,j:m.g and IZ 1/2,jm,g A€ the values at boundary, given by
- _ n+l Aa: n
(18) Ii—1/2,j,m,g - ifl,j,m,g 6 Iz 1,5,m,g°
It =il H(s .
i—1/2,5,m,g — Ti,3,m,g 2 Yrdigm.g

The coefficients in (17) are

Ag — ﬁ(l _ e—AgAt)

(19) Cg = Atesk (At 3, (L= e 28,
Dy = — 5t <At<1 +e oA = Z(1 - e MAY)),
B, = —E2A§At(1 — e M A — N Ate Ao AT),

with Ay = cof /e?. With the expression (19), we have

Agic1y2, = Ag(At e, Mg iz1/2,5),
Cgi 1/2,) = C (At €, 0’;Z 1/2ja)‘g,i71/2,j)7
Dgz 1/2,5 = D (At € ng 1/2ja)‘g,i—1/2,j)a
Byi_1/2; =B (At €, )\9’1,1/27])

(20)

It should be emphasized here that even with the interface solution (14), in order
to obtain a consistent limiting diffusive flux, the coefficients, such as Ug i—1)2, and
Ag,i—1/2,; at a cell boundary, have to be properly defined by using the values from
the two neighboring cells in the above expression (20).

The boundary flux Hznjtl Lmg in the y-direction can be constructed in the same
d=g,m,

way. This completes the construction of the numerical boundary fluxes for the
multi-group radiative transfer equations (11).

3.4. TUGKS: evaluation of the macroscopic quantities in boundary fluxes.
To complete the construction of numerical scheme for (10), the detailed expressions
¢y in (11), and q}’glj_ll/%, qbg ;> and é;ﬁm in (16), have to be given. Following
the methodology of UGKS, these quantities will be evaluated through the following
macroscopic equations. First, taking the angular integration of the first equation

in (8), we obtain the following system for the macroscopic variables:

8pg +€eV- < QI >= (47ragq_59 —oagpg), (g=1,---,G),

21) c Ot
21 = 9=G
oT ou “ e
EQC@E = 625 = E (ogpg — A5 0y),
g=1

where p, = | ar Igdﬁ and < ng > is the angular vector integration given by

< QI >:/ Q1,dS}.
4
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Then, the macroscopic equations (21) are implicitly discretized as follows.
(22)

p’;ﬂ = P T %(@Zﬁl/% N @Zﬁl/zﬂ T ﬁ_;(‘l’;ﬁfm N ‘I’Z,ﬁﬂm)
+BtAm(og)i T dgts — ()i Ay (9=1,---,0)
9=G
O = CT + 8 ((0g)i ) gty — Am(og)i ) dytl),
g=1
where the cell interface fluxes are given by
i =Ti; p;i,jn:Af@r Iyd$)
oy = i fin < Qg > (wima2, 5,0
(23) (I)Z,ﬁl/zj = tthJrAt <l > (Tig1y2,y;,t)dL,
Z,Jir}—lm = Tit ttv;+At <yl > (xi,yj,l/g,t)dt,
e = i <Ly > (w0, Yy g2, VL.

With the help of the cell interface intensity I, (9 =1,---,G) in (14), we can get
an explicit expression for all terms in (23). For example, at the cell interface in the
z-direction, we can have

(24)
c t"+ AL
(I)Z,—:—ll/QJ = At Jin < Qalg > (xi,l/g, y], t)dt

M
=2 =1 wWmd5-1/2,5,m.g
__ Ant1 - +
= Agi-1/2, D om=1 Wmﬂm(fi—1,j,m,g1um>0 + Ii,j,m,glum<0)
n+1 n41 n4+1
4Dy o1y2 (d’g,i,j*d’g,i—l,j )
Az

n+1 M 2 n n
By 12,5 2am=1 Wb O i1 L >0 + 0213 1 1 <0);

. n+1 n+1 n+1 ;
where the expressions of A}7, ) By /s, and DSy, 5 in (24) are the same

as those of the parameters Ay ; 1/, Bgi—1/2,5, and Dy ;_1/5; in (20), but with
the following definitions for the cell interface values (0g);—1/2,; and (07 )i—1/2,5,

+ t1 +1 +1
(25) (o_a)n+1 _ 2(0'3)2]' (O'S)zn—l,j ( e)n—i—l _ 2(02)23‘ (O—g)?—l,j
N e A A CO R GO

Now, with the given interface fluxes in (23), the equations (22) become a cou-

pled nonlinear system for the macroscopic quantities T;fjl and pgﬂ (g=1,---,G),

where the parameters (J‘;)?jl and (02)2;r1 depend implicitly on the material tem-
perature TZ-”’]-JFI, and the macro boundary fluxes depend on the radiative intensity
I E”}n o implicitly. This nonlinear system can be solved by employing an iterative
method, and its solution procedure should be coupled with the solution of the
multi-group radiative transfer equations (10), which will be described in details in
the next subsection.

Once one obtains T;fjl in the macroscopic variable equations (21), one can get

Q_SZJ{; (g =1,---,G) through (7) with the material temperature T' being replaced

by Tﬁjﬂ. Then, ¢, ; in (12) can be linearized and is set by

6(/39,1‘71’ (T_n_+1 _ Tvnﬂ-l)

7 Tn+1
(26) ¢97iaj = (b;l,—:] + aT 7,7 1,7
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and the cell interface value d)g i1y, 1 n (16) takes
- 1
(27) d);—:—ll/Q,j = 2 (Q/)Z—:ll,] + d)g—'t;)? (g = 17 e aG)

The cell interface opacities (0§ );—1/2,; and (0§);—_1/2,; are determined by (25) with

the above updated material temperature Tffl from the macro equations (21).

3.5. TUGKS: solution of the system (11). In the next subsection we discretize
the macroscopic equations (21) for the radiation energy p” 7, T I L and material temper-

ature Tﬁjﬂ. Different from the explicit method used in [22,27], for the IZ";'TI” 0
dependent macro boundary fluxes in (23), the macro quantities will be solved by
interweaving with the solution of the radiative intensity equation (11). First, we
assume these macro quantities are known, then the interface flux function for the
radiation intensity of the system (12) is fully obtained although it implicitly de-
pends on the values of the radiative intensity I"}! And the radiative transfer

i,7,m,g"
equations in (10) can be discretized as follows.
n+1 ™ At n+1 n+1
I i,5,m,g I .5, m g + 2 (F 1/2,5,m,g Fz'+1/27j,myg)
n+1

n+1
(28) + (H’L] 1/2,m,g9 H,]+1/2mg

+°At(( i 0gis — (0L ),

where the opacities (02)?7;1 and (o )f;rl are fully determined by the updated ma-

terial temperature Tﬁ]ﬂ of the macro equations (21), and the ¢~)gﬂ-,j is given in
(26).
The second equation of (10) for obtaining the final material temperature can be

directly discretized by coupling with the value IZ";'TI” g+ as follows.
9g=G M B

(29) I = T+ AUY Y (o) T, — (0 9/
g=1 m=1

This completes the construction of AP-IUGKS for the frequency-dependent ra-
diative transfer equations (1). Since these equations (28) and (29) are implicitly
discretized and strongly coupled, they can be solved by using the source iteration
method. We summarize the iteration steps of AP-IUGKS in the following.

Loop of AP-IUGKS: Given I}'; , - and T7"; at time step n, evaluate py ; ; and

v.i.j» and find IZ”;r}n , and T-"-Jrl at time step n + 1.

+1,0 _ +1,0 .
1) Let T;fj =T7"; and Iznj g = Livjm,gi
2) Forl=1,2,- L,
2.1) Use I; "+1 -1 to replace the implicit radiative intensity values ™! in the

igym, i,4,m,
macro—bounda]ry %uxes of (23). Solve the system (22) to obtain T;fjlj anfi pgzﬁ,
then J)Zﬂ,

2.2) Use the computed values T”Jr1 and <Z)"+1 from Step 2.1) to obtain the
boundary fluxes I;" ;r;lg in (28) by applymg the source iteration method to implicitly
solve (28).

2.3) Replace If;”}n , in (29) by If;r;lg to get the renewed value Tﬁ;rl’l by using

the explicit expression (29).
2.4) Compute the relative iteration error. Stop the iteration when the convergent
requirement is satisfied.
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3) Set I:L;rrln J Irf;f;@lg, T"Jrl = Tz";rl ! and goto Step 1) for the next computational
step.

In the above algorithm, the macro equation (22) and the radiative transfer equa-
tions (28) and (29) will be solved by iteration. Next, we describe the iteration
methods used in the current scheme.

Iteration algorithm for solving (22)
Given py ; ; and ¢y ; ; which are obtained based on the initial radiation intensity

I g and T}, find pZ—E’ T”"'1 and (b?j:; in the equations (22).
n+1,0 and Tn-i—l,o Tn .

1) Set the initial iterative value: Pgii = Pgij o
2) Calculate the value QBZ'EO by the formula (7) with T"+ % in place of T o8
3) Fors:1,~~~ , S,
3.1) Compute the coefficients (JZ)Z;FLS, ( g)"jl 5 A;ﬁ’fﬂ’j, ;Lif/zg and
nglf’m ;» which are functions of T;fl’s_l nd I:H'lljlm g Z;ln”lg, Zfl%]’-l’mJ.
3.2) Find pgz;s and 72.7?1’5 from the following iterative system:
Pyt = Paig+ A(®) T~ Z,ﬁis/z,_j) + R o
P A no Y G e
o) | CIT = Gy, A S50 (o e — amlo 6,
é;;‘;;,s _ (E;z’—;;,s—l + (83(22 )n+1 ,8— I(Tn+1 .S Tn—i—l s— 1)7
(B ([ D )|

2

Here (0¢y/ (’Z’)T)”Jr1 1 is a function of T"Jrl =1 and the interface numerical flux

(I)Zjlf/z ; has the same form as (24), Wthh can be written as
M
n+1,s _ n+1,s — +
O, = AT D Wbt (L g Lum>0 + 1 g Lum <o)
m=1
n+1,s n+1,s+1 n+1,5+1
4D iZ1y2, (%m’ — Pgi-1
3 Az
n+1 s
gz 1/2,5 Zwmﬂm I,ng]'#m>0+5 z]mg1#7n<0)7
n+1 n+1,1 n+1 n+1,1
where we have replaced I}/ by I,/ and I, by L7y in (18) to
n+1l,s
calculate ;" ;- and Iz 'i.m,g i the macro boundary flux (I)g,ifl/2,j'

3.3) For the system (30), use the Gauss-Seidel iteration to solve the resulting
linear algebraic system.

3.4) Compute the relative iteration error. Stop the iteration when the convergent
requirement is satisfied.
4) Update the solutions pgﬂ = pgt; StH(g=1,---,G) and Ti’fj“ = fﬂ&*‘l’s“’
and then the values of (Z)Zﬂ (9=1,---,G).
End

Source iteration algorithm for solving (28) and (29)
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Based on the initial radiation intensity I7*;,, , and T}, TZ”JJr1 and d);“{; (9 =
1,---,@G) from the above mentioned iteration, find Ifj:nlg and T”'Irl ! for the ap-
proximations [ E”}n , and T[fj‘l in the equations(28) and (29).

1) Set the initial iterative value: I";‘;lgo = fj}nlg ! and Tn'|r1 Lo T"j'l =1

2) Evaluate the boundary fluxes in (28), which implicitly depend on the unknowns
n+1,1
,J5M,9°

3)Fors=1,---,85,

3.1) Calculate the predict material temperature T"Jrl * from the equation (29)
by
c, Tn A iG % wm( a)n+1IZzJ+71nl; (o E)ZLJ+1(¢;t1] 7g7JT7L+1)
ntl,x g=1 m=1
.3 -

M
C, + Z_ ( )n+1 8¢g,i.j

%] oT

i M:ﬁ

3.2) Solve the source term ¢, ; ; of the equation (28) from (26) by
- 1 0%gi (i1 s 1
¢gii7] - ¢Z-"’L_j 691_‘ ! (T’Ln] TTH‘ )

3.3) Solve the implicit equation (28) by iteration.

3.4) Compute the relative source iteration error by

9=G M 9=G M
_ n+1 n+1ls n+1 n+1l5 1
error = }ZZWT” ng Zzwm J ,ng )
g=1 m=1 g=1 m=1

Stop the iteration when the convergent requirement is satisfied.

4) With the help of the convergent value I ;r;’l;, use (29) again to obtain the
material temperature Tﬁjﬂ’l by
—G M a\n n E] e\n n 29 Ji,J A
Cy T" + At Z > wm( Sy =g )l;l(%j}fr LT
n+1,0 _ g=1 m=1
(31) IW’L,] - 9=G M 1 9801
Cot A 53 o)

4) Update the solutions If;rnlqlg = I:L;r:nlgs
In order to make the algorithm more clearly, the flowchart for the computation
procedures is given in Fig.1.

4. Asymptotic analysis of the current IUGKS

In this section we shall analyze the asymptotic property as € — 0 of the current
IUGKS. The techniques in [20,22,27] will be adapted for our analysis. From the
asymptotic preserving analysis in [22,27], the AP-property of the current IUGKS
is mainly determined by the numerical fluxes, which are controlled through the
e-dependent coefficients in (20). These coefficient functions for the frequency-
dependent system (1) possess the following properties.

Proposition 1. Let the multi-group opacities oy and oy be positive. Then, as
€ — 0, we have
o A (At, e, \g) tends to 0;
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Microscopic evolution

Solving (3.25) by
source iteration

Solve system (2.1)

Construct Multi-group

Macro evolution

Angle integration to obtain

1 1
] 1
i i
i i | i
! 1 ] ]
i T ] 1
: metho::flobtam H system (3.5) 1 macro-equation (3.18) 1
: Il]my : : :
, : | ! :
: : - :_ Finite volume discretization to :
1 1 . o R obtain (3.19) |
: Solve (3.26) to get : DOM dirscretization | Fedd in | 1 1
: the material : (3.7) | radibtion || :
H temperature H | enerdy flux}) H
: L : 1 (3|21) 1 A Solve (3.19) to get radiation |
: L 1 i S | r= , energy and material :
1 i . . 1 H temperature H
] 1 |
: L Il Finite volume update | _ | : :
i ) el wiinly (3.8) - =T e i
1 Calculating the || eed . m il Obtain the fluxes (3.14) for |1
i iteration error | not ! | radibtion !
1 I ! I radiation intensity 1
! corjvergence ! I inteRsity T : oot : 1
1 Leonvet Implicit Solver L fluxes (3. 14), discretization equation (3.8) :

FIGURE 1. The flowchart of IUGKS.

By (At, e, \g) tends to 0;
Dy(At,e,08, Ng) tends to —cot/(o%)?.

n+1

gie1/2,j° defined by

Thus, the corresponding macroscopic diffusion flux (Diff)

1

1, (t xifl/Qayjauag)dt >
tm “
t y Lj— 1/2,y],u,§)dtdud§,

| B tnt
(Dlﬁ)gz 1/2,5 =< eAt tn

= Jax A7 Jin

(32)

has the limit

. n+1 M
(Dlﬁ.)g,z 1/2,5 = Z 1WmMmIm,g(t Ti— 1/2ayja,uma€m)
coy +1,L cog 1/2, n+1,R
A7 f i—1/2,5 n g i— J ) )
(33) e—0 (6(091 1/2; )2 xﬁgz 1+/127J T 6( Jie 1/2; )2 x(bg 1_1/273)
— 47rca'g i—1/2,5 ¢ZL,J ¢ZL 1,5
3(o 971’71/24) Az '

The limiting function (33) gives a numerical flux, which exactly corresponds to the
so-called standard three points scheme for the asymptotic diffusion equation in the
one-dimensional case. It will become the five points scheme in the two-dimensional
case. This shows that the current IUGKS is asymptotically preserving.

5. Numerical tests

This section presents a number of examples to validate the proposed AP-IUGKS
for frequency-dependent radiative transfer equations. In the computations, the
unit of length is taken to be centimeter (cm), mass unit is gramme (g), time unit
is nanosecond (ns), temperature unit is kilo electronvolt (Kev), and energy unit
is 10° Joules (GJ). Under the above units, the speed of light is 29.98cm/ns, and
the radiation constant a is 0.01372 GJ/em? — keV*. In order to compare with the
results computed by the explicit UGKS from [27], we first define the explicit time
step by At = CFL «min{Az, Ay} x€/c, where Az and Ay are the minimal spatial
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Circle : Explicit UGKS method; 08 Circle : Explicit UGKS method;
L Square : IMC method; ®  Square : IMC method;

Delta : Implicit UGKS method Delta : Implicit UGKS method.
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FIGURE 2. Results at 1ns for case one of example one with homoge-
neous opacity oo = 1OkeV7/2/cm.
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FIGURE 3. Results at 1ns for case one of example one with homoge-
neous opacity oo = 100keV /2 /em.

mesh steps in z-direction and y-direction, respectively. The Courant number C'F'L
takes a value 0.8 in the following numerical tests for the UGKS method in [22,27].
For the IUGKS simulations, we introduce the time-step enlarging factor f, = 1.2
and shortening factor fs = 0.8. Then, the implicit time step can be enlarged or
shortened with the factor f. or fs based on the iteration numbers s of source
iteration algorithm in the last step.

In the following tests the opacity for both ITUGKS and UGKS uses the simple
group integration averaging, and the implicit Monte Carlo method (IMC) uses the
point value. In order to compare the computational times of IUGKS, UGKS and
IMC, both codes are running in ThinkPad X250 (Intel(R) Core(TM) i7-5600U).

Example 1. (see [6]) In this example, we consider a one-dimension Cartesian
coordinate with a constant heat capacity C, = 0.1G.J/keV/cm?3 and an opacity of

the form
oo ()

()i

The initial material temperature is 1072 keV, and the initial radiation intensity is
given by a Planck distribution evaluated at the same temperature. The incident
radiation intensity on the left boundary is also given by a Planck distribution, but
associated with a temperature of 1keV. A reflective boundary condition is used on
the right boundary. This test will cover three cases with different optical opacity

o(z,v,T) =
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FIGURE 4. Results at 1ns for case one of example one with homoge-
neous opacity oo = 1000keV7/2/cm.
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FIGURE 5. Results at 1ns for case two of example one with the first
heterogeneous opacities and with local mesh refinement.

specified by og. To represent the frequency dependent opacity, UGKS employs
30 frequency groups spaced logarithmically between 10~ %keV and 100keV. The
multi-group opacities are evaluated simply by averaging it over each group.

Case one: Several homogeneous problems are tested in a domain of 5em thick-
ness with o9 = 10keV7/2/cm, 100keV7/2 Jem, and 1000keV7/2 /em. In all three
cases, a uniform spatial mesh is used with cell size Az = 0.005¢m and a running
time of 1ns. Figs. 2—4 present the material and radiation temperatures computed
by TUGKS, UGKS and IMC. Note that in Figs. 3 and 4 only the portions with large
material temperature variation are shown. The material temperature computed by
TUGKS agrees well with that by UGKS and IMC.

Case two: In this case, we consider the first heterogeneous problem, which
covers a domain of 3cm thickness divided by an optically thin region Ocm < x < 2e¢m
and an optically thick region 2cm < x < 3c¢m, where og is defined by

oo(x) = 10keV7/2 Jem, Ocm < z < 2cm,
O 1000keVT/2 Jem,  2em <z < 3em.

In the computation, the cell size is Ax = 0.02¢m in the optically thin region and
Ax = 0.005¢m in the optically thick region. Furthermore, in order to resolve the
opacity thin and thick interface, we divided the leftmost cell in the optically thick
region into 10 smaller cells, where the size of each cell increased by a factor of
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FIGURE 6. Results at 1ns for case two of example one with the first
heterogeneous opacities and without local mesh refinement.
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FIGURE 7. Results at 5ns for case three of example one with the second
heterogeneous opacities and with local mesh refinement.
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FIGURE 8. Results at 5ns for case three of example one with the second
heterogeneous opacities and without local mesh refinement.

1.47394 from left to right. The simulation runs up to the time of 1ns. Fig. 5 shows
the computed results by UGKS, IUGKS and IMC with local mesh refinement, and
Fig. 6 without local mesh refinement where it is clear to see that good agreement
in the simulation results with/without local mesh refinement has been obtained.
Case three: In this case, we consider the second heterogeneous problem in a
domain of 1.5¢m thickness, but with reversed locations for the optically thin and
thick regions. Specifically, this domain is composed of an optically thick region in
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TABLE 1. The computation time of UGKS and IMC for Example one.

[ Example one [ UGKS [ IMC [ IUGKS |
og = 10 65 minutes 96 minutes 35 minutes
case one og = 100 69 minutes 173 minutes 34 minutes
og = 1000 86 minutes 1344 minutes 67 minutes
case two refinement 617 minutes 735 minutes 430 minutes
No Refinement 17 minutes 363 minutes 12 minutes
case two heterogeneous with mesh refinement 617 minutes 363 minutes 430 minutes
case three refinement 1799 minutes 6279 minutes 739 minutes
No Refinement 44 minutes 5184 minutes 40 minutes

Ocm < x < 0.5em and an optically thin region in 0.5e¢cm < x < 1.5em with og given
by
o) = 1000keV7/2/em,  Ocm < x < 0.5¢m,
O 10keVT/2Jem, 0.5cm < z < 1.5em.

A spatial mesh with cell size Az = 0.02¢m in the optically thin region and Ax =
0.005¢m in the optically thick region is used. And furthermore, in order to resolve
the opacity thin and thick interface, we divided the rightmost cell in the optically
thick region into 10 smaller cells, where the size of each cell is decreased by a factor
of 0.678455 from left to right. The simulation runs up to a time of 5ns. Fig. 7
presents the UGKS, ITUGKS and IMC solutions with local mesh refinement, and
Fig. 8 without local mesh refinement. There are slight differences between these
two solutions in the optical thin region.

The computational times of UGKS, ITUGKS and IMC for all three cases are
shown in Table 1. In general, IUGKS is much more efficient than UGKS and IMC
with the same spatial mesh size, in particular, for the optical thick case.

Remark : The computational time in Table 1 of this paper for UGKS is longer
than that in [27]. This is just due to the different choice of the first iteration values
for the linear algebraic equation solver in the algorithm of solving (22). In [27]
we use the initial values as the first iteration values in every iteration step in the
solution of the linear equation; and since the time step is small, this will not damage
the convergence. On the other hand, however, for IUGKS the time step is large, the
choice in [27] can not give a proper solution in IUGKS. So, for IUGKS we choose
here the last nonlinear iteration final values as the first iteration value for the next
iteration step. In order to compare the computational time, we take a first iteration
value for UGKS similar to that for ITUGKS in this paper.

Example 2. (Larsen’s Test Problem [3,15]) For this problem, the frequency vari-
able v is logarithmaically spaced with 50 groups between hvy,i;, = 10~°keV and
hVimaz = 10keV. Group g is defined by Vg 1 <v< Vgl where

v _ (M)%Vg,

= Vmin, I/ng%

=
[N

Vmin

The computational domain is divided into three regions with different cell size,

0.10cm, Ocm < x < lem,
Az =<¢ 0.02cm, lem < x < 2cm,
0.20cm, 2cm < x < 4em.

The opacity models photo-ionization absorption,
1— efhu/kT

J(Va Tv l‘) = V(x)(th
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FIGURE 9. Results of Larsen’s tests (example two) at 900ps.

TABLE 2. The computation time of UGKS and IMC for Example two.

[ UGKS [ IMC [ IUGKS |

| 2 minutes | 63 minutes | 1 minutes |

where
1keV3/cm, Ocm < z < lem,
y(x) =< 1000keV?/cm, lem < x < 2¢em,
1keV?3/cm, 2em <z < 4em.

The heat capacity C, keeps a constant value 5.109 x 10™erg - keV tem™3. The
initial material temperature is given by 7'(x,0) = 10~3keV, which is in equilibrium
with the initial radiation intensity. No radiation enters from the left boundary,
but a steady, direction-dependent, 1keV" Planckian distribution of photons enters
from the right boundary. The simulation runs up to a time of 900ps. Fig. 9 shows
good agreement in the IUGKS, UGKS and IMC solutions in the middle opacity
thick region. But small differences appear among the solutions in the opacity thin
regions. The computational costs of IUGKS, UGKS and IMC for this case are given
in Table 2, from which it is clear to see that IUGKS is the most efficient.

6. Conclusion

By employing a back-time approximation to construct the implicitly (in time)
radiation-intensity-dependent boundary fluxes, we have proposed an asymptotic
preserving implicit unified gas kinetic scheme (IUGKS) for the frequency-dependent
radiative transfer system. Compared with the explicit unified gas kinetic scheme
(UGKS) given in [27] where the time step should be constrained by the CFL con-
dition and could be very small in small spatial mesh regions, larger time steps can
be used in small spatial meshes for IUGKS, and computational costs can be saved
therefore. Moreover, in contrast to UGKS, it is shown here that the asymptotic
preserving property of IUGKS holds uniformly with respect to the small Knudsen
number. We have presented a number of numerical tests and compared the numer-
ical results by ITUGKS with those computed by UGKS and IMC. The numerical
results show that ITUGKS is computationally cheap in comparison with UGKS and
IMC, and the computational efficiency can be improved greatly.
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